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Abstract. This paper introduces a discrete-time fractional stability framework for the Gray-Scott reaction-diffusion
system, representing a novel contribution to the field. By employing the Caputo 7Z-nabla operator, our model
effectively incorporates memory effects inherent in many complex systems, providing a formulation well-suited
for numerical simulation. The research objective is to analyze the stability of this discrete fractional system. The
methodology involves a detailed spectral analysis to determine the local asymptotic stability of equilibrium points
and the use of a discrete Lyapunov method to establish sufficient conditions for global stability. The results,
validated through numerical simulations, demonstrate that the fractional order is a key parameter influencing the
system’s convergence rate and dynamical behavior. This study provides a rigorous mathematical framework and
contributes to a deeper understanding of non-integer order dynamics, with significant potential applications in
modeling biological pattern formation and designing distributed control systems where memory effects are crucial.
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1. INTRODUCTION

Recent advances in fractional calculus have supported the modeling, numerical simulation,
and stability analysis of nonlinear systems with memory. These developments include a dis-
crete fractional-order model for in vitro fertilization dynamics [1], an ultraspherical collocation
method for the time-fractional FitzZHugh—Nagumo equation [2], and state-feedback control for a
fractional-order predator—prey model [3]. Together, these studies motivate further investigation
of discrete fractional reaction—diffusion systems, including the Gray—Scott model considered
here.

Reaction-diffusion models have proven to be fundamental in capturing the dynamics of spa-
tially extended systems across various fields, such as physics, chemistry, and biology [4, 5, 6].
These models describe the interaction and diffusion of substances over space and time, where
the local concentration of a substance at any given point is influenced by both its intrinsic prop-
erties and the properties of neighboring points. The Gray-Scott model, a classical polynomial
mass-action model, has long been a cornerstone of reaction-diffusion theory. Its nonlinear dy-
namics, such as pattern formation, self-replication, and spatiotemporal oscillations, provide a
deep understanding of complex, real-world phenomena. The model’s ability to characterize
essential features of autocatalytic reactions has earned it a prominent place in both theoretical
and applied studies, establishing it as a benchmark for further investigations into chemical and
biological systems [7, 15].

As research into complex systems has progressed, it has become increasingly clear that many
natural processes exhibit memory and hereditary effects that cannot be captured by classical
integer-order models. To address this, the incorporation of fractional derivatives into reaction-
diffusion systems has emerged as a promising extension of classical models. Fractional calcu-
lus, a generalization of differentiation and integration to non-integer orders, enables the model-

ing of long-range temporal dependencies and nonlocal interactions, which are often observed in
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real-world systems. This approach allows for a more nuanced representation of physical, chem-
ical, and biological phenomena that exhibit complex, nonlocal behaviors and temporal memory
[8, 9]. These features have made fractional calculus particularly useful in modeling systems in
physics, biomedicine, and control theory, where such effects are ubiquitous [10, 11].

The integration of fractional derivatives into reaction-diffusion models enhances the ability
to accurately represent phenomena where memory effects and nonlocal interactions are critical.
Specifically, time-fractional reaction-diffusion systems have been explored for their capacity
to model anomalous diffusion and subdiffusive behaviors, which are commonly observed in
chemical and biological processes. These fractional systems extend the classical integer-order
framework, offering new insights into pattern formation, oscillatory behaviors, and spatiotem-
poral instabilities that cannot be captured by traditional models [12, 13, 14, 15]. By incorporat-
ing fractional derivatives, these models not only broaden the range of phenomena that can be
modeled but also provide a richer and more flexible framework for studying complex dynamical
systems [16, 17, 18, 19, 20].

While continuous fractional models are powerful, their numerical implementation can be
challenging and computationally intensive. Furthermore, many real-world systems are ob-
served or controlled at discrete time intervals. This motivates the development of discrete-
time fractional models, which offer a more natural framework for both computational sim-
ulation and alignment with sampled data from experiments. The Caputo-type discrete frac-
tional operators, in particular, are gaining attention for their utility in digital implementations of
reaction-diffusion systems [21, 22, 23, 24, 25]. However, the stability theory for such discrete
systems, especially for complex nonlinear models like Gray-Scott, is not yet fully developed
[26, 27, 28, 29, 30, 31, 32, 33]. While these models offer numerical tractability, they also
present unique challenges, such as ensuring numerical stability and preserving the physical in-
terpretability of memory effects in a discrete setting [34, 35, 36, 37, 38, 39, 40, 41].

