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Abstract. In this paper, we generalize the main forms of Gronwall’s differential and integral inequalities to the
fractal and tempered-fractal differential and integral operators.

Keywords: fractal operator; tempered-fractal operator; Gronwall’s inequality.

2010 AMS Subject Classification: 34A12, 34A34, 45G05.

1. INTRODUCTION
The main forms of Gronwall’s differential and integral inequalities can be given by
Lemma 1. [6] Let x be a real continuous function defined in [0,T] satisfies the differential
inequality
(1 X <a(t)x+b(1), 1€ (0,T]
for some a,b € L{[0,T], then x satisfies the pointwise estimate

t t t
2) x(t) < x(0) eloa(®)d® / b(s) e @040 g vir € (0,T).
0

Lemma 2. [14] Let x, a and b be real continuous functions defined in [0,T], a(t) > 0 for
t € [0,T]. We suppose that on [0,T]| we have the inequality
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3) W0 < b0+ [ " a(s) x(s) ds,
then
) )+ / 9149 as.

The fractal and tempered-fractal forms of Gronwall’s inequality will be an extensions of (1),

(3) that incorporate concepts from the theory of fractals and tempered operators.

Definition 1. Let f be defined on |a,b|, x € [a,b], and t € (a,b), t # x, and B € (0,1).
The fractal derivative is defined by

Dg f(x) =
if the limit exists.

o Let f be differentiable, then

m _ hmf(x)_f(t) x—t df(x)xl_ﬁ
dxﬁ o xX—t xX—t xﬁ_tﬁ o dx B )

and

_df(x) . df)xP df(r)
égnldxﬁ _élinl dx B dx

o et f ( ) be exists, then

lim( f(x)— f()) = limf—(x)_];(t) (B — ) = i’;) 0 =0,

x—t x—t B¢ dx

which implies that f is continuous at x.

Example 1. Let f(x) = +/x. Differentiating f with respect to x, we obtain
dyx 1
dx — 2/x
which proves that f is not differentiable at zero. But the fractal derivative Dg f(x) of order

B = 1/2 exists and
dVE VR
d\/} x—)t\/_ \/_
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Definition 2. Let f be a bounded measurable function on |a,b]. Then the fractal integral of the

function f can be defined as

Iy 1) = B [ P71 f(s) s

and
hmlﬁf /f
then
Sy ) = B [ ) ds = B ) e, v fab)
and
xPd d
5o s 1) = 55 U 1) = /().

Definition 3. Let f be defined on [a,b], x € [a,b], A >0, and B € (0,1). Then the tempered-

fractal derivative of the function f is defined by

—AX d X
(5) "D f(x) = et — ) ™).

Definition 4. Let f be a bounded measurable function on [a,b]. Then the tempered-fractal

integral of the function f can be defined as
[ 100 = B [ e f(s) ds.

The paper organizes as follows. Firstly, we generalize the differential form of Gronwall’s

lemma to the fractal differential form
Dg x(t) <a(t) x(t) +b(t), t € (0,T]
and the tempered-fractal differential form
2Dp x(t) < a(t) x(1)+b(1), 1 € (0, T].

Moreover, some corollaries and the non-linear case will be given.

Secondly, we generalize the integral form of Gronwall’s lemma to the fractal integral form

x(t) < b(r) +/0t[3 sP=V a(s) x(s) ds
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and the tempered-fractal integral form

x(t) < b(t)+ /Otﬁ P e M9 4(s) x(s) ds.
Additionally, some corollaries and the non-linear case will be given.
2. FRACTAL DIFFERENTIAL FORM

Lemma 3. Let x be a real continuous function defined in [0, T] satisfies the fractal differential

inequality
(6) Dg x(t) < a(t) x(t) +b(t), t € (0,T]
for some bounded measurable functions a and b, then x satisfies the pointwise estimate

't nB— t ot nB—
7 x(t) <x(0) PR at0)a6 g / BT b(s) P L6700 4o iy (0, 7],
0

Proof. we have

DO < a0 xt0) +000),
1-B 4y
led(t” < a(t) x(t) +b(0),
d);—(tt) < BPVa(t) x(t)+ B P71 b(r),
d);—(tt)_ﬁ’ﬁla(t) x() < BPNb(r).

