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Abstract. This paper discusses the viral dynamics of hepatitis B virus with a new multi-scale model. The model
studies the interaction between hepatitis B virus (HBV) and liver cells (hepatocytes) with the presence of two types
of therapy. The first represents the efficacy of the treatment drug in preventing new infections, while the second
represents the efficacy of the drug treatment in inhibiting viral production. The equilibrium points of the model are
well defined, their global stability has been studied and the basic reproduction rate has been calculated. Finally,
numerical simulations are established to confirm our theoretical results.
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1. INTRODUCTION

As a result of viral infection, viral hepatitis causes inflammation of the liver.[1]. Those in-
fections include hepatitis B virus (HBV) and hepatitis C virus (HCV), as well as hepatitis D
virus and hepatitis E virus. Millions of individuals are infected with viral hepatitis every year,
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which is a serious public health concern. Some infections eventually result in hepatocellular
carcinoma (HCC), liver cirrhosis, and mortality in a sizeable number of patients[2]. There are
significant morbidities and mortality associated with hepatitis B, one of the most common and
severe infectious diseases [3]. A third of people on the planet are thought to have HBV in-
fection. A quarter of those who are chronic carriers—about 5% of this population—develop
significant liver illnesses such cirrhosis, hepatic cancer, and chronic hepatitis. [4].Around the
world, 780000 HB V-related deaths are reported each year[4]. The disease rate for HBV is high
among the sub-Saharan population. Infection with HBV affects around 6.1% of Africans, while
chronic HCV infection affects over 18 million people[2].

The hepatitis B virus (HBV) belongs to the family of Hepadnaviridae, which comprises hep-
atotropic DNA viruses. Its highly ordered, circular, partly double-stranded DNA genome makes
it distinctive[5, 6]. Upon entering the hepatocyte and subsequent placement into the nucleus,
covalently closed circular DNA (cccDNA) is transformed by host cell repair mechanisms into
relaxed circular DNA[7, 8]. A cccDNA is transcribed by host cell mechanisms into subgenomic
and pregenomic RNA (pgRNA), which is then further processed. Following encapsidation, viral
reverse transcriptase generates genomic DNA from the pgRNA binds specifically to viral core
proteins in the cytoplasm. [9]. The resultant capsids have two options: they may either re-enter
the nucleus to maintain the reservoir of viral cccDNA templates inside the host cell, or they
can be encased and expelled as new virions [5, 10]. The host cell produces RNA templates of
the supercoiled viral cccDNA during normal protein biosynthesis, and depending on the open
reading frame (ORF), these RNA templates are translated into one of the seven proteins listed
below[11, 12].

Unfortunately, HBV cannot be cured with current therapy.[13]. Interferon and nucleosidic
reverse transcriptase inhibitors are now used as conventional treatments. Further, approaches
for developing targeted therapies and substances with unique modes of action are discussed[13].

Over the past few decades, mathematical modeling has emerged as an indispensable tool

for understanding the transmission dynamics of infectious diseases and evaluating the efficacy
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of control strategies. Pioneer studies have successfully applied compartmental models to in-
vestigate various pathodynamic systems, such as COVID-19 transmission patterns under non-
pharmaceutical interventions [14, 15] and the co-infection dynamics of HIV and tuberculosis
[16]. Furthermore, mathematical formulations incorporating spatial diffusion and fractional-
order derivatives have been deployed to analyze the intra-host dynamics of viral infections like
influenza [17]. Building upon these computational and theoretical frameworks, applying math-
ematical models to the Hepatitis B Virus (HBV) provides critical insights into chronic infection
mechanisms, immune responses, and optimal therapeutic interventions.

Mathematical modelling has a very large role in understanding the dynamics of hepatitis B
virus. The basic model that analyzes the effect of antivirus in reducing viral load was presented
in 1996 by Nowak et al [18]. Other models studied the interaction between antiviral treatment
and HBV [18, 19, 20, 21, 35, 36, 37, 38, 39, 40, 41, 42]. In addition, there are models that
have studied the effect of delay in time or spatial diffusion [22, 23, 24, 25, 26]. In addition,
some models are used to understand the interaction between hepatocytes infected with cccDNA
[27, 28].

