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Abstract. In this paper, we introduce a notion of rational a-Geraghty contractive mapping in the setting of metric

space and establish some fixed point theorems for such maps and give a suitable example to illustrate our results.

Also, we discuss application into ordinary differential equations.
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1. Introduction

It is well known that contractive mapping principle, formulated and proved in the Ph.D. disser-
tation of Banach in 1920, which was published in 1922 , is one of the most important theorems
in nonlinear analysis. A number of authors have improved, generalized and extend this basic
result either by defining a new contractive mapping in the context of a complete metric space or
by investigating the existing contractive mappings in various spaces.
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In 1973, Geraghty [6] introduced an auxiliary function by the generalization of Banach con-
traction principle in complete metric space. Later on, many researchers [2-3, 8, 11-12] charac-
terized the results of Geraghty in different spaces. In particularly Amini-Harandi and Emami
[1] characterized the results of Geraghty in the context of partial order metric space. Caballero
et al.[4] discussed the existence of best proximity type Geraghty contraction. Recently, Samet
et al.[14], established remarkable fixed point results by define the notion of & — ¥ contraction
mapping. Very recently, Karapinar and Samet[9] introduced the concept of generalized o — y
contractive mapping and also established fixed point theorems for such mapping and listed some
of the consequence of their main results.
The motivation of above development Cho et al.[5] introduced the concept of o-Geraghty con-
traction type map in the setting of metric space. After ward, Ovidiu Popescu[13] generalized
the result obtained in [S5] and established the existence and uniqueness of fixed point theorems

of a-Geraghty contraction type map in complete metric space.

Definition 1.1. Let T : X — X be a map and o : X X X — R be a function, then T is said to be
(a) an a—admissible if a(x,y) > 1 implies a.(Tx,Ty) > 1[14].
(b) an a-admissible map is said to be t riangular ®-admissible map, if
o(x,z) > 1 and o(z,y) > 1 implies at(x,y) > 1[10].
(c)an a—orbital admissibleif o(x,Tx) > 1 implies a(Tx,T?x) > 1[13].
(d)a triangular a-orbital admissibleifa(x,y)>1and a(y,Ty) > 1
implies o(x,Ty) > 1[13].

Remark: Itis very clear that every o -admissible mapping is an ¢-orbitally admissible mapping
and also every triangular o -admissible mapping is a triangular a-orbital admissible mapping,

its converse is not hold[13].

Lemma 1.1. [10] Let T : X — X be a triangular o-admissible map. Assume that there ex-
ists x; € X such that o/(xy,Tx,) > 1. Define a sequence {x,} by T,+1 = Tx,, then we have

o (xp,Xp) > 1 for all m,n € N withn < m.
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Let .7 be the family of all functions f : [0,e0) — [0, 1) which satisfies the condition lim,,_,. B (#,) =
1 implies lim,, st = 0.
By using the auxiliary function B € .77, Geraghty[6] introduced an interesting contraction

and investigated the existence and uniqueness of such mappings.

Theorem 1.2. [6] Let (X,d) be a complete metric space and let T be a mapping on X. Suppose

that there exists B € 7 such that for all x,y € X,

d(Tx,Ty) < B(d(x,y))d(x,y).

Then T has a fixed point z € X and {T"x} converges to z.

Definition 1.3. [14] Let (X,d) be a metric space and o : X X X — R be a function. A map
T : X — X is called a generalized o-Geraghty contraction type map if there exists f € .7 such

that for all x,y € X,
o(x,y)d(Tx, Ty) < B(M(x,y))M(x,y),

where M(x,y) = max{d(x,y),d(x,Tx),d(y,Ty)}.

The aim of this work: In this paper, we introduce the concept of rational o-Geraghty
contractive mapping and establish some fixed point theorems in a complete metric space. We
give an example to illustrate our result and consider an application of our result in the area of

ordinary differential equations.

2. Main Results

Let (X,d) be a metric space and o : X X X — R be a function. A self map 7 on X is called a

rational a-Geraghty contractive mapping if there exists B € .7 such that for all x,y € X,

(2.1) a(x,y)d(Tx,Ty) < B(M(x,y))M(x,y)

d(x,Tx)d(y,Ty) d(y,Tx)d(x,Ty) }
1+d(x,y) = 14d(Tx,Ty)

where M(x,y) = max {d(x,y),

Theorem 2.1. Let (X,d) be a complete metric space , o, : X X X — R be a function, and let T

be a self map on X and satisfying (2.1). Suppose that the following conditions are satisfied :
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(1) T is a triangular a--orbital admissible mapping;
(2) there exists x; € X such that o(x1,Tx;) > 1;

(3) T is continuous.

