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Abstract. In this paper, we introduce three classes of functions and construct two contractive conditions to discuss
and obtain some new common fixed point theorems for two set-valued mappings on non-complete metric spaces.
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1. INTRODUCTION AND PRELIMINARIES

Let (X, d) be a metric space and CB(X) the family of all nonempty closed and bounded subset
of X.
The following is the famous Banach’s fixed point theorem!!):

Let (X,d) be a complete metric space and f : X — X a mapping. If f satisfies

where i € [0,1). Then f has a unique common fixed point in X.
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Later, many generalizations of Banach’s fixed point theorem have appeared. For instance,
if f:X — X is a mapping on a complete metric space (X,d) satisfying the following a quasi-

contraction

d(fx, fy) < hmax{d(x,y),d(x, fx),d(y, fy),d(x, fy),d(y, fx)}, Vx,y € X,

where h € [0,1). Then f has a unique common fixed point in X.(see [2]).

In 1969, Nadlderl®! extended the famous Banach contraction Principle from a single-valued
mapping to a set-valued mappings and gave the next fixed point theorem:
Theorem 1.1([3]) Let (X,d) be a complete metric space and 7 : X — CB(X). If there exists
h € [0, 1) such that

J%OCTX,Ty)fE}HiCL)O,VXQy €X,

where .7 denote the Hausdorff metric on CB(X) induced by d, that is,
€ (A,B) = max{supD(x,B),supD(y,A)}, VA,B € CB(X),
XEA yeEB
where D(x,B) = inf,cpd(x,z). Then T has a fixed point in X.
Mizoguchi-Takahashi*l also gave the following fixed point theorem:

Theorem 1.2([4]) Let (X,d) be a complete metric space and T : X — CB(X). If
H(Tx,Ty) < §(d(x,y))d(x,y),Yx,y €X,

where & : [0,00) — [0,1) satisfying limsup,_,,+ &(s) < 1 for all # € [0,0). Then T has a fixed
point in X.

In 2011, Amini-Harandi generalized and improved the corresponding result in [2] from a
single-valued mapping to a set-valued mapping, obtained the next result:
Theorem 1.3([5]) Let (X,d) be a complete metric space and T : X — CB(X) a k-set-valued

quasi-contraction with k < %, that is,
A (Tx,Ty) < kmax{d(x,y),D(x,Tx),D(y,Ty),D(x,Ty),D(y,Tx)},¥ x,y € X.

Then T has a fixed point in X.
And in 2011, Chenl® introduced the following definition of y-contraction and obtained a

fixed point theorem for set-valued mappings:
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Theorem 1.4([6]) Let (X,d) be a complete metric space and 7 : X — CB(X) a set-valued y-

contraction, that is,
H(Tx,Ty) < y(d(x,y),D(x,Tx),D(y, Ty),D(x,Ty),D(y,Tx)),V x,y € X,

then 7" has a fixed point in X. Where v : R+ — R+ is a function satisfying some particular
conditions, see [6].

On the other hand, In 2009, Wu et all”l obtained the next common fixed point theorem for
set-valued mappings {A;}:
Theorem 1.5([7]) Let (X,d) be a complete metric space and A; : X — CB(X) satisfy the condi-

tion: for any i, j =1,2,--- ,x,y € X and u € A;x, there exists v € Ay such that
d(u,v) < ®(d(x,y),D(x,Aix),D(y,A;y), D(x,A;y), D(y,Aix)),

then {A;} have a common fixed point in X. Where @ : R*+> — R* is a function satisfying some
particular conditions, see [7].

The following is well-known results, see [7]:
Lemma 1.1 If (X,d) is a metric space, A, B € CB(X), then for any € > 0 and any a € A, there
exists b € B such that d(a,b) < . (A,B) +¢.
Lemma 1.2 If (X,d) is a metric space, A € CB(X), then D(-,A) is continuous. Moreover, we
have that

(i) A={xeXl|d(x,A) =0};

(ii) For any x,y € X, D(x,A) <d(x,y) +D(y,A).

