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Abstract. In the present manuscript, we first initiate and establish some topological properties along with some
contractions for generalized E-fuzzy b-metric spaces (E-Fb-MS). Also, we demonstrated the results of coupled
coincidence fixed-points under the ¢-contraction map in complete generalized E-Fb-MS. An application related
to an integral equation in the generalized space is also substantiated. These outcomes of fixed point and fuzzy set
theory extend the existing results in the literature.
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1. INTRODUCTION AND PRELIMINARIES

The Banach contraction principle (BCP) for the existence and uniqueness of solutions to a
variety of problems in various breaches of pure and applied mathematics was introduced by
Banach [1] in 1922. Many eminent authors gave the generalizations of BCP by altering the
contraction conditions. The fuzzy set was initially given by Zadeh [24] in 1965. George and
Veeramani (GV) [5] in 1994 modified the concept of fuzzy metric spaces (FMS), which was
invented by Kramosil and Michalek (KM) [9] in 1975.
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Bhaskar and Lakshmikantham [2] in 2006 defined the concept of a coupled fixed point (FP)
for a single map and proved various coupled fixed point theorems (FPT) in the metric space
(MS). In addition, they gave some related applications in the solution of periodic boundary value
problems. Sessa [17] discussed the weak commutativity conditions in MS. Weakly compatible
and compatible maps in menger spaces were elaborated by Fang [4] in 2009. Xin-Qi-Hu [23]
in 2011 established a common FP result for mapping under ¢ - contraction in FMS. Sedghi
et al. [16] in 2012 discussed coupled FPT for contractions in FMS. Various authors ([3], [6],
[7] and [15]) gave different types of contractions, consequences and common FP outcomes in
generalized metric and fuzzy metric spaces. Khan et al. [8] proved common FP outcomes in
FMS for compatible maps of types (A-/) and (A-2). Common FPT in cone S-MS was extended
by Singh et al. [18]. Rathee and Singh [13] in 2025 demonstrated FPT in V-fuzzy b-metric
spaces using the generalized CLR-property. Using the concept of G-MS introduced by Mustata
[12], Sukanya and Jose [21] in 2018 proposed E-FMS and proved some related FPT. Sukanya
and Jose [22] in 2023 established coupled FP results in complete E-FMS.

Getting motivation from these authors, Kumar and Manjeet [10] in 2025 introduced a new
notion of generalized E-fuzzy b-metric space (E-Fb-MS) using E-FMS and b-FMS and proved
FPT for three pairs of self-maps. The purpose of this paper is to establish some new topology
and contractions for generalized E-Fb-MS including some coupled coincidence FPT under

¢-contraction in complete generalized E-Fb-MS. Also, give an application in integral equations.

Definition 1.1 ([24]). Let 9l be the universal set. A subset A of 2 with the membership function
J; (@) that can take any value in the interval [0, 1] is called a fuzzy set.

Definition 1.2 ([14]). A continuous 7-norm (¢-conorm) is a binary operation & : [0,1] x [0, 1] —
[0, 1] that satisfies the following conditions for all 91,0,,03, 04 € 2l:

(Ty) & is continuous,

(T,) & is commutative i.e., & (01,02) = S (02,01),

(T3) & is associative i.e., & (01,6 (02,03)) = & (& (01,02) ,03),

(T4 & (01,1) =0y,

(Ts) & is monotonic i.e., & (01, 02) < S (03, 04) whenever 01 < 0, andds < 04.
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Definition 1.3 ([5]). The 3-tuple (ﬁl,M,é) is known as FMS if & is a t-conorm, 2 is
an arbitrary set and M is a fuzzy set in 2 x A x [0,00) satisfying the following axioms for
every @,w, & € 9 and s, > 0:

(FM)) M (@, w,1) > 0,

(FMp) M(@,w,t) = 1 iff @ = w,

(FM3) M (@, w,t) = M (w,@,1),

(FMy) & (M (@ wt),M(W,g,s)) <M(@,E,t+5),

(FMs) M (@, w, o) :[0,00) — [0,1] is continuous.

((D’ w, 1) denotes the degree of nearness between @ and w with respect to 7.

Definition 1.4 ([21]). The 3-tuple (ﬁ,f,(%) is known as E-FMS if G is a t-conorm, 2l is an
arbitrary set and & is a fuzzy set in U x U x U x (0,00) satisfying the following conditions for
all @,w,&,1 €9 and s, > 0:

(Epml) &
(Erm2) &
(Erm3) &
(Ermd) &
Erir 5) & (£(@,1,6,1),€ (Lw.E.5)) <E (@&t +5),
(Erum 6) & (@,w, &, e) :(0,00)—[0,1] is continuous.

o,w,&,1) >0
@, m,w,t)>& (@,w,E,1) withw # &,

o,w,& t)=1ifandonlyif @ =w =&,

o T T T

@,w,E, 1)=& (p(@,w,E) 1), where p is a permutation function,

Definition 1.5 ([19]). Let <§11,3§1,@> and <Qvlz,é/”‘2, GAS) be two E-FMS’s. A function
ﬁ: Qvll — §12 is said to be continuous at a point a € §l1 if for all » > O there exist . > 0 such

that & (((5(6) ,ﬁ(a),ﬁ(a),s) > 1 —r, whenever & (@,a,a,1) > 1—.7.

