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Abstract. In this article, the author explores and establishes results related to Hermite-Hadamard type inequalities

specifically for log-convex and exponentially convex functions. The study focuses on deriving and proving these

inequalities, which provide bounds on the integral mean of a function in terms of its values at specific points.

Additionally, the author extends these fundamental results by presenting generalized versions of the inequalities.

This generalization is supported by concrete examples that illustrate how the inequalities apply in different cases.

These examples help demonstrate the practical implications and validity of the derived inequalities in mathematical

analysis and related fields.
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1. INTRODUCTION

Convex analysis, a field of mathematics having important applications in optimization theory,

is concerned with the study of convex functions and convex sets. For example, it is essential for

formulating and solving optimization problems, especially those involving linear programming
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and nonlinear optimization, and it offers the fundamental framework for convex optimization,

which is widely used in many other domains; convex analysis is utilized in signal processing

to enhance data interpretation by improving signal estimation and processing algorithms, and

in economics to represent preferences and utility functions. For more recent applications in

diverse disciplines of applied sciences, we refer to [1–3] and the references therein.

The study of inequalities involving convex functions and convex sets is known as the theory

of convex inequalities. It focuses on determining the circumstances in which specific inequal-

ities hold, generating new inequalities from existing ones, and using the outcomes to solve

optimization problems and other mathematical difficulties. Researchers have developed var-

ious types of inequalities using various function classes, including Ostrowki [4], Jensen [5],

Holder [6], Minkowski [7], Pachpatte [8], Newton [9], Simpson [10], Bullen [11], Young [12],

Trapezoidal [13]. For more information, see [14–16] and references therein.

Among these inequalities, Hermite-Hadamard type inequality is a fundamental finding in

convex analysis that limits the integral of a convex function over an interval and has numerous

applications in convex optimization problems. The inequality is defined as follows:

Suppose Ψ : I ⊆ R→ R be a convex mapping defined on the interval Ω with µ1,µ2 ∈ I. Then,

the inequality stated below is true (see Ref. [17]):

(1.1) Ψ

(
µ1 +µ2

2

)
≤ 1

µ2−µ1

∫
µ2

µ1

Ψ(x) dx≤ Ψ(µ1)+Ψ(µ2)

2
.

This double inequality has been generalized using several convex mappings, such as s-

convex [18], p-convex [19], h-convex [20], log-convex [21], exponential convex [22], coor-

dinated convex [23], α convex [24] (α,m) convex functions [25] and many more. For further

information, see [26–28] and references therein.

In [29], B. G. Pachpatte used classical convex mappings to establish the following form of

Hermite-Hadamard inequality.

Theorem 1.1 (see [29]). We consider Φ and Ψ such that Φ,Ψ : I = [ϒ̂1, ϒ̂2] ⊂ R→ R to be

convex real-valued and nonnegative on closed interval [ϒ̂1, ϒ̂2]. After using these assumptions

the inequalities becomes,
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1
ϒ̂2− ϒ̂1

∫
ϒ̂2

ϒ̂1

Φ(x)Ψ(x)dx≤ 1
3

M(ϒ̂1, ϒ̂2)+
1
6

N(ϒ̂1, ϒ̂2),

2Φ

(
ϒ̂1 + ϒ̂2

2

)
Ψ

(
ϒ̂1 + ϒ̂2

2

)
≤ 1

ϒ̂2− ϒ̂1

∫
ϒ̂2

ϒ̂1

Φ(x)Ψ(x)dx

+
1
6

M(ϒ̂1, ϒ̂2)+
1
3

N(ϒ̂1, ϒ̂2),

where M(ϒ̂1, ϒ̂2)=Φ(ϒ̂1)Ψ(ϒ̂1)+Φ(ϒ̂2)Ψ(ϒ̂2),N(ϒ̂1, ϒ̂2)=Φ(ϒ̂1)Ψ(ϒ̂2)+ Φ(ϒ̂2)Ψ(ϒ̂1),Θ∈

[0,1].

In 2013, Feixiang Chen [30] developed Hermite-Hadamard type inequalities by using several

product forms such as:

Theorem 1.2 (see [30]). Let Φ,Ψ : I = [ϒ̂1, ϒ̂2] ⊂ R→ R are real-valued, nonnegative and

convex functions on closed interval [ϒ̂1, ϒ̂2]. Then,

1
ϒ̂2− ϒ̂1

∫
ϒ̂2

ϒ̂1

Φ(x)Ψ(x)dx≤ L(Θ)≤ 1
3

M(ϒ̂1, ϒ̂2)+
1
6

N(ϒ̂1, ϒ̂2),

and

L(Θ) =
Θ

3
M(ϒ̂1,(1−Θ)ϒ̂1 +Θϒ̂2)+

Θ

6
N(ϒ̂1,(1−Θ)ϒ̂1 +Θϒ̂2)

+
1−Θ

3
M((1−Θ)ϒ̂1 +Θϒ̂2, ϒ̂2)

+
1−Θ

6
N((1−Θ)ϒ̂1 +Θϒ̂2, ϒ̂2).

In [22], Awan et al. used exponentially convex functions to create the following type of

Hermite-Hadamard type inequality.

Theorem 1.3 (see [22]). Assume that Φ : I ⊂R→ R is an exponentially convex and integrable

function. Then,

Φ

(
ϒ̂1 + ϒ̂2

2

)
≤ 1

ϒ̂2− ϒ̂1

∫
ϒ̂2

ϒ̂1

Φ(x)
eαx dx≤ e−αϒ̂1Φ(ϒ̂1)+ e−αϒ̂2Φ(ϒ̂2)

2
.

Dragomir and Mond demonstrated in [31] that the Hermite-Hadamard inequalities for log-

convex functions are as follows:
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Φ

(
ϒ̂1 + ϒ̂2

2

)
6 exp

[
1

ϒ̂2− ϒ̂1

∫
ϒ̂1

ϒ̂2
ln[Φ(x)]dx

]
6

1
ϒ̂2− ϒ̂1

∫
ϒ̂2

ϒ̂1

Ĝ(Φ(x),Φ(ϒ̂1 + ϒ̂2− x))dx

6
1

ϒ̂2− ϒ̂1

∫
ϒ̂2

ϒ̂1

Φ(x)dx 6 L(Φ(ϒ̂1),Φ(ϒ̂2))

6
Φ(ϒ̂1)+Φ(ϒ̂2)

2

where Ĝ(ρ,ν) :=
√

ρν is the geometric mean and L(ρ,ν) := ρ−ν

lnrho−lnν
(ρ 6= ν) is the loga-

rithmic mean of the positive real numbers ρ,ν( for ρ = ν , we put L(ρ,ρ) = ρ).

Novelty and Significance

This article develops various new types of Hermite-Hadamard type inequalities and their

product forms by using two types of modified generalized convex mappings, namely log convex

and exponential convex. In addition, several interesting and non-trivial examples were used

to verify the development. Hopefully, readers will find the results presented in this article

interesting, and they can work on this idea in the future using other types of generalized convex

mappings such as Godunova-Levin, harmonic convex, p-convex, h-convex, and others.

Based on the extensive literature on developed results, and particularly the works of the

following authors motivated us [21, 22, 30], to present new results in this paper. The format

of this article is as follows. In Section 2, we will review some key terms related to developed

results, as well as some auxiliary definitions. Section 3 develops a new product form of Hermite-

Hadamard type inequalities by using two different forms of generalized convex mappings with

examples. Lastly, this study is concluded with some recommendations for further research in

Section 5.

2. PRELIMINIRIES

To begin, we will review some key terms related to developed results, as well as some auxil-

iary definitions.

Definition 2.1 (see [19–23]). A real-valued function Φ : I→ R serves as a convex function for

the interval I of real numbers when The set I ⊂ R satisfies the requirement for being a convex

function if γ̂1, γ̂2 ∈ I holds true and γ̂1 < γ̂2 and Θ ∈ [0,1] for all ξ . Then we have,
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(2.1) Φ
(
Θϒ̂1 +(1−Θ)ϒ̂2

)
≤ΘΦ(ϒ̂1)+(1−Θ)Φ(ϒ̂2).

Definition 2.2 (see [21]). A real-valued function that transforms values in I to range between

(0,∞) is known as multiplicative convex or logarithmically convex.

logΦ is convex when, for all pairs γ̂1, γ̂2 from I and value ξ in [0,1], we obtain

logΦ(Θϒ̂1 +(1−Θ)ϒ̂2)≤ΘlogΦ(ϒ̂1)+(1−Θ)logΦ(ϒ̂2)

Φ(Θϒ̂1 +(1−Θ)ϒ̂2)≤ (Φ(ϒ̂1))
Θ(Φ(ϒ̂2))

1−Θ.

In order to give another concept of composition of log-convex function,

we define log convexity for a function Ψ, that is

logΨ(Θϒ̂1 +(1−Θ)ϒ̂2)≤ΘlogΨ(ϒ̂1)+(1−Θ)logΨ(ϒ̂2)

Ψ(Θϒ̂1 +(1−Θ)ϒ̂2)≤ (Ψ(ϒ̂1))
Θ(Ψ(ϒ̂2))

1−Θ.

Since Φ and Ψ are non-decreasing and monotonic functions.Then ΨoΦ is convex.

Every log convex is convex but converse is not true in general, which is stated as:

Proposition 2.3. Are all log convex functions also convex functions, and vice versa?

Proof. Suppose that Φ : (ϒ̂1, ϒ̂2)→ (0,1) such that logΦ is convex. We will prove that Φ is

convex.

Taking into account the definition 2.2, we have,

Φ
(
Θϒ̂1 +(1−Θ)ϒ̂2

)
≤ΘΦ(ϒ̂1)+(1−Θ)Φ(ϒ̂2)

for some Θ ∈ [0,1].

Since we know that Ψ(x) = logΦ(x) is convex, therefore

Ψ
(
Θϒ̂1 +(1−Θ)ϒ̂2

)
≤ΘΨ(ϒ̂1)+(1−Θ)Ψ(ϒ̂2)

logΦ(Θϒ̂1 +(1−Θ)ϒ̂2)≤ΘlogΦ(ϒ̂1)+(1−Θ)logΦ(ϒ̂2)

Φ(Θϒ̂1 +(1−Θ)ϒ̂2)≤ (Φ(ϒ̂1))
Θ(Φ(ϒ̂2))

1−Θ,

by arithmetic-geometric mean, we have

(Φ(ϒ̂1))
Θ(Φ(ϒ̂2))

1−Θ ≤ΘΦ(ϒ̂1)+(1−Θ)Φ(ϒ̂2).
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Shows that logΦ is convex, and hence Ψ is convex.

its converse is not true in general.

counter-example.

Φ(x) = x2

is convex but its log is not convex, as

logΦ(x) = 2log|x|

is not convex.

Example 2.4. Assume that Φ : I→ R is a log convex function that takes into

consideration the constraints specified in definition2.1 such as,

Φ(x) = eΨ(x),

where Ψ(x) is any convex function. For instance, if Φ(x) = ex, then

log(Φ(x)) = x,

which is a convex function. Therefore, Φ(x) = ex is log-convex.

Example 2.5. Let Φ : I→ R be a log convex function taking into account

the conditions defined as in definition2.1 such as,

Φ(x) = xa where a > 0.

Consequently,

log(Φ(x)) = a log(x),

and additionally, log(x) is convex for x > 0, Φ(x) is log-convex.

