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Abstract: This paper establishes the local bifurcation (LB) conditions for an eco-epidemiological food chain
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My, My, M5, My, Mg and Mg. Furthermore saddle-node bifurcation (SNB) manifests at My, M;, and M4, In
addition to the analytical determination of the thresholds that lead to the occurrence of Hopf branching (HB) near
the positive steady state. Finally, a thorough numerical simulation verifies the analytical results. These findings
shed light on how biological variables and disease affect biological community survival and pattern alterations.
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1. INTRODUCTION

In recent decades, the analysis of the dynamic behavior of food chain models has emerged as
one of the most compelling subjects in mathematical ecology and the dynamics of biological
communities. Natural ecosystems are not static entities but rather exist in a state of continuous
transformation and adaptation driven by complex and intertwined biological and environmental
factors. These dynamics exert profound influences on the nature of interspecific interactions and
their stability over time [1]. Consequently, there is an urgent need to construct robust mathematical
frameworks capable of capturing this complexity and uncovering the underlying mechanisms
governing fundamental dynamic shifts [2, 3].

Food chain models serve as highly suitable mathematical frameworks for investigating predator
prey interactions across multiple trophic levels. Building upon the classical Lotka Volterra
framework, researchers have developed more realistic models that integrate complex functional
responses and behavioral adaptations [3, 4]. Numerous studies have enriched this field; for instance,
[4] examined a predator prey model featuring a Holling type III functional response under optimal
harvesting. Recently, hunting cooperation among predators has garnered significant attention, as
field observations confirm that many predatory species such as wolves, lions, and certain cetaceans
rely on coordinated collective strategies. [5] explored this phenomenon within a generalist predator
model, revealing that hunting cooperation fundamentally alters persistence and extinction
thresholds and may lead to multi stable dynamic patterns. Similarly, [6] investigated the synergy
between cooperation, the fear effect, and the Allee effect, finding that their interaction generates
rich and diverse bifurcating behaviors. Furthermore, [1] provided a rigorous analytical dimension
by examining multi parameter bifurcations in models incorporating both Allee and fear effects.

Beyond cooperation, anti predator behaviors represent a critical adaptive dimension. Prey
species do not respond passively to predation pressure but instead employ defensive strategies such
as herding, altering movement patterns, and collective warning signals. These behaviors reduce the
effective predation rate and redistribute population pressure. [7] demonstrated that anti predator

behavior, when coupled with the fear effect in models with Holling type IV and Crowley Martin
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functional responses, induces qualitative shifts in stability regions. [8] further confirmed that the
interaction between fear and anti predator behavior creates new bifurcation pathways in stage
structured models. Complementarily, [9] conducted local bifurcation analyses on stage structured
models, uncovering various bifurcation types dependent on parameter values.

The complexity of these systems intensifies with the introduction of disease within the top
predator population, shifting the framework toward an eco epidemiological perspective as
established by [10]. The spread of infection not only impairs predatory efficiency but also reshapes
the entire system structure; it reduces the infected predators ability to cooperate and alleviates
pressure on the middle trophic prey. [11, 12] explored this dimension, concluding that such
cooperation fundamentally redraws bifurcation maps and persistence conditions. Moreover, [13]
indicated that eco epidemiological models involving harvesting exhibit local stabilities distinct from
disease free models. In a similar vein, [ 14] analyzed stability in migration models featuring Holling
type III responses amidst competition and toxicity.

Environmental toxins further jeopardize the equilibrium of natural food chains. Toxins, whether
biological or anthropogenic, directly impact predator growth rates or reduce their functional
efficiency, potentially driving the system toward extinction or oscillation [15, 16] Kadhim and
Majeed (2020) proved that exceeding specific toxicant thresholds triggers Hopf bifurcations,
leading to sustained oscillatory cycles. Additionally, [17] identified novel stability regions emerging
from the interaction between toxicity and anti-predator behavior.

Methodologically, bifurcation theory remains indispensable for understanding these complex
systems, as it identifies critical parameter thresholds where qualitative transitions such as moving
from stable equilibrium to periodic oscillations or chaos occur [18]. [19] documented bifurcation
conditions in the Sokol Howell model involving fear and toxins, delineating parameter regions
where stability is lost. Furthermore, [20] showed that one prey, two predator models under toxicity
and harvesting exhibit saddle node and Hopf bifurcations. The role of competing predators in
reshaping ecological dynamics and bifurcation structures was also highlighted by [21-23], while

[15] analyzed discrete time models, revealing dynamic patterns absent in continuous time
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frameworks.

Building upon this rich research heritage, the present study proposes an integrated three level
food chain model. This framework combines hunting cooperation, anti-predator behavior,
environmental toxicity, and disease prevalence in the top predator within a single mathematical
structure. The model utilizes the Sokol Howell functional response due to its realistic capacity to
account for predator saturation and adaptation [19, 24].

In the preceding chapter, we introduced and examined an ecological-epidemiological model
that integrates fear, toxicity, cooperative hunting, established anti-predator and strategies featuring
a diseased apex predator, while predators utilize two distinct types of functional responses to
consume prey. This work aims to validate the analytical findings using numerical simulations and
to ascertain the requirements for Hopf bifurcation at a positive equilibrium point, as well as local

bifurcation around the equilibria of the mathematical model presented in (5.1).

2. MATHEMATICAL MODEL
Model of a food chain comprising prey, predator, and apex predator (susceptible and infected),
has been shown and presented in [24]. At time T, which of the following best describes the total

population density x4 (T), x,(T),xs(T) and x;(T) in that order.

dx1 _ X1 1 b1x1x2 2 3 —
— = 41X (1 - ) ( ) - — p1x1x3 — 61x7 — dixq,

daT k1 1+f1X2 C1+x%

dx; _ ( xz) ( 1 ) g1%1%2 2 2 2 baxaXs
—Z =qgyxy(1—== + —nNx1X e1P1X1X5 — PrXoX 0,x5 — dyx

il 29) ko) \Topgms) T cppr — ¥1X2 T+ €1P1X1X, — PaXaXs T O3 — doaXp — g

4 L (1)
Xs gyX2Xs 2

— =2t e p XX — 02:Xe — Bx.x; — dax
AT opty 2 2P, X2Xs 3Xs — Bxsx 34Xs>

daxy
— = Bxgx; — dax;.

—

With the following initial condition x;(T) >0, x,(T) =0, x,(T) =0 and x;(T) = 0. Table (1)

demonstrates the biological significance of the characteristics of system (1):
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Table (1) System parameters and their biological meaning.