Furthermore, the Gray-Scott system has become a focal point of research due to its ability

to generate intricate patterns and exhibit a wide range of dynamical behaviors under fractional
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dynamics. The extension of the Gray-Scott model to fractional orders adds new layers of com-
plexity to the system, enabling the exploration of novel types of Turing patterns and reaction-
diffusion instabilities. The growing body of literature on fractional reaction-diffusion equations
supports both analytical and numerical approaches to solving these complex models, further
enriching our understanding of their behavior in diverse contexts.

This study aims to contribute to the ongoing research on fractional reaction-diffusion systems
by investigating the stability properties of a discrete fractional Gray-Scott reaction-diffusion
model using the Caputo A-nabla operator [42, 43, 44, 45, 46]. Our primary goal is to establish
a robust theoretical framework for analyzing the stability of the system, supported by detailed
numerical simulations. We seek to explore how fractional dynamics influence the stability of
the system and investigate the impact of fractional-order derivatives on the overall behavior of
the Gray-Scott model [47, 48, 49, 50, 51]. This work is motivated by recent advancements in
discrete fractional calculus [52, 53, 54, 55], and it aims to fill existing gaps in the literature by
providing deeper insights into the interplay between fractional derivatives and reaction-diffusion
dynamics. The primary contribution of this research is the formulation and rigorous stability
analysis of a discrete-time fractional Gray-Scott model, offering a new and computationally

tractable tool for studying complex systems with memory.

2. FRACTIONAL DISCRETE TOOLS AND THE MODEL

We begin with the essential definitions and theorems from discrete fractional calculus.
Definition 2.1 ([21]). the Caputo h-nabla operator is provided by
() SVER() = Ve "TIVIS(), 1€ (BN)ggn 0<E <L,

and the &-th order h-sum is defined by

(t — sh+h)\eDi(sh),
1

@) WVa () = %

%}Mw

with the set (AN)y &5, defined by

(hN)u—l—éh = {a+(1 _§)h>a+(2_§)ha-”}7
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We have the nonlinear fractional difference equation

3) S VSR = 0(1,5(t), 1€ (AN)g g

Theorem 2.2 ([38]). Let (w*,3*) be an equilibrium point of (14). If all the eigenvalues of

J(*m*“z*) are in Sg ; then, (v0*,3%) is asymptotically stable.
where
26 A
) Sf, = {w € C: |Arg(w)| > %r or |w|> h—écosé ( rgé(w)) }
Theorem 2.3. [40] The following inequality holds
5) SVaP() 2H0VERD), 1€ (N)gyen.

The Gray-Scott reaction-diffusion system is a classical model used to describe the dynamics
of autocatalytic chemical reactions, particularly those involving an activator-substrate interac-
tion. It was originally proposed to investigate the spatial and temporal evolution of chemical
concentrations under diffusion and reaction kinetics [56, 57, 58, 59, 60, 61, 62]. This model
has found applications not only in chemistry but also in biology and physics, where pattern
formation phenomena—such as Turing patterns—are of significant interest.

The original continuous form of the Gray-Scott reaction-diffusion system is given as:

o 9%

(6) W:‘LllAm—mjz"‘F(l—m):,ula_xz—f—f(maa% x€Q7l’>07
J 092
a_‘;’ = Aj+ 1032 — (F+k)3 = “Z_agg +e(w,3), reQ,1>0.

Here, Q C R” represents a bounded spatial domain with smooth boundary dQ. The variable
to represents the concentration of the activator, while 3 is the concentration of the substrate. The
parameters U; and U, denote the diffusion coefficients of tv and 3, respectively. The feed rate
F corresponds to the rate at which t is supplied from an external source, and k controls the
removal rate of 3, ensuring the persistence of localized structures.

We consider homogeneous Neumann boundary conditions:

dw 3
%‘ag - %‘ag =0,
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and initial conditions:

w(r,0) =wo(r), 3(r,0)=30(r), reQ.

To incorporate memory and hereditary effects often present in real-world processes—such
as diffusion in heterogeneous or biological media—we introduce the fractional Caputo time
derivative into the model. This generalization leads to the fractional reaction-diffusion Gray-

Scott system introduced in [36]:

o ngm:ulAm—mz«,erF(l—m),
SDfa = bA; +103% — (F +k)3,

where ng denotes the Caputo derivative of order £ € (0, 1], modeling subdiffusion or anoma-
lous transport phenomena, which are frequently observed in physical, biological, and chemical
systems.