Then T has a fixed point z € X and {T"x,} converges to z.

Proof. Let x| € X be such that oc(x;,Tx;) > 1. A sequence {x,} in X defined by x,,+| = Tx, for
n>1and T is rational a-Geraghty contractive mapping. If x, ) = x,(0)4.1 for some n(0) > 1,
then it is easy to observe that x,, is a fixed point of 7. Hence, we suppose that x,, # x,4 for all

n > 1. By above Lemma 1.1 we have o (x,,x,+1) > 1 for all n > 1. Then we consider

d(Xpt1,Xn12) = d(Txp, Txns1) < (X, Xp41)d(Txp, Txpt 1)
2.2)

< B(M(xmxn-f—l))M(xn?xn—i-l)a
where

(2.3)

d n7Tnd ’T d aTnd n,T
M(Xn,an)zmax{d(xn,xn+1), (%, Txn)d (X4 1, Tong1) A (Xng1, Txn)d (x x,,+1)}

14+d (X, %n11) " 1+d(Txy, Txps1)

d(xn7xn+l)d<xn+1axn+2) d(xn+17xn+1)d(xnvxn+2)}
1 +d(xn7xn+l) , 1 —I—d(X,H_],X,H_z)

:max{d(xn,xn+1),

< max{d(xnyxn+l)ud(xn+l7xn+2)}

1 d(xn7xn+1) <
Since (B 1.

If d(xp,X041) < d(Xp+1,Xn42), then from (2.1) we get

d(xn+17xn+2) < ﬁ(d(xn+1axn+2))d(xn+laxn+2) < d(xn+1»xn+2)7 (Since B e f)

which is a contradiction. Then we have

d(xn—i-l ,X,H_z) < d(xnaxn—b—l)-

Thus, the sequence {d(x,,x,+1)} is positive and decreasing. Therefore, there exists » > 0 such
that lim,,_,c0 d(xp,, X+ 1) = r. We will show that r = 0.

Suppose, r > 0. Then we have

d(anrl ) Xn+2)

Qo) = PMEnxnsn)) <1
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On taking limits as lim B (M (xy,x,+1)) = 1 implies lim M (x,,x,+1) =0, and then lim d(x,,x,+1) =
n—soo n—soo n—soo

0, a contradiction.

Now, we have to show that {x,} is a Cauchy sequence. Suppose assume that {x,} is not a
Cauchy sequence. Then there exists € > 0 such that, for all k > 1, there exists m(k) > n(k) > k
with d(X,(x),%m(x)) = €. Let m(k) be the smallest positive number satisfying the conditions

above. Hence, we have d (xn(k),xm(k)_l) < €. Therefore, we get

€ < d(Xu(t) s Xm(k)) < dXnk)sXm(k)—1) T dXm) =1, %m(k)) < € +dXm)—15Xm(k))-

On taking limits k — oo, we have

2.4) lim d(xn(k),xm(k)) = €.

k—so0

By the using triangular property, we have

| (X (i) Xim(r)—1) — A X (iey s Xom(ie)) | < A Xy s Xmr) 1),

Taking limits as k — oo and (2.4), we have

(2.5) lim d(xn(k),xm(k)_l) = €.

k—oo

With using triangular property and using (2.4), we get

lim d = d limd = €.
B d (X k), %n(r)-1) = € and Hm d (g1, Xnr)-1) = €

By Lemma 1.1, we have a(x,(x), Xp(k)—1) > 1, and by using (2.2)-(2.5),

2.6) d(xn(k)7xm(k)) = d<Txn(k)—lv Txm(k)—l) < a(xn(k)—lvxm(k)—l)d(Txn(k)—lvTxm(k)—l)

< BM (X (i)~ 15 Xm(k)—1))M (k) — 15 Xm(k) 1)
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where
d(xn(k)—l ) Txn(k)—l )7 d(xm(k)—l ) Txm(k)—l )
1+ d (X k)= 15 Xm(k)-1)

d(xm(k)—l ) Txn(k)—l)ad(xn(k)—la Txm(k)—l) }
L+ d(Tx, 0 -1, Ty —1)