Example 2.6. Since Φ,Ψ : I→ (0,∞) are log convex functions as,

Φ(x) = ex and Ψ(x) = xa (with a > 0).

Their product is

h(x) = ex · xa.

Since both ex and xa are log-convex, their product is also log-convex.
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Example 2.7. Φ and Ψ are functions as defined above,

Φ(x) = xa and Ψ(x) = xb (with a > 0 and b > 0).

The product is

h(x) = xa · xb = xa+b.

Since power functions with positive exponents are log-convex, So h(x) is also log-convex.

3. THE MAIN RESULTS

Through the use of generalized log-convex type mappings, this section will examine Hermite-

Hadamard inequality and its various product forms.

Theorem 3.1. The real-valued functions Φ and Ψ defined on the interval I = [γ̂1, γ̂2] produce

positive real number, since Φ,Ψ : I = [γ̂1, γ̂2] ⊂ R→ (0,∞). Both functions are nonnegative

while being log-convex on [γ̂1, γ̂2].

Then the following inequality holds:

(3.1)
1

ϒ̂2− ϒ̂1

∫
ϒ̂2

ϒ̂1

Φ(x)Ψ(x)dx≤ L
(
Φ(ϒ̂1)Ψ(ϒ̂1),Φ(ϒ̂2)Ψ(ϒ̂2)

)
where L(Φ(ϒ̂1)Ψ(ϒ̂1),Φ(ϒ̂2)Ψ(ϒ̂2)) =

Φ(ϒ̂1)Ψ(ϒ̂1)−Φ(ϒ̂2)Ψ(ϒ̂2)

ln
(

Φ(ϒ̂1)Ψ(ϒ̂1)
)
−ln
(

Φ(ϒ̂2)Ψ(ϒ̂2)
)

is the logarithmic mean of nonnegative real numbers ϒ̂1 and ϒ̂2.

Proof. Since Φ and Ψ are log convex functions, it follows that,

Φ(Θϒ̂1 +(1−Θ)ϒ̂2)≤ (Φ(ϒ̂1))
Θ(Φ(ϒ̂2))

1−Θ(3.2)

Ψ(Θϒ̂1 +(1−Θ)ϒ̂2)≤ (Ψ(ϒ̂1))
Θ(Ψ(ϒ̂2))

1−Θ(3.3)

Multiplying both inequalities we have,

Φ(Θϒ̂1 +(1−Θ)ϒ̂2)Ψ(Θϒ̂1 +(1−Θ)ϒ̂2)

≤ (Φ(ϒ̂1))
Θ(Φ(ϒ̂2))

1−Θ(Ψ(ϒ̂1))
Θ(Ψ(ϒ̂2))

1−Θ

≤Φ(ϒ̂2)

[
Φ(ϒ̂1)

Φ(ϒ̂2)

]Θ

Ψ(ϒ̂2)

[
Ψ(ϒ̂1)

Ψ(ϒ̂2)

]Θ
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≤Φ(ϒ̂2)Ψ(ϒ̂2)

[
Φ(ϒ̂1)Ψ(ϒ̂1)

Φ(ϒ̂2)Ψ(ϒ̂2)

]Θ

.

Integrating both sides with regard to Θ where ξ varies from 0 to 1 yields,

1
ϒ̂2− ϒ̂1

∫ 1

0
Φ(x)Ψ(x)dx

≤
∫ 1

0
Φ(ϒ̂2)Ψ(ϒ̂2)

Φ(ϒ̂1)Ψ(ϒ̂1)

Φ(ϒ̂2)Ψ(ϒ̂2)
]ΘdΘ

≤Φ(ϒ̂2)Ψ(ϒ̂2)

[
Φ(ϒ̂1)Ψ(ϒ̂1)

Φ(ϒ̂2)Ψ(ϒ̂2)

]Θ
lnΦ(ϒ̂1)Ψ(ϒ̂1)

Φ(ϒ̂2)Ψ(ϒ̂2)

∣∣∣∣1
0

≤Φ(ϒ̂2)Ψ(ϒ̂2)

Φ(ϒ̂1)Ψ(ϒ̂1)

Φ(ϒ̂2)Ψ(ϒ̂2)

lnΦ(ϒ̂1)Ψ(ϒ̂1)− lnΦ(ϒ̂2)Ψ(ϒ̂2)
− 1

lnΦ(ϒ̂1)Ψ(ϒ̂1)− lnΦ(ϒ̂2)Ψ(ϒ̂2)

≤ Φ(ϒ̂1)Ψ(ϒ̂1)−Φ(ϒ̂2)Ψ(ϒ̂2)

lnΦ(ϒ̂1)Ψ(ϒ̂1)− lnΦ(ϒ̂2)Ψ(ϒ̂2
)

≤ L
(
Φ(ϒ̂1)Ψ(ϒ̂1),Φ(ϒ̂2)Ψ(ϒ̂2)

)
.

this completes the proof.

Example 3.2. Assume that Φ,Ψ : I = [ϒ̂1, ϒ̂2] ⊂ R→ (0,∞) are real-valued, nonnegative and

log-convex functions on closed interval [ϒ̂1, ϒ̂2].

For instance

Φ(x) = xµ1 and Ψ(x) = xµ2with µ1 > 0,µ2 > 0

Φ(x)Ψ(x) = xµ1+µ2.

We want to show
1

ϒ̂2− ϒ̂1

∫
ϒ̂2

ϒ̂1

xµ1+µ2 dx≤ L(ϒ̂1
µ1

ϒ̂1
µ2, ϒ̂2

µ1
ϒ̂2

µ2),

where

L(ϒ̂1
µ1

ϒ̂1
µ2 , ϒ̂2

µ1
ϒ̂2

µ2) =
ϒ̂1

(µ1+µ2)− ϒ̂2
(µ1+µ2)

(µ1 +µ2)(lnϒ̂1− lnϒ̂2)
,

and
1

ϒ̂2− ϒ̂1

∫
ϒ̂2

ϒ̂1

x(µ1+µ2)x dx =
ϒ̂2

(µ1+µ2+1)− ϒ̂1
(µ1+µ2+1)

(ϒ̂2− ϒ̂1)(µ1 +µ2 +1)
.

It follows,
ϒ̂2

(µ1+µ2+1)− ˆγ21
(µ1+µ2+1)

(ϒ̂2− ϒ̂1)(µ1 +µ2 +1)
≤ ϒ̂1

(µ1+µ2)− ϒ̂2
(µ1+µ2)

(µ1 +µ2)(lnϒ̂1− lnϒ̂2)



HERMITE HADAMARD TYPE INEQUALITIES 9

Hence,
1

ϒ̂2− ϒ̂1

∫
ϒ̂2

ϒ̂1

xµ1+µ2 dx≤ L
(
Φ(ϒ̂1)Ψ(ϒ̂1),Φ(ϒ̂2)Ψ(ϒ̂2)

)
.

Theorem 3.3. Assume that Φ,Ψ : I = [ϒ̂1, ϒ̂2] ⊂ R→ (0,∞) are real-valued, nonnegative and

log-convex functions on closed interval [ϒ̂1, ϒ̂2].

Then the hollowing form of Hermite-Hadamard type inequality exists.

(3.4)
1

ϒ̂2− ϒ̂1

∫
ϒ̂2

ϒ̂1

Φ(x)Ψ(x)dx≤ L(Θ)≤ L(Φ(ϒ̂1)Ψ(ϒ̂1),Φ(ϒ̂2)Ψ(ϒ̂2)),

where

L(Θ) = Θ
[
L(Φ(ϒ̂1)Ψ(ϒ̂1),Φ(1−Θ)ϒ̂1 +Θϒ̂2)Ψ(1−Θ)ϒ̂1 +Θϒ̂2)

]
+(1−Θ)

[
L(Φ(1−Θ)ϒ̂1 +Θϒ̂2)Ψ(1−Θ)ϒ̂1 +Θϒ̂2),Φ(ϒ̂2)Ψ(ϒ̂2)

]
.(3.5)

Proof. The property of log-convex functions enables Φ and Ψ to produce convex diagram

when taking logarithms over the interval [ϒ̂1, ϒ̂2], from theorem (3.1) we have,

1
ϒ̂2− ϒ̂1

∫
ϒ̂2

ϒ̂1

Φ(x)Ψ(x)dx≤ L
(
Φ(ϒ̂1)Ψ(ϒ̂1),Φ(ϒ̂2)Ψ(ϒ̂2)

)
.

Firstly Φ and Ψ are log convex on [ϒ̂1,(1−Θ)ϒ̂1 +Θϒ̂2] and on [(1−Θ)ϒ̂1 +Θϒ̂2, ϒ̂2]

(3.6)
1

Θ(ϒ̂2− ϒ̂1)

∫
ϒ̂2

ϒ̂1

Φ(x)Ψ(x)dx≤ L
(
Φ(ϒ̂1)Ψ(ϒ̂1),Φ((1−Θ)ϒ̂1 +Θϒ̂2)Ψ(1−Θ)ϒ̂1 +Θϒ̂2

)
,

similarly

(3.7)
1

(1−Θ)(ϒ̂2− ϒ̂1)

∫
ϒ̂2

ϒ̂1

Φ(x)Ψ(x)dx≤L
(
Φ((1−Θ)ϒ̂1 +Θϒ̂2)Ψ(1−Θ)ϒ̂1 +Θϒ̂2),Φ(ϒ̂2)Ψ(ϒ̂2)

)
.

Multiplying 3.6 by Θ and 3.7 by (1−Θ) and adding the resultant inequalities, we get

1
ϒ̂2− ϒ̂1

∫
ϒ̂2

ϒ̂1

Φ(x)Ψ(x)dx≤ΘL
(
Φ(ϒ̂1)Ψ(ϒ̂1),Φ(1−Θ)ϒ̂1 +Θϒ̂2)Ψ(1−Θ)ϒ̂1 +Θϒ̂2

)
+(1−Θ)L

(
Φ(1−Θ)ϒ̂1 +Θϒ̂2)Ψ(1−Θ)ϒ̂1 +Θϒ̂2),Φ(ϒ̂2)Ψ(ϒ̂2)

)
=

1
ϒ̂2− ϒ̂1

∫
ϒ̂2

ϒ̂1

Φ(x)Ψ(x)dx≤ A+B

where

A = Θ
[
L(Φ(ϒ̂1)Ψ(ϒ̂1),Φ(1−Θ)ϒ̂1 +Θϒ̂2)Ψ(1−Θ)ϒ̂1 +Θϒ̂2)

]
,
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and

B = (1−Θ)
[
L(Φ(1−Θ)ϒ̂1 +Θϒ̂2)Ψ(1−Θ)ϒ̂1 +Θϒ̂2),Φ(ϒ̂2)Ψ(ϒ̂2)

]
.