Since real-world experimental and computational measurements are discrete in nature, the
continuous model (7) is not always practical for numerical implementation. Consequently, we
adopt a discrete-time version of the model using a discretization scheme based on the Caputo 7-
nabla fractional difference operator, following the methodology proposed in [21]. This choice is
motivated by the operator’s ability to handle initial conditions naturally, which is crucial for dy-
namic simulations. While other discrete operators exist, the Caputo-nabla formulation provides
a direct analogue to the widely-used continuous Caputo derivative and leads to numerically
stable schemes. The use of time-shifted terms of the form 7 + &7 in the reaction part of the
model arises directly from the definition of the discrete fractional operator. This formulation
ensures that the calculation at time ¢ depends on past values, correctly preserving the princi-
ple of causality inherent in physical systems. Letting x € [0, L] with spatial grid points defined
by xiy1 =x;+k for i = 0,...,m, and using central difference approximations for the spatial

derivatives, we have:

0% (x,1) 10y (t) —200;(t) + ;1 (2)

) 28x2 - k? ’
d73(x,1) - 3ir1(t) —23i(t) +3i-1(t)
ox? k? '
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Applying the second-order forward difference operator defined in [15]:
©) A*wo(0) =w(f+2) —20(l+1)+1w(f), LEN,

we can further write:

9%w(x,r) Aoy (t)

~

o0x2 k2 ’
(19) %3(x,1) A% (1)
oxz Ko

Combining this spatial discretization with the Caputo %-nabla operator in time, we formulate
the discrete-time fractional Gray-Scott model as follows:
o Ve i) = M Ar0, 1 (1 + ER) — 10;()52(t + ER) + F (1 — oy + ER)),
CVesi(t) = BN 1 (t+ER) +voi(t + ER)37(t + Eh) — (F +k)3i(t + Eh),
where ¢ € (hN),,, We impose periodic boundary conditions, a standard assumption for theo-
retical analysis that simplifies the eigenvalue problem by assuming the spatial domain repeats
itself.

To complete the problem formulation, we impose periodic boundary conditions:

wo(t) =1 (1), 1i(t) =tom41(1),

308) =3m(t),  31(2) = 3mp1(2),

(12)

and specify non-negative initial conditions consistent with physical concentration values:

(13) ;(to) = ¢1(x;) >0, 3i(to) = ¢2(x;) > 0.

This formulation captures the core dynamics of the Gray-Scott reaction-diffusion system
under the influence of memory effects, and it is particularly relevant for modeling physical,
biological, and chemical processes that exhibit anomalous diffusion, spatial heterogeneity, and

time delays.

3. LOCAL STABILITY

3.1. Local Stability of the Free Diffusions System. In this part, we establish appropriate

circumstances for the local stability of the free diffusion model described below.
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(14) CVE 10;(1) = —to(1 + EN)32(1 + ER) + F(1 — (i + ER)),
CVE5i(t) = 1 (t + ER)32(t + ER) — (F +K)3(t + ER).

with the initial conditions
(15) w(tg) =wo >0, 3(to) =30 > 0.

We must determine the equilibrium point in order to investigate stability. In fact, the system’s

equilibrium points have the following characteristics:

—w*3*2 — F(ro*—1) =0,
(16)

—(k+F)v* +10*3"% = 0.

Now, if (F +k)? < %, we are dealing with exactly three equilibrium points

/

(rg,30) = (1,0),
2 F +
(17) (¥,37) =( i 5>,

2v F—s
¥ 1k —
\( 2732) (F—,S, 2 )a
where s = VF2 —4Ft2, and tv=F +k.

Let’s consider the following two functions:

do(r(1),5(1)) = —wo(1)3*(t) + F (1 —wo(1)),
Wo(r(1),3(r)) = vo(1)3%(1) — (F+K)3(1).

Then, the Jacobian matrix of the equilibrium points can be expressed as follows

(18)

o omy L
v 03 ~3*—F 2w
(19) Jiwo3) = =
(t03) M M 52 ng—t
dro  J;

Theorem 3.1. The local stability is discussed according to the following cases:
e For the equilibrium point (104,35), if F > 0 and v > 0, then, system (14) is locally
asymptotically stable.
o System (14) is locally asymptotically stable for the equilibrium point (v07,37), if the
following hold:
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(F?+Fs)(F?+ Fs+4c*(t —2) —203) +4t*((t —2)% + 8F)

-1 0
F-+F F-+F
+ 5t>2F and —ﬁ—t+2<0.
2¢2 2¢2
(F?+Fs)(F?+ Fs+4t*(t —2) —203) +4t*((t —2)% + 8F)
_If SO?
) 24t4
F +Fs F-+Fs
72 t<2F and — T —t+2<0.