Parameters Biological meaning
a, >0,n=1,2 The rates of growth of both the prey and the predator in order
k,>0,n=1,2 The carrying capacity of the prey and the predator accordingly
The fear range of prey species from predator and predator species from
fn>0,n=12 . i
susceptible top predator in order
b,>0,v=12 The prey and predator attack rates in a specific order
>0 The saturation coefficient of Holling type IV function response of the prey and
the predator accordingly
py>0,v=172 The hunting cooperation in prey and predator in order
9,>0,9,<b, The rates at which food is converted into energy differ for both the predator and
the apex predator
n The anti-predator rate of the prey
Y1 >0 The interference constant
c; >0 The saturation coefficient between the susceptible top predator and the predator's
Sokol-Howell function response
0<e, <1,v=12 The conversion rate by attack prey and predator in order.
6,>0,v=123 The toxin rate of the prey, predator and Susceptible top predator in order
g >0 The disease transmission rate
d,>0,v=12 The death rates of prey and predator by external sources in order
d; >0 The natural death rate of susceptible top predator
dy >0 The death rate of infected top predator by disease

3. LOCAL BIFURCATION ANALYSIS (LBA)

This part examined (LBA) of model (1), focusing on equilibrium point changes as dynamic
behavior parameters change. We want to develop higher order conditions ensuring the formation of
the dominant local bifurcations, as Sotomayor's theorem shows. The Jacobean matrix (JM)

] = [nif]4x4 of system (1) is shown in Eq. (13.1) in [24].

It is obvious that for any vector that is not zero, Q = (Q4, 5, O3, Q,)T:

D2F(M, W)(Q, Q) = [Kiz]laxa, (2)

k1(1+f1x2) (ci+x2)° ki) (1+£1x2)2  (cp+a2)?

— —x2 _ 22
Ky, = 2[( ar___ buxyxy(3cr x1)—351x1) 02 +<( ) _sahy hla x1)—2p1x2>9192 +

(a1x1 (1 - i_i) ﬁ - P1x1) Q%

>
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2_ 2 -
Ky =2 [glxlxz(xl 3¢1) 02 + (gl(e1 x) _ n+ Zelplxz)ﬂlﬁz + (L + e;p1%, — 6, +

(c1+x1)3 (C1+x%)2 k2 (1+f2%s)

byY1%2%s[3¢; lez]) Q% + <( _ Zﬁ) afs  _ 2p,Xs — M) 0,04 + (a2x2 (1 —

(cz+y1x§)3 ky J (1+f2x5)? (Cz+V1x%)2

X2 7 _ 2
kz) (1+f1x5)3 ,szz) Q3

2

2_ a2
K3y =2 [gzylxzxs(nxz 362)9% + (M + 262p2x5> 003 + 2e,0,%,03 — 239394],

(ca+1263)° (ca+113)°
Ka1 = 28030y,
and
D3F(M,1)(Q, 2, Q) = [Ri1]ax1, (3)
_ byxp[cy(6xf-c1)-xi] ) 3 ( aifi _ b1x1(3c1—xf)) 2 _2x\_aff
Ria =6 [( (cr+x2)* 0 )+ (e pm (c1+x2)° 210, + ( ke ) (1+£1%2)3
2 _ _xa)_f 3
Pl> 0,05 —a;x; (1 k1) (At f120)" Qz],
cz(6x2—c1)—xt 3¢, —x?
Ry; =6 [glxz —2((C 1+x21))4 LQ0F — g1x; EC _l,_xz;?? 070, + 010,05 +
1741 1741
Cz(Cz—6)/195%)"']/129542l 3 ( 2a;f> (301_719(%)) 2 _2x3 a,f? _
bayixs = ot et Gy T 021X (o) s (1 k. )(1+fzxs)3

2 _ _ X2 a2 f3% 3
p2> 205 -6 (1 kz) (1+fx5)* 03]’

_ co(c2—6y1X5)+vix5 3 3C-¥1X5 2 2
R3; =6 [gzylxs a1 = QoViXe T3 0503 + e30,0,035),
(Cz"'lez) (52+Y1xz)

R4 =0,
where M = (x4, x,, x5,x;)T and u is a parameter can be.
Theorem (1): Suppose that condition (4) in [24] holds, then system (1) at the (EP) M, =
(0,0,0,0) with a? = a; = d, has (TB), but (SNB) or (PB) cannot be done.
Proof: By employing (JM) Jo, as specified in Eq. (14.1) in [24] the eigenvalue (¢, = 0) of system
(1)at a¥ = a; = d;, then J, with a{ = a, becomes

0 0 0

0
0 a,—d 0 0

0 _ 0} — 2~ a2
Jo =Jo(Mo ,a?) 0 0 —(85+d;) O
—d

0 0 0 4
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When the eigenvalue A, =0 then assume the eigenvector be written in qoldl =
(Qg[o] ,qolol qolol, QX[O])T-
Hence (J§ — Aox II)QO[O] = 0, by condition (4) in [24] that gives 0°°! = (Q‘l’[o], 0,0,0 )T consider
0% % 0 real number.
For gy, = 0, 0°% = (U;’[O] ,uole] ,Ug[o],UZ[O])Tis the eigenvector of J§7.
We find (J§T — Aox 11)00[0] = 0, by condition (4) in [24] we get V0! = (Uf[o] ,0 ,O,O)T, consider

0% £ 0 real number.

%%%%T
da,’ da,’ da,;’ da,

of _
Currently, suppose FP fa,(M ,a,) = (

_ _xmy_ 1 r
- (x1 (1 kl) 1+f1%, 0.0 '0) '
o T ol[0] T o
S0, fu,(My,a9) = (0,0,0,0)7 then (0°”')" £, (M, ,a9) = 0.
As a result, using "Sotomayor's theorem," we infer that the prerequisites for a (SNB) are not met.

The first criterion for (TB) is met.

Right now,
_ 2 1 _x1 -
(1 ki / (1+f1%2) X (1 k1) (1+f12x2)? 00
Df,, (M ,a;) = 0 0 0 0l
0 0 0 o
0 0 0 0

where Df, (M, ay) is the derivative of f, (M ,a;) withrespectto M = (xq,x;,%5,%;)".

Further, it is observed that

_Q;’[O]_ _Q;’[O]_
a_fo oo of || °
0
Dfal(MO'a:(L))QO = 0 0 0 O = » SO
0 0 0 olf O 0
L (0 L (0

(UO[O])T [Dfa, (Mo, @)™ = (051°7,0,0,0) (251*),0,0,0 )T = a9lly9lT o,
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Moreover, by substituting ol i (2) we get:
S (@72
1

0
D2f(My,a9) (001, 00 =

Hence, it obtains that
T -
(UO[O]) [DZf(MO ) aZ(L)) (‘QO[O], QO[O])] — killug[o] (Q?[O])Z +0.
According to "Sotomayor's theorem," system (1) at M, exhibits (TB) at af = a,.

Theorem (2): Assume that conditions (15.2) in [24] when another condition are fulfilled:

g1%1 =
cox? <t da, (4)
ky _ -
7 < X1 < k19 (5)
Cl < flza (6)
91(%3—c1) ) J12 a
—_—— == — 7
( (C1+J?f)2 + (]11) * (kz + 52)’ (7)
¥? < 3cq, (8)
where

Ji2 = a1 /1% (& 1) - blf-lz o Jii=Ea ( - 2:1) — 38,7 —dy,

k1 B C1+x1 _1
then system (1) at the (EP) M; = (x;,0,0,0) with a, =a, = —%+ nx,; +d, has (TB) or
1 1

(PB) could happen, but (SNB) cannot be done.