However, these cited models cannot describe the intracellular viral dynamics that are nec-
essary to complement the various antiviral effects corresponding to the action mechanisms of
drugs. Some papers have presented multiscale models that take into account the dynamics of
intracellular viral replication [29, 30]. These multiscale models were constructed using partial
differential equations (EDP), but Kitagawa et al. [31] introduced a new approach that transforms
a multiple-scale standard model of HCV infection into an equivalent system of ordinary differ-
ential equations (EDEs) without assumptions. In this work, we will present a new mathematical
model described the interaction between the transformed multiscale model of the HBV infec-
tion in ODE form and antiviral effects of multi-drug treatments by defining three efficacies. The
model helps improve our understanding of HBV-drug interactions treatments and infected hep-
atocytes. In section 2, the multiscale model’s ODE model is used to characterize the dynamics
of the HBV infection. Section 3 presents a conditions for positivity of the extanded model and

his basic reproduction number. Section 4 determines the equilibrium points, Section 5 presents
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the stability analysis and in section 6 we present some numerical simulations. Finally, section

7 concludes the paper.

2. THE TRANSFORMED MULTISCALE ODE HBV MODEL

Many authors describe the intracellular life cycle with a multiscale model in the form of
PDEs [29, 32, 30]. The model is presented as follows:
dR(a,t) OJR(a,t
(@), OR(,1)

(1) = 5, ol =€) = ((1-&)p+ku))R(a)
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T () is the target cells that reproduce at rate s and die at rate r and be infected by viruses with
arate 3. V(¢) is the number of the viruses. i(a,t) is the age distribution of infected cells, R(a,t)
represents the age distribution of intracellular viral RNA in cell with age a that reproduce at rate
o and be degraded at rate 1. The infected cells die at rate § and virions are cleared at rate c. p
represents the rate which RNA assemble and be secreted from an infected cell. Three efficacies
of the antiviral effect of treatment are considered; &, €, and k.

In this work, we introduce a new multiscale HBV model with therapy based in the trans-
formed multiscale model into an ODE model that presented by Kitagawa et al. [31].

Hence, the proposed model is described by the following ODEs system:
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Where H denotes the healthy hepatocytes, V is the number of viruses, I describes the total
number of infected hepatocytes. When the virus is imported into the hepatocyte nucleus, DNA
repairs from a rcDNA to cccDNA and is transcribed to pgARN. P represent the total amount of

intracellular viral pgRNA pooled in all infected cells.

3. PROPERTIES OF THE TRANSFORMED MODEL

3.1. Positivity of the solution.

Theorem 3.1. Let T > 0, if the initial conditions are positive; H(0) >0, I(0) >0, P(0) > 0 and
V(0) > 0, then for all t € [0, 7], H(t),I(t),P(t) and V (t) will stand positive in R*.

Proof. All parameters in the systeme 5-8 are positive, thus:

40 5 s
dz_@ > —(ku+p(1—&)+8)P(r)
dfi—(zt) > —cV(1)

We can deal with inequality and produce:
H(t) > exp(—rt— /Ofﬁv(t)dt) >0
I(t) > exp(—0t)>0
P(t) > exp(—(ku+p(l—g)+09))>0

V(t) > exp(—ct) >0

3.2. The basic reproduction number R.

Definition 3.1. The basic number of reproduction is defined as the number of new viral particles
created over the full time of infection from one average viral particle in an uninfected cell

population.
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The basic number of reproduction will be calculated with no treatement; & = 0,€, = 0 and
k =1, and also at the disease-free equilibrium Ey = (3,0,0,0) wich will be explain explicitly in
the next section. Many approches can be used to compute Ry. In our work, we will applied the
approach that is presented by Castillo-Chavez, et. al [33]. Accordingly, we consider ® = (H),

Y = (1,P),y = (V), The model without treatement can be written as:

dd

— = (P, ¥
o f(@,¥,7)
d¥Y
E_g(cp,ly,y)
dy_
a—h(@,‘{’,’}/)

The disease-free equilibrium is defined as Ey = (®g, Po, %) such that: ®y = (Hp), Po = (0,0)
and ¥ = (0)
taking into g(®g,¥,y) = 0;

BVHy—381=0 and BVHy+ol—(u+p+6)P=0

We solve these two equations for / and P as a function of V:

ﬁVH() ﬁH()(5—|-OC)
s v S(u+p+9)
Substituting in i(Pg,1,P,V):
ﬁHO(S—l—OC)
h(®g I, PV)=p———-—"V -V
( 0,4, 1, ) p5(u+p+6) c
BHy(6 + o)
h(Pg,I,PV)=(p——————¢)V
( 0,4, ) <p5(u+p+5) C)

Hence, the basic reproductive number is the spectral radius of MD™ 1 such that :

BHy(6 +a)
M=p—7——= d D=
Purprs) MU
Consequently,
o o _ PBHO(3+0) _ pBs(8+a)
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4. THE EQUILIBRIUM POINTS

Equilibrium points are values for variables H*, I*, P* and V* without treatment that satisty:

(10) s—rH* —BV*H* =0

(11) BV*H* —8I" =0

(12) BV*H* +al* —(u+p+38)P* =0
(13) pP*—cV*=0

We obtain 2 equilibrium points :

e The virus-free equilibrium point:
s
(14) Eo = (+,0,0,0)
r

e The infected equilibrium point:

E__CQ_K K K)
' \Bi 8B Bpdi cBé

Where:
K =sBpa+sBpd—rcd* —redu—redp

=sBp(a+6)—rcd(+u+p)

=rcd(6+u+p)(Ro—1)

pr=PBp(a+9)
S =8(u+p+5)

Hence, the infected equilibrium point £ can be given as:

(s s 1. rc r(Rp—1)
= 5= (50 7y pgtho- )

As equilibrium points should have positive coordinates, E exist and E| # Eq if Ry > 1.



8 I. AAMOUM, A. MESKAF

5. GLOBAL STABILITY

5.1. Global stability of uninfected equilibrium point.
Theorem 5.1. E is globally asymptotically stable if Ry < 1
Proof. We consider a Lyapunov function for Ey = (H AN VO) as follow:

g0 (H (A Op, 9
Lit)=H (HO 1 ln(H0>)+I+aP+ap(p+lJ+5)V

g (2 (A Op, 9
L(t)=H (HO 1 ln(H0>)+I+aP+ap(p+u+5)V

Hence,

dL(t) ( H HO) c6(6+p+u
2— — +——"—"(Ry—1)
HY H

— =5
po

dt
0 . . .
We have : 2 — 2 % < 0, Because the arithmetic mean exceeds the geometric mean.[34]

HO
So,whenR0§lthendz—gt)§0.andd5—y):0ifH:Ho,I:P:V:O

We consider :M the largest invariant in {(H,I,P,V)/ ds_gt) =0}.
Thus: M = {Ey}. By the Lyapunov-LaSalle invariance principle, we deduce that Ej is globally

asymptotically stable whenever Ry < 1. 0
5.2. Global stability of infected equilibrium point.
Theorem 5.2. E is globally asymptotically stable if Ry > 1

Proof. We consider a Lyapunov function for E| = (Hx, I*, Px,V %)

L(r) = (1+ﬁ$IH) (H—H*—H*ln (Hi))
+ﬁ3§[* (1—1*—1*111 (IL))
+(P—ph4ﬁm(£))

+M(V_V*_V*ln<l))
p Z
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Hence,

dL(t) _ (HO‘_I*) (1_11*) (s—rH — BVH)

dt BV*H* H
ol* I
+ BV (1 — 7) (BVH — 8I)

(16) .
+ (1 - ?) (BVH + ol — 11, P)

M1 v B
+ p (1 V)(pP cV)

For the infected equilibrium point, the equation 16 can be simplified by the following equa-

tions:

s =rH x+BV x Hx

V«xH
5:[3 x H *
I«
iS4 ol x+BVxHx
ur=p H = Px
o PP
Vx
- The fist term:
V x Hx2 ol xVH ol«xHx ol*xV
T1=pBVxHx—PBVH— VH ol x —
PVt =P B +h >k+>|<V>1<H>s<+H+V>|<

- The second term:

_GlxVH al+>VH

T2 = o] ——+al
V x Hx* V>x<H>:<I+ *
- The third term:
BV«HxP BVHPx oPlx olPx
T3 =pBVH— — V«H ol — — ol
P Px TRV H ot Px P ol
- The fourth term:
BV «xH % P BV «H %V %P ol xP ol*xV ol*xV=xP
T14="—— - [BVH¥——————— VxH — — ol
Px P * BV H Px Vx V Px ol
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We obtain:
dL(t ol* H H*
L) _ (4 o M H
dt BV*H* H* H
H* V*P VHP*
17 VH (3——— — —
an +hB ( H P*V V*H*P)
. r* v I'VH H*
+alf(f4————rnunr — — — —
P PV V*H*I H
We have:
_H _Hx
Hx H —