Now solving A, by definition

Θ
[
L(Φ(ϒ̂1)Ψ(ϒ̂1),Φ(1−Θ)ϒ̂1 +Θϒ̂2)Ψ(1−Θ)ϒ̂1 +Θϒ̂2)

]
= Θ

[
Φ(ϒ̂1)Ψ(ϒ̂1)−Φ(1−Θ)ϒ̂1 +Θϒ̂2)Ψ(1−Θ)ϒ̂1 +Θϒ̂2)

ln(Φ(ϒ̂1)Ψ(ϒ̂1))− ln(Φ(1−Θ)ϒ̂1 +Θϒ̂2)Ψ(1−Θ)ϒ̂1 +Θϒ̂2)
)

]

≤Θ

[
Φ(ϒ̂1)Ψ(ϒ̂1)− [Φ(ϒ̂1)]

1−Θ[Φ(ϒ̂2)]
Θ[Ψ(ϒ̂1)]

1−Θ[Ψ(ϒ̂2)]
Θ

lnΦ(ϒ̂1)Ψ(ϒ̂1)− ln[Φ(ϒ̂1)]1−Θ[Φ(ϒ̂2)]Θ[Ψ(ϒ̂1)]1−Θ[Ψ(ϒ̂2)]Θ

]

≤Θ

 Φ(ϒ̂1)Ψ(ϒ̂1)−Φ(ϒ̂1)Ψ(ϒ̂1)
[

Φ(ϒ̂2)Ψ(ϒ̂2)

Φ(ϒ̂1)Ψ(ϒ̂1)

]Θ

lnΦ(ϒ̂1)Ψ(ϒ̂1)− lnΦ(ϒ̂1)Ψ(ϒ̂1)
[

Φ(ϒ̂2)Ψ(ϒ̂2)

Φ(ϒ̂1)Ψ(ϒ̂1)

]Θ


≤ΘL

Φ(ϒ̂1)Ψ(ϒ̂1),Φ(ϒ̂1)Ψ(ϒ̂1)

[
Φ(ϒ̂2)Ψ(ϒ̂2)

Φ(ϒ̂1)Ψ(ϒ̂1)

]Θ

 .(3.8)

Let’s consider inequality B,

(1−Θ)
[
L(Φ(1−Θ)ϒ̂1 +Θϒ̂2)Ψ(1−Θ)ϒ̂1 +Θϒ̂2),Φ(ϒ̂2)Ψ(ϒ̂2)

]
= (1−Θ)

[
Φ(1−Θ)ϒ̂1 +Θϒ̂2)Ψ(1−Θ)ϒ̂1 +Θϒ̂2)−Φ(ϒ̂2)Ψ(ϒ̂2)

lnΦ(1−Θ)ϒ̂1 +Θϒ̂2)Ψ(1−Θ)ϒ̂1 +Θϒ̂2)− lnΦ(ϒ̂2)Ψ(ϒ̂2)

]

≤ (1−Θ)

 [
Φ(ϒ̂1)

]1−Θ [
Φ(ϒ̂2)

]Θ [
Ψ(ϒ̂1)

]1−Θ [
Ψ(ϒ̂2)

]Θ−Φ(ϒ̂2)Ψ(ϒ̂2)

ln
[
Φ(ϒ̂1)

]1−Θ [
Φ(ϒ̂2)

]Θ [
Ψ(ϒ̂1)

]1−Θ [
Ψ(ϒ̂2)

]ϒ̂2− lnΦ(ϒ̂1)Ψ(ϒ̂1)



≤ (1−Θ)
Φ(ϒ̂1)Ψ(ϒ̂1)

[
Φ(ϒ̂2)Ψ(ϒ̂2)

Φ(ϒ̂1)Ψ(ϒ̂1)

]Θ

−Φ(ϒ̂2)Ψ(ϒ̂2)

lnΦ(ϒ̂1)Ψ(ϒ̂1)
[

Φ(ϒ̂2)Ψ(ϒ̂2)

Φ(ϒ̂1)Ψ(ϒ̂1)

]Θ

− lnΦ(ϒ̂2)Ψ(ϒ̂2)

≤ (1−Θ)L

Φ(ϒ̂1)Ψ(ϒ̂1)

[
Φ(ϒ̂2)Ψ(ϒ̂2)

Φ(ϒ̂1)Ψ(ϒ̂1)

]Θ

,Φ(ϒ̂2)Ψ(ϒ̂2)

 .(3.9)

Combining the results of both inequalities A and B, we have

L(Θ)≤ΘL

Φ(ϒ̂1)Ψ(ϒ̂1),Φ(ϒ̂1)Ψ(ϒ̂1)

[
Φ(ϒ̂2)Ψ(ϒ̂2)

Φ(ϒ̂1)Ψ(ϒ̂1)

]Θ


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+(1−Θ)L

Φ(ϒ̂1)Ψ(ϒ̂1)

[
Φ(ϒ̂2)Ψ(ϒ̂2)

Φ(ϒ̂1)Ψ(ϒ̂1)

]Θ

,Φ(ϒ̂2)Ψ(ϒ̂2)

 ,(3.10)

completes the proof.

Remark 3.4. The result in theorem (3.1) follows directly from applying theorem (3.3) using

both for L(0) = L(1) = L
(
Φ(ϒ̂1)Ψ(ϒ̂1),Φ(ϒ̂2)Ψ(ϒ̂2)

)
, our result indicate an enhancement of

the findings presented in the theorem (3.1).

Example 3.5. Assume that Φ,Ψ : I = [ϒ̂1, ϒ̂2] ⊂ R→ (0,∞) are real-valued, nonnegative and

log-convex functions on closed interval [ϒ̂1, ϒ̂2].

For instance, we want to prove the following inequality for log-convex functions Φ(x) = xµ1

and Ψ(x) = xµ2

1
ϒ̂2− ϒ̂1

∫
ϒ̂2

ϒ̂1

Φ(x)Ψ(x)dx≤ L(Θ)≤ L(Φ(ϒ̂1)Ψ(ϒ̂1),Φ(ϒ̂2)Ψ(ϒ̂2)),

where L(Θ) is defined as,

L(Θ) = Θ
[
L(Φ(ϒ̂1)Ψ(ϒ̂1),Φ((1−Θ)ϒ̂1 +Θϒ̂2)Ψ((1−Θ)ϒ̂1 +Θϒ̂2))

]
+(1−Θ)

[
L(Φ((1−Θ)ϒ̂1 +Θϒ̂2)Ψ((1−Θ)ϒ̂1 +Θϒ̂2),Φ(ϒ̂2)Ψ(ϒ̂2))

]
.

Since,

Φ(x) = xα , Ψ(x) = xβ

To calculate right hand side, we have to find,

Φ(ϒ̂1)Ψ(ϒ̂1) = ϒ̂1
µ1

ϒ̂1
µ2 = ϒ̂1

µ1+µ2

Φ(ϒ̂2)Ψ(ϒ̂2) = ϒ̂2
µ1

ϒ̂2
µ2=ϒ̂2

µ1+µ1

Φ(ϒ̂1)Ψ(ϒ̂1) = ϒ̂1
µ1+µ2 and Φ(ϒ̂2)Ψ(ϒ̂2) = ϒ̂2

µ1+µ2

L(Φ(ϒ̂1)Ψ(ϒ̂1),Φ(ϒ̂2)Ψ(ϒ̂2)) =
ϒ̂2

(µ1+µ2)− ϒ̂1
(µ1+µ2)

(µ1 +µ1)(lnϒ̂2− lnϒ̂1)
,

and

1
ϒ̂2− ϒ̂1

∫
ϒ̂2

ϒ̂1

Φ(x)Ψ(x)dx =
1

(ϒ̂2− ϒ̂1)(µ1 +µ2 +1)

(
ϒ̂2

µ1+µ2+1− ϒ̂1
µ1+µ2+1

)
.
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We have to find,

1
ϒ̂2− ϒ̂1

∫
ϒ̂2

ϒ̂1

Φ(x)Ψ(x)dx≤ L(Θ)≤ L(Φ(ϒ̂1)Ψ(ϒ̂1),Φ(ϒ̂2)Ψ(ϒ̂2))

1
(ϒ̂2− ϒ̂1)(µ1 +µ2 +1)

(
ϒ̂2

µ1+µ2+1− ϒ̂1
µ1+µ2+1

)
≤ L(Θ)≤ ϒ̂2

(µ1+µ2)− ϒ̂1
(µ1+µ2)

(µ1 +µ2)(lnϒ̂2− lnϒ̂1)

Where

L(Θ) = ΘL

ϒ̂1
(µ1+µ2), ϒ̂1

(µ1+µ2)

(
ϒ̂2

µ1+µ2

ϒ̂1
µ1+µ2

)Θ


+(1−Θ)L

ϒ̂1
µ1+µ2

(
ϒ̂2

µ1+µ2

ϒ̂1
(µ1+µ2)

)Θ

, ϒ̂2
µ1+µ2


L(Θ) can be find for any value of ϒ̂1, ϒ̂2 of its domain and for Θ ∈ (0,1) also for µ1 and µ2 of

its domain.

Theorem 3.6. Assume that Φ,Ψ : I = [ϒ̂1, ϒ̂2] ⊂ R→ (0,∞) are real-valued, nonnegative and

log-convex functions on closed interval [ϒ̂1, ϒ̂2]. Then following version of Hermite-Hadamard

type inequality for product of two log convex function exists, that is,

2Φ

(
ϒ̂1 + ϒ̂2

2

)
Ψ

(
ϒ̂1 + ϒ̂2

2

)
≤ 1

ϒ̂2− ϒ̂1

∫
ϒ̂2

ϒ̂1

Φ(x)Ψ(x)dx

+
1
2

L
(

Φ

(
ϒ̂1 + ϒ̂2

2

)
Ψ

(
ϒ̂1 + ϒ̂2

2

)
,Φ(ϒ̂1)Ψ(ϒ̂1)

)
(3.11)

+
1
2

L
(

Φ

(
ϒ̂1 + ϒ̂2

2

)
Ψ

(
ϒ̂1 + ϒ̂2

2

)
,Φ(ϒ̂2)Ψ(ϒ̂2)

)
Proof. Since Φ and Ψ are real-valued and log convex function on [ϒ̂1, ϒ̂2]

2Φ

(
ϒ̂1 + ϒ̂2

2

)
Ψ

(
ϒ̂1 + ϒ̂2

2

)

= 2Φ

Θ

(
ϒ̂1+ϒ̂2

2

)
+(1−Θ)ϒ̂2

2
+

Θ

(
ϒ̂1+ϒ̂2

2

)
+(1−Θ)ϒ̂1

2


×Ψ

Θ

(
ϒ̂1+ϒ̂2

2

)
+(1−Θ)ϒ̂2

2
+

Θ

(
ϒ̂1+ϒ̂2

2

)
+(1−Θ)ϒ̂1

2


≤ 1

2
Φ

(
Θ

(
ϒ̂1 + ϒ̂2

2

)
+(1−Θ)ϒ̂2

)
+Φ

(
(1−Θ)ϒ̂1 +Θ

(
ϒ̂1 + ϒ̂2

2

))
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×Ψ

(
Θ

(
ϒ̂1 + ϒ̂2

2

)
+(1−Θ)ϒ̂2

)
+Ψ

(
(1−Θ)ϒ̂1 +Θ

(
ϒ̂1 + ϒ̂2

2

))
≤ 1

2

[
Φ

(
Θ

(
ϒ̂1 + ϒ̂2

2

)
+(1−Θ)ϒ̂2

)
Ψ

(
Θ

(
ϒ̂1 + ϒ̂2

2

)
+(1−Θ)ϒ̂2

)
+Φ

(
1−Θ)ϒ̂1 +Θ

(
ϒ̂1 + ϒ̂2

2

))
Ψ

(
(1−Θ)ϒ̂1 +Θ

(
ϒ̂1 + ϒ̂2

2

))]
+

1
2

[
Φ

(
(1−Θ)ϒ̂1 +Θ

(
ϒ̂1 + ϒ̂2

2

))
×Ψ

(
Θ

(
ϒ̂1 + ϒ̂2

2

)
+(1−Θ)ϒ̂2)