Proof: By employing (JM) J;, as specified in Eq. (15.1) in [24], the eigenvalue (4;,, = 0) of

system (1) at a, = a, = — Cg i}z + nx; + d,, with condition (4) then J; with a, = a, becomes
1 1
]11 ]12 0 0
- _ 0 O 0 0
Ji=1My,a;) = 0 0 —(83+d3) O
0 O 0 —d

4
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When the eigenvalue 2,, = 0 for J; then assume the eigenvector be written in QY =
T
=[] w0 sl
(i, ol el ol .
Hence (J; — A1,,,1)Q = 0, by condition (15.2) in [24] and condition (4) that gives QMY =

- —_— - T n
(% 9[21], lel ,0’0) consider Q[Zl] # 0 real number.
11

_ N
For Ay, =0, 01 = (Ugﬂ ,ol! ,6[31],621) the eigenvector of is J7.
We find (JT — A4,,1)0M = 0, we solving this equation for 0"and by condition (15.2) in [24] we

_ _ T R
obtain Ol = (O,Ugﬂ 0, 0) , consider U5 # 0 real number.

T
Currently, suppose L = f, (M ,a,) = (ﬂ Of ofs %)
6a2 2

aaz ’ 6a2 ’ aaz ’ aaz

= (02 (1-3) (7)) 0.9) -

SO) faz (Ml ) C_lZ) = (0, 0 i 0 ) O)T then (6[1])Tfa2 (Ml ﬁc_lZ) =0.

As a result, using "Sotomayor's theorem," we infer that the prerequisites for a (SNB) are not met.

The first criterion for (TB) is met. Right now,

0 0 0 0
_am)_ 1 _m\_h
Dfa2 M ,a,) = 0 (1 ks ) (1+f2x5) X2 (1 kz) (1+f2x5)? 0 A
0 0 0 0
0 0 0 0

where Df, (M ,a,) is the derivative of f,, (M ,a,) withrespectto M = (xy,x5,x5,%;)".

Further, it is observed that

J12 (_1[21] 0
J11
0o | e
Dfaz(MO'aZ)Q[l]= 0 0 0 O = » SO
0 00 0 0 0
o 1 tO-

(@ [£,, 01,230 = (0,55 0,0) (0.0 0,0)'

=Ty = 0.
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Moreover, by substituting QM in (2) we get:

.1?1[_

K;
D% f(My , @) (Ql,altl) = , where

L 0

Ki=2 [(k_1 — 36, 1) (_11112)2 + <( le) (—a1f1) + b(l(::—;;)%z)> (%) + (alflzfl (1 - i—i) -

P1f1) (ﬁgl])z,
Rt ) G- (e )]

Hence, it obtains that by conditions (6) and (7)

(O) [0 (M, @) (A1, 8] = 2| (LE0) 4y ) 22— (224 5,) | G @l y? =

(Cl+f%) J11
As stated in "Sotomayor's theorem," system (1) at M; displays a (TB) at a, = a,.
Nonetheless, (TB) does not occur if conditions (6) and (7) are not satisfied, and by employing Q!

in Eq. (3), we obtain:

_E][-_

R;
D3F(M, ,a,) (), ol Qi) = , where

0

ny
=, ] a;f; bix1(x1—-3¢c1)\ (] 2% J _
Ri= 6], (72) + (32 + 220) (1) + (anft (2= 1) +0) () — s (1 -

2)| @y,

R, = 6[91_ (%3-3¢,) (112) —epy (11_2)] (S—.lgl])s’

(c +ff) J11

so according to condition (8)

(O [0 o1 @) (@, 80, 8] = 6 [ (2 ()" - xp (2)| @y 20
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Therefore, as stated in "Sotomayor's theorem," system (1) at M; displays a (PB) at a, = a, but
(SNB) cannot be displayed.

Theorem (3): suppose that conditions (16.3 — 16.4) in [24] when another condition are fulfilled:

91X

e T e1p1%5 > Ny, 9
b1 a1 aifi = \=
o T harni T ((1+f13?2)2 + 2”1"2) T (10)
= 2=2 =
R DAL % (6, + prTD), (11)

€12 (1+£1%2)3 k1 (1+f1%5)?

N dl) has

€1

then system (1) at the (EP) M, = (0,%,,0,0)with @ = a; = (1 + /%)

(TB) or (PB) could happen, but (SNB) cannot be done.
Proof: By employing (JM) J;, as specified in Eq. (16.1) in [24] the eigenvalue (4,,, = 0) of system

bfz + p1 X% + dl), then J; with @, = a, becomes

(5.at @ =a; = (1+ /%) (

]=2 =]2(M2 :51) = ["=1ij]4x4-

Consider m;; = my;, i,j = 1,2,3,4 as specified in Eq. (16.1) in [24] accept m;; = 0.

When the eigenvalue A,, =0 for ]=2 then assume the eigenvector be written in Q2 =
_ _ o1 —ro\T

(32,52, 52, 5"

Hence (]=2 — 22x11)£=2[2] = 0, by conditions (16.3 — 16.4) in [24] and condition (9) that gives

_ o] L= T R _
a2l = (ng],fﬁgz] ,0, 0) where T = —2L and the real constant Q.2 % 0.

mpz

- _ o1 o1 o1 —ronT
For A, = 0, the eigenvector of J; is 0% = (ng] ,ng] ,0[32],052]) .
We find (J§ — 22,,1)01? = 0, we solving this equation for T?land by condition (16.3 — 16.4) in

— — T —
[24] and condition (9) we obtain O[2! = (U[lz], 0,0, 0) , consider UEZ] # 0 real number.

T
Currently, suppose :Tf = fo,(M,ay) = (% Of Ofs %)
1

da,’da,;’ da,’ 0a,

= ( (1-32) () 00.0)

S0, fo,(My, @) = (0,0,0,0)7 then (T2 £, (M,,&,) = 0.
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As a result, using "Sotomayor's theorem," we infer that the prerequisites for a (SNB) are not met.
The first criterion for (TB) is met.
Right now,

(- < -Dlarr)

— 4y (1-2) (o
ki )1+ fix; ki/\ (1 + fixz)

Dfa,(M,a,) = 0 0
0
0

0
0

o O O o
o O O o

where Df, (M ,ay) is the derivative of f; (M ,a;) withrespectto M = (x1,xz,x5,%;)".

Further, it is observed that

ol [P ]
1 1+f1%,
1 p—
_ 1+£1%; 00 8 ?ﬁgz] 0
Dfal(MZ '51)9[2] == 0 0 0 0 = s SO
l 0 0 0 J
o oo 00 0
04 Lo
Gzl = \gl21] = ( 52! ap! " atg?
(02" [Dfe, ;@A) = (T ,0.,0,0) (5557,0.00) =0
Moreover, by substituting Q2 in (2) we get:
[ —a aifi =[2]N27
2[k1(1+f19?z)+((1+f1xz)2 2p1x2) ](Ql )

D2f(My,a) (0, %)) = 2[(%_"”91"1’72) (——52) 7| 7@)?
1,01 , =

0

Hence, it obtains that by condition (10)

= T _ = _ _ f _ B
(U[Z]) [sz(MZ 'al)(Q[ZJ'Q[Z])] =2 [k1(1+a;19?2) + ((1+;11x;)2 T Zplxz) ] (9[12])20[12] # 0.