Definition 1.6 ([19]). Let <2vl1,£,1,€5> and (Qvlz,ééz,@) be two E-FMS’s. A function
2 Uy — 9, is said to be uniformly continuous if for all » > 0 there exist . > 0 such that

& (ﬁ(w),ﬁ(w),ﬁ(ﬁ),s) > 1 —r, whenever & (@,w,E,t)>1-7.
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Definition 1.7 ([19]). Let <2v[, &, @) be a E-FMS. A mapping & : 9 — 9 is said to be contrac-

tion on 9 if there exists some k with 0 < k < 1 such that:

1 1
S <K(,—_1).
& (9@, fow, 26 1) & (@,w,&,1)
Definition 1.8 ([20]). Let (Qvl ) be a E-FMS. An open ball with center pg and radius 3 is
given by 4 (po,3,1) = { e & (po,@,@,1) > 1 —5}-

In 2025, Kumar and Manjeet [10], introduced the notion of generalized E-Fb-MS in the
following way:
Definition 1.9 ([10]). The 3-tuple <Ql é, é) is defined as generalized E-Fb-MS or E-Fb-MS if
Sisa t-conorm, 9 is an arbitrary set and &isa fuzzy set in A3 x (0,0) satisfies the following
axioms for every @,w,&,1 € 9, s,t > 0 and real number b > 1:
Eppm1) & (@,w,&,5) >0,
(Epp2) & (@,@,w,7) >& (@,w,&, %) withw #E&,
Eppm3) E(@wEH=1em=w=¢,
(Eppyd) & (@,w,&, %) =& (p(@,w,€), %), where p is a permutation function,
ErmS) & (& (0,18,5).6 (1mE.3)) <& (@,wE,5),
(Eppm6) & (@,w,&,0) :(0,00)—[0,1] is continuous.
Example 1.10 ([10]). Let A=R, G is a G-metric on 9 and & is a fuzzy set in A3 x (0,00)

foms )« (5529

for every @,w,& € A, 1€ (0,00), b > 1 and t-conorm é(bl,bz) = 0,0, for all 91,0, € [0, 1].

satisfying:

Then, & is a generalized E-Fb-MS on 9.

Definition 1.11 ([10]). Let (QV(, &, é) be a generalized E-Fb-MS. A sequence {p,} from A is

said to be convergent to @ € QV(ifféf"(pn, w,w,%) — lasn—ocoforeveryt >0and b > 1.

Definition 1.12 ([10]). Let (QV(, &, é) be a generalized E-Fb-MS. A sequence {p,} from A is

said to be a Cauchy sequence if and only if for any r € (0, 1), there exists a natural number
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no s.t. & (PusPm, p1,5) > 1—rforalln,m,l > ng,t>0andb> 1.

Definition 1.13 ([10]). A generalized E-Fb-MS (QVL &, QAS) in which every Cauchy sequence is

convergent is said to be complete E-Fb-MS.

Lemma 1.14 ([10]). If (ﬁ[,éa,@) be a generalized E-Fb-MS then g’(w,w,é,%) 1S non-

decreasing w.r.t. to  for all @, w, &, 1 € 2, s,;t >0and b > 1.

Lemma 1.15 ([10]). Let <Qvl,@@ ,@) be a generalized E-Fb-MS and if there exists a constant
k such that 0 < k < 1, ¢ € (0,00) and b > 1 satisfies @é(w,w,é,%’) > é:’(w,w,é,,%) for all

@,w,EcAthend =w=E.

Definition 1.16 ([2]). Let 9l be a nonempty set, the element (@, w) € 9l x A is called a coupled
FPofamap @&: U x U — A if @(@,w)=0 and @ (w, @) = w.

Definition 1.17 ([11]). Let 2 be a nonempty set, the element (O,w) € A x A is
called a coupled coincidence point of the mappings £ : A x A — %A and h: A — QA
if (@, w) = ho and @ (w, @) = hw.

Definition 1.18 ([4]). An element p; € 9l is called common FP of the mappings ﬁ: A x A — A
and h: A — U if p(0,0) =ho = .

Definition 1.19 ([11]). The map ﬁ: A x A — A and self-map 5 . 9l — 9 are said to be

commutative if h @ (@, w) = @ (h@, hw).

2. TOPOLOGICAL DEFINITIONS AND CONTRACTION THEOREMS

In this section, we firstly introduce some topologies related to generalized E-Fb-MS: con-
tinuity, uniform continuity, open ball, closed ball, sequentially convergent, sub-sequentially

convergent and some new contractions. Then, we validate a new contraction result.
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Definition 2.1: Let (Qvll,@él,@) and (ﬁlg,@éz?@) be two generalized E-Fb-MS’s. A
function (é: §11 — Qvlz is said to be continuous at a point a € th if for all r > 0, t € (0,00)

andb>1,3.7>0st. & (p(@),p(a),0(a),3) >1—rif & (B,0,0,5) >1-7.

