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Abstract. This study primarily aims to develop generalized %+-class functions and establish fixed point results for
cyclic (e, B)-Z(9, f,®)-rational contraction mappings within the framework of C*-algebra-valued fuzzy soft
metric spaces (¢*-2/ VFSMS). The analysis incorporates key properties of various control functions to support
the theoretical development. The findings not only extend previous work but also align with and enhance existing
results in the literature. To illustrate the validity of our theorems, we present concrete examples. Additionally,
we explore applications to homotopy theory and integral equations, highlighting the broader significance of the
results.
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1. INTRODUCTION

Uncertainty and imprecision are inherent in many real-world problems,often making classi-
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cal mathematical approaches inadequate for effective modeling. To address these challenges,
Zadeh introduced fuzzy set theory [1], and Molodtsov later developed soft set theory [2], both
offering flexible tools for handling ambiguity in various applications. Building on these founda-
tions, Thangaraj Beaula et al. [3] proposed fuzzy soft metric spaces based on fuzzy soft points,
establishing key theoretical results that have since led to a growing body of research (see [4]-
[6]). In a related direction, Ma et al. [7] introduced the concept of C*-algebra-valued metric
spaces in 2006 and explored fixed and coupled fixed point theorems under contraction condi-
tions, prompting further developments in this area (see [8]-[12]). Combining these frameworks,
Agarwal et al. [13] in 2018 introduced C*-algebra-valued fuzzy soft metric spaces and investi-
gated fixed point results within this enriched structure, which has since attracted considerable
interest and ongoing research efforts (see [14]-[17]).

Recent developments in fixed point theory have focused on generalizing contractive condi-
tions. Khan et al. [18] and Ansari et al. [19, 20] introduced altering and ultra altering distance
functions to relax classical contraction requirements. Ansari later proposed C-class functions
[19], leading to unique fixed point results and further research. Kumssa [21] extended this work
by studying Suzuki-type rational contractions in b, (s)-metric spaces and introducing general-
ized Cg-class functions. Additionally, Samet et al. [22] developed a-admissible and -y~
contractive mappings, which inspired further generalizations such as those by Isik et al. [23]
and Yamaod and Sintunavarat [24].

The objective of this paper is to establish unique fixed point (UFP) theorems in the context of
¢*-o/ VFSMS, specifically for cyclic (o, B)--Z¢(¢, £, ®)-rational contraction mappings using
generalized €5+-class functions. Furthermore, we present applications to integral equations and

homotopy theory, along with a discussion on the relevance and impact of the results obtained.

2. PRELIMINARIES

Definition 2.1:([13]) Let E C V, and consider V as the absolute fuzzy soft set, where sy (b) = 1
for every v € V. Denote the associated C*-algebra by .«7. A mapping pu: V x V — o7 that
satisfies the required conditions is referred to as a C*-algebra-valued fuzzy soft metric defined

via fuzzy soft points.
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(i) 0,7 = pe (5v,,5v,) for all sy, ,50, € V.
(if) pe
(iit) Per(Sv,,50,) = Per(Sv,,50,)
) P

(5017503) —< P (5017502) "‘Pc (5027503) V50175027503 € V

(5017502) O,Qi<:>501 = Sy,

(iv

A €*-2/ VFSMS consists of a fuzzy soft set V along with a corresponding fuzzy soft metric

pPe+. This structure is denoted by (V, e Pe+), Where o/ represents the underlying C*-algebra.

Example 2.2: ([13]) If E and V are subsets of &, then V is an absolute fuzzy soft set, where

V(v) =1 for every v in V, and 7 is defined as M>(%(C)*). Define pp-: V xV — o7 by
kK O

P (Sv,,50,) = , where K = inf{|/,tg’n1 (r) — ug, (t)|/t € C} and sy,,5,, € V.Then, by
0 «x

the completeness of Z(C)*, (V, o/, pw) is a complete €*-o/ VFSMS. pe+ is a C* - algebra
valued fuzzy soft metric.
Definition 2.3:([13]) Assume that (V, A, Per) is a €* -2/ VFSMS. According to <7 a sequence
{5y, } in Vis defined as:

(1) C*-algebra valued fuzzy soft Cauchy sequence if, for each (~)(Q{~ < &, there exist (),;zi <6
and a positive integer N = N(&) such that || gz (so,,50,)|| < 6 implies that
g, (t) — g, (s)|| < & whenever k,1 > N. That is || 0z (Sv, v, )|[ 7 — 0 sas k,I — oo

(2) C*-algebra valued fuzzy soft convergent to a point s, € V if, for each (~),Q,~ < &, there
exist 0 _; < & and a positive integer N = N(&) such that || gz (s,, 5, )|| < & implies
H,ugbk (1) — U, (t)|] < & whenever k > N. It is usually denoted as limy_,. 5y, = 5y

(3) Itis referred to as being complete when a €*-o7 VFSMS (V, o7, p+) is present. If each

Cauchy sequence in V converges to a fuzzy soft point in V.