As stated in "Sotomayor's theorem," system (1) at M, displays a (TB) at a; = a,.

Nonetheless, (TB) does not occur if conditions (10) are not satisfied, and by employing Q2! in

Eq. (3), we obtain:
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Ry

X = =[2
6 [gcl;z + elplrz] (QEL ])3

D3F(M,,a)(Q?, a2, a2l =
0

51 biX, ai1f1T aff =2 -al21\3
Ry =6 [( r? 51) MR A AT ((1+f13?2)3 pl)T ](Ql )%

so according to condition (11)

(ﬁ[Z])T[D3F(M2 ) 51)(6[2] ’6[2] ) 6[2])] =6 [(bﬂ?z 51) + a:f;7 + ( aiff _ pl)%z] (652])365-1] + 0.

C1_2 B fey (1+£1%2)? (1+£1%2)3
Therefore, as stated in “Sotomayor’s theorem” system (1) at M, displays (PB) at a; = a,, but
(SNB) cannot be displayed.

Theorem (4): suppose that conditions (17.3 — 17.8) in [24] when another condition are fulfilled:

¥ s 2

—ngzrzz 7 +2e0%, # —921’1‘529:22’ (12)
(c2+y1x2) (c2+y1x2)

3c2%292V1%2 9252v3%3

——— €,07 + — (13)
(C2+V1’?§)3 (Cz+1’1f%)3,

then system (1) at the (EP) M5 = (¥;,%,,0,0), with g, = g, = (GRa s YCERLIN PP (TB) or

X2
(PB) could happen, but (SNB) cannot be done.
Proof: By employing (JM) /3, as specified in Eq. (17.1) in [24] the eigenvalue (43, = 0) of system

()at g, =g, = M, then J; with g, = g, becomes

X2
]3 =J3(M3,9,) = [ﬁij]4><4'
consider p;; = p;j, ,j = 1,2,3,4 as specified in Eq. (17.1) in [24] accept P33 = 0.

When the eigenvalue As;, =0 for J; then assume the eigenvector be written in abl =
ERERGERTEN
(2, ol ol ol
Hence (J5— 23, 1)1 =0 , by condition (17.3-17.8) in [24] that gives Qb=

T NI o
# 07, -1, 00,05,0) where ¥, =2y = __Puli__ ang the real constant
1243 2 %53 3 1 s 2
P11P22~P12P12 P11P22—~P12P12

ol «o.



14
SAFAA HASAN RASOOL, AZHAR ABBAS MAJEED

N —tal =131 i3] sfa\T
For A3,, = 0, the eigenvector of J7 is OBl = (UF] , Ol ,U?],Uf]) :
We find (JT — 25, /)03 =0, we solvingthis equation for TP! and by conditions

— — T . =
(17.4) and (17.6) in [24] we obtain TP = (0,0, 6[33],0) , consider UE] # 0 real number.

0fi 0fz 0f3 6f4)
09, 99, 0g;’ 89,

= (00,222 ,O)T.

C2tY1X5

of _
Currently, assume PR fg,(M , g2) = (

« =13\T -
So, f,,(Ms,d;) = (0,0,0,0)7 then (OB!) £, (M5, 4,) = 0.
As a result, using "Sotomayor's theorem," we infer that the prerequisites for a (SNB) are not met.

The first criterion for (TB) is met.

Right now,
0 0 0 0
0 0 0 0
Dfy,(M.g5) = |, (2= 1ixd)xs X2 ol
(c; +y1x3)2 (2 + Y1x3)
lO 0 0 0 J

where Df, (M, g,) is the derivative of f,(M,g,) withrespectto M = (xq,x;, %5, %;)".

Further, it is observed that

_‘El ﬁg3] 0
(U 0 ~
_ 00 0 8 #, 0 0
ngz(MZ ng)Q‘[s] = 0 0 %2 0 = 3] , SO
0 o @i gl g 22ty
0 3 (c2+r1%3)
o 1 bt 0
(3] g 53] 508\ _ nodol)
[§) D M Q+=1=10,0,05,0)(0,0, = 0.
(0 ) [ fo.(Ms.,32) ] ( 37 )( "(c2tni) ) (02+V1x2) ”
Moreover, by substituting (13! in (2) we get:
K
K;
sz(M3 ,gz)(§[3]’§[3]) = Where

2[7572(},1)62 ) 1, + 2e,p,%; (Q )

(C2+1’1x%)
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. _ ¥ _x2 N
Kl, =2 [( a; _ b1X1xZ(3C1 x1) _ 38156/1) (_\[_1)2 + <(1 _ %) aif1 + bl(c‘l xl)
1

ky(1+f1%2) (c1+%2 3 (1+/1%,)? (cl+x1)

53152
(1+£1%;)3 (QS ) ’

zmz) (~t11) + (@i (1-2) L= iy ) ()

-3 _¥2 o v o _ o .
K;=2 [glxlxz(X1 Cl)( D%+ (M —n+ 261P1x2> (—t%t) + (kLZZ + e1p1%X1 — 52) (F2)* +

(cy+%1)3 (cr+%2)
_ 2% by(c2=v1%3 )) v X% o o312
(aZfz (1 P ) + (cmi2)’ ) T2 + (azxz (1 kz) RETEAE pzxz) @57)%

Hence, it obtains that by condition (12)

. —ra] = %2 <[3].2:<[3
(0[3])T[sz(M3 ,5,)(0131, 880 = 2 [szxzz b 2e,p,%, — —292T2 (9[31) Ug] 0.

(C2+V1f§) ( 2+y1x%)

As stated in "Sotomayor's theorem," system (1) at M3 displays a (TB) at g, = g,.

Nonetheless, (TB) does not occur if condition (12) is not satisfied, and by employing QB in Eq.(3),

we obtain:
Ry
R;
D3F(M3 ,g’z)(ﬁ[ﬂ ,6[3] ’6[3]) = 5
3 ¥
6[92)’1 2(;1—]/132(23 2 92.02] T2(9[3])3
21tV1X
| 0 |
sro_ b1f2[51(6f%—51)—’?ﬂ _ v \3 a,fi _ biXBa—X)\ v N2, v _
f=0 [( (cr+22)* 0 ) CO" + (arnmy? (c,+%2)° (F)°(=%2) + (1

2% 2 . 5 . f3
%) (lf’i; ¢ p1> E)(E) + oty (1 X1) ey (2) ] @h3,

7 ~ 6 ~ 3
R, =6 [glxzw( 1)3 — g1X 1( s xl)( 1) (—1) + 91P1(T1)(T2)2 (2a2f2 +

(cr+x3)" (e +33)° ka
« (3c1—71% v 2 o X ~
byy1%; E 21 %?) (#)* + (Clzfz2 ( - ﬁ) Pz) (—1,) — 6a,f5’ X, (1 - i—z)] (Q?])?',
— T o N/X = = 3¢, ¥ X 2724 | L =[31\35%(3]
OB [D3F(M abBl gkl BN = 6[ 21292Y1 z _ _ _9272Yi%; ] Q[ 3G 0.
( ) [ (M ,92)( , ) )] (i) e2pP2 (o) 1,(Q37)°03 " #

Therefore, as stated in “Sotomayor’s theorem” and condition (13) then system (1) at M5 displays a
(PB) at g, = g,, but (SNB) cannot be displayed.