In this paper, we use the method in [6] to obtain some common fixed point theorems for two

set-valued mappings in metric spaces.

2. COMMON FIXED POINTS

Now, we begin with the following definition.

Let y: R*> — R* be a functions satisfying the following conditions, where R = [0, +co):

(A1) y is non-decreasing and continuous in each coordinate;

(A2) for all t > 0, y(z,t,1,0,2t) < t, y(t,t,¢,2t,0) < t, w(0,0,7,¢,0) < 1, y(0,£,0,0,1) < ¢
and y(z,0,0,1,1) <t.
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Example 1.1 Let v : R+> 5 R+ be W (t1,1p,13,14,15) = aty + axty + asty + aaty + asts, where
ap,a»,as,as,as are non-negative real numbers satisfying a; +az + a3z +2a4 +2as < 1, Then v
satisfies (A1) and (A2).

Theorem 2.1 Let (X,d) be a metric space, S,T : X — CB(X) two set-valued mappings satisfy-

ing the following condition: for all x,y € X,
A (Sx,Ty) < y(d(x,y),D(x,8x),D(y, Ty),D(x,Ty),D(y, Sx)). (1)

If S(X) or T(X) is complete, then S and T have a common fixed point in X.
Proof. Note that for each A,B € CB(X), a € A and y > 0 with J# (A, B) < 7, there exists b € B
such that d(a,b) < yby Lemma 1.1.

Let xo € X and take any x| € Sxg, then for x; € Sxg, there exists x, € Tx; such that
d(x1,x2) < y(d(x0,x1),D(x0,Sx0),D(x1,Tx1),D(x0,Tx1),D(x1,8%0))-
Similarly, for x; € Txp, there exists x3 € Sx; such that
d(x3,x2) < y(d(x2,x1),D(x2,8x%2),D(x1,Tx1),D(x2,Tx1),D(x1,8%2)).
For x3 € Sx;,, there exists x4 € Tx3 such that
d(x3,x4) < y(d(x2,x3),D(x2,8x2),D(x3,Tx3),D(x2,Tx3),D(x3,8%2)).

By the mathematical induction and the above observation, we can construct a sequence {x,}

satisfying that for x, 11 € Sxy,, there exists x2,.2 € Tx2,+1 such that

d(x2041,%2042)
<wy(d(x2n,X2m+1), D(x20,5%x21), D(x2n41, TX2n41), D (X201, TX204+1 ), D(X2041,SX21) )
(2)

<wy(d(x2n,X2n+1),d(X2n, %2n41) s d (X2n+1,X2n+2) , d(X20, X20n+2) , (X241, %2041))

< l//(d(XZn,in-i- 1 ) s d(x2n s X2n+1 ) , d(x2n+1 7x2n+2) s d(x2n y X2n+1 ) + d(x2n+1 ;x2n+2) s O)
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and for xp,17 € Txp,41, there exists xp,+3 € Sxp,42 such that
d(x2n43,X2012)
<y(d(xan12,%2041), D(X2n 42, SX2012), D (X241, TX2n 1), D(X2n12, TX2n11), D (X241, SX2012) )
<y (d(x2n12,X2n+1),d(Xan+2,X2n+3),d (Xant1,X2n+2) , d (X2n+2,X2n+2), d (Xon+1,X2043))

<y (d(x2n42,X2n41)d (X2042, %2043 ), d (X2041,X2042), 0, d (X2n41,X2042) + d (X242, X2043) ).
(3)
If d(x2,%0n+1) < d(X2n+1,%2n+2) for some n € N, then d(xp,41,%2,+2) > 0, hence by (2),

(A1) and (A2),
d(Xon+1,%20+2)
<y (d(x2n+1,%n+2),d(X2n11,%20+2),d (X2n11,%2042), 2d (X2n+1,X2n42), 0)
<d(X2n+1,%2n+2),
which is a contradiction. Hence
d(x2ns1,%2n12) < d(xon,%0n+1), YV EN.