)
+Φ

(
Θ

(
ϒ̂1 + ϒ̂2

2

)
+(1−Θ)ϒ̂2

)
×Ψ

(
(1−Θ)ϒ̂1 +Θ

(
ϒ̂1 + ϒ̂2

2

))]
≤ 1

2

[
Φ

(
Θ

(
ϒ̂1 + ϒ̂2

2

)
+(1−Θ)ϒ̂2

)
Ψ

(
Θ

(
ϒ̂1 + ϒ̂2

2

)
+(1−Θ)ϒ̂2

)
+Φ

(
(1−Θ)ϒ̂1 +Θ

(
ϒ̂1 + ϒ̂2

2

))
Ψ

(
(1−Θ)ϒ̂1 +Θ

(
ϒ̂1 + ϒ̂2

2

))]

+
1
2

Φ

[(
ϒ̂1 + ϒ̂2

2

)]Θ [
Φ(ϒ̂2)

]1−Θ

[Ψ

(
ϒ̂1 + ϒ̂2

2

)]Θ [
Ψ(ϒ̂1)

]1−Θ


+

[Φ(ϒ̂1)
]1−Θ

[
Φ

(
ϒ̂1 + ϒ̂2

2

)]Θ

[Ψ(ϒ̂2)
]1−Θ

[
Ψ

(
ϒ̂1 + ϒ̂2

2

)]Θ


≤ 1

2

[
Φ

(
Θ

(
ϒ̂1 + ϒ̂2

2

)
+(1−Θ)ϒ̂2

)
Ψ

(
Θ

(
ϒ̂1 + ϒ̂2

2

)
+(1−Θ)ϒ̂2

)
+Φ

(
(1−Θ)ϒ̂1 +Θ

(
ϒ̂1 + ϒ̂2

2

))
Ψ

(
(1−Θ)ϒ̂1 +Θ

(
ϒ̂1 + ϒ̂2

2

))]

+
1
2

(Φ

(
ϒ̂1 + ϒ̂2

2

)
Ψ

(
ϒ̂1 + ϒ̂2

2

))Θ (
Φ(ϒ̂2)Ψ(ϒ̂1)

)1−Θ


+

(Φ

(
ϒ̂1 + ϒ̂2

2

)
Ψ

(
ϒ̂1 + ϒ̂2

2

))Θ (
Φ(ϒ̂1)Ψ(ϒ̂2)

)1−Θ

 .
By integrating both sides of the above-mentioned inequality with respect to Θ and changing

variables, we get:

2Φ

(
ϒ̂1 + ϒ̂2

2

)
Ψ

(
ϒ̂1 + ϒ̂2

2

)
≤ 1

2

∫ 1

0

[
Φ

(
Θ

(
ϒ̂1 + ϒ̂2

2

)
+(1−Θ)ϒ̂2

)
Ψ

(
Θ

(
ϒ̂1 + ϒ̂2

2

)
+(1−Θ)ϒ̂2

)
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+Φ

(
(1−Θ)ϒ̂1 +Θ

(
ϒ̂1 + ϒ̂2

2

))
Ψ

(
(1−Θ)ϒ̂1 +Θ

(
ϒ̂1 + ϒ̂2

2

))]
dΘ

+
1
2

∫ 1

0

(
Φ

(
ϒ̂1 + ϒ̂2

2

)
Ψ

(
ϒ̂1 + ϒ̂2

2

))Θ (
Φ(ϒ̂2)Ψ(ϒ̂1)

)1−Θ
dΘ

+
∫ 1

0

(
Φ

(
ϒ̂1 + ϒ̂2

2

)
Ψ

(
ϒ̂1 + ϒ̂2

2

))Θ (
Φ(ϒ̂1)Ψ(ϒ̂2)

)1−Θ
dΘ


=

1
2

[
2

ϒ̂2− ϒ̂1

∫
ϒ̂2

ϒ̂1+ϒ̂2
2

Φ(x)Ψ(x)dx+
2

ϒ̂2− ϒ̂1

∫ ϒ̂1+ϒ̂2
2

ϒ̂1

Φ(x)Ψ(x)dx

]

+
1
2

Φ(ϒ̂1)Ψ(ϒ̂2)
∫ 1

0

Φ

(
ϒ̂1+ϒ̂2

2

)
Ψ

(
ϒ̂1+ϒ̂2

2

)
Φ(ϒ̂1)Ψ(ϒ̂2)

Θ

dΘ

+
1
2

Φ(ϒ̂2)Ψ(ϒ̂1)
∫ 1

0

Φ

(
ϒ̂1+ϒ̂2

2

)
Ψ

(
ϒ̂1+ϒ̂2

2

)
Φ(ϒ̂2)Ψ(ϒ̂1)

Θ

dΘ

=
1

ϒ̂2− ϒ̂1

∫
ϒ̂2

ϒ̂1

Φ(x)Ψ(x)dx

+
1
2

L
(

Φ

(
ϒ̂1 + ϒ̂2

2

)
Ψ

(
ϒ̂1 + ϒ̂2

2

)
,Φ(ϒ̂1)Ψ(ϒ̂2)

)
+

1
2

L
(

Φ

(
ϒ̂1 + ϒ̂2

2

)
Ψ

(
ϒ̂1 + ϒ̂2

2

)
,Φ(ϒ̂2)Ψ(ϒ̂2)

)
.

completes the proof.

Example 3.7. Assume that Φ,Ψ : I = [ϒ̂1, ϒ̂2] ⊂ R→ (0,∞) are real-valued, nonnegative and

log-convex functions on closed interval [ϒ̂1, ϒ̂2]. Then the following form of Hermite-Hadamard

type inequality for product of two log convex functions exists, which is,

2Φ

(
ϒ̂1 + ϒ̂2

2

)
Ψ

(
ϒ̂1 + ϒ̂2

2

)
≤ 1

ϒ̂2− ϒ̂1

∫
ϒ̂2

ϒ̂1

Φ(x)Ψ(x)dx

+
1
2

L
(

Φ

(
ϒ̂1 + ϒ̂2

2

)
Ψ

(
ϒ̂1 + ϒ̂2

2

)
,Φ(ϒ̂1)Ψ(ϒ̂2)

)
+

1
2

L
(

Φ

(
ϒ̂1 + ϒ̂2

2

)
Ψ

(
ϒ̂1 + ϒ̂2

2

)
,Φ(ϒ̂2)Ψ(ϒ̂2)

)
.
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We want to generalize this inequality for Φ(x) = xµ1 and Ψ(x) = xµ2 , Φ(x)Ψ(x) = xµ1+µ2

Let’s consider left hand side of inequality

2Φ

(
ϒ̂1 + ϒ̂2

2

)
Ψ

(
ϒ̂1 + ϒ̂2

2

)
Since

Φ

(
ϒ̂1 + ϒ̂2

2

)
=

(
ϒ̂1 + ϒ̂2

2

)µ1

, Ψ

(
ϒ̂1 + ϒ̂2

2

)
=

(
ϒ̂1 + ϒ̂2

2

)µ2

so,

2Φ

(
ϒ̂1 + ϒ̂2

2

)
Ψ

(
ϒ̂1 + ϒ̂2

2

)
= 2

(
ϒ̂1 + ϒ̂2

2

)µ1+µ2

Now consider other side of inequality,

1
ϒ̂2− ϒ̂1

∫
ϒ̂2

ϒ̂1

Φ(x)Ψ(x)dx

+
1
2

L
(

Φ

(
ϒ̂1 + ϒ̂2

2

)
Ψ

(
ϒ̂1 + ϒ̂2

2

)
,Φ(ϒ̂1)Ψ(ϒ̂1)

)
+

1
2

L
(

Φ

(
ϒ̂1 + ϒ̂2

2

)
Ψ

(
ϒ̂1 + ϒ̂2

2

)
,Φ(ϒ̂2)Ψ(ϒ̂2)

)
.

Since,

Φ(x)Ψ(x) = x(µ1+µ2)

1
ϒ̂2− ϒ̂1

∫
ϒ̂2

ϒ̂1

Φ(x)Ψ(x)dx =
1

(ϒ̂2− ϒ̂1)(µ1 +µ2 +1)

(
ϒ̂2

(µ1+µ2+1)− ϒ̂1
(µ1+µ2+1)

)
Also,

L
(

Φ(ϒ̂1)Ψ(ϒ̂1),Φ

(
ϒ̂1 + ϒ̂2

2

)
Ψ

(
ϒ̂1 + ϒ̂2

2

))
=

ϒ̂1
µ1+µ2− ( ϒ̂1+ϒ̂2

2 )µ1+µ2

(µ1 +µ2)(lnϒ̂1− ln( ϒ̂1+ϒ̂2
2 )

and

L
(

Φ

(
ϒ̂1 + ϒ̂2

2

)
Ψ

(
ϒ̂1 + ϒ̂2

2

)
,Φ(ϒ̂2)Ψ(ϒ̂2)

)
=

( ϒ̂1+ϒ̂2
2 )µ1+µ2− ϒ̂1

µ1+µ2

(µ1 +µ2)(ln(
ϒ̂1+ϒ̂2

2 )− lnϒ̂2)
.

Substituting these terms into the inequality, the above result becomes,

2
(

ϒ̂1 + ϒ̂2

2

)µ1+µ2

≤ 1
(ϒ̂2− ϒ̂1)(µ1 +µ2 +1)

(
ϒ̂2

(µ1+µ2+1)− ϒ̂1
(µ1+µ2+1)

)
+

(
1
2

ϒ̂1
µ1+µ2− ( ϒ̂1+ϒ̂2

2 )µ1+µ2

(µ1 +µ2)(lnϒ̂1− ln( ϒ̂1+ϒ̂2
2 )

)
+

1
2

(
( ϒ̂1+ϒ̂2

2 )µ1+µ2− ϒ̂1
µ1+µ2

(µ1 +µ2)(ln(
ϒ̂1+ϒ̂2

2 )− lnϒ̂2)

)
.
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, the expression can be calculated for any value of ϒ̂1, ϒ̂2 of its domain and for Θ ∈ (0,1) also

for µ1 and µ2 of its domain.

3.1. Hermite-Hadamard Inequality For Product of Exponential convex functions. In this

section results for Hermite-Hadamard type inequalities for product of exponential convex func-

tions are given.

Definition 3.8. A function Φ : I ⊂R→R gets classified as exponential convex when, it satisfies

the relationship

(3.12) Φ(Θϒ̂1 +(1−Θ)ϒ̂2)≤Θ
Φ(ϒ̂1)

eαϒ̂1
+(1−Θ)

Φ(ϒ̂2)

eαϒ̂2
,

for all ϒ̂1, ϒ̂2 ∈ I , Θ ∈ [0,1] and α ∈ R.

Equation (3.12) maintains its validity for each pair γ̂1, γ̂2 ∈ I and every real value of α , along

with all values Θ in the range [0,1].

Under the condition that Equation (3.12) holds in the reverse direction, Φ qualifies as an

exponentially concave function.

Furthermore, when α = 0, the class of exponential convexity reduces to general convexity.

Counter example is given as,

Example 3.9. The following example demonstrates a function that possess convex properties

but fails to meet exponential convex criteria.