Definition 2.2: Let (Qvll &, @) and (ﬁlg, (552,@) be two generalized E-Fb-MS’s. A
function 2 : U — 91, is said to be uniformly continuous if for any r >0, r € (0,00) and b > 1

there exist . > 0 s.t. & (p(@), (W), 2(E),%) > 1—r, whenever & (@,w&,5)>1-5.

Definition 2.3: Let <§l,<§’ , 6) be generalized E-Fb-MS. An open ball with centre pg, b > 1

~

and radius j is given by %4 (po,3, %) = {(U el : & (po,®,@,%) > 1—3}.
Definition 2.4: Let (91, &, 6) be generalized E-Fb-MS. A closed ball with centre pg, b > 1

and radius 3 is given by @(@ [p0,3,5] = {CU el :5,(130,66,&5,[’—)) > 1—3}.

Definition 2.5: Let (‘51, &, @) be a generalized E-Fb-MS. A mapping £ : 9 — 9 is said to be

contraction on £l if there exists some k with0 < k < 1, 7 € (0,00) and b > 1 s.t.:

1 1
1 — —1 —— 1
W (cf(m,pw,xoé,i) )SK((E’(G,W,&%) )

Definition 2.6: Let (ﬁl,éé , @) be generalized E-Fh-MS. A mapping £ : 2l — 9l is said to be
sequentially convergent for every sequence {p,,} in 9, if {@pm} is convergent then {p,,} is
also convergent.

Definition 2.7: Let (Qvl,éa , é) be generalized E-Fb-MS. A mapping 2l — 2 is said to be
sub-sequentially convergent for all sequence {p,,} in 2, if {pm} is convergent then {p,,} is a

convergent sub—sequence.

Definition 2.8: Let (Qvl, &, @)) be a compact generalized E-Fb-MS then every self-map
2 93— 2 is said to be sub-sequentially convergent and every continuous function @ oA — 9

is sequentially convergent.
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Definition 2.9: Let <Qvl, &, @) be a generalized E-Fb-MS and 7', & : 9 — 9( be two self-maps.
A self-map @ 9l — 2 is said to be E -fuzzy T-contraction if there exists Kk s.t. 0 < k¥ <1 and

for all @,w,& € 9, t > 0and b > 1 satisfies:
L, o~ , ~ . ~. Kt [ , , t
@) é(Tpo TowTpe,2) = & (o Tw e, ;)

Lemma 2.10: A contraction mapping £ on (QVI, &, QAS) is both continuous and uniformly con-
tinuous.
Proof: Let & be a contraction mapping on (Qvl,é” ,é) Then, by equation (1) for some

with0 < Kk < 1, t € (0,00) and b > 1, one can have
<, o _1)9(%_1),
& (90, ow, 28, 7) & (@,wm&,7)
_ B r
<, _ Al/ __ _1>§K‘<1 /g(wywaétab)>,
g(ﬁ“n@""n@é;z) 5(67“}7 ’B)
1 1-%
<, P ~ ~ : _1>§K< y )7
(f(pwufdw,ﬁé,g)

<, = i ~ —1>§Kr0,
g(ﬁ“?(@w?péaz)

1
& (90, ow, 95, 1)

S 1+Kr0a

<& (o, 6w 58,7,

— <& (pm w7

1r< & (om pw k. ).

Hence, £ is uniformly continuous.
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Theorem 2.11: Let <Qvl,c§" ,é) be a complete generalized E-Fb-MS and & be a contraction

mapping on 9, i.e. forsome K with0 < Kk < 1, 7 € (0,00) and b > 1,

1 1
3 — —1 —_——1].
¥ (ﬁxmmxoé,f—,) ) = K(cf’(w,w,é,i) )

Then, mapping  has a UFP.

Proof: Let pg € Qvl, consider a sequence in 9l such that

plzﬁp(ﬁ
Pzz(@l:ﬁzpo,
P3=§P2=ﬁpoy

Pm = ﬁpmfl = ((5"1]30

Now, by definition of contraction, one cane have

g(pmapnaphz) g(ﬁpmflaﬁpnfhﬁplflag)

<kKk| —= ! Z—ISK,N ~1~ 1_17
& (Pm—1,Pn—1,P1-1,%) E (0m—2,0n—2, 01-2. %)

SK‘Z 7 ! t -1,
& (Pm—2,Pn-2,P1-2,3)

S
g(pmpnfmvplfl’mz)

Considering limit as m — oo, one can get

& (pm,pn,pz,é) — 1.
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Hence, {p,,} is a Cauchy sequence, since 9 is complete, there exists a @ € 9 s.t. {p,,} — @.

Now, we show that @ (p,,) — (@) as m — oo, we obtain

1 1
= -1 <xk| = —1]—0.
<£(m,mm,mmé) ) <£(w,pm,pn,g) >

1
é,a (ﬁwu@pmaﬁpm ) %)

Thus,

-1-=0,

s [ ~ ~ ~ t
& (ﬁvapmappnwz> — 17
ie., @) — @(@).