Similarly, by (A1), (A2) and (3),

d(x2n43,%m12) < d(x241,%m12), VneN.

Therefore, for all n € N,

d(-xnaanrl) < d(xnflyxn)-

Let ¢,y = d (X, Xm41) for all m € N, then {c,, } is a decreasing sequence and bounded below,

hence there exists ¢ > 0 such that lim,;, s ¢, = ¢. If ¢ > 0, then using (2), we obtain
¢ <cont1 =d(X2n+1,%20+2)
<y (d (%20, %204 1) d (X2, X2n11),d (X204 1, %2042 ), d (X200, X204 1) +d (X201 1,X2042),0)
=y(Can,ConsC2n 11,20 + €2041,0)
<y (c2n;C2ns C2n+1,2¢2n,0).

Let n — oo on the two-sides of the above, then by (A1) and (A2), we obtain

c <ylc,c,c,2c,0) <c.
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This contradiction shows lim,;, e c;; = ¢ = 0.

Next, we will prove that {x,} is a Cauchy sequence. Otherwise, there exists ¥ > 0 such that
for all k € N, there exist m(k),n(k) € N with m(k) > n(k) > k satisfying

(i) m(k) is even and n(k) is odd,;

(1) d (Xpm(r)s Xn (i) = 75

(iii) m(k) the smallest even number satisfying the conditions (i) and (ii).

By (ii1), we have
d(Xm()—2,%n(k)) <V, Vk=1,2,---

and

Y < dXn)s Xnk)) < dXn)s Xm(k)—2) + Cm(k)—2 + Cmk)—1 < Y+ Cm()—2 T (k) —1-

Letting kK — oo on the above, we obtain

Y= lim d(Xp0) 2, X k) = UM d (X0, X (k) - (4)

k—yoo k—yo0
We also have

Y
<d(Xm(k) s Xn(k)) < H(TXm()—15SXn()-1) = H (SXn(ty—15 TXm(ry-1)
<Y (X (i) —15%m(k)—1)» D Xn)—15S%n(0) 1) D) =15 T Xm(k)—1) s P ()= 15 TXm(r) 1) D) =15 SXn()—1))
<Y (i) 15%m(k)—1) 4 X ()~ 15%n(k) ) s & Com(k)—15%m(k) ) s ()~ 15 Xm(k) ) s & Cm(k)—15%n(k) )
SW(Cnk)—1 T dEn(e) s Xm(k)) F Em)—15Cn()—15 Cmik)—1> Enl)—1 T A Xn(k)sXm(k) )> Em) =1 +d Xm() s Xn(k))) -

Letting kK — oo on the above, then using (4) and ¢ = 0, we obtain the following contradiction

Y<y(7,0,0,7,7) <7.

Hence {x,} is a Cauchy sequence.
Suppose that S(X) is complete. Since x,4+1 € Sx, C S(X) for all n € N, there exists u € S(X)

such that x;,, 11 — u as n — c. Hence

d(xon42,u) < d(x2n+2,X%0n+1) +d(X2p41,u) = cont1 +d (X241, u)
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implies that x,, 17 — u as n — co. By Lemma 1.2,

D(u,Tu) = lim D(xp,13,Tu)
—00

n

< lim S (Sx242,Tu)

n—o0

< lim y(d(x2n42,u),d(X2n42,%2043), D(u, Tue), D (X212, T),d (U, X2043)).

n—sco

Let n — oo on the two-sides of the above, then
D(u,Tu) < y(0,0,D(u, Tu), D(u, Tu),0),

hence D(u,Tu) = 0 by (A2), so u € Tu by Lemma 1.2 again. Similarly,
D(u,Su) = lim D(x2,42,Su)
n—yoo

< lim 7 (Tx2,41,Su)

n—soo

= lim S (Su, Txp+1)

n—soo

< lim y(d(u, x2n+1), D(u, Su), d(X2n11,%20+2) d (U, X2n12),d (X2n41,Su))

Let n — oo on the two sides of the above, then
D(u,Su) < y(0,D(u,Su),0,0,D(u,Su)),

hence D(u,Su) = 0 by (A2), so u € Su. Therefore, u is the common fixed point of S and 7.
If 7(X) is is complete, then since x, € T(X), there exists u € TX such that x,, — u as n — oo.