Φ(x) =
√

x

on the domain x≥ 0.

Thus the function Φ(x) =
√

x is convex on x≥ 0 because its second derivative

Φ
′′(x) =− 1

4x3/2

is non-negative for x > 0 and goes to infinity as x→ 0.

Thus, Φ(x) =
√

x satisfies the convexity criterion on this domain.

For a function to be exponentially convex, eλΦ(x) must be convex for any real constant λ .

For Φ(x) =
√

x, we have

eλΦ(x) = eλ
√

x.
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However, eλ
√

x is not convex for all values of λ on x≥ 0.

For certain values of λ , this function has an inflection point, violating the condition for expo-

nential convexity.

Thus, f (x) =
√

x serves as an example of a function that is convex on its domain but not expo-

nential convex.

4. EXAMPLES OF PRODUCTS OF EXPONENTIAL CONVEX FUNCTIONS

Example 4.1. Consider two exponential functions Φ(x) = eν1x and Ψ(x) = eν2x, where ν1 > 0

and ν2 > 0. Their product is:

h(x) = Φ(x) ·Ψ(x) = eν1x · eν2x = e(ν1+ν2)x.

Since h(x) = e(ν1+ν2)x is itself an exponential function.

Example 4.2. Let Φ(x) = eγx2
and Ψ(x) = eδx2

, where γ > 0 and δ > 0. Their product is,

h(x) = Φ(x) ·Ψ(x) = eγx2
· eδx2

= e(γ+δ )x2
.

Since h(x) = e(γ+δ )x2
, which is exponential function.

Example 4.3. Let Φ(x) = xaeβx and Ψ(x) = xbeγx, where a≥ 0 and β ,γ > 0. Their product is,

h(x) = Φ(x) ·Ψ(x) = (xaeβx) · (xbeγx) = xa+be(β+γ)x

is exponentially convex.

Theorem 4.4. Assume that Φ,Ψ : I ⊂ R→ R be two integrable exponentially convex functions

on closed interval,[ϒ̂1, ϒ̂2], then

1
ϒ̂2− ϒ̂1

∫
ϒ̂2

ϒ̂1

Φ(x)Ψ(x)
e2αx dx≤ 1

3
M(ϒ̂1, ϒ̂2;e)+

1
6

N(ϒ̂1, ϒ̂2;e),

where

M(ϒ̂1, ϒ̂2;e) =
Φ(ϒ̂1)Ψ(ϒ̂1)

e2αϒ̂1
+

Φ(ϒ̂2)Ψ(ϒ̂2)

e2αϒ̂2
,

and

N(ϒ̂1, ϒ̂2;e) =
1

eα(ϒ̂1+ϒ̂2)

(
Φ(ϒ̂1)Ψ(ϒ̂2)+Φ(ϒ̂2)Ψ(ϒ̂1

)
.
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Proof. Exponential convexity defines functions Φ and Ψ as:

Φ(Θϒ̂1 +(1−Θ)ϒ̂2)≤
ΘΦ(ϒ̂1)

eαϒ̂1
+

(1−Θ)Φ(ϒ̂2)

eαϒ̂2
(4.-1)

Ψ(Θϒ̂1 +(1−Θ)ϒ̂2)≤
ΘΨ(ϒ̂1)

eαϒ̂1
+

(1−Θ)Ψ(ϒ̂2)

eαϒ̂2
.(4.0)

Multiplying equation (4.-1) and equation (4.0 we have,

Φ(Θϒ̂1 +(1−Θ)ϒ̂2)Ψ(Θϒ̂1 +(1−Θ)ϒ̂2

≤
(

ΘΦ(ϒ̂1)

eαϒ̂1
+

(1−Θ)Φ(ϒ̂2)

eαϒ̂2

)(
ΘΨ(ϒ̂1)

eαϒ̂1
+

(1−Θ)Ψ(ϒ̂2)

eαϒ̂2

)

≤ Θ
2
Φ(ϒ̂1)Ψ(ϒ̂1)

e2αϒ̂1
+

Θ(1−Θ)Φ(ϒ̂1)Ψ(ϒ̂2)

eα(ϒ̂1 + ϒ̂2)
+

Θ(1−Θ)Φ(ϒ̂2)Ψ(ϒ̂1)

eα(ϒ̂1+ϒ̂2)
+

(1−Θ)2Φ(ϒ̂2)Ψ(ϒ̂2)

e2αϒ̂2

≤ Φ(ϒ̂1)Ψ(ϒ̂1)

e2αϒ̂1
Θ

2
+

Φ(ϒ̂1)Ψ(ϒ̂2)+Φ(ϒ̂2)Ψ(ϒ̂1)

eα(ϒ̂1+ϒ̂2)
(Θ−Θ

2
)+

Φ(ϒ̂2)Ψ(ϒ̂2)

e2αϒ̂2
(1−2Θ+Θ

2
).

Integrating both sides with respect to Θ and Θ varies from 0 to 1, the resulting inequality

becomes, ∫ 1

0
Φ(Θϒ̂1 +(1−Θ)ϒ̂2)Ψ(Θϒ̂1 +(1−Θ)ϒ̂2dΘ

≤ Φ(ϒ̂1)Ψ(ϒ̂1)

e2αϒ̂1

∫ 1

0
Θ

2
+

Φ(ϒ̂1)Ψ(ϒ̂2)+Φ(ϒ̂2)Ψ(ϒ̂1)

eα(ϒ̂1+ϒ̂2)

∫ 1

0
(Θ−Θ

2
)dΘ

+
Φ(ϒ̂2)Ψ(ϒ̂2)

e2αϒ̂2

∫ 1

0
(1−2Θ+Θ

2
)dΘ.

By changing variables x = Θϒ̂1 +(1−Θ)ϒ̂2 dx = (ϒ̂1− ϒ̂2)dΘ and after adjusting the limits

we have,

1
ϒ̂2− ϒ̂1

∫
ϒ̂2

ϒ̂1

Φ(x)Ψ(x)
e2αx dx

≤ 1
3

(
Φ(ϒ̂1)Ψ(ϒ̂1)

e2αϒ̂1
+

Φ(ϒ̂2)Ψ(ϒ̂2)

e2αϒ̂2

)
+

1

6eα(ϒ̂1+ϒ̂2)

(
Φ(ϒ̂1)Ψ(ϒ̂2)+Φ(ϒ̂2)Ψ(ϒ̂1)

)
,

=
1

ϒ̂2− ϒ̂1

∫
ϒ̂2

ϒ̂1

Φ(x)Ψ(x)
e2αx dx≤ 1

3
M(ϒ̂1, ϒ̂2;e)+

1
6

N(ϒ̂1, ϒ̂2;e),

this completes the proof.

Example 4.5. Assume that Φ,Ψ : I ⊂R→R be two integrable exponentially convex functions

on closed interval,[ϒ̂1, ϒ̂2] such as Φ(x) = eν1x , Ψ(x) = eν2x We will generalized the theorem
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4.4.
1

ϒ̂2− ϒ̂1

∫
ϒ̂2

ϒ̂1

Φ(x)Ψ(x)
e2αx dx≤ 1

3
M(ϒ̂1, ϒ̂2;e)+

1
6

N(ϒ̂1, ϒ̂2;e),

where

M(ϒ̂1, ϒ̂2;e) =
Φ(ϒ̂1)Ψ(ϒ̂1)

e2αϒ̂1
+

Φ(ϒ̂2)Ψ(ϒ̂2)

e2αϒ̂2
,

and

N(ϒ̂1, ϒ̂2;e) =
1

eα(ϒ̂1+ϒ̂2)

(
Φ(ϒ̂1)Ψ(ϒ̂2)+Φ(ϒ̂2)Ψ(ϒ̂1)

)
.

Let’s consider

Φ(x)Ψ(x)
e2αx =

eν1x · eν2x

e2αx = e(ν1+ν2)x · e−2αx = e(ν1+ν2−2α)x.

∫
ϒ̂2

ϒ̂1

Φ(x)Ψ(x)
e2αx dx =

∫
ϒ̂2

ϒ̂1

e(ν1+ν2−2α)xdx

1
ϒ̂2− ϒ̂1

∫
ϒ̂2

ϒ̂1

e(ν1+ν2−2α)xdx =
1

(ϒ̂2− ϒ̂1)

1
(ν1 +ν2−2α)

(
e(ν1+ν2−2α)ϒ̂2− e(ν1+ν2−2α)ϒ̂1

)
.

Now consider,

M(ϒ̂1, ϒ̂2;e) =
Φ(ϒ̂1)Ψ(ϒ̂1)

e2αϒ̂1
+

Φ(ϒ̂2)Ψ(ϒ̂2)

e2αϒ̂2

=
e(ν1 +ν2)ϒ̂1

eαϒ̂1
+

e(ν1 +ν2)ϒ̂2

eαϒ̂2

= e(ν1+ν2−2α)ϒ̂1 + e(ν1+ν2−2α)ϒ̂2.

N(ϒ̂1, ϒ̂2;e) =
1

eα(ϒ̂1+ϒ̂2)

[
Φ(ϒ̂1)Ψ(ϒ̂2)+Ψ(ϒ̂1)Φ(ϒ̂2)

]
=

1

eα(ϒ̂1+ϒ̂2)

[
eν1ϒ̂1eν2ϒ̂2 + eν1ϒ̂2eν2ϒ̂1

]
= e(ν1ϒ̂1+ν2ϒ̂2−α(ϒ̂1+ϒ̂2)+ e(ν1ϒ̂2+ν2ϒ̂1−α(ϒ̂1+ϒ̂2).

Combining the both inequalities,

1
(ϒ̂2− ϒ̂1)

1
(ν1 +ν2−2α)

(
e(ν1+ν2−2α)ϒ̂2− e(ν1+ν2−2α)ϒ̂1

)
≤ 1

3
e(ν1+ν2−2α)ϒ̂1 + e(ν1+ν2−2α)ϒ̂2 +

1
6

(
e(ν1ϒ̂1+ν2ϒ̂2−α(ϒ̂1+ϒ̂2)+ e(ν1ϒ̂2+ν2ϒ̂1−α(ϒ̂1+ϒ̂2)

)
,

the expression can be calculated for any value of ϒ̂1, ϒ̂2 of its domain and for Θ ∈ (0,1) also for

µ1 and µ2 of its domain.
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Theorem 4.6. Let Φ and Ψ be real-valued non-negative and exponentially convex functions on

[ϒ̂1, ϒ̂2]. Then

1
ϒ̂2− ϒ̂1

∫
ϒ̂2

ϒ̂1

Φ(x)Ψ(x)
e2αx dx≤ 1

6
M0(ϒ̂1, ϒ̂2;e)+

1
3

N0(ϒ̂1, ϒ̂2;e).

Where

Mo(ϒ̂1, ϒ̂2;e) =
(Φ(ϒ̂1))

2 +(Ψ(ϒ̂1))
2

e2αϒ̂1
+

(Φ(ϒ̂2))
2 +(Ψ(ϒ̂2)

2

e2αϒ̂2
,

and

No(ϒ̂1, ϒ̂2;e) =
1

eα(ϒ̂1+ϒ̂2)

(
Φ(ϒ̂1)Φ(ϒ̂2)+Ψ(ϒ̂1)Ψ(ϒ̂2)

)
.