Now, we establish @ (@) = @,

-
g)((@pmappmammz) g(@m—l;@m;@m;})

1
<Kk|— —1
<£(pm17pmapna%) )

1

<K | = -1
(cf(pm—Z;pm—l;pn—lv%) )

S Km_l ( z ! - 1) ;
& (pOawﬁjn—m?i)

assuming limit as m — oo, one can have

> ~1 — —1] =0,
(é“’(w,m,m,,i) )

é’(w,ﬁw,ﬁw,,é) =1,

P(O)=0.
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Hence, @ is a FP of mapping .

Uniqueness: Let u, be another FP, then & (u,) = u,. Now, from given hypothesis, we get

z 1 —1=|—-= Nl — -1
g(aj?u07wﬂé) (gg((@wu(@uoupajwi)

<K Z ! -1 )
<£(w,uo,w,,i) )

2 t
& <(D,uo,w,,z> =1.

Therefore, we obtain

Hence, u, = @.

Corollary 2.12: Let @ be a self-mapping of complete generalized E-Fb-MS 2. If £ be a
contraction on a closed ball @(p [po,g,, %] , then there exists a UFP of @ in ,%’?(@ [po,g, %] .

Proof: Consider a sequence {p,, } in such a manner that

p1 = @Po,
PZZ@lzﬁpm
P3=((5P2=¢52P0,

Pm = @m—l = 15'"130

Putting m = 0 and / = n in the inequality of Theorem 2.11, we obtain

<,~ Nl = t—l)gx(, ! ;_1)7
@@(M(LMnappn;E) g(PO;Pn;PmE)

I
(rf’ (PO, Ps Py L) (1= K>> = {1-%),

2 t
& <p07pn7pnaz) >1> 1—3, for O <3< 1.

Hence, p,, € ,%3@@ (p0,3, %) i.e., {pn} is a sequence in @g (p0,3,7)-

Now, by using Theorem 2.11 we say p, — @.
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Since @(m [p0,3, %] is closed, so @ € %?(@ (0:3.%)-

Hence, mapping  has a UFP in %’?ﬁ [po,g,, %]

Theorem 2.13: Let (Qv(,éa ,(%) be a complete generalized E-Fb-MS, T : 9% — 9l be one-
one, continuous and subsequentially convergent mapping. Also, for all @,w,& € A, b>1,
& ((U w, &, %) — 1 as l’; — oo, Then for each E-fuzzy T-contraction mapping a continuous
2 — QVI, ﬁhas a UFP.

Further, if 7" is sequentially convergent then for every poe 9l the sequence of iterates {((5”’]30}
converges to po FP in L.

Proof: Initially, we defined an iterative sequence {p,,} by Pni1 = @bm or &"po = p,, for
non-negative integer m starting from po € 9. Then for any integer m € N, b > 1 and 7 > 0 by

induction, one can get

50<Tpmafpm+lafpm+lv%t> > éfa(TﬁpthﬁpmaT@m»%>
) >& (T'po,T'm,T'm,K%_lb) :

Thus for any n € N from equation (4), we get

L/, . , t
@[d (Tpma Tpm—i—na Tpm—i—na E)

> é (é <Tprrnfpm+17fpm+l7 %) ) -yéé (Tpm+n—17Tpm+n7Tpm+na %)) ’

),...,é'o(T'po,T'pl,T'pl,nKtmb».

Since, & (@,w,&,%) — 1 as £ — oo then form equation (5), one can get

5) > & (& (Tpo, Tp1, o1, —

: (- p p t p~
lim @@<Tpm7Tpm+n>Tpm+m_> 26(1717-“1):1

Mm—>oo b
Thus {Tp,} or {T@"po} is a Cauchy sequence and hence is convergent sequence. So there

exists w € 2 such as

(6) lim 7¢@"pg =w

m—yoo

Since 7 is a subsequentially convergent {ﬁ"po} has a convergent subsequence.
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Therefore, there exist @ € 9 and {m e st limg e ™ po = @.

Thus, limy_,e T @™py =T®.

Hence, To=w.

Since  is continuous and limy_s., £y = @ then limy_,.. ™ py = o implies that
limy_yeo T " py =T 0.

In similar manner to equation (6), limy_... 7 &t 1pg =wie., T oo =w.

Since T is one-one, therefore (605 =0.

Hence, mapping 4 has a FP.

Uniqueness: Let u, be another FP of . Then, considering as limit m — c we have

L/ , , Kt
1> & <Ta‘5, Tu,, T, ;)

Thus, by Lemma 1.15 we get 7™ = Tu,.
Also, T is one-one, implies that @ = u,,.

Hence, mapping 4 has a UFP.

3. CouPLED FIXED POINT RESULTS

In this section, we prove coupled FPT for ¢-contraction in complete generalized E-Fb-MS.
Let ¢ be the function ¢ : (0,00) — (0,00) such that 0 < ¢ () < ¢ and lim,—.. @™ (t) = O for
allr > 0.