Theorem (5): suppose that conditions (18.3 — 18.7) in [24] when another condition are fulfilled:

2 > Nk, (14)
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b1ty a, aifi A\
o 7 Gty ((1+f19?2)2 + 2p1x2) T (15)
i Ty VG b1x2 + 61+ p1(£1)3%, (16)

Feq (1+f1%2)? (1+f1x2)3

then system (1) at the (EP) M, = (0,%,,%,,0) with @, =a;, = (1+ flxz)( bufz 4 p1X2 + d,), has

(TB) or (PB) could happen, but (SNB) cannot be done.

Proof: By employing (JM) J,, as specified in Eq. (18.1) in [24] the eigenvalue (A4,, = 0) of system

(Hata; =a; =1 +f1x2)( bafs 4 p1%% + d,), then J, with @; = a, becomes

j4 =Js(My,a;) = [qij]4><4'
consider §;; = q;;, i,j = 1,2,3,4 as specified in Eq. (18.1) in [24] accept §;; = 0.
When the eigenvalue A,,, =0 for J, then assume the eigenvector be written in QM =
T
=[4] al4] Al4] A4
(QE]‘QQ]‘Qg]‘QL]) _

Hence (f, — A4,,,1)0* = 0, by condition (18.3 —18.7) in [24] and condition (14) that gives

a4l = (0[4] a2, a0 )T where t; = % , T, = (_qzzz)fl and the real constant
ol xo.

For A4y, = 0, the eigenvector of Ji isO* = (654] , Ot ,6[34],654])T.

We find (J] — A4,,1)0!% = 0, we solving this equation for O'*and by condition (18.3 — 18.7) in

~ ~ T . =
[24] and condition (14) we obtain O = (0[14], 0,0, O) , consider 0% % 0 real number.

3f 9fs %)T

"da,’0a,’ da,

= ( (1-32) () 00.0)

So, fa,(M,,d;) = (0,0,0,0)7 then (34)' £, (M, ,a,) = 0.

Currently, suppose —=fo,(M,a;) = (afl

As a result, using "Sotomayor's theorem," we infer that the prerequisites for a (SNB) are not met.
The first criterion for (TB) is met.

Right now,
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2xq 1 X1 — fix1
(-2 () (D)) o 0
Dfy,(M,ay) = 0 0 0 0}
0 0 0 0
0 0 0 0

where Df, (M, ay) is the derivative of f, (M ,a;) withrespectto M = (xq,x;,%5,%;)".

Further, it is observed that

Al al
1
_ 1+f1%; 0 00 Ty 654] 0
Dfal(M4;a1)Q[4]: 0 0 00 = , SO
0 0 0 0], A4
o o o oltzth 0
o 1 L o
~[4] T ~[4]~[4]
olh)’ 20141 = (54! 9 _ 010y
(O [Df,, (M, , 6,8 ]_(U1 ,0,0,0)(1 1-,0,0,0 7 0.
Moreover, by substituting Q! in (2) we get:
_Rll_
K;
D*f(M,,a,) (a4, al) = , where
K;
ny
oo —a; —aifi by al4ly2
Ki=2 [k1(1+f13?2) + ((1+f1x2)2 + 2p1x2)T1] (€47

Ry =2 [(ﬁ—i — 0+ 2e1p1% ) 1y + (‘k—‘:z — &, + apiFafs[sen MZ]) (£1)% + ((1 - Zk—x;) _—G2fe_ _

(CZ+Y1X§) (1+f%5)?

@i*h?,

b R - 2
2p,%s M) T, + (azxz (1 - ﬂ) J: szz) (22)?

(C2+V1x§) (1+f1%)3

E?’) =2 [.92]/13?23?5()/13?3—302) (Al)z (.92(52 V12xz)
(c2+11%3) (52+V1xz)

o\ .. ~ =[4
+ Zezpzxs) 71T, + Zezpzxz(‘fz)z] (Qg ])2-

Hence, it obtains that by condition (15)

=~ T ~ ~ —~ — f
(O [D2f (M, ,a)(Q1, Q)] = 2 [k1 (1+a;1>ez) + ((1+;11x;)2 Zplxz)‘rl] @254 « o,

As stated in "Sotomayor's theorem," system (1) at M, displays a (TB) at a@; = a;.
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Nonetheless, (TB) does not occur if condition (15) is not satisfied, and by employing Q! in Eq.

(3), we obtain:

6| (2222 @1 f1ta aff ~ 2] (gl4ly3]
6 [ ( €12 + 81) + ki (1+f1%5)? + ((1+f19?2)3 pl) (Tl) ] (Ql )
S, R}
D3F (M3, d,)(Q, a4, al*l) = ,
R;
0
where
Bl _ g1%2 o c2(62—6y1x2)+y1;?§‘ A N3 ( 2a,f,
Ry = 6[ +e1p1(11)% + boy1 % (r72) GV Pwerrr e
A(3€_Y>f)> 25 2% auff iz (1
bZ Y1Xx (Cz 1X2 ( ) ( )(1+f2x B — P2 Tl(TZ) 6(1
X2\ axf5%; [4]\3
f) Lz, ](ﬂ ).

PN A Cp(cy—6y182)+y2%3 3 ~
Ré =6 [92y1xs 2 Z(C +]1/ ;)) 12 ( 1)3 - gzyle( = ]/12§3 (Tl)sz + ezple(Tz) ] (9[14])3,
142

so according to condition (16)

~ T ~ A 0 0 2 -
(B) [DPF (M, , @) (@4, 01, 01)] = 6 |- (232 + 6, ) + 3 +

(G2 - o) @0?] @0 = 0.
Therefore, as stated in “Sotomayor’s theorem” system (1) at M, displays a (PB) at @; = a4, but
(SNB) cannot be displayed, similarly for the (EP) Ms.

Theorem (6): suppose that conditions (19.3 — 19.10) in [24] holds, then system (1) at the (EP)
Mg = (%,,%, ,%;,0) with d, = d, = X, has (TB) could happen, but (SNB) or (PB) cannot be
done

Proof: By employing (JM) Je, as specified in Eq. (19.1) in [24] the eigenvalue (A6x, = 0) of system
(1) at d, = d, = B%,, then J with d, = d, becomes

Jo =J6(Ms ,da) = [Fij], -

where 7;; =1y, [,j = 1,2,3,4 as specified in Eq. (19.1) in [24] accept 744 = 0.