But
d(x2n41,u) < d(x2n41,%2) +d (X2, 1) = 2 +d (X2, 1),

hence x3,+1 — u as n — oo. Hence we are easy to prove the same conclusion for the case that
T(X) is complete.

Now, we consider another type common fixed point theorem.

Let ¢ : Rt — R™ be a increasing and continuous function with ¢(¢) < %t for all + > 0 and
¢(0)=0.

Let ¢ : (RT)? — R be a decreasing and continuous in each coordinate such that ¢ (x,y) =0

ifand only if x =y =0.
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Theorem 2.2 Suppose (X,d) is a metric space and two mappings S,7 : X — CB(X) satisfy that
for all x,y € X,

H(Sx,Ty) < %d(xay) +0(D(x,Ty) + D(y, Sx)) — (D(x, Ty), D(y, Sx)). (5)

If S(X) or T(X) is complete, Then S and 7 have an common fixed point in X.
Proof. Note that for each A,B € CB(X), a € A and y > 0 with J#(A,B) < 7, there exists b € B
such that d(a,b) < 7.

Let x¢g € X and take x; € Sxg, then there exists x, € Tx; such that

d(x1,x) < %d(xo,xl) + ¢(D(x0,Tx1)+ D(x1,5x0)) — @(D(x0,Tx1),D(x1,8%0));
For x» € Txy, there exists x3 € Sx, such that

d(x3,x2) < %d(xz,xl) + ¢(D(x2,Tx1) +D(x1,5%2)) — @(D(x2,Tx1),D(x1,8x2)).
Generally, for x2,1-1 € Sx2,, there exists xp,42 € Tx2,+1 such that

d(x2041,%2m+2)

1
< Ed(XZn;XZn—H) + ¢ (D(x20, Tx2n41) + D(x2041,8%20) ) — @(D (%20, TX2041), D(X204-1,5%21))
and for xp, 17 € Txp,41, there exists xp,+3 € Sxp,42 such that

d(X2n+3,X2042)

1

< Ed (X2n42,%2011) + O (D(X2012, Tx2041) + D(X2n11,8%2012)) — @(D(xX2n12, Txon11), D(X2n+1,SX2042))-

For any n € N,

d(x2n41,%2m+2)
1

Szd(XZnaxZn—H) + (P(d(xZnaxZn—i-Z)) - (P(d(XZn,xZn-‘rZ),O)
1 1
Szd(xzmxznﬂ) + Zd(x2n7x2n+2> — @(d(x20,X2n+42),0) (6)
1 1
Sid(XZn:XZn—H) + Zd(xzmxzwz)
1

Sid(XZnaXZn—o—l) + Z[d(x2n>x2n+l) +d(xX2n+1,X2n42)]
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hence we obtain that
d(xon41,%2n+2) < d(X2n,%2041)- (7)

Similarly, since

d (X2n+3 ,X2n+2)

IN

d(x2n42,%m+1) + O (d(X2n41,%20+3)) — @(0,d (X20+1,%20+3))
(8)
1

d(xX2n42,X2n41) + Zd (X2n11,%2043) — ©(0,d (X204 1,X2014))

IN

IA
N = N = N =

1
d(X2n42,X2n41) + I [d(x2042,%20+1) +d(X2n43, X2n12)],

SO
d(x2n+2,%n+3) < d(X2p+1,%m42)- 9)

Combining (7) and (9), we have that forall n € N,

d(xn+laxn+2) < d(xnvxn+l)'

Let ¢,y = d(xpm,Xm+1) for all m € N, then {c,,} is a non-increasing sequence and bounded
below, so there exists & > 0 such that lim,; e = &.