o System (14) is locally asymptotically stable for the equilibrium point (103,33),
(F? —Fs)(F? — Fs+4t*(t —2) — 8t3) + 4t*(v(r — 2)* 4 8F)

.y >0
f2 24t4 ,
F2—F F2—F

St —2F>0 and— S _t42<0.
2¢2 2¢2
(F?—Fs)(F? = Fs+4t2(t —2) — 8t3) + 4t* (v (v — 2)% 4 8F)
_If SO?
) 24r4
F-—Fs F-—Fs
72 t—2F >0 and— 2 —t+2<0.

To improve readability, the complex algebraic conditions for the stability of equilibrium points

(w7,37) and (103,35) as stated in Theorem 3.1 are summarized in Table 1.

Proof. We will discuss the stability of each equilibrium

e The Jacobian matrix of first equilibrium (tv, 3;) is given by,

_F 0
(20) Ty 56) =
0 —t

We address the stability of (1vj,35). The characteristic equation of the Jacobian matrix

is defined by

(21) (A+F)(A+1)=0,
eigenvalues of the equation (21) are

(22) M=-F, L =—t;

If F >0 and v > 0, then, Arg(A;) = Arg(A;) = m. Because the eigenvalues (22) are
both real. As a result, relying on Theorem 2.2, (1, 3;) is stable (Otherwise, the system

is unstable).
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e We can express the Jacobian matrix of the equilibrium (t07},3}) as follows
_F?+Fs
(23) Twia = | g2y 25
2¢2

We are currently investigating the stability of the point (tv7,37). The Jacobian matrix’s

-2

—F 2—t

characteristic equation is:
(24) A% = tr(J s 52)) A + det(J o 51)) =0,

to investigate the stability of the eigenvalues problem, we calculate:

F%2+Fs F?>+Fs
2t2 —t+ 2, det(J(m»fﬁ)) = 2t2 T— 2F,

(25) tr(J(maf?ﬂ)) = —
which leads us to the following discriminant

A = (ot 52)))” = 4det(Jw: 51),

(F2+Fs)(F?+ Fs+4t*(t —2) —2¢3) +4t*((t —2)> + 8F)
4ot ‘

To evaluate the solutions of the characteristic equation, we investigate the sign of the

discriminant V| according to the following cases:
- IfA; >0, and det(Jip: ;1) >0 . Asaresult, the sign of tr(JEkm?z‘f)) deter-
mines the negativity of the eigenvalues, and the eigenvalues A; and A, are real and
expressed in (26)

_ (St 57)) + VAL 2o — tr(J(ror 57)) — \/A_l'

(26) A > >

« If tr(]{m*é*) < 0, then we have A; < 0. As a result, Arg(4;) = w. Because
the A1, A, are both real. It is self-evident that Arg(A;) = Arg(A;) = 7. As a
result, according to Theorem 2.2, (w7, 37) is asymptotically stable.

« If tr(f(msf’ﬁ))* < 0, then we have A, > 0. Therefore, Arg(A;) = Arg(A2) =0,
relying on Theorem 2.2 system (14) is unstable.

-IfA; <0 and  det(J(y: ;) >0 , then The eigenvalues of the problem are
defined in (27).

(it 57)) Jrl.\/A—l = (ot 57)) _i\/A_l'

2 2 T2 2

(27) A=
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We investigate the answers relying on the sign of tr(J(mTﬁT))' We can evaluate the
solutions using the sign of tr(Jiy: ;+)-

# I tr(Jipr 51)) <O or tr(JEkm* 3*)) > 0. The system (14) is then asymptotically
’ 1091
stable in the identical case explored previously.

# I tr(J(y 57)) = O then

27

and system (14) is stable.
= If Ay = 0 and det(J(y: 3:)) > 0, tr(J(p: ;1) cannot be equal to zero. The sign of the
A1, 25 is identical to the sign of tr(Jiy: ;+)). As a consequence, (tv7,3]) is asymp-
totically stable for any & € (0, 1]). if tr(J(y: ;+)) < 0 and unstable if tr(J: ;1) > 0.

e Moving on to the stability of the equilibrium (tv3,33), we have the Jacobian matrix:

F?—Fs

o 2
(28) J(w3,55) = F2_ I%;

22

-2

—F 2—t

In order to access the solutions of the characteristic equation associated with the Jaco-
bian matrix J(m;ﬁ;), we evaluate the following

F?—Fs F?—Fs

(29) (wgap) = =g —t 2 detlpyyy) = — 5t 2F

Az = (tr<‘](m§,5’2‘)))2 — 4det(J(m§’3»2e)),

(F? —Fs)(F? — Fs+4t*(t —2) — 8¢3) + 4t*(v(r — 2)? + 8F)
4ot ’

Now, for the third equilibrium, we follow the same steps discussed regarding the stabil-
ity of the equilibrium (uj,v}), the results of the discussion may be found in Theorem

3.1.
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TABLE 1. Summary of Stability Conditions for Equilibrium Points from Theo-

rem 3.1.