When the eigenvalue A4, =0 then assume the eigenvector be written in qlel =
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~[6] =l[6] 6] =[6]\"
(a7, el alf,all) |
Hence (J — A6y, 1)0!°! = 0, by condition (19.3 — 19.10) in [24] that gives
f12f23‘~[3 ~ f11f23%3 ~

T
~ ~ = 6] ~ ~[6] ~ ~[6] ~[6] ~
9[6]:(T al , =T, T3 80,7, where 7, = —22° Ty =7 T3 =
1°% 27" 3% 4 T T 2 Fafaz—Faafor 3

X (1190 —T1o T ~[6
__FE(ulp—fofn)  gand the real constant QL) # 0.
71172332 +T33(F12T21—T11722)

- — — — . T
For Agy, = 0, the eigenvector of J7 is Tl6) = (056] ,Olel ,Uge],UEf]) :
We find (J7 — Ay, )6[6] = 0, we solving this equation for U®land by condition (19.4) and (19.7)

~ ~ T . ~
in [24] we obtain olel = (0,0,0, Ugf’]) , consider O8] = 0 real number.

of _ _ (25 3% 0fs 0f\"
Currently, suppose R fa,(M,dy) = (6d4'6d4'6d4'6d4)

=(0,0,0,—x)T.

So, fa,(Ms,d,) = (0,0,0,0)7 then (T16) £, (Mg, d,) = 0.

As a result, using "Sotomayor's theorem," we infer that the prerequisites for a (SNB) are not met.
The first criterion for (TB) is met.
Right now,

)

0 0 0 O
Dfa,(M,d)= {0 0 0 9
0 0 0 -1
where Dfy, (M, d,) is the derivative of f;, (M ,d,) withrespectto M = (x;,x,%5,%;)".

Further, it is observed that

[ 00 ] 0
00 0 07|_z,ql 0
a6l _ 00 0 0 B
Dfd4(M6'd4)Q[6]_ 0 0 O 0 6] - , SO
0 0 0 —1d|-%0; 0
ao | |-a]

(B1) [Dfs, (Ms,d2)09)] = (0,0,0,5) (00,0,-0) = a5y = 0.

Moreover, by substituting ﬁf] in (2) we get:
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D%f(Mg,d,)(Ql6),Ql61) = [ | where

~ —_— YA —~2 v —
K{ — 2 [( ay I b1x1x2(3013x1) _ 381%1) (fl)z + <(1 _ Zk—xll) alfl + b1(C1 xl)

ky(1+f1%2) cq+%2 (1+f1%2)? cq+%2
1 1

= 2
2p1%; |T1(—T2) + (a1 % 1-2 f1~ s — p1% ) (—T2)? (9[6)
ki) (1+f1%3)

Ezl =2 [91f1fz(f%—301) (f )2 + (91(51—55%)
- 1

(c1+%,)3 (c1+%2)°

—-n+ Zelplfz) T (=T2) + (m teipi¥y — 6, +

= = 2 v —
byy1%,%s[3¢,— Y1x2]) (_Ez)z + <(1 — Zkﬁ)a—z)jz — 2p2% bz(cz—ylxz)> T,73 + (azfz (1 -
2

(cz+y1x2) (1+f,%5)? (c2+y1x2)

@lehz,

L2 Y/ N
k2)(1+flfs)3 szz)(fs)

~ Xo X 72—
K3 =2 [gznxzxs(hj;zg 22) (T)* + <gz(c2—ylxz) + 2€2P2Xs> Tyl + 2e,p,%5(73)° + 25T3] @ 6])2
(c2+y1x2) (C2+V1

Ri = —2p%, (@),

Hence, it obtains that

(T [D2F (Mg , d,) (Q18), 16| = —28; (UEH2TE = o,

As stated in "Sotomayor's theorem," system (1) at M; displays a (TB) at d, = d,, because ;

always T3 # 0. Similarly for the (EP) Ms.

Theorem (7): Suppose that conditions (20.4 — 20.8) in [24] when another condition are fulfilled:

g1%;

+e1p1X5 > ¥y, 17)
bi7, a a,fi ) o
c1 | ki(1+£1%) ((1+f1>z2)2 + Zplxz) Tt (18)
g .
Ghts Qi (11)° b1x2 + 61+ p1 (1), (19)

k1 (1+f1%5)? (1+f1f2)3
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then system (1) at the (EP) Mg = (0,%,, %5, %) with &y =a; = (1+ fi%p) 2 + py i3 + dy),
1
has (TB) or (PB) could happen, but (SNB) cannot be done.

Proof: By employing (JM) Jg, as specified in Eq. (20.1) in [24] the eigenvalue (Agy, = 0) of system

(Dat d; =a; =1+ f1%,) (bfz + p1 X% + dl), then Jg with d; = a; becomes

1
js = Jg(Mg,d,) = [ﬁij]4x4-
where 1;; = w;, §,j = 1,2,3,4 as specified in Eq. (20.1) in [24] accept ;1 = 0.

When the eigenvalue Ag, =0 then assume the -eigenvector be written in alsl =
o8l gl g8l el

(2P, ol ol al)

Hence (Jg — Agy,1)0! = 0, by condition (20.4 —20.8) in [24] and condition (17) that gives

T o o —

= =[8] «+ =[8] « =[8] «+ X[8 o Tpq (Uzzlgs—TUsz4T o Uz UgsT

a8l = (Qg Lyalfl g, ool ¢ al ]) where #; = —— sl ale) -5 _ _ Teluh
Upp (Uzallyz—Uszlaqe) +Uz3UzzUss U34Uy3~U3z3Us4

#, = 2% and the real constant 5[18] * 0.

44
. — _ - - - T
For Ag, . =0, the eigenvector of ]g is Ol8l = (UES] ,UES] ,0[38],053]) .

We find (J7 — Agy,1)T!®! = 0, we solving this equation for U¢land by condition (20.4) in[24] and

— — T . ~
condition (17) we obtain ols8l = (058], 0,0, 0) , consider UES] # 0 real number.

T
Currently, suppose 9 fo,(M ,ay) = (% 5% 9% %)
da, 1

6a1 ! 6a1 ! 6a1 ’ aal

_ _m) !
_(xl( kl)(l"'fle)’O’O’O) ’
So, fa,(Mg,d;) = (0,0,0,0)" then (T¥) £, (Mg, ;) = 0.
As a result, using "Sotomayor's theorem," we infer that the prerequisites for a (SNB) are not met.

The first criterion for (TB) is met.

Right now,

2 1 _f
e |6 ) (R )
0
0

o O O o
o O O o

0
0
0
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where Df, (M ,a) is the derivative of f, (M ,a;) withrespect M = (xq, x5, x5, % )".