Lemma 2.4: ([13]) Let </ be a C*-algebra with the identity element [ 7 and b be a positive

element of 7. If A € 7 is such that ||| < 1 then for p < ¢, we have

(a) limgye Y7 _ pE *)k ( )k = ||() Hz (%)
(8) TL, (AR ) =0, a5 g — o

For more properties of a C*-algebra valued fuzzy soft metric and C* -algebra we refer the reader

to [13, 25].
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3. MAIN RESULTS

For ¢+-class functions in C*-algebra valued fuzzy soft metric spaces, we will demonstrate
various fixed point theorems in this section.
Definition 3.1: Let </ is a unital C*-algebra. Then a continuous function .7 : @7, x o7, — o/,

is called a C,-class function if for all @,b € <7, ,

(b) F(@b)=a=a=0,; or b=0.

We denote Y as the family of all C,-class functions.
Definition 3.2: A mapping . : &/, x @/, x o/, — </, is called a generalized €5+-class func-

tion if for all §,,% € o7,

(1) .Z¢ is continuous;
(2) F6(5,6,7) < max{5,b}:

(3) Z(5,8,8) =5 or b = either of 5,6 or ¢is 0.

I" represents the family of all é+-class functions.

Example 3.3: In the following, we give some members of 65+ where % : 42%3 — o, is a
mapping:

(1) Zg(8,8,p)=¢— m where ||.|| 7 is the fuzzy soft norm induced by the C*-algebra
)=¢ implies=0;.
(2) ZG(%,,p) =G — o()p where o(.) denote the fuzzy soft spectral radius of an element
and Z(¢8,¢,p) = ¢ implies 6(¢) =0, 0r p =0
(3) FG(8,&,p)=E—¢(¢+p) where ¢ : o7, — o7, is a fuzzy soft linear operator such that
¢(0,7) =0, and F;(?,&,p) = & then ¢(8+p) =0, implyinge=p =0;.
Definition 3.4: A function ¢ : &7, — ./, is called an altering distance function if the following

properties are satisfied:

(a) @ is nondecreasing and continuous;

(b) ¢(3) =0, ifand only if§=10_.

The family of all altering distance functions is denoted by
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Definition 3.5: The mapping @ : .7/, — 7, is called the ultra altering distance function if the
following properties are met:

(1) @ is continuous;
2 @(3)-0,Y5-0
O represents the class of all ultra-altering distance functions.

For convenience, we set: A = {0/ : o/, — </, } be a family of functions that satisfy the

following properties;
(i) g 1is anon-decreasing, upper semi-continuous from the right;
(i) p(&)=0,iff =0
Definition 3.6: Let V be a absolute fuzzy soft set, and a, 8 : V — o7,. If f,g: V — ¥ then the
mapping f is g-cyclic-(a, B)-admissible if:
(i) ot (gsy) = 0, implies B (fsp) = 0 for some s, € V;
(i) B (gso) = 0, implies & (fs,) = 0_; for some s, € V.
Example 3.7: Let V= {vy,0;,03},U = {x,y,z,w} and C be a subset of V where C = {v},0,}.

Define fuzzy soft set as,

(sv,C) = { b1 = {X0.7,50.6,20.6:W0.5 }, 92 = {X0.3,50.7,20.4, W0.6 } }

then,sy, = Us, = {X0.7,50.6,20.6,W0.5}, 50, = Ms,, = {%0.3,50.7,20.4, Wo.6}
and FSC(Fy) = {50,,5v,}, let V be absolute fuzzy soft set, that is V(v) = 1 for all v € V and
o/ = M>(C), the algebra of 2 x 2 complex matrices. Define fuzzy soft mappings o(sy,) =0.6.1,
0/(sy,) = 0.3.] and B(sy,) = 0.7.1, B(sy,) = 0.4.] and let us define two mappings f and g as

f(50,) = Sv, and g(5p,) = Sy, then for some s, € V;

(i) & (gsy,) = a(sy,) =0.6.0 =0 _; implies B (fsy,)
(ii) B (g5v,) = B (50,) =0.7.1 = 0 implies & (fsy,)

B (s0,) =0.4.0 =0,

o (sp,) =0.3.0 -0,

Therefore, the mapping f is g-cyclic-(a, 3 )-admissible.

Definition 3.8: Let (V, .27, pi+) be a €*-/ VFSMS and «, 8 : V — o7, be two mappings. Let
f,g: V — ¥ be two self mappings satisfying f is a g cyclic («, 8)-admissible mapping. Then
fis a g-cyclic-(«, B)-Z(¢@, £, ®)-rational contraction type-I and type-II if for all sy, ,5,, € V

and @ € o/, with ||a@|| < 1



6 A. BHARGAVI SIVA PRABHA, R.V.G. RAVI KUMAR, B. SRINUVASA RAO

type-I:

a(g5nl )B (9502) =Uy=0 (PNC* (fsnl ) fsvz))
) =< T ( Q(AM(50,,50,)0"), (G (50,50,)), B(AM(50,50,)*) )
type-11:

2
a(gsnl )ﬁ (gﬁnz)q) (pNL* (fﬁnl ’ fﬁnz)) j 96 ( (P(&M(ﬁn] ;5U2)a~*)7 JO(aM(EU] 7502)6;*); (D'(EZM(BU] ,592)6{*) >