)

M (X, (k)15 Xm(k)—1) = max{d<xn(k)laxm(k)l)a

d(Xn(k) =15 Xn(k) )4 Xm(k)— 15 Xm(k))
V4 d (X k)~ 1 Xm(r) 1)

Y

= max {d(xn(k)—laxm(k)—1)7

d (X (k) —15%n(k) )4 Xn(k)— 15 Xm(k)) }
1+ d(xn(k) 7xm(k))

2
E
< d(e,0,——) ;.
< max{d(e,0, 1~ )}
Clearly, we deduce that
(27) lim M(xn(k),l,xm(k),l) =E£.

k—yoo
From (2.6), we have

d(xn(k) 7xm(k))
M (X ()= 15 Xm(k)—1)

< BM (%) =15 %m(r)-1)) < 1.

Letting kK — oo, we conclude that

1 B(M (60 -1, %m(r) 1)) = 1 implies that lim M (6, g1, Xm(z)-1) = 0.
Hence, € = 0, which is a contradiction. Thus, we get that {x,} is a Cauchy sequence. Since X
is a complete metric space, it follows that there exists z = lim,_,. X, € X. By the continuity of

T, we get lim,,_s Tx, = Tz, and so z = Tz, which means that z is a fixed point of 7. O

With the inspiration of the paper[5], in the following theorem, we replace the continuity of

the operator T by a suitable condition.

Theorem 2.2. Let (X,d) be a complete metric space, o, : X X X — R be a function, and T be a

self map on X and satisfying (2.1). Suppose that the following conditions are satisfied :
(1) T is a triangular o-orbital admissible mapping;
(2) there exists x; € X such that o(x1,Tx;) > 1;

(3) if {x,} is a sequence in X such that @ (xp,x,+1) > 1,Yn and 1i_r>n xn = x(€ X), then there
n—oo

exists a subsequence {x,(k)} of {xn}such that a(x,x),z) > 1,Vk.
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Then T has a fixed point z € X and {T"x,} converges to z.

Proof. From the proof of Theorem 2.1, we conclude that the sequence {x,} define by x,;| =
Tx, for n > 1. converges to z € X. From the condition (3) we deduce that there exists a sub

sequence {x,, } of x, such that ot(x,,,z) > 1, Vk. From (2.1), we have

d(Xn()1+1,T2) = d(Txp(1), T2) < Q(X(4),2)A(T X0, T2)

<B (M<xn(k) ) Z))M(xn(k) ) Z)a

where
d(Xn(k), TXn(1))d(2,T2) d(Xn(1), T2)d (2, Txp k)
M) =m0 SR S B
d(Xn(k)s Xn(k)+1)d(2:T2) d (%), T2)d (2, X0 (0)11)
_max{d(x”(k)’z)’ 1+d( (),Z) ©1+d (X 41,T2) }

Suppose that d(z,Tz) > 0, for k large enough, we have

lim M (x,4),2) = d(z,T2).

k—boo
Since L0nti172) B (M (x(nx),2)) for all k, letting k — oo, we have
Mx2) = (n(k)> : ’
lim (M (x,t),z)) = 1 implies lim M(x,),z) = 0.
k—yoo k—so00
Hence d(z,Tz) =0, a contradiction. Therefore Tz = z. U

For the uniqueness part of a fixed point of rational o-Geraghty contractive mapping. We

consider the following hypothesis.

(A) for all x, y are two fixed points of 7', there exists w € X such that o(x,w) > 1 and at(y,w) >

Theorem 2.3. Adding additional hypothesis (A) in Theorem 2.1(resp. Theorem 2.2), we obtain

that z is the unique fixed point of T

Proof. From Theorem 2.1(resp. Theorem 2.2), we obtain that z is a fixed point of 7. Now we
show that z is a unique common fixed point of 7. Suppose 7 is another fixed point of 7 i.e.,

(z # 7). By the condition (A), there exists w € X such that

a(z,w)>1, alZ,w) > 1.
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Since T is satisfying the condition (2.1) of Theorem 2.1(resp. Theorem 2.2), we get
d(z, T" ') < a(z, T"w)d(Tz, T" 'w) < B(M(z,T"w)) M(z,T"w),¥n > 1

where

d(z, T2)d(T"w, T" ') d(T"w,Tz)d(z, T"!
M(&an):max{d(zjnw)? (2, T2)d(T"w,T""'w) d(T"w,Tz)d(z, W)}

1+d(z,T"w) " 1+4d(Tz, T w)

< max{d(z,T"w),d(T"w, T"+]w)} =d(z,T"w).