Multiplying by e £ /i °'a(6)40 \ye obtain

o Blo 6P "a(6)a6 x’(t) _ B P! o BJo 6P~ "a(6)a6 at)x(t) < BiP! o—B 0P a(6)de b(t),
%( 0B lo 6P "a(6)a6 x(t)) < B PB=1 =B ;6P a(6)d6 b(t).
Integrating, we get

B IO a0)40 (1) _ x(0) < ﬁ/zs,B—l B I3OPa(0)d0 3 o) g
0
¢ B 1307~ a(0)a6 x(t) < x(0)+p /t P B3 67" a(8)do b(s) ds,
0

x(t) < &P Js 6P~"a(8)de x(0)+p /t sP1 (B Ji 0P a(B)d0 b(s) ds.
0

0
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Remark 1. If B = 1 in Lemma 3, then the fractal differential inequality (6) will be a differential

inequality as in Lemma 1.
Now, we shall present some important special cases resulting from lemma 3

2.1. Special cases of fractal differential form.

(i) If a is constant, then the fractal differential inequality (6) will be
Dg x(t) < ax(t)+b(t)
and by Lemma 3, we obtain
x(t) < x(0) e + B /0 "B b(s) 40P g,
(ii) If b is constant, then the fractal differential inequality (6) will be
Dg x(t) <af(t) x(t) +b
and this implies that
x(t) < x(0) eB 1507~ 1a(6)a0 +p b/[ P B 6P a(8)db 4
0

(iii) If b = 0, then the fractal differential inequality (6) will be

and this implies that

x(t) < x(0) &P Jo 07 a(8)d6
(iv) If a and b are constants, then the fractal differential inequality (6) will be
Dg x(t) <ax(t)+b

and this implies that

x(t) < x(0) e’ —I—g (e”’ﬁ —1).
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2.2. The non-linear fractal differential form.

Lemmad. Let f : [0,T] x R" — R" be measurable int € |0,T| and continuous in x € R™, and
there exist two bounded measurable functions a and b such that f(t,x(t)) < a(t) x(t) + b(t).

If the function f satisfies the non-linear fractal differential inequality

DB X(t) S f(t,X(t)),

then x satisfies the inequality (7).
Proof. By applying Lemma 3, we get the result. U

Lemma 5. Let f: [0,T] x Rt — R' be measurable int € [0,T| and continuous in x € R", and
there exist a bounded measurable function a and a positive constant b such that f(t,x(t)) <

a(t)+b x(t). If the function f satisfies the non-linear fractal differential inequality
Dg x(1) < f(t,Da x(1)),
then x satisfies the inequality

x(r) < x(0)+ tM ds

- 0 1-pb 70
Proof. let dZ—(tt) =y(t), we get
t
®) x(0) = x(O)+ [ 3(s) ds
and
dx(t) dx(t)
b~ ug dt® )
tl—ﬁ -«
—— () < flt,— (1)),

tl—oc

y(t) < BPTVf(t,—— y(1))

< BB (al)+b— ()

< B aty+ b ey,
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Thus
(1-b 27y < gt tan),
A1 a(t
y(t) ﬁﬁ—é—)a,
1-boT
then, by substituting in (8), we get the result. 0J

3. TEMPERED-FRACTAL DIFFERENTIAL FORM

Lemma 6. Let x be a real continuous function defined in [0,T| satisfies the tempered-fractal

differential inequality

) iDp x(t) < a(t) x(t)+b(t), t € (0,T]

for some bounded measurable functions a and b, then x satisfies the pointwise estimate

(10) x(r) < x(0) e AP 67 al0)a0 4 g / "B ps) e M BLOPal0)d0 4oy e (0 7],
0

Proof. We have

|
N
-~
QU
—~
Q
>
-~
=
—
-~
N—
N—
AN

a(t) x(t) +b(1),

a(t) x(1) +b(1),

Q
=)
=
-~
—
Q
~
=~
—
-~
N—
~—
IA

o P 5O a0 < ae) <)+ b(0).

+Ax(t) < BP 7V a@) x(t)+ B P b(r),

(BP~Va(t) =2 ) x(t) +B P~ b().
Now, by using Gronwall’s lemma 1, we get
x(t) < x(0) eJo(B 07" al®)=A )do +/Zl3 P1p(s) (B 0P al0)-2)do 4
0

< x(0) o~ M+B J3 6P~ 1a(6)de +ﬁ/tsﬁ_] b(s) o M=) B [ 6P 1a(0)d0 4
0
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Remark 2. If A = 0 in Lemma 6, then the tempered-fractal differential inequality (9) will be a

fractal differential inequality as in Lemma 3.

Now, we shall present some important special cases resulting from lemma 6.

3.1. Special cases of tempered-fractal differential form.

(i) If a is constant, then the tempered-fractal differential inequality (9) will be
/{Dﬁ x(t) <ax(t)+b(t)
and by Lemma 6, we obtain

x(1) < x(0) g~ hrtarl +B /t P b(s) e A=s)ralf =) g
0
(ii) If b is constant, then the tempered-fractal differential inequality (9) will be
){Dﬁ x(t) <alt) x(t)+b
and this implies that
x(1) < x(0) e MBI 6Fla(0)a0 4 g b/t B = Alt=s)+pB [ 6P 1a(6)d6 ;o
0
(iii) If b = 0, then the tempered-fractal differential inequality (9) will be
ﬁDﬁ x(t) <af(t) x(t)
and this implies that

x(t) < X(O) e—lt—}—ﬂ 5 QB*Ia(G)dG.