~ 1 ~
Pe (95U1 ) ggbz)v ij* (9502 5 f‘gm )7
pZ‘* (f5t11 79502)',);‘* (9501 7f5t72) pz* (fsl‘)l 7951‘11 )P;* (fsbz agsl’l )
2[1+Pz* (950179502)] ’ 2[1+p;* (950179502)}
P (f5n279502)~P;* (fﬁbl 79502)
2[1+PZ* (gﬁblvgsbz)]

where M(sy, ,5y,) = max

andp e Qe e, el

Theorem 3.9: Let (V, .o/, p.+)be a C*-algebra valued fuzzy soft metric space and o, B : V — o7,

be two mappings. Let f and g be two self mappings on V and f is a g-cyclic-(ct, B )-admissible

mapping such that § is a g-cyclic-(a, B)--Z¢(@, f, ®)-rational type-I and type-II contraction

and with regard to a ¢g+-class functions .Zg with @(8) > (&) for all & - 0 satisfying the

following conditions:

(3.9.1) §(V) C g(V) with g(V) is closed subspace of V;

(3.9.2) there exists sy, € V with ¢ (gsy,) = 0,7 and B (gse,) = 0,7

(3.9.3) if {sp,}>_; is a sequence in V with f(sy,) = 0 for all n and lim,_c 5y, = 5, then
B(sy) =0,

(3.9.4) a(gse,) = 0,7 and B (gsy,) = 07 whenever, fs,, = gsy, and fsy, = gsy,.

Then, § and g have a unique point of coincidence in V. Furthermore, if f and g are weakly

compatible, then f and g have a unique common fixed point in V.

Proof Let sy, € V. From condition (3.9.1) and (3.9.2) we can construct the sequences

{50, 1> {80, by such that
3) f(s0,) = 850, = &, ¥V n € NU{0}.

Observes that in C*-algebra, if K, be ;zZL and & < b, then for any X € ,QZL both &% and *b¥ are

positive. If §,, = &, ,, then &, is a point of coincidence of f and g . Therefore, we assume that
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&, # &v,., forall n=0,1,2,.... Since, o (gsy,) = 0, and f is a g-cyclic-(, §)-admissible

mapping, we have
B <g501) = B (fgﬁo) - 6@? = a<9502) = (fsvl) - 6@7

and B (g50;) = B (0,) = 0,7 —> & (gs0,) = @ () = 0,
By continuing this procedure, we obtain that:
4) o (gSv,,) = 0,7 and B (gsy,,,) =0, Vie NU{0}.
Similarly, since, f (gsv,) = 0,7 and f is a g-cyclic-(ct, B)-admissible mapping, we have

o (g50,) = 0 (fsv,) = 0,7 == B (g50,) = B (fsv,) = 0,7

and o (9503) = (f502> - ()!Qi = B (9504) =p (f503) ~ (),;zf'

By continuing this procedure, we obtain that:
5) B (95v,) = 0,7 and o (gsy,,,,) =0, Vie NU{0}.
From Eq.(4) and Eq.(5), it follows that:
o (gsy,) = 0,7 and B (gsy,) = 0,V n e NU{0}.
Consequently,
(6) o (gsy,) =0, and B (gsv,,,) =0, = a(gss,)B (g5v,,,) = 0,V ne NU{0}.
Then from Eq.(1 ), we get
@ (P (150, 150,.1)) = 76 9(aMi(su,.50,..,)d"), (@ (50,,50,.,)@), B(@M(s0,.50,.,)d") )

(7) maX{ @(aM(sy,,5v,,,)a*), $2(aM(sy, , S, )a@*) }

A

where

P (950,, 050, ), 300 (850, F9v,);
P+ (F50,,850, 1 )-Pex (950,750, , 1) Pex (150,850, ) -Pex (8v,, | 50,)
2[14+07+ (850,050, )] ’ 21407+ (950,850, ;)]
Pex (50, , 1,850, , 1 )-Pex (50,950, ;)
2[1+PZ-* (950,050, | )]

M(sy,,Sv,,,) = max
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p~C* (gbn,l ) éuﬂ), %pz* (gbnv gbn )7
P (EonsEon)-Pe (8o, 10,4 1) Pex (GonEo, 1) -Per (Eo,q 460, ;)
— max qt+p (Bop 1 Eon)] 0 2[14pi (Bo, Eon)]
P (8o, 4 1 -60n)-Pex (GopsEop)
2[1+P;*(§un,1 étm)]

= max{ Pes (o, 15 Eon) s P (Gor So,t) }

If Ml(sy,,50;,,) = Pe+ (Eo;» v, ) for some i € NU{0}. Accordingly, we conclude that

(2 (pNC* (éum &UiJrl)) =0 (pZ* (fsbnfsﬁiﬂ))
< { (P (B oy )). 0AGPT (B o)) )

< (P(ZZPZ* (501'7 §Ui+l )‘{*) :

From non-decreasing property of @, we have pe+ (&, &o,.,) < @pe+(&o;, Eo,., )a* this implies that
| ’p;* (501'7 gt’H-l ) | | < | ‘Zl| |2‘ |p~C* (601‘7 éUH—l ) ‘ | which is a contradiction.
Accordingly, we conclude that M(sy,,sy,.,) = Pet (o, ;»Ep,) for all n € NU{0}.