In this section, we denote for every m € N:

#ome)|" =8 (4 o). (pinit).d ()

vV
m—times
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Theorem 3.1: Let (QV[, & , @) be a complete generalized E-Fb-MS. Defined the maps 2 x
A—Aandh: A — As.t. they satisfies:

£ (p@w),pE),.pue).0(1))

> & (£ (5(@).52).500.7) .4 (500).50).5().7))
for every @, w,&,y,u,g € 9, t € (0,00) and b € [1,00).
Suppose that mappings & and b have the following conditions:
(Az.1.1) @2 (AxA) CHR),
(A312) 6 is a continuous mapping,
(A3.13) h commutes with 2.
Then, there exists a UFP, @ € A s.t. ® = ho = @ (@, ).
Proof: Since, ﬁ(ﬁl x 9) C h(2) we can construct two sequences {hp,,} and {hq,,} from 2

such that 6 (pm—H) = ﬁ(pm7 CIm) ) 6 (qm—H) = ﬁ(qmapnﬁ ) for every m > 0.
Now, for every r € (0, 1) there exists s € (0,1) s.t.

S((1-5),(1-s5),...,(1-5)) > (1-r)

-

k
for all k € N.
Therefore,
, t .
7 lim @@((D,W,é,z> — 1 forall @,w,EcN, b>1ands>0.

Thus, for any > 0,0 > 1 and s > 0, there exists #y > 0 s.t.:

e v v to [y v v to

& (bpmbpl»bpr) > (1 _5)7 & (hCIOaf)CIl;hCI%Z) > (1 _5)
and

P v v v t() z v v N t()

& (Bp2:Bp1,Bpo, ) > (1 =), & (Baz.barbao. ) > (1—s).

For a ¢-function there exists k € N, s.t.

) )

& (Bp1,602.503,0 (7)) = & (£(00,00), 801,01, £(p2,12),6 (7))
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>6& (5’ <5130,5131,5132,%)> & (F)Clo,vafll,BClz,%)) -
In the similar way, one can obtain
& (har b2, has.0 (7)) 2 & (£ (bao.Bar,ba, ) & (Brobir, B2, 2 ) )

Now,

fo

3(6132,6133,5134,(152 (%)) =@é‘(ﬁ(pl,ql),ﬁ(pz,qz)ﬁ(ps,qs),¢2 (3))
> & (& (b1, B2 bv3,0 (7)) & (Ban, bz b, 7 ) ).

> & ([# (oo e, )| [¢ (Banbn e, )] ).

Similarly,
& (fV)CH,fVJClz,F)CIS,QDZ <%0>) > & ([é" <5CI0,5C1175512,%)]2, [5 (Epo,ﬁpl,ﬁpz,%ﬂz) ;
continuing like this, we get

@é (Fmev Epm+la Bpm+2’ (Pm (%))

(0 T
and

& (F)CIm7 ECIm—b—l ) Eqm-i-z’ " (%))

o ) A

In the similar manner, we obtain

& (B B 07 (2))

> & (¢ (oot )] [ (bt )] )
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also

& (qu+z, B%m+1,09m, 9" (%0»

- ({@@' (o onbon )] [¢ (Epz,ﬁm,ﬁm,%)]zml) .
Now, for n,m € N with n > m > ko,

& (o m. ) = & (& (B Bonsiom ) o (i ) ).

>6 (@@ (Epmﬂ,ﬁpn,ﬁpm,’f o (f_o)> & <6pn,5pm+1,5pm,"f¢k (t_o>> |
k=m b = b

éé (Epnh Epm—i—l ) Epm—i—b ¢m (%O)) ’O@/ (5pm+1 ’ 5pm+27 Epm—l—?n ¢m (%O>)
éé (Epn—Zaﬁpn—lvﬁpnvq)n_z (%0))
(56 (Epnﬂ—% F)Pm+1 ’ Epma (pm (%O)) ’O@/ (Epm—l—?’? Epm—l—Zv [\ipm—l—l ’ (Pm (%O>)

IV
aQv

gy

1

& (Bpn, BPn—1,0Pn-2,0" 2 (%))
am=t . 2m-1

)| 1E Gaobanba )|

m , o o g 2

) 7[£(f)CIO;hC|17f)CI2>%)] PRR)

. . . on—=3
’ |:£) (b%abql?h%,%)} ’
om—1 . . . - om—1 9
,|¢ (baz,bar,bao, §)
L v 2"
7[£(bq25hql7f)q05%>] IERER
Ly vy P NV 7
|:éo (hpZ;hpl;hpO;Eo)] ) _5 (fJCI27f)CI1;hQO>%O)_

n—m—1
RSy

2n—3

v
GV

- . . _ n+m—4)
g(bp()?bplvbp%%o) ’
:, 5 5 ) :2(n772nfl)
_@(d (bqo:hqbqu;%o) )

(n+m—4)

v
GV

_ ST
sy v v P
Cgo(bpzvbplvhp()vﬁo) )

(n—m—1)
2

[5’ (5%5‘11,5510,%)}

(n+m—4)




16 MANIJEET RATHEE, RANBIR SINGH, ANU RATHEE

> 6((1-5),(1-5),...,(1-5)) > (1-7).