Proof. By definition of exponential convexity, functions Φ and Ψ are defined as:

Φ(Θϒ̂1 +(1−Θ)ϒ̂2)≤
(Θ)Φ(ϒ̂1)

eαϒ̂1
+

(1−Θ)Φ(ϒ̂2)

eαϒ̂2

Ψ(Θϒ̂1 +(1−Θ)ϒ̂2)≤
(Θ)Ψ(ϒ̂1)

eαϒ̂1
+

(1−Θ)Ψ(ϒ̂2)

eαϒ̂2
,

for all Θ ∈ [0,1] it is easy to observe that

1
ϒ̂2− ϒ̂1

∫
ϒ̂2

ϒ̂1

Φ(x)Ψ(x)dx =
∫ 1

0
Φ(Θϒ̂1 +(1−Θ)ϒ̂2)Ψ(Θϒ̂1 +(1−Θ)ϒ̂2)dΘ.

Using the elementary inequality cd ≤ 1
2 [c

2+d2], c,d ≥ 0 and after making change of variables,

We have

1
ϒ̂2− ϒ̂1

∫
ϒ̂2

ϒ̂1

Φ(x)Ψ(x)dx≤ 1
2

∫ 1

0
Φ(Θϒ̂1 +(1−Θ)ϒ̂2)

2
+Ψ(Θϒ̂1 +(1−Θ)ϒ̂2)

2
dΘ

≤ 1
2

∫ 1

0

(
ΘΦ(γ1)

eαϒ̂1
+

(1−Θ)Φ(ϒ̂2)

eαϒ̂2

)2

+

(
ΘΨ(ϒ̂1)

eαϒ̂1
+

(1−Θ)Ψ(ϒ̂2))

eαϒ̂2

)2

dΘ

≤ 1
2

∫ 1

0

(ΘΦ(ϒ̂1))
2

e2αϒ̂1
+

(
(1−Θ)Φ(ϒ̂2)

)2

e2αϒ̂2
+2Θ(1−Θ)

Φ(ϒ̂1)Φ(ϒ̂2)

eα(ϒ̂1+ϒ̂2)
dΘ

+
1
2

∫ 1

0

(ΘΨ(γ1))
2

e2αϒ̂1
+

(
1−Θ)Ψ(ϒ̂2)

)2

e2αϒ̂2
+2Θ(1−Θ)

Ψ(ϒ̂1)Φ(ϒ̂2)

eα(ϒ̂1+ϒ̂2)
dΘ.

(4.-1)

Integrating and after simplification, we have

1
ϒ̂2− ϒ̂1

∫
ϒ̂2

ϒ̂1

Φ(x)Ψ(x)
e2αx dx≤ 1

6
M0(ϒ̂1, ϒ̂2;e)+

1
3

N0(ϒ̂1, ϒ̂2;e).
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Theorem 4.7. Assume that Φ,Ψ : I ⊂ R→ R be two integrable exponentially convex functions

on closed interval,[ϒ̂1, ϒ̂2], then

1
ϒ̂2− ϒ̂1

∫
ϒ̂2

ϒ̂1

Φ(x)Ψ(x)
e2αx dx≤ L(Θ)≤ 1

3

[
Φ(ϒ̂1)Ψ(ϒ̂1)

e2αϒ̂1

(
Θ+

(1−Θ)2

e2α(1−Θ)ϒ̂1+Θϒ̂2

)
+

Φ(ϒ̂2)Ψ(ϒ̂2)

e2αϒ̂2

(
(1−Θ)+

(Θ)2

e2α(1−Θ)ϒ̂1+Θϒ̂2

)
+N(ϒ̂1, ˆγ2,e)

(
Θ(1−Θ)

e2α(1−Θ)ϒ̂1+Θϒ̂2

)]
+

1

eα(1−Θ)ϒ̂1+Θϒ̂2

[
1
3

Θ(1−Θ)M(ϒ̂1, ϒ̂2;e)+
1
6

N(γ̂1, γ̂2;e)(Θ2
+(1−Θ)2)

]
.

Where

L(Θ) =
Θ

3
M(ϒ̂1,(1−Θ)ϒ̂1 +Θϒ̂2;e)+

1−Θ

3
M((1−Θ)ϒ̂1 +Θϒ̂2, ϒ̂2;e)

+
Θ

6
N(ϒ̂1,(1−Θ)ϒ̂1 +Θϒ̂2;e)+

1−Θ

6
N((1−Θ)ϒ̂1 +Θϒ̂2, ϒ̂2;e).

Also

M(ϒ̂1, ϒ̂1;e) =
Φ(ϒ̂1)Ψ(ϒ̂1)

e2αϒ̂1
+

Φ(ϒ̂2)Ψ(ϒ̂2)

e2αϒ̂2
,

and

N(γ1,γ2;e) =
1

eα(ϒ̂1+ϒ̂2)

(
Φ(ϒ̂1)Ψ(ϒ̂2)+Ψ(ϒ̂1)Φ(ϒ̂2)

)
.

Proof.

Since Φ and Ψ are exponential convex and non-negative on [ϒ̂1, ϒ̂2], So by theorem (4.4) we

have,

(4.0)
1

ϒ̂2− ϒ̂1

∫
ϒ̂2

ϒ̂1

Φ(x)Ψ(x)
e2αx dx≤ 1

3
M(ϒ̂1, ϒ̂2;e)+

1
6

N(ϒ̂1, ϒ̂2;e).

Firstly Φ and Ψ are exponentially convex and non-negative on [ϒ̂1,(1−Θ)ϒ̂1 +Θϒ̂2] and on

[(1−Θ)ϒ̂1 +Θϒ̂2, ϒ̂1], we get

(4.1)
1

Θ(ϒ̂2− ϒ̂1)

∫ (1−Θ)ϒ̂1+Θϒ̂2

ϒ̂1

Φ(x)Ψ(x)
e2αx dx≤ 1

3
M(ϒ̂1,(1−Θ)ϒ̂1 +Θϒ̂2;e)+

1
6

N(ϒ̂1,(1−Θ)ϒ̂1 +Θϒ̂2;e).

Similarly we can show that,

(4.2)
1

(1−Θ)(ϒ̂2− ϒ̂1)

∫
ϒ̂2

(1−Θ)ϒ̂1+Θϒ̂2

Φ(x)Ψ(x)
e2αx dx≤ 1

3
M((1−Θ)ϒ̂1+Θϒ̂2, ϒ̂2;e)+

1
6

N((1−Θ)ϒ̂1+Θϒ̂2, ϒ̂2;e).
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Multiplying (4.1) by Θ and (4.2) by (1−Θ) and adding the resulting inequalities we get,

1
ϒ̂2− ϒ̂1

∫
ϒ̂2

ϒ̂1

Φ(x)Ψ(x)
e2αx dx≤ Θ

3
M
(
(1−Θ)ϒ̂1 +Θϒ̂2;e

)
+

Θ

6
N
(
ϒ̂1,(1−Θ)ϒ̂1 +Θϒ̂2;e

)

+
1−Θ

3
M
(
(1−Θ)ϒ̂1 +Θϒ̂2, ϒ̂2;e

)
+

1−Θ

6
N
(
(1−Θ)ϒ̂1 +Θϒ̂2, ϒ̂2;e

)
= L(Θ).

(4.3)

Using the fact that,

Θ

3
M(ϒ̂1,(1−Θ)ϒ̂1 +Θϒ̂2;e)+

1−Θ

3
M((1−Θ)ϒ̂1 +Θϒ̂2, ϒ̂2;e)

=
Θ

3

[
Φ(ϒ̂1)Ψ(ϒ̂1)

e2αϒ̂1
+

Φ((1−Θ)ϒ̂1 +Θϒ̂2)Ψ((1−Θ)ϒ̂1 +Θϒ̂2)

e2α(1−Θ)ϒ̂1+Θϒ̂2

]
+

1−Θ

3

[
(Φ(1−Θ)ϒ̂1 +Θϒ̂2)Ψ((1−Θ)ϒ̂1 +Θϒ̂2)

e2α(1−Θ)ϒ̂1+Θϒ̂2
,
Φ(ϒ̂2)Ψ(ϒ̂2)

e2αϒ̂2

]
=

Θ

3
Φ(ϒ̂1)Ψ(ϒ̂1)

e2αϒ̂1
+

1−Θ

3
Φ(ϒ̂1)Ψ(ϒ̂1)

e2αϒ̂1
+

1
3

[
Φ(Θϒ̂2 +(1−Θ)ϒ̂1)Ψ(Θϒ̂2 +(1−Θ)ϒ̂1

e2α(1−Θ)ϒ̂1+Θϒ̂2

]
≤ Θ

3
Φ(ϒ̂1)Ψ(ϒ̂1)

e2αϒ̂1
+

1−Θ

3
Φ(ϒ̂1)Ψ(ϒ̂1)

e2αϒ̂1
+

1

e2α(1−Θ)ϒ̂1+Θϒ̂2

×
[

ΘΦ(ϒ̂2)

eαϒ̂2
+

(1−Θ)Φ(ϒ̂1)

eαϒ̂1
)(

ΘΨ(ϒ̂2)

eαϒ̂2
+

(1−Θ)Ψ(ϒ̂1)

eαγ̂1

]
≤ Θ

3
Φ(ϒ̂1)Ψ(ϒ̂1)

e2αϒ̂1
+

1−Θ

3
Φ(ϒ̂2)Ψ(ϒ̂2)

e2αϒ̂2
+

1

3e2α(1−Θ)ϒ̂1+Θϒ̂2

×

[
(1−Θ)2Φ(ϒ̂1)Ψ(ϒ̂1)

e2αϒ̂1
+Θ(1−Θ)

(
Φ(ϒ̂1)Ψ(ϒ̂2)+Ψ(ϒ̂1)Φ(ϒ̂2)

eα(ϒ̂1+ϒ̂2)

)
+

Θ
2
Φ(ϒ̂2)Ψ(ϒ̂2)

e2αϒ̂2

]

≤ Θ

3
Φ(ϒ̂1)Ψ(ϒ̂1)

e2αγ1
+

1−Θ

3
Φ(ϒ̂2)Ψ(ϒ̂2)

e2αγ2
+

1

3e2α(1−Θ)ϒ̂1+Θϒ̂2

×

[
(1−Θ)2Φ(ϒ̂1)Ψ(ϒ̂1)

e2αϒ̂1
+Θ(1−Θ)N (γ1,γ2,e))+

Θ
2
Φ(ϒ̂2)Ψ(ϒ̂2)

e2αϒ̂2

]

=
1
3

[
Φ(ϒ̂1)Ψ(ϒ̂1)

e2αϒ̂1

(
Θ+

(1−Θ)2

e2α(1−Θ)ϒ̂1+Θϒ̂2

)
+

Φ(ϒ̂2)Ψ(ϒ̂2)

e2αϒ̂2

(
(1−Θ)+

Θ
2

e2α(1−Θ)ϒ̂1+Θϒ̂2

)

+N(ϒ̂1, ϒ̂2,e)
(

Θ(1−Θ)

e2α(1−Θ)ϒ̂1+Θϒ̂2

) ]
.

