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Abstract. In this paper, we introduced a p-analogue of the exponential integral function and further establish some
analytical inequalities involving the function. We employ the Holder’s inequality for integrals, the Minkowski’s

inequality for integral and the Young’s inequality for scalars.
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1. INTRODUCTION

The exponential integral was introduced by Legendry in 1811 and was later coined with the
Ei notation [1]. The function occurs in a wide variety of application. Examples of applications
are cited from diffusion theory and transport problems and the study of the radiative equilibrium

of Steller atmosphere [2].
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The exponential integral function is defined as [3]

(1) El(x):/weT_t di xeR.

It is defined in terms of the Cauchy Principal value due to the singularity of the integrand at

zero [3] as
) e—[ X e[

The above function should not be confused with Ej(x) because the Risch algorithm shows

that Ei(x) is not an elementary function [4]. The two functions are closely related as follows.
3) Ei(—x) = —FEi(x) x>0.

In this paper, our focus is on the usual exponential integral function defined by Schloemich in

[5] as

4) E,(x) :/ t™e™™ dt x>0,neN.
1

The following differential equations hold from (4)

5) EEH (x)=—E,—1(x)

and more generally,

dm
(6) WE”(X) = (=1)"E,—m(x).

The recurrence relation, deduced from equation (4) by means of a suitable integration by parts,

is as follows,

@ B (5) = Sl =2 ()

which generalizes the well-known results when 7 is an integer.

Other special values of particular interest are the following

n+1, n>1

(®) Eq(0) =
o, (—eo<n<l)

Thus, Eg(0) =0, Ej(0) =0, E>(0)=1, E3(0) =3, E4(0)=17 etc.

The exponential integral function has attracted the attention of several researchers and it has



A p-ANALOGUE OF THE EXPONENTIAL INTEGRAL FUNCTION 3

been investigated in diverse ways (see [6], [7], [8], [9], [10], [11] and the related references

therein).

2. PRELIMINARIES
We begin with the following well known results( see for instance [12], [13], [14] or [15]).

Lemma 2.1. (Holder’s Inequality ) Let p,q > 1 and ]l) + %[ = 1. If f(t) and g(t) are continuous

real-valued functions on [a,b), then inequality

© [ ostoiar< ([ 1sora)” ([

holds. With equality when |g(t)| = c|f(t)|P~1. If p = q = 2, the inequality becomes Schwarz’s
Inequality.

Lemma 2.2. (Minkowski’s Inequality) Let p > 1. If f(t) and g(t) are continuous real-valued

functions on [a,b), then inequality

o ([irwssra) < ([ vors) «([rrs)’

holds.

Lemma 2.3. (Young’s Inequality) Let a,b > 0, p,q > 1, and % + é = 1. Then inequality

P pd
(11) ab<T 12
P q

holds.

3. MAIN RESULTS

Definition 3.1. Let x > 0, p € R", n € Ny. Then the p-analogue of the exponential integral is
defined as

P
(12) mﬂ@:/fom
1

where, E,, , (x) — E, (x) as p —>ccand A, = (1 + %)p
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Lemma 3.2. The recursive relation
(13) Enp(x) =InA " [A = p A PY —nE, 11 ,(x)],

p

holds for n € Nj.

Proof. Using (12) and by means of integration by parts, we have

E (x)—/pt‘”A‘x‘dt
mp\X) = | p

nAa—xt]P
— _t nApx . n /pl.—(n-‘rl)A—xldl,
InA% | InA% Ji p
p—nA;Px A;x n

- En+17p (x)
lnA; lnA)lg lnAj{7
Ayt P

= - En+1,p (x)
lnA’;, lnA’lg lnA)[g

T
Ay [AS = p AP —nEnp p(x)]

=InA, [A) = pT"APY —nE, o p(¥)],

which completes the proof.

Theorem 3.3. Letn € Ny, 1 > 1, p € R". Then, the inequality

=l

(14) Eny (ﬁ + ﬁ) < (Enp)T (Enp(0))F

holds for x,y > Oand%—l—% =1

Proof. Using (12) and Holder’s inequality for integrals, we have

p —( &+ )
En,p (ﬁ‘i‘z) :/ t_nAp (TI li) dt
n u 1

y

_ /%"‘(%*DA;(’X’ﬂ‘)tdt
1

P n X n _xn
_ —EA T AT H
_/1 t Ayt HA, T dt
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P/ a —u\T n P/ _a —XN\H u
S(/ (t nAp”) dl) (/ (r uAp“) dr)
1 1
b —n g —Xxt % P —n A —yt ﬁ
= /1t Ap dt /lt Ap dt

1 1
= (Enp(x))" (En,p (v))#
which completes the proof.