(iv) If a and b are constants, then the tempered-fractal differential inequality (9) will be
gDﬁ x(t) <ax(t)+b
and this implies that

t
x(1) <x(0) e~ Mrrarl +B b/ Bl g At=s)+a(P —sP) 4o
0
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(v) Let x be a real continuous function defined in [0, 7] satisfies the tempered differential

inequality
D x(t) <a(t) x(t) +b(t), t €(0,T]
for some bounded measurable functions a and b, then x satisfies
x(r) < x(0) e~ ArHoa(®)O / b(s) e M0 g vy e (0,7],
0
3.2. The non-linear tempered-fractal differential form.

Lemma 7. Let f : [0,T] x R" — R" be measurable int € |0,T| and continuous in x € R™, and
there exist two bounded measurable functions a and b such that f(t,x(t)) < a(t) x(t) + b(t).

If the function f satisfies the non-linear tempered-fractal differential inequality
2Dp x(t) < f(t,x(1)),
then x satisfies the inequality (10).
Proof. By applying Lemma 6, we get the result. 0

4. FRACTAL INTEGRAL FORM

Lemma 8. Let x, a and b be real continuous functions defined in [0,T], a(t) > 0 fort € [0,T].

We suppose that on [0, T] we have the fractal integral inequality

(11) x(t) < b(r) +/t[3 P~V a(s) x(s) ds,
0
then
t B B
(12) (1) <b(1)+ /0 B B a(s) b(s) &P 1 6P a0)a0 g

Proof. Let us consider the function

H(t) = /Otﬁ PV a(s) x(s) ds, t € [0,T]
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then we have H(0) = 0, and

H@) = B a@) x(r)

Then
H(t)—B PP a@) HG) < B P ar) b(r).

Multiplying by e~ JiBOP1a(8)d6 . 0 e obtain
H(t)e oL —BPla(t) H(Y) e JoBOP la(0)de Bt a(r) b(ﬂe*féﬁeﬁ"a((?)de

%(H(t) o [iBOPa(0)d0) g BT 4p) p(r)e fiBOPa(6)ae
Integrating, we get

H() o~ JoBOP~"a(0)a0 “H(0) < /tﬁ P~ a(s) b(s) ¢ [y BOP~la(0)d0 4
H() < elipoPa® /ﬁ B=1 () b(s) e I BOPa(0)a0 4
<[5 als) bls) 0N g, 1 (0,7,

Since

Thus
x(0)—b(r) < / B P als) bs) el PO al0)t0 g,
() < +/ B PV a(s) b(s) e J1BOPa(0)d6 4o
O

Remark 3. If B = 1 in Lemma 8, then the fractal integral inequality (11) will be the integral

form of Gronwall’s inequality as in Lemma 2.

Now, we shall present some important corollaries resulting from lemma 8.
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4.1. Some corollaries of the fractal integral form.

(i) If a is constant, then the fractal integral inequality (11) will be
t
x(t) < b(t) +a/ B P x(s) ds,
0
and by Lemma 8, we obtain
"a Bl (tB—sB)
x(t) < b(t) +a/ B P b(s) ¢ ds.
0
(ii) If b is differentiable, then the fractal integral inequality (11) follows that
(1) < b(0) PHO" 0100 . [ b (5) P 18P 00 g
0

Proof. We already know that the fractal integral inequality (11) follows that

x(t) < +/BB1 )ﬁfteﬁl()deds

< b(r)+ /0 b(s) E(_ ol BOPla(e)aey 4

=
=
N—
IA

b(t)— ( b(s) e /1 BoP~1a(o )46 ys= z+/ fﬁeﬁ—la(e)de ds

< b(0) eloPO"a(6)dE / b (s) el PO"1a(0)d0
0

(iii) If b is constant, then the fractal integral inequality (11) will be

x(1) Sb—l—/otﬁ PV a(s) x(s) ds,

and it follows that

x(t) < b P Jo 6P 'a(6)d6
(iv) If b = 0, then the fractal integral inequality (11) will be
t
X0 [ B als) x(s) ds,
0

and it follows that

x(t) <0.

11
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(v) If @ and b are constants, then the fractal integral inequality (11) will be

t
t) §b—|—a/ B P x(s) ds,
0

and it follows that

x(t) <b e’
4.2. The non-linear fractal integral form.

