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Abstract. In this paper, we prove some inequalities for rational functions with prescribed poles and restricted
zeros. Our results generalize many well known inequalities available in literature.
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1. INTRODUCTION

Let &2, represents the class of all complex polynomials p(z) of degree at most n and p’(z)
be the derivative of p(z). Let Dy_ and Dy, denote the regions inside and outside the disk
Ty = {z: |z| = k,k > 0}, respectively. For a function f defined on 7} in complex plane, we write

| £l := sup|f(z)|, the chebyshev norm of f on 71,
zeT)

and
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Then %, represents the class of all rational functions with a finite limit at infinity and with at
most n poles ay,ay, ...,a, outside the unit disk.
Note that B(z) € %, and |B(z)| = 1 for |z| = 1. Throughout this paper, we shall assume that all
poles ay,as,...,a, lie in Dy 4.
If p € &,, then we have the well known inequality that relates the norm of a polynomial to that

of its derivative due to Bernstein[4].

(D) Pl < nllpll-

Aziz[1] and Malik[8] have proved the following refinement of inequality (1).

If p e &, and p*(z) = 7"p(1/2), then

2) (™ @)1+ @) I =nllpll

The next result was conjectured by Erdés and later proved by Lax[5].

If pe &, and p # 0 for z € D, _, then we have

n
3) 17’ < =lpll-

Furthermore, Li , Mohapatra, Rodriguez[7](see also [2], [6]) obtained inequalities similar
to inequalities (1) and (3) for rational functions.They replaced polynomial p(z) by a rational
function r(z) with prescribed poles aj,ay, ...,a, and 7" by a Blaschke product B(z).In fact, they

proved following generalization of inequality (3).

Theorem 1.1. Suppose r € %, and all zeros of r lie in T U D1, then for z € T}
/ 1 /

4) (@) = 1B )] [I(2)]l.

Equality in (4) holds for r(z) = aB(z) + B with |a| = |B] = 1.

Aziz and Zargar[3] proved the following generalization of Theorem (1.1). In fact they proved:

Theorem 1.2. If r € %, and all zeros of r lie in T; U Dy, then for z € T} , we have

ot L1 =) P
® @< 5 {F G- T T e
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Equality in (5) holds for r(z) = (%) where k > 1 and B(z) = (1Z f;z) evaluated at z = 1.

Recently B. A. Zargar , M. H. Gulzar, Rubia Akhter[9] considered the moduli of all zeros of

r(z) instead of considering maximum modulus of zeros of r(z) and proved the following result:

Theorem 1.3. Suppose r(z) = % € %, and all zeros of r lie in T U Dy, where k > 1, then

for z € T}, we have

/ 1 / - 1 n\|r ()|

Equality in (6) holds for r(z) = E;’k))n , where k > 1 and B(z) = ( lzjf) evaluated at z = 1.

In the same paper, they also proved the following refinement of Theorem (1.2).

Theorem 1.4. Suppose r(z) = % € %,, where r has exactly n poles at aj,as,...,a, and all

zeros of r lie in T; U Dy , k > 1, then for z € T7, we have

n(k+1)—2m |r(z)|? .
7 <5 { o= e f

Equality in (7) holds for r(z) = (( ))n , where k > 1 and B(z) = (IZ_”;Z) evaluated at z = 1.

2. PRELIMINARIES

For the proof of main results, we need following Lemmas. The first Lemma is due to Aziz

and Zargar[3].

Lemma 2.1. If z € T}, then

Re <zvv:éz>)) _n— If’(Z)I_

The following Lemma is due to Li, Mohapatra, Rodriguez([7].