Further, it is observed that

Q’ES] ﬁ[18]
1+f1x2
1 _
_ 1417, 00 g “1958] 0
Dfg,(Mg,a)2® =] 0 0 0 | = , S0
0 0 0 . el
o o o 0T 0
v =|8
-T3Q£ ]— L0
glel T 818
EY 7.0081 = (58] 2 =0
(O [Dfo, (Mg, &, )] = (T} ,0,0,0)(1”1%2,0,0,0 7 O

Moreover, by substituting (8] in (2) we get:
ki
K;
D%f(Mg,d, )(Q®, al8l) = , Where
K;

28,7, (02

T —a; —aifi by < Y= | rol8ly2
Ky =2 [k1(1+f13?2) + ((1+f19?2)2 t+ c 2p1x2)11] @7

. o\ o - byy1X,%s[3c,—v1%3]\ , 2%\ —axf,
K =2|(%— 2 (L -5 2V1 2 1-2% _
2 [(C1 n+ €1p1x2) Gt k2 (1+f2%s) 2+ (cz+y1f%)3 )"+ ( k> )(1+f2fs)2

@h?,

- bz(Cz—ylf%) v v ~ X f22 ~ = \2
2 —= + 1-—= -
P2Xs (Cz+V19?§)2 T1T2 (azxz ( kz) (+f,%.)° szz) (T2)

~— Xo X 2 — —y, %2 —
K3 =2 [gzylxzxs(ylxz 20 (T)* + <—92(62 1) + ZeszXS) TiTy + 28,025, (12)% — Zﬂf2f3] (9[18])2,

(Cz+]/19?%)3 (52"‘]/17?% 2

Hence, it obtains that by condition (18)

olen)" i) (a8 a - —aify b N\ o 1 x[8] 2
(O1) [D2f (Mg, &, ) (01, Q*T)] = 2 [k1(1+af119?2) * ((1;119?;)2 o 201%,) & | (@20 % 0.

As stated in "Sotomayor's theorem," system (1) at Mg displays a (TB) at d; = a;.
Nonetheless, (TB) does not occur if condition (18) is not satisfied, and by employing Q'8! in Eq.

(3), we get:
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R
R;

D3F (Mg, a,) (%1, al8l, a8y = | where
Ry
Ny

51 _ bix; a1f1T1 a,ff [8]

Ry = [( ) kq(1+f;%5)2 + ((1+f13?2)3 p1) (T1) ](Q )?

s A 6)’19?2)4']/1972L < \3 2a,f,

R; = 6[ 2+ e1p1(T1)% + boy1 Xs (crrnid) (T1)° + PRCYTEAL +

( 2+71x2

X\ _afi% . 3| pl8ly3
kz) (1+f2fs)4 (TZ) ](Ql ) D

3 2% 2 .
S (PR

<, - 6 +yixy . . 3
R3 =6 [gzylxs CZ(CZ(CZI:ZQ) ri% (T1)3 g2Y1X2 (Ci%(ﬁ)%z + e20,(T1) Tz] (9[8 )

Hence, it obtains that by condition (19)

(U‘[B]) [D3F(M8 al)(Q[B] 8l Q[S])] = 6[( b1z 61) —kl(ilf;j;2)2+

_aff Y e02] (g3 gl

((1+f1f2)3 P1) (T1) ](91 )°07 # 0.

Therefore, as stated in "Sotomayor's theorem," system (1) at Mg displays a (PB) at d; = a4, but
(SNB) cannot be displayed.

Theorem (8): Suppose that conditions (21.3 —21.11) in [24] when another condition are fulfilled:

. Z11Z92—Z122 Z33Z44—Z347
ﬂxs > (211222 12. 21.)( §3 44234 43)’ (20)
Z11223232
T, # g, (21)
where
. Z1pTp . _ 21122373 . Z44 . _ —Zpts . _ Z112377Te . Z44
1= > T=c— > 3= Ty =— ,Isg=—"—__——— Tg=7—,
Z11 2112227212221 Bxp Z11 2122217211222 Bxs

. a b1X1%5(3¢1—% by(c X1X2(3Cc1—%X7) .
T7=[( Ly it 1)+351x1)11214+ (et 12)111214+p1x11§r4+—g1 12,(36; 1)T12T5+

ki(1+f1%2) (cr+22)° (c1+x2) (cr+22)°
91(c1—%3) . ) . ( a, ) . . .. G2VaXa%s(3ca— ylxz)
===t 2e1P1%, | T1T,Ts + | —————+ &, ) T,Tc + poX,T5T: + 27, +
<(Cl+x1) 1P1X2 | T1 T2 T Ky (1 fo%0) 2 ) T2T5 T P2X2T37T5 (c2+y1x2) 276

. .2 . . .
€202X215Tg + IBT3T6]:
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. 2% aifi C\L L. ( _ﬁ) a,fEx, ... .
ts = [(( Ky ) Gk T 2p1x2> T1T2Ts + k) (riy)s 204 TNl Ts +(eprxy +

b21’1352555(302—)’1x§)) .2 ( 23'52) azfr . bp(c2=vax3) \ . . . . (
e+ (1 -22) —22—+ 2pp0 + 2222 | i,tats + apiy (1 —
(catrazz) )28 ke ) ()2 PaXs T apnzy? | RT3 T %2

x_Z) sz T32T5 + (gZ(CZ_YIx%)

ky/ (1+fr%)3 (C2+y1%5)? + 262p2xs) TyT3T¢g + BT3].

Then system (1) at the (EP) Mg = (%q,%,,%,%;) with d,=d,=px—

(1122~ %12%21) 33204~ 23a%43) 1o (SNB) could happen, but (TB) or (PB) cannot be done.

Z11223232
Proof: From the characteristic equation A* + (13 + ¢,4% + ¢34 + ¢, = 0, of (JM) Jy which is
specified in Eq.(21.2) in [24], system (1) at the (EP) My possess eigenvalue say (Agxl = 0)

& ¢, =0 then My will be non-hyperbolic (EP) so Jo with d,=d, = px,—

(Z.llz'ZZ_212221)(233244_234243)

211223232

Jo =Jo(Ms,d) =[], .

, and condition (20) becomes

where z;; =z; , i,j=1234 as specified in Eq. (21.1) in [24], accept 2z, =

(211222—212221)(Z33244—234%43)

Z11Z23232

When the eigenvalue Agy, =0 then assume the eigenvector be written in bl =

(18] 48] I8l o8\’

(o, 0, ol o).

Hence (Jo— A9y, [)A% =0 , by condition (21.3—21.11) in [24] that gives Q=
. . . . T .

(—2.0§, 2,08, —1,001,0F)" since O # 0 real number.

The eigenvector is Ul°! = (UE"] , O] ,Ug)],U[f]) of J§ is, when Ag,, = 0.

We find (J§ — 2o,,1)0!! = 0, we solving this equation for Ul®and by condition (21.4) in [24] we

) ) . . T )
obtain 0! = (—‘L"4_U‘[1_9],—’i'SUE)],‘I:'éuE)],U‘[f]) , since U[f] # 0 real number.