In view of (6),

& < cont1 =d(xnt1,%m12)

1
d(x2n7x2n+l) + Zd(x2n7x2n+2) (10)
1

<—d(x2,X2n+1) + Z[d(xZnax2n+l) +d (X211, X2n+42)]-

<

| = N =

Let n — oo on the above, then & < 1€ + L 1imyeod (X2, %2012) < 3E + F[E +&] = &, hence we

have that
lim d(xZn,X2n+2) = 25.
n—soo

By (6) again,

1 1
& <d(xapt1,%m12) < Ed(XZmXZn—H) + Zd(x2n7x2n+2) — @(d(x20,X2n42),0).

Let n — oo on the above, then

§< b+ x2E-p080)<E,
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SO
¢(26,0) =0,
hence
£=0.

This prove that lim,, e d (X, X,+1) = lim,, e ¢, = 0.
If {x,} is not a Cauchy sequence, then there exists ¥ > 0 such that for all k € N, there exist
m(k),n(k) € N with m(k) > n(k) > k satisfying (i),(ii) and (iii) in Theorem 2.1 and (4) holds.
We have

Y= d(xm(k)axn(k))
S%(Txm(k)—lasxn(k)—l)

= (SXp()—1> T Xm(r)—1)

1
<5 leny—1 +d ) Xm(r) + Eme) 1]+ O (A Oy 13 Xm(t)) + d (Xm(a -1, Xn(r)))
— @(d(Xn(t)~15%m(k) ) d Xm(k)—15%n(k) )
1
<5 leny—1 +d ) Xm(r) + Cme) 1]+ S len) -1 +d k) Xm(r))] + [ Xm(ry s Xn(ry) + Emiz-1])

- (p([cn(k)—l +d(xn(k)7xm(k))]7 [d(xm(k)>xn(k)) + cm(k)—l])'
Let kK — o on the above, then we obtain that
1 1 1
Y<SYHORY -0y < v+ 2N -0 <V,

hence ¢(y,y) =0, so ¥ =0, which is a contradiction. Hence {x,} is a Cauchy sequence.
Since S(X) or T(X) is complete, there exists z € S(X) or z € T(X) such that x, — z as

n — oo (for detail, see the proof process of Theorem 2.1).
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Finally, by Lemma 1.2 and (),
D(z,Tz) = nlgn D(x241,T7)

< lim 2 (Sxap, T2)

n—oo

< ’}E{}o[%d(xhﬂ) + ¢(D<x2n7 TZ) —|—D(Z,SX2,1)) - (P(D(in, TZ)7D(Z7 Sx2n)>]

< r}glgo[%d(xZMZ) + (P(D(in, TZ) +d(Z7x2n+1)) - (P(D()Czn, TZ),d(Z,X2n+1))]
=¢(D(2,T2)) — 9(D(z,T2),0)

1
SZD(Z, Tz),

hence D(z,Tz) = 0, therefore z € Tz since Tz is closed.

Similarly, by Lemma 1.2 and (5),
D(z,Sz) = lim D(x2,,42,57)
n—yoo

< lim S (Txn+1,5z2)

n—yoo

= lim %(SZ, TXQ,,_H)

n—yoo

o]
< lim [5d(z,5%2041) + 9 (D(z, To2u41) + D(x2n41,52)) = @(D(2, Tx2n+1), Dlx2n41,52) )]

n—soo

< r}ggo[%d(z,xzn+1) + ¢ (d(z,x2n42) + D(x2011,82)) — ©(d(z,%20+42), D(X2041,57))]
=¢(D(z,52)) — ¢(0,D(z,5z))

< iD(z, Sz),

hence D(z,Sz) = 0, therefore z € Sz since Sz is closed. This complete that z is the common fixed
point of S and 7.
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