Hence, from Eq.(7),we can write

(2 (P~c* (5%7 gUm—l )) =0 (P~c* (f50naf50n+1 ))
< max{ g(api- (G, 1 Go,)8"), P(api(Go, 11 E0)) |

< @(ape(So,. 1+ G0, )a*)-
By the definition of ¢, we have
P (Gons o) < @ P (8o,y50,)a
which implies that
®) e (&onrGonar) I < a0 (o, 1 » Eon) || < 11Pe (Eop 1+ Eo,)| [V € NU {0}

Thus,the sequence {pg- (énn,ﬁnn +1)} is decreasing bounded below in V with respect .<7,and

hence, there exists some & = 0 .7 such that lim,, ., || ¢+ (énn,énn +1) | = 8. Now we claim that
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5 = 0 and letting n — oo in Eq.(7), we have that

Therefore, % ( (p(S), p(8)7 (,3(5) ) = (p(S) By the condition (3) of Definition (3.2), it can
be deduced that either (&) =0 or @(5) = 0. Hence, § = 0. Suppose & > 0 7 and letting
n — o in Eq. (8), we have that 5 < 5 is a contradiction . Hence & = 0.

Thus r}l_rilo |10+ (0,5 Eo,.1 ) || = 0. Next, we will show that {&,, } is a Cauchy sequence in ¥ with
regard to <7. Let on contrary {&,, } not be a Cauchy sequence, then for some & > 0 7> there

exists two subsequences {&y, . } and {&,  } of {&y,} such that

©) P (Eopgyr By ) = 8

where n(j) > m(j) > j with n(j) is odd and m(j) is even. Corresponding to m(j), one can

choose the smallest number n(j) with n(j) > m(j) such that

(10) Per (5%(]‘)’5%(;)—1) <&

Using Inequalities Eq.(9) and Eq.(10) and the triangle inequity, we have

€ 2 per (ébmwg“nm)
Pe+ (fnm< ,)750,1(,)71) +Per (5%0)71’5%(1))

= €+ P~c* <£Un(j)71 ’ gb,,(j)) .

IA

Letting n — co,we get

an Tim 7 (&, &y ) =
It follows from the triangle inequity that

Per <5“m<j>’§“n<j>> = Per (él’mm’énn(/‘m) +Per <5°n<j>+1"§"n<j>> :

Letting n — oo, we get & < ’}glgo P (5%(/’) , 5%(_;) +1> and

pe <§nm(j)’5nn(j)+1> = pe (é"mu)"g“nu))w e (é“no)w&”n(f))'
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Letting n — oo, we get nh_r}; Pe+ (50,"(,-) , énnm +1) < &. Therefore,
(12) ,}gl;lopc* <§Dm(j)’€nn(j)+l) =€
Similarly,we can show that
(13) lim P+ <§n én ) =
n—yoo
Again using the triangular inequality,we get

Pe (J;nm(j)yénn(jHJ = (én én +1> + Pex (énm ])+17§nn(1 +1> .

Letting n — oo, we get & < nlgl(}opc* (5%(].)“ , énan) and

O CPR -SSR S (-SR-S 2 - B

Letting n — o, we get lim f- <5n,n<j)+1 ) 5°n<j>+1> =&

Therefore,
(14) Tim 7 (o010 Eo00) = &
From Eq. (6), we obtain o <gsnm(j) +1> B (gsnn(j) +1) - (),Q;, and from Eq. (1), we can write

o (Per <§n +1,§nn<J +,>) =0 <P~c*(f5vm(j)+1 F50,0) 11 ))

QD(&M(E%(])H?E%(')H) )p(aM(sn +1’50n(j)+1)a*)’

(al\/[[(slj ' ,50n(j)+1)a*)

= Zc

jmax{ Q@M(sv,,; . +50,),,)a"), (@M (S0, .50, ,,)0*) }

= (p(aM(st’m(j)Jrl750n(j)+1)a*)

Per (50 én ),%p} (gn gn )
Pe+ (én D1 50 )Pc (50,,, éu

[1+pc (é i) S )>]
< (P ZlmaX P:* (ébm(j)Jrl 750 )) (éb +1 "énm(j)) a*
2[1+pc*(§n 5% )}

p;* (él‘ln(j)Jrl aél‘l ) (‘: j)+1 7§U (1))

z[1+pc (@mm ,éunm )]

Y
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Because of
r 1 .
Per (‘gsnm(j +1 ’ggnl’l<j +1 )7 EPC* (950n<j)+] ’fsnm(j)-H ),
(fsnm )41 950 n(j)+ )pc* (950 m(j)+1 ’fﬁbn(jH-l)
)
2[1+P¢ (950 1950 )}
m(j)+1 ( j)+1
M(ﬁn ()+1 75t)n(j)+1) = max (fﬁn j)+1 2980, ) ( J)+1 @50 m(j)+1 )

|:1+pc (gﬁh (J) 41’ 950 (J)+1):|
P (f50n<j)+1 1950 n(j )Jrl) pc (fﬁu (j)+1 7g5bn<j)+1)

2 |:1+pc (gs"m(j)-H g9 Un(j>+] ):|

pC (50111 étJn )’ %p;* (gun(j) ? énm(j)-‘r] >7
[ (én P+1° ‘gn )PZ* ({:“m(j) -,énn(j)ﬂ)
= max Pex (é"m(j)—o—l 7§bm(j))'pc*( v n(j)+1 ’énm(j))
2[ 1P (o) )]
(&U +17§U ) pc (5 +1750n<j>)

[Hp c (énm(i) ’énn(i) )}

Y

\ 7

Using n — oo with respect .o/ and ||a|| < 1, Eq.(11), Eq.(12), Eq.(13), Eq.(14) we obtain that

oIzl < Z6( (el pliel). o) ) < o(ElD.