-

2" rms)

Hence, {Fv)pm} is a Cauchy sequence, similarly we can show that {Fv)qm} is a Cauchy sequence.
As&isa complete in E-Fb-MS 21, one can get {[V]pm} converges to some @ € 9l and {[V)qm}
converges to some w € .
Thus,

iMoo 2 (Pmy Q) = 1iMyy 0§ (p) = @
and

im0 2 (Qms Pm) = limy, ,c0 B (am) = w.
Since 6 is continuous, we have {%pm} converges to Fv)w and {fv]fv]qm} converges to fv]w. Also,

since both g and h commute we have

& (80P £(@.0). 5 (@) 7 ) = & (& (0P Ban) . H(@ ) P(@). 7).

Since, & is continuous, let us assuming as m — oo,

¢ (bo.5(@w),p@w),;) 26 (4 (50,60,60, ) .& (5wbw.bw ) ).

Hence, & (E(D,ﬁ((ﬂ,w) ,ﬁ(&)’,w),%) =1 ie.,@(® w)=ho and similarly one can obtain
P (W, @) = hw.
Thus, (@, w) is a coupled coincidence point of & and .
For every r € (0,0) there exists s € (0,) s.t. forall k € N
S((1—5),(1—5),....,(1—5)) > (1—7r).

-

k

Using equation (6) for any ¢ > 0,b > 1 and s > 0 there exists 75 > 0 s.t.

é"’(lv)w,w,w,%)) > (1—5) and g(ﬁw,@,&),%) > (1—3).
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Since, ¢ () — 0 there exists k € Ns.t. ¢" (2) < £ forallm > k.

- ~

& (6676qm+175qm+1»¢ <%O)> =& <((0(05,w) ,@(qm, Pm) »cfz(qma Pm), @ <%0>> )

> & (£ (5@, 5am,bam, 3 ) & (5w, 5o Bom, ) ).
assuming limit as m — oo,

g(ea,w,w,¢ (%0)) >8 (go (sa,w,w,%’) ,g(aw,@a,z)).

Similarly,

Continuing this process, we get
6 (4 (o (2)).4 (o .m0m (%)
-8 ([¢ o )] (w002

for all m € N.

Hence,

Thus, for any 7 > 0, & (é” (fv)(ﬂ,w,w,%) ,5”(5w,03,05,%)> > (1 —r) foreveryt >0and b > 1.

Therefore, [V]w = and 603 = w.
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Now, for any r > 0 there exists s € (0, ) s.t.

S((1—5),(1—5),...,(1—5)) > (1—7), forall k € N.

J

-~

k
Using equation (8) for any > 0,b > 1 and s > 0 there exists 75 > 0 s.t.

P Iy s ([~ I
é"(bw,w,w,zo) > (1—s) and & (hw,m,w,i}) > (1—3).
Since ¢ (%) — O there exists k € N such that ¢™ (%) < £ for all m > k.

Io

& <6pm+la quJrl»[V]CInHl’(P <Z>>

=& (ﬁ(pmaqm) 82 (Ams Pm) » 82 (A, Pm) » @ (Z))

av

> & (& (50 Bitm b, ) & (Btm B 5o, 2) )

taking limit as m — oo

c?(ﬁ,w,w,(]) (%)) > S (éa (ai,w,w,%o> ,éé<w,03,w,%0>>,

continuing this process, we get

(oo (8)) 28 ([¢ o))" [ (n2.2. )]

Thus,

>6((1-5),(1=5),....,(1=5))>(1—r).

J

-~

Hence, for all > 0,7 > 0, & (w,w,w,%) > (1 —r) implies @ = w.
Thus, § (@) = (@, ) = @.

Therefore, (@,®) is the unique i.e., mappings £ and b have a unique common FP in 2.
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Corollary 3.2: Let (Qv[, &, é) be a complete generalized E-Fb-MS. The Defined 2: 2 x 9 — 2
and b : A — U are maps s.t. that satisfy:
L [~ ~ ~ t ~ [ - t . t
E(p@w), 9E),Pe)0(5)) =6 (€ (@.8u7).& (mre))

for every @, w,&,y,u,g € 9, t € (0,00) and b € [1,00).
Then there exists a unique @ € U s.t. (@, D) = G.

Proof: Consider : 2 — 9l as identity map in Theorem 3.1, we arrive at the conclusion.

Corollary 3.3: Let (ﬁl, &, é) be a complete generalized E-Fb-MS and £ A x A — Handh:
2 — 9 be mappings such that satisfies:
(@) pey) plug. L) > 8 (6 (@) . (wrel))
) ) ) ) ) 9 b — ) ) ’b 9 el 7b

for every @, w,&,y,u,g € A, t € (0,00) and b € [1,00).
Then there exists a unique @ € 9 s.t. P (0,0)=0.

Proof: Consider ¢ (i) = %t as in Corollary 3.2, one can arrive at the conclusion.