Equilibrium Point Condition on Discriminant (A)  Stability Conditions

A >0 det(J) > 0and tr(J) <0
(7,37)

A <0 det(J) > 0and tr(J) <0

A >0 det(J) >0 and tr(J) <0
(w03,33)

A <0 det(J) >0and tr(J) <0

3.2. Local Stability of the Diffusion System. With diffusion, (ro*,3*) can be stable given
specific conditions. We will use the same method as in [39], and we start by computing the

eigenvalues of the next equation:

(

A%g; 1 (t) = 6gi(t), teEN,

(30) go() =g1(r), 1€N,

gN(t):gN—l(t)7 teN,

\

then, we obtain

Gy LV = g Bt E) (e R)SH+ ER) + F (1 —i(r+8),

CVasi(1) = =55 07 5i(t + M) vyt + ER)32 (e + ER) — (F+K)3ile + E).

linearizing the reaction-diffusion system (31) with respect to (u*,v*), we arrive at the following:

1 PR -1 —21;3
(32) i(ro,3) — ) 10
3i — 2 0i T 2w3 —¢

Theorem 3.2. System (31) is asymptotically stable at (vw*,3*) if the following hold:
o (1v5,30) is asymptotically stable if%@i —F <0and %91- —t<0.
e (107},37) is asymptotically stable if the following hold

— Suppose that

it F2+ Fs Hi o H2\?
2 e > (o) A

and we have the two cases:

2
,ule'_F +F5>O

x If ly < Up  and 2V e <2
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15 F2 +Fs
* If,LLl > Uy and ﬁ@,‘ — 72 > 0.
in addition the eigenvalues satisfies ~ Arg(4;(6;)) > 57”,
where
tr(J, 2 —4det(Ji(p: 51))
A5(60) = - wis) 22/ B o,
— We suppose that
iy F>+Fs

Hr o H2\2
27F e (t+2)<<k2 k2) A,

and we have the eigenvalues are complex described as follows

tr i *7 * +— tI‘ i *7 * )2—4det(jl* *7 * )
A0 = — \/ T TR =1,

éEn
5

and must satisfy ~ Arg(A;(6;)) > Z—
e (103,3%) is asymptotically stable if the following hold
— Suppose that

iy F2 —Fs M H2\? .
2 e o> (g ) A

and we have the two cases:

L F?—Fs
x If < Up and pi—z—tzZO.
u . F>—Fs

« If iy > Wy and E@—Tz

T
in addition the eigenvalues satisfies ~ Arg(A;(6;)) > on

2 )
where
o, \/tr )2 —ddet(Ji{s 13))
2i(6;) = 53 s , J=12,
— We suppose that

M F?—Fs o )2
o e o< () s

and we have the eigenvalues are complex described as follows

tr(J; ro¥, il tr(ji?m*é*))z —4det(ji>(km*73*))
A;(6;) = = \/ 5 2R 1,2,
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T
and must satisfy ~ Arg(A;(6;)) > %
Proof. e Concerning the first equilibrium (1, 3;), the Jacobian matrix of the system (31)
for the equilibrium (1o, 3):
~0-F 0
(33) Ji(mz‘)@(’;) = 1)

0 0;,—t

ke

The Jacobian matrix is defined by the next equation:

(34) (A(6)+F —430)(1(6) +t—120) =0,

then, the eigenvalues of the problem are

M1 )
(35) M(6) = 70 —F h(6)="76i—
if IZI 6; —F <0and gz 0; —t < 0, then, Arg(A;) = Arg(A,) = m. Because the eigenval-

ues (35) are both real. As a result, according to Theorem 2.2, the equilibrium (mg, 3(";)
1s stable.

e Now, we have

M1 F21F
36 Jitnt ) = A -
( ) i(mT7ﬁT) — F2 +F52 F U 0 5
e F

We are now investigating the stability of the point (w7, 37). To evaluate the solutions of

the characteristic equation for the Jacobian matrix St v)» We calculate the following:

* Hi .uZ
37) Uit 51) = (53 52 ) O+ Ui )

k* k? k> 2¢?