Therefore, ﬂg( EDNZUEDRUED) > = ¢(||€]|). By the condition (3) of Definition
(3.2), it can be deduced that either ¢(||€]|) = 0 or @(||€||) = 0 implies & = 0_; is contradic-
tion. As a result, {&, } is a Cauchy sequence in V with regard to .o7. However, (V, o7, pi+) is

complete, so there exists &, € V such that lim,,_ &, = & and hence, from Eq.(3)

(15) lim f(so,) = lim gsy,., = lim &, = &.

n—oo

Since g(V) is closed subspace of ¥ so in view of Eq.(15), &y € g(V) and therefore, one can find
sy € V such that g(s,) = &,. Now, we will show that §(s,/) = &,. For this, since &,, — &, so
from Eq.(3), it follows that B(&,,) = B(gsv,.,) = 0,7 for all n € N. From Condition (3.9.2), we
have (&) = B(g(sy)) > 0, and thus, o(gsy,)B(g(sy)) > 0, then, from Eq.(1), we have

(p<p~c* <f50n7f5n’)) < ZG ( @(&M(gnn,ﬁnl)d*),(@(aM(ﬁnn,ﬁn/)d*),G(ZlM(ﬁnn,ﬁn/)d*) )
< max{ @(aM(sy,, 5y )a*), (aM(sy, , 5y )a*) }

< @ (aM(sy,, 5y )a*)
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~ 1 ~
Pc (gﬁnn ’ g5n/)7 zpc* (950’7 fsbn)7
PZ* (fst’n ’gﬁn/)'pz* (9511,, 7&9’) P:* (fﬁnn 7950}1)'1)2'* (fﬁu/ 7950;1) a"*
(1400 (950,.85,)] 7 2[14+07x (950,.05,7)]
pZ‘* (fsu’ 795u/)'p;* (fsl’n 7950/)
2[1+pz* (gsnn 795[]/)]

< @ | amax

Now, taking the limit as n — e with ||a@|| < 1 and using the above Eq. (15), we get

@ (|Pe(Sor Fow)[|) < @(0) =0

which is possible only if ¢ (][0 (8o, fsw)[|) = 0. Thus, ||+ (G, fow )| = 0 = fsy = Gy and
hence, s, = gsy = . Next, to show that f and g have a unique point of coincidence &,
let § and g have another point of coincidence &y # E,». Then, there exists e, € V so that
fey = gey = &yr. Using Condition (3.9.4), we get o (gsy) B (gey) = 0, then from Eq.(1), we
get
¢ (pe+(fsv, few)) = Fa ( @(aM(sy, ey )a*), 2(aM(sy, ey )a*), @ (GM(8y, ey )a*) )
< max { Q(aM(sy, ey )@), @aM(sy, e )d*) |
< @(aM(sy, ey )a*)
pNC* (950’7get)/)7 %p;* (geb” f5n’)»
Pex (f%/aG%/)PZ* (gsu/vfen/) Pex (fsn’vgsu/)'p;* (fen’vgsu/) d’*
(1403 (gs0e)| 7 2[14+Px(g5y,0¢,)]

P+ (feu/ 7920/)'p:7* (fsu’ 7920/)
2[1+PZ* (ggn/ 7gen/)]

< @ | amax

< @(ape (8o, Sor)a*).
By the definition of ¢, we have
Per (8o, o) < apes (&gt S )a*
which implies that
[1Pe (Gors &om) 1] < [1al P11 (o, G| < 1P (G, o)

which is a contradiction, unless &, = &.». Finally, since the pair (f,g) is weakly compatible,
since fs, = gsy = &y then f&y = fgsy = gfsy = géy i.e., f€y = g&y is a point of coincidence

of f and g. But &y is the only point of coincidence of f and g, so f&, = g&, = &,. Moreover
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if {8, = gy = Oy, then ¥y is a point of coincidence of § and g, and therefore &, = ¥y by
uniqueness. Thus &y is a unique common fixed point of f and g in V.

Let 0(gsy, ) B(gsv,) = 0,7, then from Eq.(2), we get

<p(p2* (f5nl,f502)) j gG ( (P(aM(5U17502)6;*)7{0(&M(5U17502)6;*)7w(aM(5U1;5bz)d*) ) :

Thus, the Eq.(1) is satisfied, hence, the proof easily follows similar lines of above and f and g
have a unique common fixed point in V.