Lemma 2.2. If r € %, and r*(z) = B(z)r(3), then for z € T}, we have

x| [—

(@) [ +17 @) < 1B' @I

Lemma 2.3. Let r € %, and all zeros of r lie in T U Dy, k > 1, with a zero of multiplicity s at

origin, then for z € T}

7@\ _B@I (= 1 a3
&<d@>§ 2 +<E1+mw 2 )

where m is the number of zeros of r.
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Proof of Lemma 2.3. Let r(z) = 2% € 22, where h(z)is a polynomial of degree m — s having

w(z)
all its zeros in 7 U Dy .k > 1.
This gives

/ / /
7' (2) - h'(z)  zw (Z)‘

r(z) h(z)  w(z)

Equivalently,
zr'(z) ) (Zh’(Z) ) <ZW’(Z) )

8 R = R —R .
® < o) TR G ) TR e

Now using the fact that A(z) is a polynomial of degree m — s having all its zeros in Tj U Dy,
k> 1. If by, by, ...,bym—s are the zeros of h(z), where |b;| > k> 1, j=1,2,...m—s, (m < n)

then we can write

nm-—s

z—bj), |bj| >k, j=1,2,....m—s.
H( i) | J J

m-—s .
h(z) =) ¢j7 = cns
j=0 1

J

which implies
zh (2) &z
©) Re ( > — Re |
h(Z) ];1 — bj
Using this in inequality (8), we obtain
zr'(2) ) =z (zw’ () )
10 R =s5+R —R .
1o e(r(z) vhkel L5 ) R
For z € T1 , this gives with the help of lemma (2.1) that
zr’(z)) vz (n — [B'(2)] )
Re ( =s+Re - —
r(z) J; z—bj 2
ol (n— \B’(Z)|>
<s+ -
j—Z’l 1+ ‘bj| 2

BR[O n—2s
- Zlﬂbj\ 2 )

J=1

this completely proves lemma (2.3).
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Lemma 2.4. Suppose r € %, has exactly n poles ay,ay, ...,a, and all zeros of r lie in T, U Dy,
k > 1, with a zero of multiplicity s at origin, then for z € T}
Re (Zr’(z)) < |B'(2)| 1 <n(k+ 1) —25k—2m> '

(@) 2

where m indicates the number of zeros of r.

2 1+k

Proof of Lemma 2.4. Letr(z) = % € %y, where h(z)is a polynomial of degree m — s having

all its zeros in T U Dy .k > 1.

This gives
a'(z) L d@) a(2)
r(z) h(z) w(z)
Equivalently,
7' (2) ot Re ' (2) _ Re aw'(2)
(in Re<r(z)>_ K (h(z)) K <w<z> )

Since A(z) is a polynomial of degree m — s having all its zeros in Ty UDy, k> 1. If by, by, ..., by —s

are the zeros of h(z), where |bj| > k> 1, j=1,2,...,m —s, then we can write

nm-—s m—s
h(z) = Z iz = cm—s H(z—bj), (m<n), |bj|>k>1, j=1,2,..m—s.
Jj=0 j=1
This gives
7 (2) _mz_:s Z
EN =S
Which implies

Zh,(Z) B m—s z
(12) Re(h(z) >_Re (;z—bj)

Now it can be easily verified that for z € Ty and |b| > k > 1

Re( -2 )< !
‘\e=b) = 1+k

Using this in inequality (12), we get for z € T}

7h (2) m—s
(13) Re( h(z) ) STk
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Inequality (11) in conjuction with Lemma (2.1) and inequality (13) yields for z € T}

() <t (1)

_sk+m _ (n—|B'(z)]
14k 2

(., n(k+1)—2(sk+m)
:§{|B(Z)|_ 1+k }

which completely proves lemma (2.4).

3. MAIN RESULTS

In this paper, we first present the following result which provides the generalization of The-

orem (1.3). In fact we prove:

Theorem 3.1. Suppose r € #,, and all zeros of r lie in T, U D+ , k > 1 with s fold zeros at

s m—s ,
origin. If 7(z) = ZW}E(ZZ)) , where h(z) = ¥ ¢jz/, (m <n), then for z € Ty, we have
: =
1 =1 n—2s\ |rz)?
(14) P& <5 1B (@) +2 - Il
2 L~ 2 ) P

where m indicates the number of zeros of r.

Equality in (14) holds for r(z) = % where a > 1, k> 1 and B(z) = (:=£)" evaluated at

z=1.