§ F?>+Fs
G8)  detlify; ) = T O+ <“1( - uz_) O+ det(Joy 57)):

Hi o M2\?% o i o F>+Fs
(39) Ai:<ﬁ—k—2> 62 4<k2( t4+2) - sz)eiJrAl.
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The A; sign is crucial to the stability of (u*,v*). The discriminant of A; relative to 6; is

2
o U F2+Fs M 22
Ae":4(_(_t+2)_ﬁ2—1~2 _<ﬁ_k_2> Ar,

2 2
(M M FPHFS\T P +Fs, L i 22
_4( (42 -850 ) 2 @ ) (k2 k2> At

The sign of the discriminant A; is crucial for the investigation of the solution of the
characteristic equation of the Jacobian matrix (36). Therefore, based on the sign of Ag,
we distinguish the following cases:

— If Ag, > 0, which means

Hilp F2+Fs H Ho?
2 e D> () A

because U] # Uy we distinguish two cases,

* if ) < Uy, then Ay > 0, both solutions to the equation Ag, = 0 Both are

negative. Thus, Ag, > 0 and we have the eigenvalues provided in (40).

tr Ji * 3% + Ai tr Ji * %) ) — Ai
(40) 11(9,'): ( (1‘01>31)) \/_7 ): ( (ml,gl)) \/_

2 2( 0 > )
note that the solutions are real, also A;(6;) < 0. In addition, if
F?+F
% ; — % > 0, then, A>(6;) < 0. This leads to

(41) |Arg(41(6))] = |Arg(A2(6:))| = ,

which ensures (107, 37) is asymptotic stability.

* If w; > Uo, we have Ay > 0 This returns us to the previous scenario.

Wity F2+Fs M H2\? R
k—42—t2(_t + 2) > (ﬁ - k_z) A, det(Ji(mT,Z)T)) > O,
and hence A and A, are negative and must meet the conditions of Theorem

Again, for —2

2.2.

FX+F 2
2#}1(52 ;2 5(_t+2) < (%_%> A1 because

mU1 7 Wp. Thus, the roots of (31) are complex and defined in (42).

M(6;) = ( (;1’51))+i\/§’, 2(6:) = ( (m1751))_i\/xz,

2 2
. En
and must satisfy ~ Arg(4;(6;)) > ER

— If Ag, < 0, which means —

(42)
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e Now, concerning the equilibrium (tv},35). We have

u . F>—Fs
43 T = | Ko 20 2
( ) (1‘03,3;) - F2 —Fs IJ2 .

To examine the solutions of the characteristic equation for J(us v5)» We evaluate the fol-

lowing:
$k M1 ‘U,z
(44) (7 (rg.g5)) = <k2 k2> 61+ w3 53)):
. Hily (M Uy F*—Fs
(45) et () = g O + (kZ( vH2) = a5 ) Gt ety ),

. (M N\? M1 ty F?—Fs
(46) Ai_<k—2—ﬁ> 9i_4(k2( +2) =2 ) 6+ o,

Also, the sign of A; is critical to the stability of (13,35). The discriminant of A} in

regard to 6; is

2
H i F?—Fs (.ul Hz)z *
Ay =4 2 D08 (B 27y
(kZ( Y- e ) 2ok S

2 2
1 W F2—Fs\" i F?+Fs, L N2
4(k2( Y- e ) 2 e (tH2) (k2 k2) A

We follow the same steps and cases in addressing the stability of the equilibrium

(07,51)-

4. GLOBAL STABILITY

In this part, we develop the Lyapunov function approach to address the global asymptotic

stability of the model (11).

Theorem 4.1. The system (11) is globally asymptotically stable if

(47) min { w*3** + Fro*, Fro*, w032, (F +k)3* —w0*3*%, (F +k)3* } > 0.
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Proof. We use the Lyapunov function (48) to show this fact, and we examine the following:
N N
r;(r+&h) 3i(t+&Eh)
(48) Vi)=Y u's ( —’<m* ) Vil = 578 ( )
1= 1=

Now, we put
V(l‘) = V3(l) +V4(t).

First, we must assume that to* = 0 and 3* # 0 we have

+Fm*g (1‘mi<tri¢h> )(1_@)

(o) (R (50

1
ek (-2 () ().