Now consider,

Θ

6
N(ϒ̂1,(1−Θ)ϒ̂1 +Θϒ̂2;e)+

1−Θ

6
N((1−Θ)ϒ̂1 +Θϒ̂2, ϒ̂2;e)
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=
Θ

6

[
Φ(ϒ̂1)(Ψ(1−Θ)ϒ̂1 +Θϒ̂2)

eαϒ̂1eα(1−Θ)ϒ̂1+Θϒ̂2
+

Ψ(ϒ̂1)Φ(1−Θ)ϒ̂1 +Θϒ̂2)

eαϒ̂1eα(1−Θ)ϒ̂1+Θϒ̂2

]
+

1−Θ

6

[
Φ(ϒ̂1)(Ψ(1−Θ)ϒ̂1 +Θϒ̂2)

eαϒ̂1eα(1−Θ)ϒ̂1+Θϒ̂2
+

Ψ(ϒ̂1)Φ(1−Θ)ϒ̂1 +Θϒ̂2)

eαϒ̂1eα(1−Θ)ϒ̂1+Θϒ̂2

]
≤ Θ

6eαϒ̂1eα(1−Θ)ϒ̂1+Θϒ̂2

[
2(1−Θ)

Φ(ϒ̂1)Ψ(ϒ̂1)

eαϒ̂1
+

Θ

eαϒ̂2

(
Φ(ϒ̂1)Ψ(ϒ̂2)+Ψ(ϒ̂1)Φ(ϒ̂2)

)]
+

1−Θ

6eαϒ̂2eα(1−Θ)ϒ̂1+Θϒ̂2

[
2Θ

Φ(ϒ̂2)Ψ(ϒ̂2)

eαϒ̂2
+(1−Θ)

Φ(ϒ̂1)Ψ(ϒ̂2)+Φ(ϒ̂2)Ψ(ϒ̂1)

eαϒ̂1

]
≤ Θ

6eα(1−Θ)ϒ̂1+Θϒ̂2

[
2(1−Θ)Φ(ϒ̂1)Ψ(ϒ̂1)

e2αϒ̂1
+Θ

Φ(ϒ̂1)Ψ(ϒ̂2)+Ψ(ϒ̂1)Φ(ϒ̂2)

eα(ϒ̂1+ϒ̂2

]
+

1−Θ

6eα(1−Θ)ϒ̂1+Θϒ̂2

[
2Θ

Φ(ϒ̂2)Ψ(ϒ̂2)

e2αϒ̂2
+(1−Θ)

Φ(ϒ̂1)Ψ(ϒ̂2)+Φ(ϒ̂2)Ψ(ϒ̂1)

eα(ϒ̂1+ϒ̂2)

]
≤ Θ

6eα(1−Θ)ϒ̂1+Θϒ̂2

[
2(1−Θ)Φ(ϒ̂1)Ψ(ϒ̂1)

e2αϒ̂1
+ΘN(ϒ̂1, ϒ̂2,e)

]
+

1−Θ

6
1

eα(1−Θ)ϒ̂1+Θϒ̂2

[
2Θ

Φ(ϒ̂2)Ψ(ϒ̂2)

e2αϒ̂2
+(1−Θ)N(ϒ̂1, ϒ̂2,e)

]
+

1

eα(1−Θ)ϒ̂1+Θϒ̂2

[
1
3

Θ(1−Θ)M(ϒ̂1, ϒ̂2,e)+
1
6

N(ϒ̂1, ϒ̂2,e)(Θ
2
+(1−Θ)2)

]
.

Hence, we have after combining above both inequalities,

L(Θ)≤ 1
3

[
Φ(ϒ̂1)Ψ(ϒ̂1)

e2αϒ̂1

(
Θ+

(1−Θ)2

e2α(1−Θ)ϒ̂1+Θϒ̂2

)
+

Φ(ϒ̂2)Ψ(ϒ̂2)

e2αϒ̂2

(
(1−Θ)+

(Θ)2

e2α(1−Θ)ϒ̂1+Θϒ̂2

)
+N(ϒ̂1,γ2,e)

(
Θ(1−Θ)

e2α(1−Θ)ϒ̂1+Θϒ̂2

)]
.

+
1

eα(1−Θ)ϒ̂1+Θϒ̂2

[
1
3

Θ(1−Θ)M(ϒ̂1, ϒ̂2,e)+
1
6

N(γ1,γ2,e)(Θ
2
+(1−Θ)2)

]
,

which completes the proof.

Remark 4.8. In the theorem (4.7) for Θ = 0 and Θ = 1 we have

L(Θ) = L(0) = L(1) =
1
3

M(ϒ̂1, ϒ̂2;e)+
1
6

N(ϒ̂1, ϒ̂2;e).

we get the result in theorem (4.4). So we conclude that our results are the improvement of

theorem (4.4).
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Remark 4.9. In theorem (4.7) when α = 0

our result coincides with general convexity, that is

1
ϒ̂2− ϒ̂1

∫
ϒ̂2

ϒ̂1

Φ(x)Ψ(x)dx≤ L(Θ)≤ 1
3

M(ϒ̂1, ϒ̂2;e)+
1
6

N(ϒ̂1, ϒ̂2;e).

Corollary 4.10. With notations above one has the following inequality:

1
ϒ̂2− ϒ̂1

∫
ϒ̂2

ϒ̂1

Φ(x)Ψ(x)
e2αx dx≤ inf

0≤ξ≤1
L(Θ)≤ sup

0≤ξ≤1
≤ 1

3
M(ϒ̂1, ϒ̂2)+

1
6

N(ϒ̂1, ϒ̂2).

Example 4.11. Assume that Φ,Ψ : I ⊂ R→ R are two integrable exponentially convex func-

tions on the closed interval [ϒ̂1, ϒ̂2]. Let

Φ(x) = eν1x, Ψ(x) = eν2x.

Then Theorem (4.7) reduces to

1
ϒ̂2− ϒ̂1

∫
ϒ̂2

ϒ̂1

Φ(x)Ψ(x)
e2αx dx≤ L(Θ)

≤ 1
3

[
Φ(ϒ̂1)Ψ(ϒ̂1)

e2αϒ̂1

(
Θ+

(1−Θ)2

e2α((1−Θ)ϒ̂1+Θϒ̂2)

)

+
Φ(ϒ̂2)Ψ(ϒ̂2)

e2αϒ̂2

(
(1−Θ)+

Θ
2

e2α((1−Θ)ϒ̂1+Θϒ̂2)

)

+N(ϒ̂1, ϒ̂2;e)
Θ(1−Θ)

e2α((1−Θ)ϒ̂1+Θϒ̂2)

]

+
1

eα((1−Θ)ϒ̂1+Θϒ̂2)

[
1
3

Θ(1−Θ)M(ϒ̂1, ϒ̂2;e)

+
1
6

N(ϒ̂1, ϒ̂2;e)(Θ2
+(1−Θ)2)

]
.(4.4)

where

L(Θ) =
Θ

3
M
(
ϒ̂1,(1−Θ)ϒ̂1 +Θϒ̂2;e

)
+

1−Θ

3
M
(
(1−Θ)ϒ̂1 +Θϒ̂2, ϒ̂2;e

)
+

Θ

6
N
(
ϒ̂1,(1−Θ)ϒ̂1 +Θϒ̂2;e

)
+

1−Θ

6
N
(
(1−Θ)ϒ̂1 +Θϒ̂2, ϒ̂2;e

)
.
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Also,

M(ϒ̂1, ϒ̂2;e) =
Φ(ϒ̂1)Ψ(ϒ̂1)

e2αϒ̂1
+

Φ(ϒ̂2)Ψ(ϒ̂2)

e2αϒ̂2
,

and

N(ϒ̂1, ϒ̂2;e) =
1

eα(ϒ̂1+ϒ̂2)

(
Φ(ϒ̂1)Ψ(ϒ̂2)+Φ(ϒ̂2)Ψ(ϒ̂1)

)
.

Since Φ(x) = eν1x and Ψ(x) = eν2x, we obtain

1
ϒ̂2− ϒ̂1

∫
ϒ̂2

ϒ̂1

Φ(x)Ψ(x)
e2αx dx =

1
ϒ̂2− ϒ̂1

∫
ϒ̂2

ϒ̂1

e(ν1+ν2−2α)x dx

=
e(ν1+ν2−2α)ϒ̂2− e(ν1+ν2−2α)ϒ̂1

(ϒ̂2− ϒ̂1)(ν1 +ν2−2α)
.

Further,

M(ϒ̂1, ϒ̂2;e) = e(ν1+ν2−2α)ϒ̂1 + e(ν1+ν2−2α)ϒ̂2,

and

N(ϒ̂1, ϒ̂2;e) = eν1ϒ̂1+ν2ϒ̂2−α(ϒ̂1+ϒ̂2)+ eν1ϒ̂2+ν2ϒ̂1−α(ϒ̂1+ϒ̂2).

Substituting these into (4.4), we obtain the required result.

Theorem 4.12. Assume that Φ,Ψ : I ⊂R→R be two integrable exponentially convex functions

on closed interval[ϒ̂1, ϒ̂2], then

2Φ

(
ϒ̂1 + ϒ̂2

2

)
Ψ

(
ϒ̂1 + ϒ̂2

2

)

≤ 1
ϒ̂2− ϒ̂1

∫
ϒ̂2

ϒ̂1

Φ(x)Ψ(x)
e2αx dx

+
1
12

N(ϒ̂1,
ϒ̂1 + ϒ̂2

2
,e)+

1
6

N
(

ϒ̂1 + ϒ̂2

2
,
ϒ̂1 + ϒ̂2

2
,e
)
+

1
6

N
(
ϒ̂1, ϒ̂2,e

)
+

1
12

N
(

ϒ̂1 + ϒ̂2

2
, ϒ̂2,e

)
.

Proof. Since Φ and Ψ are integrable exponentially convex on [ϒ̂1, ϒ̂2] and non-negative for

Θ ∈ [0,1] we have,

2Φ

(
ϒ̂1 + ϒ̂2

2

)
Ψ

(
ϒ̂1 + ϒ̂2

2

)

= 2Φ

[Θ

(
ϒ̂1+ϒ̂2

2

)
+(1−Θϒ̂2

2
)+

Θ

(
ϒ̂1+ϒ̂2

2

)
+(1−Θ)ϒ̂1

2


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×Ψ

Θ

(
ϒ̂1+ϒ̂2

2

)
+(1−Θ)ϒ̂2

2
)+(

Θ

(
ϒ̂1+ϒ̂2

2

)
+(1−Θ)ϒ̂1

2

]

≤ 1
2

[
Φ

(
Θ

ϒ̂1 + ϒ̂2

2
+(1−Θ)ϒ̂2

)
+Φ

(
(1−Θ)ϒ̂1 +Θ

ϒ̂1 + ϒ̂2

2

)]
×
[

Ψ

(
Θ

ϒ̂1 + ϒ̂2

2
+(1−Θ)ϒ̂2

)
+Ψ

(
(1−Θ)ϒ̂1 +Θ

ϒ̂1 + ϒ̂2

2

)]
≤ 1

2
Φ

(
Θ

ϒ̂1 + ϒ̂2

2
+(1−Θ)ϒ̂2

)
Ψ

(
Θ

ϒ̂1 + ϒ̂2

2
+(1−Θ)ϒ̂2

)
+

1
2

Φ

(
(1−Θ)ϒ̂1 +Θ

(
ϒ̂1 + ϒ̂2

2

))
Ψ

(
(1−Θ)ϒ̂1 +Θ

ϒ̂1 + ϒ̂2

2

)

+
1
2

Θ

Φ

(
ϒ̂1+ϒ̂2

2

)
eα( ϒ̂1+ϒ̂2

2 )