Example: 3.4: Let % = [0,1]. Define 7-norm & (91,0,) = 9,0, for every 91,0, € [0,1], 7 €
(0,00) and b > 1, & : U3 x (0,00) — I as:

(o) = oo (U5

G(@,w,8) =@ —w|+[w-¢[+]|5 -]

where,

~ v

Consider ¢ (£) = & andmaps @: Ax A — U, h: A — Abe definedas (@) =0, P(@,w)=
%, forall @, w € 9.
Then there exists a common UFP of & and b.

Solution: By the given conditions, we have the following

~ ow Sy

T (@) H(EY). Hlug) = ?‘?M———

< Ao -&l+16 —ul+|u—@)) + (w—y[+|y—gl+Ig—wD},

AN =
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(AV3
GV
/N
O
/N
T
=
e
Ne i
“:
S~
N——
O
/N
T
=
T
=
T
us
-~
——
N——

Therefore, it satisfies all conditions of the Theorem 3.1.

Hence, maps have a common UFP.

Theorem 3.5: Let <V & ,@) be a complete generalized E-Fh-MS. Define the mappings & :
L

Ax A —Handh: A s.t. they satisfies:

£ (p@w).pEy). pug).0 (L))

®) > min { & (5(@),5(&),5 ). 7 )& (0.5 0).5(2).7) }

for every @,w,&,y,u,g € 9, t € (0,00) and b € [1,00). Suppose that & and h also satisfy the
following conditions:

(Ass5.1) 2 (A xA) CH(A),

(A35) b is a continuous map,

(A353) 6 commutes with ﬁ

Then, there exists a UFP @ € A s.t. ® = ho = 9(0, D).

Proof: This can be proved in a similar way as Theorem 3.1.

4. APPLICATION

In this section, using our results proved in Section 3, we establish the existence and unique-

ness of the solution of an integral equation.
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2

Theorem 4.1: Consider % = C([0,1]). Defined & : 9 x U x 9 x (0,00) — (0,1] for all
@,w,E,y,u,g €N, t € (0,00), be[l,00) and t-conorm é(al,az) =010, for all 91,0, € [0, 1]

D) 5]

where G @ A x A x A — R is:

as:

G(@w&)= sup |@(c)—w(o)| + sup |w(c)—E(o)| + sup |§(c)—a@(0)l.
o€0,1] c€l0,1] c€l0,1]

Then, clearly (Qvl, &, GAS) be a complete generalized E-Fb-MS.
Assume that the self-mappings ¢ : (0,00) — (0,0), f: 9 — 2 can be defined as ¢ (%) = %f,
for any r € (0,1) and b (@) = @.

Suppose the integral equation,

_ 1
©  H@W(0)=0(0)+ [ T(0.X)F (X,6(X)w(x)dx.0 e 0.1,
with the following conditions:

(Ag1.1) # :0,1] x (0,00) x (0,00) — (0,00) and {; : [0, 1] — (0,e0) are continuous,

(A4.12) there exists 0 < r < 1 such that for all @, w, &,y € (0,) and X € [0, 1]

(A4.1.3) for all 0, X € [0, 1], supg¢g, 1]f0 (0,X)dXx < 1.
Then, there exists a unique solution of the integral equation.

Proof: For,

G(p(@.w)(0),2(8.y)(0),£(ug)(0))

= sup |P(®,w)(0) ~ H(E.7)(0)

c€(0,1]

+ sup |@(&,3)(0) - P(u,g) (0)]

c€l0,1]

+ sup [@(u,g)(0) —@(@.w) ()|,

c€l0,1]

(0.20) 7 (X0 (%) w (X)) dX — / k(o X,E(X),y(X))dX

0
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+ sup /lk(c,%)@(%,é(36)7y(3E))d3€—/lk(G,%)@(%,u(%),g(%))d%
cc[0,1] 170 0
1
+ sup /k x),g(ae))dae—/ k(0, %)% (X,@(X),w(X))dX|,
o€[0,1] 0
< sup /1k<o,x>{?/<%,w<x>,w<%>>—wx,&<x>,y<x>>}da€‘
c€0,1] 170
# s | [Tk(0. 218 (2.£ ()5 () - 7 (%) e (2)}ax
c<0,1] 170
+ sup /1k(a,ae){@(3€,u(ae),g(ae))—@(as,w(ae),w(ae))}dae',
c€0,1] 170
SUP o )| @ (0) — & ()] +supgeipy w(0) —y(0)] )
< wp 1k(673€)d3€ +Supgepo,1] 6 (0) —u (o) |
o€[0,1]/0 +supgepo, 111y (0) —g(0)]
| +SUpgeo,111g(0) —w (o) )
<r{G(®@,&,u) +G(w,yg)}.
Then,

E(D(@,w) (1/b),£(&,y) (1/b), £ (u.2) (t/5),9(1/b))

[ex (@(ﬁ(w,ww/b) H(E) (/). Sl g)(z/m))]l
P 5(1/6)

H{G(@,8u) +Gwygt\ ]
: e (EE )
1

()] 5] )
- 8(#(o60 ) 4 (mne 1))

Thus, it satisfies all conditions of Theorem 3.1.