Theorem 3.4. Let p € RT and m,n € Ny such that nm, un € Ny. Then, the inequality

=

X oy 1
(15) Emntnp <E + E) < (Enm,p(x))” (Eun,p()’>) )
holds for x,y >0, n > 1 and%%—ﬁ =1

Proof. Using (12) and Holder’s inequality for integrals, we have

X y p —(E2+2)t
Em+n,p (E‘i‘ﬁ) :/ t (ern)Ap (TI ﬂ) dt

1
P Xt _»n

_ —m n.—n o

= | t Ap t Ap dt

p “m _Xﬁt n p . _,\”;t 14 ,,ll
< /] AL dr /1 AL dr
) L 1
n u
:(/1 t‘"’"A;"’dt) (/1 t‘“”A;y’dt>

1

— (Eqmp)T (Eunp )7

S|—

which completes the proof.
Corollary 3.5. Let m,n € Ny, p € R*. Then, the inequality
X+y 2
(16) <Em+n,P <T)) < Eomp (x)Esz, ),
holds for x,y > 0.

Proof. This follows from Theorem 3.4 by letting n = u = 2.
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Theorem 3.6. Let p € RT, m,n € Ny such that % + ﬁ € No. Then, the inequality

X .y 1 1
a7 By g (5+2) < (Bnpl)} (EngO))F
holds forn > 1, x,y > 0, %+ﬁ =1.

Proof. Using (12) and Holder’s inequality for integrals, we have

XN [P () G
E%”_'_ﬁ’p(n—}—u) —/1 t n Ap dt

P m X n % 14 n X H m
s(/ <anp") dt) (/ (tuAp“) dt)
1 1
1

which completes the proof.
Corollary 3.7. Let m,n € Ny, p € R". Then, the inequality
xX+y 2
a8) (E (T)) = Eyup(0)Enp().
holds for x,y > O.
Proof. This follows from Theorem 3.6 by letting n = u = 2.

Theorem 3.8. Let m,n € No, a € Z*, and p € R™. Then, the inequality

Q=
e
SIE

(19) [Em,p(x)+En,p(y>] S[Emap(x)] +[E”7P<y)] ’

holds for x,y > O.



A p-ANALOGUE OF THE EXPONENTIAL INTEGRAL FUNCTION 7
Proof. Using (12), the Minkowski’s inequality for integrals and a* +b%* < (a+b)%, fora,b >0

and oo € Z1, we have

QI—

r 1
P P o
[Em,p(x) +Enp(y)]@ = /] ALY dt + /1 t_"A;y’dt}

[ rp m N\ O . o\ % &
(o) (i) )l
|1

[P X A —n\\ %
/(o) ()
L1

'p_m_x,raé p_ﬁ_.»;t‘xé
/l [a, %] dt] +U1 [z iA, } dt]
_ 1 1

ISIE

IN

IA

which completes the proof.

Theorem 3.9. Let n € Ny and p € R, Then, the inequality

1 q1 1 q2
(20) En,p(x)’) > Enn,p (TIL) Enu,p (Iiy ) )
q1 q2
holds forx >0,y >0,0<n <1, q; > 1, %—i—qi:land%—i—%_l

Proof. Using (12), the reverse Holder’s inequality for integrals, the Young’s inequality and the

fact that E,, ,(x) is decreasing, we have

q1 q2 p (72,
Epp(xy) = Enp (x——i—y—) :/ 1A, ( a1 qg) d
a1 92 1
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p n _ n % )4 n _yqi ® ﬁ
> (/ (anp ‘“) dt) (/ (zuA,, 42> dt)
1 1
1 1
p o N\ [ o, _w® \ K
/ t7"A, U dt / t"A, " dt
1 1

which completes the proof.

Theorem 3.10. Let n € Ny, and p € R™. Then, the inequality

=)=
=|—

2D Ep p(xy) = (Enp(12))7 (Enp () ¥,

holdsforx>0,0<y<1,0<n<1,%—I—%zlandx%—yzxy.

Proof. Using (12), the reverse Holder’s inequality for integrals and the fact that E, ,(x) is de-

creasing for x > 0, we have

1 1
p n n p n w
= () a)ar) ([ () ar)
1 1
P i P
n
= ( /1 t‘”A;”’“dt) < /1 t_"A;“ytdt)

= (Bnp ()T (B (1))

==

which completes the proof.
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