By Theorem 2.1(resp. Theorem 2.2), we deduce that the sequence {7"w} converge to z, of T.

Letting n — oo in the above inequality, we get lim, .. M (z,T"w) = d(z,z+). If we suppose that

d(z,T”Hw)

MTmw) = B (M(z,T"w)), from above inequality and taking limits as

7 # Zx, then we obtain

n — oo, we have lim  M(z, T"w) = 1 implies lim M(z,T"w) = 0, this leads to d(z,z:) =0, a
n—oo n—oo

contradiction. Hence z = z,. Similarly, by using the same process, we get 7/ = z,. Therefore T

have unique fixed point point in X. U

Example 2.4. Let X = [0,00), d: X xX - R, d(x,y) = [x—y

, T : X — X such that Tx = ﬁ if
x€[0,3],Tx=0ifx>3and o : X x X — R, at(x,y) = 1 if xy > 0 and o(x,y) = 0 otherwise.
Since X is a complete metric space. Obviously 7 satisfying an o- orbital admissible mapping

and also triangular a-orbital admissible mapping. Take f(7) = ILH when t > 0.

Case I: If x,y € (0,3), we have B(M(x,y))M(x,y) — a(x,y)d(Tx, Ty) = {220 — Jx =y > 0.

Case I : If x = 0,y = 3, we obtain that §(M(x,y))M (x,y) — ot(x,y)d(Tx,Ty) = 3 — 3 > 0.
0

Rest of all possible cases vanishes easily (in these cases & (x,y) = 0). Therefore all the hypotheis

of Theorem 2.1 satisfied and O is unique fixed point of 7.

Corollary 2.1. Let (X,d) be a complete metric space , & : X X X — R be a function, and T be

self map on X and satisfying (2.1). Suppose that the following conditions are satisfied :
(1) T is a a-orbital admissible mapping;
(2) there exists x| € X such that a(x;,Tx;) > 1,

(3) T is continuous.

Then T has a fixed point z € X and {T"x,} converges to z.
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Corollary 2.2. Let (X,d) be a complete metric space, o, : X x X — R be a function, and T be

self map on X and satisfying (2.1). Suppose that the following conditions are satisfied :
(1) T is a a-orbital admissible mapping;
(2) there exists x| € X such that o(x1,Txy) > 1;

(3) T if {x,} is a sequence in X such that o/(x,,x,+1) > 1,Vn and 1i_r>n xn =x(€ X)
then there exists a subsequence {x,(k)} of {xn}such that ot(x,),z) > 1;Vk..

Then T has a fixed point z € X and {T"x,} converges to z.

3. o-orbital attractive mappings

Definition 3.1. [13] Let 7 : X — X be amap and a : X X X — R be a function. Then T is said
tobe - orbital attractive if o(x,Tx) > 1 implies a(x,y) > 1 or a(y,Tx) > 1, for

every y € X.

Theorem 3.2. Let (X,d) be a complete metric space, a.: X x X — R be a function, and T be a

self map on X and satisfying (2.1). Suppose that the following conditions are satisfied :
(1) T is a-orbital admissible mapping;
(2) there exists x| € X such that o(x1,Tx1) > 1;

(3) T is a-orbital attractive, we have

Then T has a fixed point z € X and {T"x,} converges to z.

Proof. Proof is same lines up to (2.5) in Theorem 2.1.

Since @(x,(x)—1,%,(x)) > 1, and T is a-orbital attractive, then we have

(X (k)1 Xm(k)—1) = L or (1), %n(x)) = 1.