Hence, there exists a unique @ € C ([0, 1]) as the solution of the given integral equation.
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5. CONCLUSION

In this paper, we define some topological properties and contractions for generalized E-Fb-
MS. Also, establish certain new contraction theorems and some coupled coincidence FPT under
@-contraction in complete generalized E-Fb-MS. For validation of our results, we include exam-
ples and an application in the integral equation. Our result presented in this paper generalizes,
improves, and extends some known FPT exists for the various generalized metric and fuzzy

metric spaces.

ABBREVIATIONS

E-Fb-MS: E-fuzzy b-metric spaces; FPT: fixed point theorems; UFP: unique fixed point; FP:

fixed point; s.z.: such that.

ACKNOWLEDGMENTS

The authors thank anonymous reviewers for their valuable comments and suggestions for im-

proving the manuscript to its present form.

CONFLICT OF INTERESTS

The authors declare that there is no conflict of interests.

REFERENCES

[1] S. Banach, Sur les opérations dans les ensembles abstraits et leur application aux équations integrals, Fund.
Math. 3 (1922), 133-181.

[2] T.G. Bhaskar, G.V. Lakshmikantham, Fixed point theorems in partially ordered metric spaces and applica-
tions, Nonlinear Anal. 65 (2006), 1379-1393.

[3] D. Dey, M. Saha, An extension of Banach fixed point theorem in fuzzy metric space, Bol. Soc. Paran. Mat.
32 (2014), 299-304.

[4] J.X. Fang, Common fixed point theorems of compatible and weakly compatible maps in Menger spaces,
Nonlinear Anal. 71 (2009), 1833-1843.

[5] A. George, P. Veeramani, On some results in fuzzy metric space, Fuzzy Sets Syst. 64 (1994), 395-399.

[6] V. Gregori, A. Sapena, On fixed point theorems in fuzzy metric space, Fuzzy Sets Syst. 125 (2002), 245-252.

[7]1 V. Gregori, J.J. Mifana, A. Sapena, On Banach contraction principle in fuzzy metric space, Fixed Point

Theory 19 (2018), 1-12.



24

(8]

(9]
[10]

[11]

[12]

[13]

[14]
[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

MANIJEET RATHEE, RANBIR SINGH, ANU RATHEE

M.S. Khan, H.K. Pathak, R. George, Compatible mappings of type (A-1) and type (A-2) and common fixed
points in fuzzy metric space, Int. Math. Forum 2 (2007), 515-524.

I. Kramosil, J. Michalek, Fuzzy metric and statistical metric spaces, Kybernetika 11 (1975), 336-344.

M. Kumar, Manjeet, Common fixed point results for three pairs of self-maps in generalized E-fuzzy b-metric
space, Commun. Math. Appl. 16 (2025), 155-171.

V. Lakshmikantham, L.J. Ciric, Coupled fixed point theorems for non-linear contraction in partially ordered
metric spaces, Nonlinear Anal. 70 (2009), 4341-4349.

Z. Mustafa, B. Sims, A new approach to generalized metric spaces, J. Nonlinear Convex Anal. 7 (2006),
289-297.

M. Rathee, R. Singh, Fixed-point results in V-fuzzy b-metric spaces by utilizing generalized CLR-property,
Int. J. Appl. Eng. Res. 20 (2025), 550-569.

B. Schweizer, A. Sklar, Statistical metric spaces, Pacific J. Math. 10 (1960), 385-389.

S. Sedghi, N. Shobe, Common fixed point theorem in b-fuzzy metric space, Nonlinear Funct. Anal. Appl. 17
(2012), 349-359.

S. Sedghi, I. Altun, N. Shobe, Coupled fixed point theorem for contraction in fuzzy metric space, Nonlinear
Anal. 11 (2012), 1298-1304.

S. Sessa, On a weak commutativity condition of mappings in fixed point considerations, Publ. Inst. Math. 32
(1982), 149-153.

R. Singh, K. Kumar, M. Rathee, Analysis of fixed point results and some related applications in cone S-metric
space, Global J. Pure Appl. Math. 21 (2025), 932-951.

K.P. Sukanya, S.M. Jose, Contraction theorem in E-fuzzy metric space, Int. J. Math. Trends Technol. 68
(2022), 111-118.

K.P. Sukanya, S.M. Jose, Fixed point theorem in generalized E-fuzzy metric space, Int. J. Pure Appl. Math.
118 (2018), 317-326.

K.P. Sukanya, S.M. Jose, Generalized fuzzy metric space and its properties, Int. J. Pure Appl. Math. 119
(2018), 31-39.

K.P. Sukanya, S.M. Jose, Some coupled fixed point theorems in E-fuzzy metric space, Ratio Math. 46 (2023),
34-43.

X.-Q. Hu, Common coupled fixed point theorems for contractive mappings in fuzzy metric space, Fixed Point
Theory Appl. 2011 (2011), 1-12.

L.A. Zadeh, Fuzzy sets, Inf. Control 8 (1965), 338-353.



	1. Introduction and Preliminaries
	2. Topological Definitions and Contraction theorems
	3. Coupled Fixed Point Results
	4. Application
	5. Conclusion
	Abbreviations
	Acknowledgments
	Conflict of Interests
	References