Next, we evaluate %Afo Va(t):

Vv < ¥ (1o ) (g (1 s Emisen)

= t+Eh ro*3+2
(F4R)5 (1_31'(1;571) ))
o (e

o () 5)
_ _m*g*Zi (—2 (wi—ém> e ( mi<f+€;‘?:i<r+éh> )

ce (R ) resn k (- (it ) = (457))
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We conclude that
(49) VeV (1) =5 AL VA(r) +5 AL Va(1),

Then, we get

CAZV (1) =5 VEV3 (i >+Cv5v4<>

o[ () () (0

1=

1
e[ (Gt ) o (M5 )} k= (ke
(SN ) L (i St gh) )]

+(F+k)3*ﬁ‘i{_2(m) 2(5, (t+&n) )}
i{ (0*5*2 + Fro* )2(%) Fmg( l(t+§h))

w;(t+Eh to*
* %2 5* * 5l(l+§h)
— ((F+k)3" —r*3"")L m)—(F+k)5£(3—*>

g (DA )]

m*a*

o o ) () s ) o= (252)

for
& =min { 3% 4+ Fro*, Fro*, w*3*2 (F + k)" — w*3*2, (F + k)3* },
and

£>0,

Then, we can have Cvév t) <0, and the system (31) is globally asymptotically stable. O
nVi y g y asymp y

5. NUMERICAL RESULTS

In this section, we provide a set of detailed numerical simulations to support and verify

the theoretical findings regarding the asymptotic stability of the fractional discrete Gray-Scott
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reaction-diffusion system under study. The numerical approach is implemented using a dis-
cretized scheme based on the Caputo 7i-nabla fractional operator. The purpose of these simu-
lations is to illustrate how fractional order and variations in parameters influence the dynamics
and convergence behavior of the system.

The numerical solution method is derived from a convolution-type sum inspired by the def-
inition of the Caputo 7i-nabla derivative, and it is specifically adapted to discrete-time systems.
The approach ensures compatibility with the stability framework developed in the theoretical

sections. The resulting scheme for the system in Equation (11) is described below:

(50)

( S n—
;(nh) = ¢1(x;) + Ff(lg) Yi-1 ?in—iif))

+10;1 (€= 1)) —voi((€ = 1))37 (€ = 1)h) + F (1= ro;((£ — 1)7’?))] , 1<i<m, n>0,

: .
3i(nh) = ¢o(x;) + %Zﬁ:l ll:in——iif))

+3i1((€ = 1)) +10;((€ = 1)h)37 (€ — 1)h) — (F + k)3 (£~ 1)h)] y1<i<m, n>0.

% (v0;—1 (£ — 1)R) —210;((£ — 1))

%(;,i,l((z— Dh) = 25i((£ = 1)n)

(
Example 5.1. We begin with a numerical simulation using the parameter values ([, Uy, F, k) =
(0.01,0.02,0.38,0.3) fo demonstrate convergence toward equilibrium. The time and space do-
mains are chosen as t € [0,30] and x € [0,40], respectively. The discretization step T is selected
accordingly, and the fractional order is set to & = 0.72.

The boundary conditions are prescribed as (uo(x),vo(x)) = (5sin(x),e™™), reflecting spatial
variability in initial species concentration. The initial conditions for the numerical scheme are

given by:

(&) 01 (x) = —cos(x), ¢2(x) = sin(x).

Under this configuration, the system admits a unique positive equilibrium at (u*,v*) = (1,0).
The time evolution of u and v is shown in Figure 1. It is observed that the values of u(x,t) and
v(x,t) gradually converge toward their equilibrium states, confirming the asymptotic stability
derived analytically. This result reflects the validity of the Lyapunov-based global stability

analysis.
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u(t)

- ()

v(t)

FIGURE 1. Time evolution of u(x,) (left) and v(x,) (right) governed by sys-
tem (11) with & = 0.72 and N = 120. The solutions exhibit convergence to the

equilibrium (1,0).

Example 5.2. 7o assess the model’s behavior under different conditions, a second numerical
experiment is performed using the parameter values (U1, 1o, F,k) = (0.001,0.001,0.1,0.05),
with a simulation window of t € [0, 10] and x € [0,6)]. The fractional order is chosen as & = 0.85,
reflecting stronger memory effects.

The boundary conditions are defined as (up(x),vo(x)) = (sin(x),cos(x)), and the initial func-

tions are:
(52) @1 (x) = 0.8cos(2x), @ (x) = —0.7 sin(2x).