+(1−Θ)
Φ(ϒ̂2)

eαϒ̂2

×((1−Θ)
Ψ(ϒ̂1)

eαϒ̂1

)
+Θ

Ψ

(
ϒ̂1+ϒ̂2

2

)
eα( ϒ̂1+ϒ̂2

2 )


+

1
2

(
(1−Θ)

Φ(ϒ̂1)

eαϒ̂1

)
+Θ

Φ

(
ϒ̂1+ϒ̂2

2

)
eα( ϒ̂1+ϒ̂2

2 )

×
Θ

Ψ

(
ϒ̂1+ϒ̂2

2

)
eα( ϒ̂1+ϒ̂2

2 )

+(1−Θ)
Ψ(ϒ̂2)

eαϒ̂2


≤ 1

2
Φ

(
Θ

ϒ̂1 + ϒ̂2

2
+(1−Θ)ϒ̂2

)
Ψ

(
Θ

ϒ̂1 + ϒ̂2

2
+(1−Θ)ϒ̂2

)
+

1
2

Φ

(
(1−Θ)ϒ̂1 +Θ

(
ϒ̂1 + ϒ̂2

2

))
Ψ

(
(1−Θ)ϒ̂1 +Θ

(
ϒ̂1 + ϒ̂2

2

))

+
1
2
[Θ(1−Θ)

Φ(ϒ̂1)Ψ
(

ϒ̂1+ϒ̂2
2

)
eαϒ̂1 · eα

ϒ̂1+ϒ̂2
2

+(1−Θ)2 Φ(ϒ̂1)Ψ(ϒ̂2)

eαϒ̂1 · eαϒ̂2
+Θ

2 Φ

(
ϒ̂1+ϒ̂2

2

)
Ψ

(
ϒ̂1+ϒ̂2

2

)
eα

ϒ̂1+ϒ̂2
2 · eα

ϒ̂1+ϒ̂2
2

+Θ(1−Θ)
Ψ(ϒ̂2)Φ

(
ϒ̂1+ϒ̂2

2

)
eαϒ̂2 · eα

ϒ̂1+ϒ̂2
2

+Θ(1−Θ)
Ψ(ϒ̂1)Φ

(
ϒ̂1+ϒ̂2

2

)
eαϒ̂1 · eα

ϒ̂1+ϒ̂2
2

+Θ(1−Θ)
Φ(ϒ̂2)Ψ

(
ϒ̂1+ϒ̂2

2

)
eαϒ̂2 · eα

ϒ̂1+ϒ̂2
2

+(1−Θ)2 Φ(ϒ̂2)Ψ(ϒ̂1)

eαϒ̂1 · eαϒ̂2
+Θ

2 Φ

(
ϒ̂1+ϒ̂2

2

)
Ψ

(
ϒ̂1+ϒ̂2

2

)
eα

ϒ̂1+ϒ̂2
2 · eα

ϒ̂1+ϒ̂2
2

]
.

Integrating with respect to Θ and ξ varies from 0 to 1 we have,

≤ 1
2

[∫ 1

0
Φ

(
Θ

(
ϒ̂1 + ϒ̂2

2

)
+(1−Θ)ϒ̂2

)
Ψ

(
Θ

(
ϒ̂1 + ϒ̂2

2

)
+(1−Θ)ϒ̂2

)
+
∫ 1

0
Φ

(
(1−Θ)ϒ̂1 +Θ

(
ϒ̂1 + ϒ̂2

2

))
Ψ

(
(1−Θ)ϒ̂1 +Θ

(
ϒ̂1 + ϒ̂2

2

))]
+

1
2

[
1
6

N
(

ϒ̂1,
ϒ̂1 + ϒ̂2

2
;e
)
+

1
3

N
(

ϒ̂1 + ϒ̂2

2
,
ϒ̂1 + ϒ̂2

2
;e
)
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+
1
3

N
(
ϒ̂1, ϒ̂2;e

)
+

1
6

N
(

ϒ̂1 + ϒ̂2

2
, ϒ̂2;e

)]
.

By using change of variables and changing limits, we obtain

=
1
2

[
2

ϒ̂2− ϒ̂1

∫
ϒ̂2

ϒ̂1+ϒ̂2
2

Φ(x)Ψ(x)
e2αx dx+

2
ϒ̂2− ϒ̂1

∫ ϒ̂1+ϒ̂2
2

ϒ̂1

Φ(x)Ψ(x)
e2αx dx

]

+
1
2

[
1
6

N
(

ϒ̂1,
ϒ̂1 + ϒ̂2

2
;e
)
+

1
3

N
(

ϒ̂1 + ϒ̂2

2
,
ϒ̂1 + ϒ̂2

2
;e
)
+

1
3

N(ϒ̂1, ϒ̂2;e)+
1
6

N
(

ϒ̂1 + ϒ̂1

2
, ϒ̂2;e

)]
=

1
ϒ̂1− ϒ̂2

∫
ϒ̂2

ϒ̂1

Φ(x)Ψ(x)
e2αx dx

+
1
2

[
1
6

N
(

ϒ̂1,
ϒ̂1 + ϒ̂2

2
;e
)
+

1
3

N
(

ϒ̂1 + ϒ̂2

2
,
ϒ̂1 + ϒ̂2

2
;e
)
+

1
3

N(ϒ̂1, ϒ̂2;e)+
1
6

N
(

ϒ̂1 + ϒ̂2

2
, ϒ̂2;e

)]
.

From above result, we have

N
(

ϒ̂1,
ϒ̂1 + ϒ̂2

2
;e
)

=
1

eαϒ̂1e
ϒ̂1+ϒ̂2

2

[
Φ(ϒ̂1)Ψ

(
ϒ̂1 + ϒ̂2

2

)
+Ψ(ϒ̂1)Φ

(
ϒ̂1 + ϒ̂2

2

)]

≤ 1
2

1

eαϒ̂1eα
ϒ̂1+ϒ̂2

2

[
Φ(ϒ̂1)

(
Ψ(ϒ̂1)+Ψ(ϒ̂2)

)
+Ψ(ϒ̂1)

(
Φ(ϒ̂1)+Φ(ϒ̂2)

)]
On the same way we have,

N
(

ϒ̂1 + ϒ̂2

2
, ϒ̂2;e

)
=

1

eαϒ̂1e
α

(
ϒ̂1+ϒ̂2

2

) [Φ(ϒ̂2)Ψ

(
ϒ̂1 + ϒ̂2

2

)
+Ψ(ϒ̂2)Φ

(
ϒ̂1 + ϒ̂2

2

)]
.

And,

N(ϒ̂1, ϒ̂2,e)

=
1

eα(ϒ̂1+ϒ̂2)

[
Φ(ϒ̂1)Ψ(ϒ̂2)+Ψ(ϒ̂1)+Φ(ϒ̂2)

]
.

Also,

N
(

ϒ̂1 + ϒ̂2

2
,
ϒ̂1 + ϒ̂2

2
;e
)

=
1

e
α

(
ϒ̂1+ϒ̂2

2

) [Φ

(
ϒ̂1 + ϒ̂2

2

)
Ψ

(
ϒ̂1 + ϒ̂2

2

)
+Φ

(
ϒ̂1 + ϒ̂2

2

)
Ψ

(
ϒ̂1 + ϒ̂2

2

)]

=
2

e2α(
ϒ̂1+ϒ̂2

2 )

[
Φ

(
ϒ̂1 + ϒ̂2

2

)
Ψ

(
ϒ̂1 + ϒ̂2

2

)]
.
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Example 4.13. Taking into account the assumptions of theorem (4.12). Let Φ and Ψ be real-

valued, non-negative and integrable exponentially convex functions on [ϒ̂1, ϒ̂2], also Θ ∈ [0,1]

and ν1,ν2 ≥ 0. we generalize the theorem (4.12) by using functions as Φ(x) = eν1x and Ψ(x) =

eν2x.

Consider one side of the inequality

2Φ

(
ϒ̂1 + ϒ̂2

2

)
Ψ

(
ϒ̂1 + ϒ̂2

2

)
Using Φ(x) = eν1x and Ψ(x) = eν2x, we have

2eν1
ϒ̂1+ϒ̂2

2 · eν2
ϒ̂1+ϒ̂2

2

= 2e(ν1+ν2)
ϒ̂1+ϒ̂2

2 ,

Now consider
1

ϒ̂2− ϒ̂1

∫
ϒ̂2

ϒ̂1

Φ(x)Ψ(x)
e2αx dx

Using Φ(x) = eν1x and Ψ(x) = eν2x

1
ϒ̂2− ϒ̂1

∫
ϒ̂2

ϒ̂1

eν1xeν2x

e2αx dx

=
1

ϒ̂2− ϒ̂1

∫
ϒ̂2

ϒ̂1

e(ν1+ν2−2α)xdx

=
1

ϒ̂2− ϒ̂1

e(ν1+ν2−2α)x

ν1 +ν2−2α

∣∣∣∣∣
ϒ̂2

ϒ̂1

=
1

ϒ̂2− ϒ̂1

e(ν1+ν2−2α)ϒ̂2− e(ν1+ν2−2α)ϒ̂1

ν1 +ν2−2α
.

Hence our inequality becomes,

2e(ν1+ν2)
ϒ̂1+ϒ̂2

2 ≤ 1
ϒ̂2− ϒ̂1

e(ν1+ν2−2α)ϒ̂2− e(ν1+ν2−2α)ϒ̂1

ν1 +ν2−2α

+
1
12

N
(

ϒ̂1,
ϒ̂1 + ϒ̂2

2
;e
)
+

1
6

N
(

ϒ̂1 + ϒ̂2

2
,
ϒ̂1 + ϒ̂2

2
;e
)
+

1
6

N(ϒ̂1, ϒ̂2,e)+
1
12

N
(

ϒ̂1 + ϒ̂2

2
, ϒ̂2;e

)
,

the expression can be calculated for any value of ϒ̂1, ϒ̂2 of its domain and for Θ ∈ (0,1) also

for µ1 and µ2 of its domain.
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5. CONCLUSION AND FUTURE DIRECTIONS

The study of inequalities using convex functions is known as the theory of convex inequali-

ties. In this paper we find results of Hermite Hadamrd type inequalities by using product of log

convex functions and product of exponential convex functions and produce examples of each

result to improve the authenticity of results. Additionally, we give remarks to show the accuracy

of our newly developed results.

In the future, it will be fascinating for readers to take motivation from these results and em-

ploy this approach with various forms of generalized convex mappings, including harmonic

convex, p-convex, tgs-convex, and quasi-convex, as well as different types of fractional, quan-

tum, stochastic, and fuzzy integral operators.
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Hölder–İşcan inequality, Axioms 12 (2023), 931.

[5] H. Ullah, M.A. Adil Khan, T. Saeed, Z.M.M.M. Sayed, Some improvements of Jensen’s inequality via 4-

convexity and applications, J. Funct. Spaces 2022 (2022), 2157375.

[6] L. Chancel, T. Piketty, E. Saez, G. Zucman (eds.), World inequality report 2022, Harvard Univ. Press, 2022.
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[12] T. Gagné, A. Nandi, I. Schoon, Time trend analysis of social inequalities in psychological distress among

young adults before and during the pandemic: evidence from the UK Household Longitudinal Study COVID-

19 waves, J. Epidemiol. Community Health 76 (2022), 421–427.
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