Now two cases are arises,

(a) there exists an infinite subset I of N such that & (x;, ()1, Xm(x)—1) > 1 for every k €1,

there exists an infinite subset J of N such that ot(x,,x)_1,X,x)) > 1 for every k € J.
b) th i infini bset J of N such th ) () = 11 keJ
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d(Xn()sXm(k)) = AT X (i) —15 TXm()~1) < Q)= 15 Xm(k)—1) (T X (i) =15 TXm(r) 1)

< BM ()15 Xm(k)—1) )M (X ()~ 15 Xm(k)—1)

d (%) =15 TXn()=1)d Sy =1, TXm(r) 1)
M (X (k)15 %m(k)-1) :max{d<xn(k)laxm(k)l)a - l-l—c;)x T (k)) 3 ®

d(xn(k)flaTxn(k)fD d(xm k) laTxm

1+d(TXn() I,TX 1

( (k))d (X )

:maX{d(xn(k)—laxm(k)—l)a 1+d( a1 () ) ’
d(%n()~15%n () )d Xm(k) -1 m(k))}

1+ d (X (1), Xim(k))

)

< max {d(xn(k),l 1 Xm(k)—1 ) ) d(xn(k) 7xn(k)71) }
= d (X (k) s Xn(k)-1)-

On taking k — oo, k € I and using (2.2)-(2.6) we deduce that

li M =€.
(im (Xn(k)—1>%m(k)—1) = €

Then from (3.1), we get

d(xn(k) 7xm(k))
M(xn(k)—l 1 Xm(k)—1 )

< BM (%)= 15 Xm(k)-1))-

Letting k — oo, we conclude that limy, e 8 (M (X,,(k)—15Xm(k)—1)) = 1, which yields that

limy 0 B (M (X (1)1, %m(x)—1)) = 0. Since B € 7, then,e = 0, which is a contradiction.

Case (b):

d(xm(k)vxn(k)—l—l) = d(Txm( k)— 1, Tx, (k )) < (Xd(x (k)—laxn(k))d(Txm(k)—lvTxn(k))

< BM (X)) ~15%n(k) ) )M (Xim(k)— 15 Xn())» (3:2)
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where
d(xm(k)—l ) Txm(k)—l ) ) d(xn(k) ) Txn(k) )
1+ d (X =15%n(k))

d<xm(k)—l ) Txm(k)—l )7d<xn(k) ) Txn(k)) }
1+ d<Txm(k)—l ) Txn(k))

Y

M (X (k)15 %n(k)) = max {d (Xm()—1>%n(k))>

d (X (k) —1%m(k)) 4 (Xn()s Xn(k+1))
L+ d (X —15%n(k))
d(Xm(k)—15%n(k) )4 Xm() =15 Xm(k)) }
L+ d (X (k) s Xim(k))

)

= max {d(xm(k)l 1 Xn(k) )7

< max {d (X0 —1,%n(k) ) 4 (Xn(k) Xm()—1) }

= d(xm(k)—l 7xn(k))'
On taking kK — o0, k € J and using (2.2)-(2.6) we deduce that

li M =E€.
n—>01<>1;I}CEJ (xm(k)—l 7xn(k)) €
Then from (3.2), we have
d(Xm(k) > Xn(k)+1)
M(xm(k)—l 7xn(k))

< B (M(xm(k)—l 7xn(k)))'

Letting k — oo, we conclude that lim,—co B (M (X,(5) -1, Xn(x))) = 1, which yields that
limy o0 B (M (X (k)—1,%n(x))) = 0. Since B € 7, then,& = 0, which is a contradiction. Thus, we
get that {x,} is a Cauchy sequence. Since X is a complete metric space, it follows that there

exists z = lim, X, € X. By the continuity of 7', we get lim;,_,oc Tx,, = T z.
Finally we have to show that z = T'z. we assume that 7 # Tz.

Since T is a-orbital attractive, for every n > 1 such that
0(x,,2) > 1 or a(z,x,+1) > 1, (3.3)

Hence, there exists a subsequence {x,)} of {x,} such that a(x,,z) > 1 or a(z,x,) > 1, for all

k>1.