In this case, the system has three distinct equilibrium points:

10—+/10 10++/10 10++/10 10—+/10
(1,0), 3 7 30 ’ 37 30 '
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Depending on the chosen initial conditions and diffusion rates, the trajectories of the solution
tend toward one of the stable steady states. Figure 2 depicts the numerical results for both com-
ponents u and v. The convergence pattern again supports the theoretical analysis, emphasizing

the role of fractional-order dynamics in determining stability.

FIGURE 2. Numerical simulation of system (11) with fractional order & = 0.85
and N = 120. The figures show convergence of u(x,#) and v(x,) toward a posi-

tive equilibrium.

5.1. Parameter Study and Comparative Discussion. To further validate our model and ex-

plore the role of the fractional order, we conducted a parameter study.

5.1.1. Impact of Fractional Order &. The fractional order £ acts as a memory parameter,
where lower values of & imply stronger memory effects. We simulated the system from Ex-
ample 1 for different values of £ (0.7, 0.85, and 1.0, where & = 1 is the classical integer-order
case). The results are shown in Figure 3. As & decreases, the convergence to the steady-state is

slower, demonstrating that memory effects can stabilize transient dynamics.
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. Comparison of u(x,t) at a Fixed Spatial Point (x = 19.8)

Concentration u(t)

e a=0.72
a=0.85
e a=1.0 (Integer-Order)
===_Equilibrium u* =1
0 5 10 15 20 25 30
Time (t)

-1.0

FIGURE 3. Comparison of the time evolution of u(x,7) at a fixed spatial point
x = 20 for different fractional orders . The integer-order case (& = 1.0) con-

verges fastest.

Table 2 provides a quantitative comparison of the convergence time, defined as the time

required for the solution to remain within a small tolerance of the equilibrium.

TABLE 2. Quantitative Comparison of Convergence Time.

Fractional Order ({) Convergence Time (approx. units)

0.72 28.5
0.85 213
1.00 (Integer-Order) 15.8

5.1.2. Comparison with Previous Work. Our findings are consistent with results in the contin-

uous fractional literature [36], which also report that the fractional order is a critical parameter
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for pattern formation. However, our discrete framework offers a distinct advantage in compu-
tational efficiency and direct applicability to digital control systems. Compared to the semi-
discrete model in [39], our fully discrete model provides a more complete picture for numerical
implementation. The stability boundaries identified in our work extend the classical Turing

space, which is a known feature of fractional reaction-diffusion systems.

6. CONCLUSION

In this work, we have successfully developed and analyzed a discrete-time fractional formula-
tion of the Gray-Scott reaction-diffusion system using the Caputo #-nabla operator. This study’s
main contribution is a rigorous theoretical framework for assessing the local and global stability
of this class of systems, filling a notable gap in the literature. Our analysis, supported by nu-
merical simulations, confirmed that the proposed model exhibits stable behavior consistent with
the derived analytical conditions. Furthermore, we demonstrated that the fractional order & is
a crucial parameter that significantly influences system dynamics, particularly the convergence
rate, where stronger memory effects (smaller &) slow down the evolution towards equilibrium.
This study provides a solid foundation for further investigations. Future work could focus on
developing more advanced, higher-order numerical schemes with rigorous error analysis. Ex-
ploring the emergence of chaos or complex Turing patterns under different parameter regimes
in the discrete fractional context is another promising direction. From an application stand-
point, our framework can be extended to model pattern formation in multi-agent robotics or to
design fractional-order controllers for distributed parameter systems, particularly in chemical
engineering or biology. However, we acknowledge the limitations of our study. The stability
analysis relies on certain algebraic conditions that can be complex to verify in practice. The
numerical examples used mathematically convenient initial conditions, and future work should
consider more realistic profiles. Additionally, the scope was limited to the Gray-Scott model
with periodic boundary conditions. Future research should explore other models and boundary

conditions to test the generalizability of our framework.
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APPENDIX

The overall research methodology is summarized in the flowchart below.

Formulate Continuous

Fractional Model

Discretize Model

(Space & Time)

Derive Discrete-Time

Model (Eq. (11))

Theoretical Sta- [ Numerical Validation ]

bility Analysis

Implement Nu-

Local Stability (Ja- merical Scheme

ol fu b [ Run Simulations ]

Global Stability

[ Generate Plots & Tables ]

(Lyapunov Method)

Derive Stabil-

ity Conditions

| Compare Theory &

| Simulation Results

[Conclusion & Discussion ]

FIGURE 4. Flowchart of the research methodology.
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