Corollary 3.10: Let (V,.o7, pi+) be a €*-o/ VFSMS and o, 8 : V — o7, be two mappings. Let
f:V — Vbe acyclic (a, B)-admissible mapping with regard to a €5+-class functions .%¢ with

@(8) > @() for all & = 0_; such that

a(sm)ﬁ(sbz) - QQZ = (P(p;* (f501’f5t’2))

= ﬁG( (p(aM(sbl7502)‘{*%(@(&1\41(5017502)6;*)7@(511\%1(5017502)‘{*) )

pC* (501 75U2)7 %pc* (5D27 f501>7
P (f50, 150, )-Pex (Su ) ,f50,) P (50, 50, )-Pex (FSu, 50 )
2[l+p;* (50| 7502)] ’ 2[1+P:;* (50| 7502)] ’
Pex (F80, 50, )P (P01 150, )
2[14+p7x (50, 50,
peQpeA @ecO, F; . If the following assumptions hold:

where M(sy,,5y,) = max

(3.10.1) there exists s,, € V with & (sy,) = 0, and f (so,) = 0_;

10.2) if {s, }o° 1sasequence1n~wit sy ) > 0 ; for all n and lim,,_e 5, = &, then
3.10.2) if {sy,};_; i in V with . 0, for all dl ., o th

B(sy) = 6@5;

(3.10.3) @(sv,) = 0,7 and B (su,) = 0,7 whenever, fs,, = 5, and sy, = Sy,.

Then, § has a unique fixed point in V.
proof Using the identity map on V and g = f .7» we can determine from Theorem (3.9) that §
has a UFP.

Example 3.11: Let U = {r,r,} be a universe and E = {v;,0,} be a parameter set and

V = {sy,,50,} be fuzzy soft set, for each parameter v;, define fuzzy soft elements s,, =

Sp, S,

{(21,0.6),(22,0.8)}, 54, = {(21,0.4),(22,0.9)}. Let A = € of be the set of 2 x 2

S5p, Sy,

matrices whose entries are fuzzy soft elements with ||A|| = max; j (maxyey Mo, (r)).



14 A. BHARGAVI SIVA PRABHA, R.V.G. RAVI KUMAR, B. SRINUVASA RAO

0, ifi=j

, then obviously (V,.o7,d+)
i

Define py: VxV — o7 by P (Sv;550,) = 5,
’ 1

0 sy,
is a complete C*-algebra valued fuzzy soft metric space.

We define f,g: V — V by §(50,) = Sv,, [(5v,) = 5v, and g(sv,) = Sv,> 9(5v,) = 5v,- S0 f = g,

and they are cyclic and weakly compatible.

- - s s
Let o0, : V — &7, be as a(sy,) = o and B(sy,) = " , then clearly,
0 snl 0 sy,
(sy,) = 0,7 and B(sy,) = 0,7 Let q)( ) (l;) = %15, @(b) = 1b for all b € o/ and
F(s,¢,3) = max{s,e,3} then clearly, ) > o(b) for all b > 0_;. Then, all the conditions
of Theorem 3.9 satisfied with @ = with ||a|| < 1 and

spr = { (11, M =0.5), (12, % 9+0 8 -0.85 } is unique common fixed point of f and g.

4. APPLICATIONS

4.1. Application to Integral Equations.
In this section, we study the existence of an unique solution to an initial value problem, as an
application to Corollary 3.10.

Let us consider the boundary value problem of ODE:
(16) sy, (¢) =9 (e,50,(e)), e €, 5y,(0) =5, (1) =0

where ¥ : E x R(E)y — R(E); is a continuous function where R(E); is a set of

non-negative fuzzy soft real numbers. The Green’s function to Eq.(16) is given by
e(1—3)if0<e<;

I(e,3) =
3(l—e)ifz<e<I1.

Let V=F = [0,1], 4 = L*(E), and the absolute fuzzy soft set V = L*(E) where E is a
Lebesgue measurable set. The set of bounded linear operators on Hilbert space ¢ is denoted by
L(¥). L(¥¢) is undoubtedly a C*-algebra with the standard operator norm.

Define pz‘* : V X V — L(%) by p;* (501 ,592) = Minf{‘“gnl (s),”guz (s)|/scE} for all Sp,,50, € V,
where M, : 4 — ¢ is the multiplication operator defined by M, (1) = u.n for n € 4. Then pg-
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is a €*-o/ VFSM and (V,L(%), p+) is a complete €*-</ VFSMS.
Let ¢, 0,0 : o/, — o/, as ¢(b) =b, p(b) = % and @ (b) = % and .Fg: A, X Ay X Ay — A,
as ZG(¢,3,F) =3 — ¢ —T where 5% > T
Consider the following conditions,

(i) if there exist a functions v, ¢ : R(E); — R(E)* such that there is an ¢ € V, for all
5o, € R(E), with y(sy, (¢)) = 0,7 and ¢ (s, (¢)) = 0,7 and 6 € (0,1), we have

inf{|9 (¢,50,(¢)) ~ 9 (¢, 50, (0)] /¢ € E} < 5 inf{]u, (¢) — 50, (¢)] /¢ € E}

(ii) thereis sy, € L”(EE) and 3 € V such that

Wisn () =07 — v | [166.5)96506))ds | =07
E

and
0(0,(3) 0,7 = 0 | [Ue.)9 (.50, (5))ds | - 0.7
E

(i) for any point s, of a sequence {sy, } of points in L*(E) with y(sy,(3)) = 0/,
lim infy (s, (3)) = infy(sy) = 0,7 and ¢ (sv,(3)) = 0,7,
lim inf ¢ (so, (5)) = inf@ (sy) = 0,
Theorem 4.1: Suppose that conditions (i) - (iii) are satisfied. Then BVP Eq.(16) has minimum
one solution s, € V.