Lemma9. Let f: [0,T] x Rt — R' be measurable int € [0,T| and continuous in x € R", and
there exist two bounded measurable functions a and c such that f(t,x(t)) < a(t) x(t) + c(¢).

If the function f satisfies the non-linear fractal integral inequality

t
<ble)+ [ B fsx(s)) ds
0
then x satisfies the inequality

t t nfB—
< B(t) +/ B P~ a(s) B(s) P s 0P~" a(9) do ds,
0

where B(t) =b(t)+ B [5sP~ c(s) ds.

Proof
W) < b0+ [ B s ds
< b+ [ B (als) 2(6) + () d
- +/B b1 ¢ ds+/ﬁsﬁ1 a(s) x(s) ds
— B+ /0 B 1 als) x(s) ds
By applying Lemma 8, we get the result. 0

5. TEMPERED-FRACTAL INTEGRAL FORM

Lemma 10. Let x, a and b be real continuous functions defined in [0,T], a(t) > 0 fort € [0,T].

We suppose that on [0, T| we have the tempered-fractal integral inequality

(13) x(t) < b(r)+/0t[3 P e A=) g (s) x(s) ds,
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then x satisfies

(14) x(1) Sb(t)+/0tﬁ P e A=9) 4 (5) b(s) &P 107 a(0)a0 4

Remark 4. If A = 0 in Lemma 10, then the tempered-fractal integral inequality (13) will be a

fractal integral inequality as in Lemma 8.
Now, we shall present some important corollaries resulting from lemma 10

5.1. Some corollaries of the tempered-fractal integral form.

(i) If a is constant, then the tempered-fractal integral inequality (13) will be
x(t) < b(r) +a/0t/3 sP=1 e 279 x(s) dis,
and by Lemma 10, we obtain
x(t) < b(r) —I—a/O[B Pl e A=5) p(s) =) g,
(ii) If b is differentiable, then the tempered-fractal integral inequality (13) follows that
x(1) < b(0) e HHBL; 6P ~1a(0)d6 +/ $)+ A b(s)) e H=9+BL 6P ~1a(6)do ;¢
Proof. We already know that the tempered-fractal integral inequality (13) follows that

x(t) < b(t)+/tﬁsﬁ1 o H5) g (s) bs) PO al0)d0 g

< +/ ds(—emeﬁ al(©)d9) g,
then we get
- s) I BoP-1a §=
x(r) < — (b(s) e M)l POTa(0)0 )=

4 / §) 42 b(s)) e M) ol BOPla(0)a0 4

< b(O) —At foBGB 1 d9+/ +A b( )) e_;l'([_s) flﬁeﬁ 1 a(6)do s,
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(iii) If b is constant, then the tempered-fractal integral inequality (13) will be
x(r) < b+/0tﬁ sP1 e A=) g(s) x(s) ds,
and it follows that
x(1) < b e MBI 6P a(0)d0 |3 b/te—/l(t—s)ﬂi JLeP-la(e)de 4o
0
(iv) If b = 0, then the tempered-fractal integral inequality (13) will be

x(t) < /Otﬁ P e 29 g (s) x(s) ds,

and it follows that

x(t) <0.
(v) If @ and b are constants, then the tempered-fractal integral inequality (13) will be
t
x(t) < b+a/ B sP~1 e 279 x(s) ds,
0
and it follows that
1 )
x(t) <b P} b/ e M=) +alP =) 4o
0

(vi) Let x, a and b be real continuous functions defined in [0, 7], a(z) > 0 fort € [0,T]. We

suppose that on [0, 7] we have the tempered integral inequality
" oa
x(t) < b(t) +/ e *075) a(s) x(s) ds,
0
then x satisfies
t 13
(1) < b(1)+ / e H1=5) g (s) b(s) el «©)8 g,
0
5.2. The non-linear tempered-fractal integral form.

Lemma 11. Let f: [0,T] x Rt — R™ be measurable int € [0,T] and continuous in x € R™, and
there exist two bounded measurable functions a and c such that f(t,x(t)) < a(t) x(t) + c(¢).

If the function f satisfies the non-linear tempered-fractal integral inequality

K0 b0+ [ BT e M flsix(s)) ds,
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then x satisfies the inequality

t .
x(t) <B(1) + / B sP=L e 21=9) 4 (s) B(s) &P 107" a(8) dO 4
0

where B(t) =b(t)+ B [§sP~1 e 2179 ¢(s) ds.

Proof.
x(0) < b+ [ BoP e P fsix(s)) ds
< b+ [ BT e (as) x(s) +cs)) ds
= b(t)+ ; B P19 ¢(s) ds + A B P19 g(s) x(s) ds
= B(t)+ /O t B P e A9 a(s) x(s) ds.
By applying Lemma 10, we obtain the result. U
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