In the first case of (3.3), we get
d(xn(k)—l—lvTZ) = d(Txn(k)aTZ) < a(xn(k)>z)d(Txn(k)7TZ)

<B (M(xn(k) ) Z) )M<xn(k) ) Z)a
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where
- d(%n(t)s TXn(k))d(2,T2) d(Xn(r)> TXx))d (2, T2)
M(Xn(k)7z) = max{d(xn(k);Z)y 1‘|‘d(xn(k),Z) ) 1+d(Txn(k),Tz) }
— max d(x z d(xn(k)axn(k)—i-l)d(Z:TZ) d(xn(k) )d(Z,TZ)
N n(k)> < 1—|—d(xn(k),z) 1+d( n(k )_H,TZ)
< max {d(x,y),2),d(z,Tz) } = d(z,Tz).
Since
d(xn(k) ) Txn(k) )
— 7 7L M ,
M(or22) BM( )
we have

Since B € .7, we have

lim M (x,(x),z) =0,

k—yo0
which is a contradiction. With the same procedure we will get z = Tz easily in the second case

of (3.3) also.

Uniqueness: Suppose w and z are two distinct fixed points of 7', from the hypothesis, we get

o(x,,w) > 1or a(w,x,11) > 1. (3.4)

Hence, there exists a subsequence {x, )} of {x,} such that o(x,),w) > 1 or a(w,x,u)) > 1,
for all kK > 1. Then, choose any one in (3.4)(follow same procedure if we choose second one in

(3.4)), we get

d(Xn()+1,Tw) = d(Txp (1), TW) < (X0, W) (T X 1), TW)

where

d 7Tl’l d ,T T d
M(Xn(k),w)Zmax{d(xn(k),w), (o) T ), Tw) - d(, Tty ) (o ) )}

Ltd(vg,w) 1 1+ a’(Txn(k
=max { d(xX,), W) d(Xn(k)s Xn(e)+1)d (W, Tw) - d (W, Xy (1) 41)d (X (1), TW)
n(k)» W) L+d(xp,w) 71 -l—d(xn(k) o TW)

< max {d(xn(k),w),d(w, Tw)} = d (X (), W)
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Since

we have

lim ﬁ(M(xn(k),w)) =1.

k—ro0

Since B € .7, we have

lim M (x,,(¢),w) =0,

k—roo

a contradiction. Therefore T has a unique fixed point in X. . 0

4. Application in ordinary differential equations

We consider the following boundary value problem to Fredholm integral equation;

d?y f(2,y(@)) ifr €[0,7]
—ty=

dr? ¥(0) = ¥(3) =0,
where f :[0,7] x R — R is continuous function. The Green’s function of the given boundary
condition is given by
Glat) = costsinx 1f0<x<t

sintcosx ift <x< 7T,

Let C(I) be the space of all continuous function defined in I, where I = [0, 7], and suppose that

d(x,y) = suprer|x(t) = y(1)],

for all x,y € C(I). Then (C(I),d) is a complete metric space.
Suppose that 17 : [0, 7] x R — R is a continuous function such that 1(a,b) > 0 for all a,b € R,

we have
|f(t7a> _f(t7b)‘ < 10g(|a_b| + 1)7

now we define the mapping U : C[0, 5] — C[0, 7] by above associated Green’s function

(S|

Us) = [ Gl fey(0)dr
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Let x,y € C(I) such that 1 (x(t),y(t)) > 0 forall £ € I.
a(Ux.Uy) = Ux) = Us(0) = | | [ 1 0,0)) — Glaot) £ 1,y (0
< [ 16t o) )|+ 1y
< log(1x(t) 5|+ ]| | Glear+ [ * G ]
< log(|x(t) — y() |+ 1)]| /O " cosxsintdt + / Le—

<log(|x(z) —y(t)| + 1)sup;er|sinx — 1]

<log(M(x,y) +1),

d(x,Ux)d(y,Uy) d(y,Ux)d(x,Uy
)

where M (x,y) = max{d(x,y) o) LU~ 0

)}, We define o : C[0, 5] x C[0,5] = R,

1 if n(x(¢),y(r)) >0forallr €1
a(x,y) =
0, otherwise.

Then, for all x,y € C(I), we have

a(x,y)d(Tx,Ty) < B(M(x,y))M(x,y),

Thus, o(x,y) = 1 and a(y,z) = 1 implies &¢(x,z) = 1 for all x,y,z € C(I). If a(x,y) = 1 for all
x,y € C(I), then n(x(¢),y(¢)) > 0, we obtain that n(Ux(¢),Uy(t)) > 0, and so a(Ux,Uy) = 1.
Obviously, T is triangular or-admissible. let z be a lower solution of equation (2.1). In [7] we
have derive z = Uz.
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