Proof Since we know that the solution of (16) is exists iff the solution of the integral equation
50,(6) = [ 1(e.5)9 (e, ()de, ¢ €.
E

is exist and the same. Define .7 : V — V by T (sy,)(¢) = [1(¢,3)%4 (¢,50,(¢))de, ¥V ¢ € E.
E

Clearly s, € V that is a fixed point of .7. Let & = 01, then @ € L(%) with ||a|| < 1. For any

u € 9 and let sy,,55, € V such that y(sy, (¢)) = 0,7 and ¢(sp,(¢)) = 0 ; for all 3 € E. Then

from (i), we have

P (T 8o, T 5p,) = Minf{\ufl%ul (S)—lifly502 (s)|/s€E}
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then
1P+ (T 50,, T 50,)|| = Hiﬁgl(Mmf{mé%l (5) =My (9)]/5€E} 1 1)
= sup inf{l/H(e,a)(g(e,snl(e))—%(e,snz(e))ﬂ}de u(t)u(t)dt
=ty | &
. 0
< sup lnf{/\ﬂ(m!}gmf{!ﬁn,(e)—ﬁnz(e)\/eGE}de u(r)Pdt
lull =14, ’
. 0.
< sup mf{/lﬂ(e,a)lde} IIM(t)IIZdtllgmf{lsul(e)—suZ(e)|/eEE}II
=1 | % |
6 . .
< 3 sup mf{/ﬂ(mz)!de} . sup [ |u(t)|*dr]]inf{|sy, (¢) — 50, (e)|/¢ € E}[|eo
k=1 g | D=1
0,
< 3 llinf{lsy, (¢) =50, (e)[ /¢ € E}[]-o
_ 1121 Pe (80,8
< falp P By
Thus,

¢ <p~c*(950179502)) = 97(; ( (P(ZIPNC* (5017592)5*)“@(&[);* (5017502)a~*)7 Gf(&p}k (5017592)‘{*) ) :

For all sy,,5y, € V, with y(sy, (¢)) = 0,7 and ¢ (sy,(¢)) = 0, V ¢ € E, define o, : V — o7,
[;ife €E, y(sy,(e)) =0, [;ife €E, ¢(sp,(c)) =0,

as 0(sy;) = ¢ and f(sv,) = §
0, otherwise 0,7 otherwise.

Then for all sy, ,5y, € V¥, we have
& (50,)B(50,) = 0,7 = @ (0e+ (T 50,, T v,))

= egZG ( (p(&pZ* (501 ﬂsbz)d*)up(apz* (501 75U2)a~*)7 a)-(ZZPZ* (501 ;502)(;*) ) :

Obviously, .7 is cyclic (¢, B)-admissible mapping . From (ii) there is there is s,, € L”(E) and
3 € V such that o(sy, (3)) =17 and s, € L*(E) and 3 € V such that (s, (3)) =1 ;. By (iii), we
have that for any cluster point s, of a sequence {sy, } of points in L*(E) with a(sy,(3)) =1/,

lim infa(sy, (3)) = infot(sy) =77 and B(sy, (3)) = Iz, lim inf B (s, (5)) = inf B (sy) = ;.
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By applying Corollary 3.10, .7 has fixed point in L*(E). Also s,y € L*(E) is a solution of BVP
Eq.(16).
4.2. Application to Homotopy.

In this part, we examine the possibility that homotopy theory has a unique solution.
Theorem 4.2: Let (V, .27, pi+) be complete C*-algebra valued fuzzy soft metric space, A and A
be an open and closed subset of ¥ such that A C A. Suppose 77 : A x [0,1] — V be an operator
with following conditions are satisfying,

T0) Sp 7# H (Sy,5), for each s, € A and s € [0, 1] (Here dA is boundary of A in V);
7)) V Sp,,50, €A, sE€[0,1, 9 €QpeA BB, FgeT. &) > @) forall e - 0,7, and
a € o/ with ||@|| < 1 such that

- o (Elpz‘* (5 »9 )Zl*) 5 JO(&PZ* (5 »9 )Zl*) s
(P(Pc* (%(501as)a%(50275))> < yG o . e
Cff(flpc* (591,502)51*)

) 3L € Ay 3 Pu(H(S0,,8), 7 (50,,1)) = ||L|||s —t| for every sy, € Aand s,z € [0,1].

Then 77(.,0) has a fixed point <= .7(.,1) has a fixed point.

Proof Let the set K = { v € [0,1]: 5 (8p,,V) = 5p, for some s,, € A } .

Suppose that 7#(.,0) has a fixed point in A, we have that 0 € K. So that K is non-empty
set. Now we show that K is both closed and open in [0, 1] and hence by the connectedness
K =10,1]. As aresult, 7(., 1) has a fixed point in A. First we show that K closed in [0, 1]. To
see this, Let {vp}::1 CKwithv, —»ve [0,1] as p — oo. We must show that v € K. Since
vp € Kfor p=0,1,2,3, -, there exists sequences {sy, } C ¥ with s,, = (50, V).