Proof of Theorem 3.1. We have

Now

This implies for z € T1,
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Hence for z € T [ see[7], p.529] , we have by using Lemma (2.3)

dr @) [ | @)
o] =l
o @) . (@)
— @R+ [ 2 are (50
/ 2(r'(2) 7 / B’ (v 1] n—2s
> |B'(2)|* + W‘ —2|B(z)\{—+<j;1+‘bj|— 5 )}

o
Y
ol
U
P
L
ol
=
|
S
\®)
[\]
“
N—— S
—~
2N
et

This gives for z € Tq

a3 {r<r'<z>>|2—z (Z e ";2“‘) |B’<z>||r<z>|2} < (@)

J=1

By using lemma (2.2), we obtain for z € T} that

1

|r/<z>|+{|r’<z>|2—2<mi 1 .—"}ZS) |B/<z>||r<z>|2} <167 @ 1+ 1)

< [B')||I]I

Equivalently

(@) -2 (mz e ”‘22“‘> B@I@P < {B @I -0 @)1}

= |B'@)]?|Ir]]* +|r(z)|”
=2[B' @)l ll1(z)]-

that is,

s n—2s\ |rz)?
1 (z)] < : {IB’(Z)HQ(Z 1+1\bj| - 22 ) |H(,Z,?;l }Hrl\-

j=1

O

which is the desired result.

Remark 3.2. By taking s = 0 in Theorem (3.1), it reduces to Theorem (1.3).

If r(z) has exactly n zeros in Ty U D;+, then we get the following result:
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Corollary 3.3. Suppose r € %, and r has all its zeros in T U D+, k > 1 with s - fold zeros at

{|B’ |- ( y ) '](flff} Il

Equality in (16) holds for r(z) = Zs(éJrk))n where a > 1, k> 1 and B(z) = (lzlez) evaluated at

origin, then for z € T}

(16) " (2)] <

NI'—‘

z=1.

Now we prove the following result which provides the generalization of Theorem (1.4).

Theorem 3.4. Suppose r € %,, where r has exactly n poles at aj,ay, ...,a, and all zeros of r lie

m—s .
in T, UDy+, k > 1 with s - fold zeros at origin. If r(z) = ZW}E( )) where h(z) = Y, cjz/, (m <n),
j=0

then for z € T}

ot < L gy D) =2Ask ) ()P
(1) @) < 5 {18 - MDA B )

where m indicates the number of zeros of r.

Equality in (17) holds for r(z) = (éH;))n " where a > 1, k> 1 and B(z) = (IZ_”;Z) evaluated at

z=1.

Proof of Theorem 3.4. We have

Now

This implies for z € T}

|(r*(2))'I = [IB(2)|r(z) —2(r' (2))]
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Hence for z € T [see[7], p.529] , we have by using Lemma (2.4)

2

dr @) |y 27(@)
S| |-
PPN F (€9 )l R . (2 (@)
—F QP+ [~ @re (50
o |G [ (kD) = 2(sk tm)
> QP+ [ pai{pe)- ()
B z(r'(z)2 nk+1)—2(sk+m), ,
| r(2) 1+k [B'(2)]
that is,
(13) {irop+ R e @ <100
This gives with the help of lemma (2.2)
a1+ {rer + R m e < B

or equivalently,

n(k+1)—2(sk+m)

T [B'2)Ir(z)* < {IB'@)lIr)l| - 7' ()|}

= |B'@)Pllr@1* —21B' @)l (2)]

¥ (2)]* +

+[r' @)

which on simplification yields

o< L iy M <205k ) ()P
@< 5 {1B @) - D2 ).

This completes the proof of theorem 3.4.

Remark 3.5. By taking s = 0 in Theorem (3.4), it reduces to Theorem (1.4) .

If r(z) has exactly n zeros, then we have the following result:
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Corollary 3.6. Suppose r € %, where r has exactly n poles at aj,ay,...,a, and all zeros of r

lie in 7, UD;+, k > 1 with s fold zeros at origin, then for z € T}

. 1(,, n(k—1)—2sk |r(z)|?
(19) |r(z)|§§{|B(z)!— o ||r(z)||2}||r(Z)|\~

Equality in (19) holds for r(z) = ZEH wherea > 1, k > 1 and B(z) = (I_T”C’f)n evaluated at

(z—a)" z

z=1.
Remark 3.7. If we take s = 0 in Corollary (3.6), it reduces to Theorem (1.2).
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