_PE_V*P_ V H Px <
H PxV VxHxP —
4_IP*_V*P_ I«+VH _Iﬁ<
I«P PxV VxHxI H —
dL(t)

dL(t
Only at E the derivative % =0and e < 0 at any other point. Then, E; is globally

3

0

asymptotically stable if Ry > 1 O

6. SIMULATION

To validate our theoretical findings, numerical simulations and discussions are presented

here in this section using the value of the given parameter in the table:

Parameters Figure 1 Figure 2 Figure 3 Figure 4 Figure5 Figure 6 Figure 7

s 1 1 1 1 1 1 1
r 0.5 0.5 0.5 0.5 0.5 0.5 0.5
B 0.1 0.7 0.7 0.7 0.7 0.7 0.7
o 0.5 0.8 0.8 0.8 0.8 0.8 0.8
p 0.2 0.2 0.2 0.2 0.2 0.2 0.2
0 0.8 0.3 0.3 0.3 0.3 0.3 0.3
u 0.1 0.1 0.1 0.1 0.1 0.1

c 0.3 0.3 0.3 0.3 0.3 0.3 0.3
& 0 0 0.9 0.1 0.1 0.9 0.5

Eo 0 0 0.9 0.1 0.9 0.1 0.5
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FIGURE 1. Stability of the virus-free equilibrium point with:
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FIGURE 7. Variation of the variables with medical treatment case with

:Ro=5,703, €, = 0,5 and & = 0,5

We see in figure 1 that all curves decrease towards 0 except that of the target cells that con-
verge well towards our equilibrium point corresponding to Ry = 0.197 which confirms our result
given in theorem 2 for the global stability of free virus equilibrium. On the other hand, regard-
ing the second equilibrium point, figure 2 clearly shows that all the curves converge towards
this equilibrium point. Because in this case the basic reproduction number is larger than 1 with
the same initial conditions considered in Figure 1. Therefore, the theorem 3 which was well
confirmed by this numerical simulation resulted in the same result. In the case of treatment, we
see in figure 3 that all the curves rapidly decrease to zero with a high efficiency of the treatment
considered and that the Target cells return to their stability even if the basic reproduction rate
is very high Ryp = 5,703, which means the importance of treatment in reducing infection. But
in the figure 4, the efficiency of the treatment is low which causes a less significant decrease in
the curves of I(¢), P(z) and V(¢) even if they stabilize from a certain time (between 20 and 25
days). With increased efficiency of responsible treatment to block intracellular viral production,
we notice in the figure 5 that the number of viruses takes to tend to zero in a shorter time in

the first ten days, the other curves tend to zero after the 40th day and the target cells return to
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stabilize after they disappear in the first days of infection while the total number of intracellular
viral RNA reaches its peak within the first 5 days. On the other hand, in the figure 6, we increase
the efficiency of the treatment responsible for blocking the assembly or secretion of the virion,
the curve representing P(r) arrives at a peak less and faster then tends to zeros. However, if we
consider an efficiency of 0.5 for both treatments, we note in figure 7that the curves of P and V
take time to reach its peak and slowly return to reach zero taking a long time only in figure 6

without noticing a significant change in the variations of infected cells.

7. CONCLUSION

In this paper, we analyzed a new multiscale HBV model with therapy. The model contained
four compartments; Target cells, infected cells, intracellular viral pgRNA pooled in all infected
cells and viruses. We started our analysis by defining the conditions of the existence, positivity
of solutions. The model have two equilibrium point, the first is a virus-free equilibrium point
and the second is the infected equilibrium point. For the basic reproduction number, we used
an approach that is based in the new generation method. By using of two candidates Lyapunov
functions, we could give the global stability of the different equilibrium point. As a result, if the
basic reproduction number is less than 1, the virus-free equilibrium is asymptotically globally
stable, while the stability of the infected equilibrium point is established if Ry > 1. Numerical
simulation is given as a validation of the theoretical results and give us a view about efficiency

of the treatment.
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