Consider

pNC* <50p’50p+1) = pNC* (%(sbpavp)ﬂ%p(st)p_._]avp+l))

= pz* ( <%’ﬂ(st’p’v[’)ﬂ%(s‘i’pﬂ’VP) )—i_pz* < %(5%“’vp)ﬂjf(ﬁbpﬂ’vp-i-l) >

<P (A (50,0 Vp). H (50,0 vp) ) IV = Vpi] -

Letting p — oo, and applying ¢ on both sides, we get

lim @ (P (s6,:50,,,)) < lim ¢ (pee ( A#(s0,.v,), 2 (50,,,,7,) )) +0

p—reo
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(p (apz* (5Up750p+1)a*) 7p<apz* (50p750p+1 )Zl*) )

@ (ape- (o, :Sv,,,)3")

< lim %g
p—roo

j lim max { (P (lez’* (50p750p+1 )Zl*) 7(@(&1)2‘* (5017750P+1 )ZI*) }

p—reo
=< I}%(p (@pes (8v,,50,,,)") -

By the definition of @, and ||a|| < 1 it follows that

. - . o~ ~ ~112 1- ~
I}grgo!\pc*(sn,,,su,,+l)|! < I}glgol\apc*(sn,,,ﬁn,m)a*\\ <[lall I}grgo\lpc*(sn,,,su,,+l)!\-
So that

,}g{}opc* (50p’5°p+1) =0,

Now, for g > p, by use of triangular inequalilty , we have

Per (5917’5“51) = P (5“17’5Uﬂ+1) + Per (50p+l ’5“p+2> + Per (50p+2’5t’p+3)
+... +p2‘* (sbq_zvst)q_1) +p~C* (5Uq_1 7504) — ng as p,q — oo.

Hence {5up} is a Cauchy sequence in C*-algebra valued fuzzy soft metric spaces (V,.o7, gi+)

and by the completeness of (V,.o7, pi+) , there exist 5, € V with

lim s =5, = lims
frarest Upt1 J frarest by

we have

¢ (P (S, H (5,V))) = lim @ (P~c* (t%ﬂ(ﬁnpavp)a%(ﬁn’av)))

p—reo

o (Ellfc* (50‘,;550’)&*) a(@(apz‘* (EUP,EUI)ZZ*) ’

@ (ape- (50,,750’)51*)

IA

lim egZ.G

p—eo

A

lim max{ @ (aPe- (50, ,50)@") , 2 (aper (S0, 501)a") }

p—reo

= l}grolo(l) (&p}« (501,750’)&*) = ()@Z-

It follows that 7 (s, V) = sy. Thus s, € K. Hence K is closed in [0,1]. Let vy € K, then

there exist sp, € A with sy, = (5, Vo). Since A is open, then there exist 7 > 0 such that

1

By, (S0,,7) € A. Choose V' € (Vo — €, Vo + €) such that [V — vp| < T

< £, then for
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Sy € BPZ* (5007’7) = {59’ € v/p~c* (50’7500) o (5007500)}'

Now we have

Pes (A (59, V'),80,) = Por (H (80, V'), (505, V0))
2 Per (H (59, V'), Ay (50, V') + P (H (509, V'), (505, V0))
= Por (H(50, V'), A (509, V') + ||L|||V — Vo
< Per (H(59, V), K (S04, v )+

Letting p — oo and applying ¢ on both sides, we obtain

¢ (P~c* (%(5D/7 vl)75t)0)) = (2 (p~c* (%(5D/7 vl)v ‘%(5007 V/)))
(P (ap~c* (50/7500)&*) 9 (@(ZlPZ* (51‘)’7500)&*) }
O (ape+ (Syr, S0,)3")

< Zg

= max{ @ (AP (Sy1,500)T%) , 2 (AP (547, 50y )3¥) }

< (p (leZ* (5U/,500)6~l*) .
Since ¢ is non-decreasing and ||é||*> < 1, we have
[16e (A (s,V),500) || < [|a@pics (s, 50, )"
< [[al 1Pz (5o, 50, )

< r+ HPNC* (5007500)”'

Thus for each fixed V' € (vo — &, vo+€), H(.,V') : By (80y,7) = Bp:. (S, 7). Then all con-
ditions of Theorem 4.2 are satisfied. Thus we conclude that #(.,Vv’) has a fixed point in A.
But this must be in A since (7p) holds. Thus, v/ € K for any V' € (v — €,vp+ €). Hence
(vo—¢€,vo+€) CK. Clearly K is open in [0, 1].

For the reverse implication, we use the same strategy.

CONCLUSION

In developing the framework of -2/ VFSMS, this study presents two key applications. The

first focuses on solving integral equations by employing cyclic (o, )-Zg(¢, £, ®)-rational



20 A. BHARGAVI SIVA PRABHA, R.V.G. RAVI KUMAR, B. SRINUVASA RAO

contraction mappings. These are analyzed using generalized é+-class functions in conjunction
with fixed point theorems to establish existence and uniqueness results. The second application
pertains to homotopy theory, where the same class of mappings is utilized to investigate contin-
uous deformations and equivalence relations in topological spaces, offering novel insights into

the structure of homotopic transformations.
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