- of _ _ (2h 2% 0fs 3"
Right now, assume R fa,(M,dy) = (6d4'6d4'6d4'6d4)

= (0,0,0, —x)T.
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SO, fd4(M9'd4 ) = (0,0,0,—)2,'1)T )
so1)" ) = —z. 5l
then (0) £, (Mg, dy ) = —%,0;" # 0.
Moreover, by substituting Q[ in (2) we get:
Ki
K;
D2f (Mg, dy )(21, Q1)) = , where
Ks

28,02

. _ . 22 5 _
K{ — 2 [( a; _ b1x1x2(3C13x1) _ 36'1x1) (_L-_l)z + <( _ Zk_x;) aify + b1(C1 Xl) _

k1(1+f1%2) (c1+x2) (1+f1%2)? (Cl+x1)

. .. . ¢ 2 . .
2p1x2> (—t172) + (alxl (1 - ;i_i) m - plxl) (Tz)zl,

o1 o |91%1%2 (%5 -3¢y) 2 4 g1(c1-#%) . o —-a, .
K, =2 [—(c1+x1)3 @)+ —) N+ 2e1px; | (—i172) + (RN +e1p1X; — 6, +

bayaXas[3cs hle) (12)* + <(1 B Zkﬁ) 2l 2pyiy - M) (=1273) + (azfcz (1 B
2

(covad)’ (+fa2s)? (c2nit)

X\__fZ 5191
2)(1+f1x)3 szz)(fs) Q)%

Ks =2 [gzylzf’“j;yfz_“” (11)* + (—“"(Zc(fy “")2) + 2€2P2Xs> (—t213) + 2e2p2%2(13)* + 2813 ] @2,
2 1 2 2 1X2

Hence, it obtains that by condition (21)

(OO [D2f (M, d, ) (2, Q)] = 2(2, — ) (P20 = 0.

Therefore, as stated in “Sotomayor’s theorem” system (1) at My displays (SNB)at d, = d, when
that conditions (21.3 —21.11) in [24] are fulfilled, but (TB) and (PB) cannot be displayed.
Similarly, for the (EP) M;, and M.

4. HOPF BIFURCATION ANALYSIS
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This section presents a theorem demonstrating that the occurrence of a Hopf bifurcation (HB)
at the positive (EP) My of system (1) renders the application of the (HB) theory [25] suitable for
(LBA).

Theorem (9): Suppose that conditions (21.3 — 21.11) in [24] and a further condition are met:

Ag <K (22)
A2+ F>g, (23)
AH + (A% + F—g)g > 24K + L, (24)
H > AF, (25)
(A2 4+ F—g)H < (H — AF)g + A(AK + 2.L), (26)
Zj((i?) (=211 = (222 + 233)P3(d) + (211 + 222)233 — Zp3Z32 — (221212 + Z22211)) +
Z11232Z2393(d3) + @2 (d}) + 293(dy) # (212221 — Z11222)Z3393(d3) + (Zj((z?))z ((211 + 233) 233 —
Zy3232 — (221212 + Z22211)) —, (27)
where

A= —(211+ 225 + 233), F = 233(211 + 222) + 222211 — 234243 — 223232 — Z12%21,

¢ = z33(211 + 222) — 232223 — 221212 + Z112Z22,
H = 234243211 + Z22) + 223211233 + 211 (212221 — 211232),
K = 233(212221 — 211222) + 211223232, L = —(211222 — 212221) 734743,
¥1, ¢, and @5 as present in Eq. (21.2) in [24] the value of the parameters dj = d, = Bx; system
(1) possesses a (HB) near the positive (EP) M.
Proof: To verify that the necessary and sufficient criteria for the occurrence of (HB) are satisfied,
we need to select a parameter, say (d}), according to the (HB) theorem for n = 4, and apply it to
the characteristic equation of system (1) as specified in [24] at M,.

¢i(dy) >0,i=1,34,

A(d}) = @192 — ¢3 >0, @7 —4A;> 0 and

Ay (dy) = (9192 — P3)93 — (p%¢4— = 0.
Then ¢;(d;) >0;i=1,3,4, A;(d}) >0 and @3 —4A,> 0 under conditions (21.3 —21.10) in
[24] are fulfilled.
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In contrast, it is noted that A, = 0 yields

—My(d})? + My (d})? + Mady + M, =0, (28)
where

M, = Ag — K,

M, = —[-AH — (A2 + F — g)g + 24K + L],

M;=—[(A2+ F—g)H — (H — AF)g — A(AK + 2.L0)],

M, = —[(H — AF)H + A%L].
Using Descartes' rule of signs, we can see that Eq. (28), if the conditions (21.3 —21.10) in [24]
with conditions (22 — 26) are met, has a single positive root (d}).

Now, at d = d} the characteristic Eq.(21.2) in [24] can be written as
24 3\ (32 4 . A1) _
(13 +2) (23 + 120 +22) =0,
which has four roots

o Ty . A
Agxpxz = i (p_3 and A‘)xs:X] = E(_(pl + Qo% - 4;)

1

Clearly, at d, = d; Two eigenvalues (/'lgx ,and /19x2) are purely imaginary, while the other two

(Agxs and Agxl) are real and negative. For each value of d in the vicinity of d*, the roots often

assume the following form.

A

. 1 . .
/19x1,x2 =g, + ic,, /19953.%1 = E(—(pl + (P12 - 4;)

Clearly, Re (Asc,.,(d9)) la,=q; = ¢,(d3) = 0, This signifies that when dy = dj , the initial
necessary and sufficient criterion for (HB) is satisfied.
To validate the transversality requirement, we must establish that

0*(d3) ¥*(dy) + I (dpP*(dy) # 0,

Be advised that for d, = dj we possess ¢, =0 and ¢, = % , substituting the value of ¢,
1

gives the following simplifications:

W (dy) = =2 ¢3(d),

2

) = o

22 (42 (d 2 (d5) — 25(d3)
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* *\ et *\ ot * <P3(d2)
0*(d3) = ¢4(d3) — ¢2(d3) —¢1(d1)'

* *\ & * ./ *\ * ‘P (dZ)
M*(@) = |2 () (95(dD) - 91D 235),
where

.1 99, |
= — g = 1,
P17 34, 'da=di

. dp |

I __ 2 —

P2 = 54, 'da=a; = TZ11 T (z22 + 733),

by = 205 | = (714 + —~ —( + )
P3 = da, 'da=di = (211 + 232)233 — 223232 — (212221 + 211222),
.y _ 09y | — _ ) +

Py = da, 'da=di = (211222 — 212221)Z33 + 211232223

* * * * * * * * / d* ) *
0*(dy)W*(dy) + I'*(dy)®*(d;) = 2 [Zj((dz)) (—211 — (222 + 233)93(d}) + ((Z11 + 222) 233 — 223232 —

. R PACHNG
(221212 + Z11Z22)) + 2¢3(dy) + ((211222 — Z12221)Z33 + Z11Z32223)(P3 (dy) - (;1(‘12)) ((211 +

Z22)733 — 232223 — (212221 + Z11222)) + ¢2(d1)] # 0,
under conditions (21.3 —21.11) in[24] and (27), Thus, we conclude that the (HB) occurs at the

parameter d, = dj in proximity to the (EP) My. Similarly with (EPs) My, and M,;.

5. NUMERICAL SIMULATION:

In this section, the behavior of dynamics of system (1) is examined numerically by
mathematical methods. The purpose of this study is to verify the analytical results we have obtained
and to examine the effect of varying the given Sets for all parameters affecting the system's
dynamical behavior. It has been noted that system (1) has a (GAS) positive (EP), As illustrated in
Figure (1), the subsequent set of theoretical parameters that fulfill the stability requirements of the

positive (EP).

a1:2.7,

d,=0.02,

¥1=0.15, n=0.04, &,=0.03, p,=0.15, 5,=0.04, d,=0.02,

§,=0.25,

k1:3.5, f1:0.3, b1:0.6, C1:5.0, p1:005, 61:0.04,

a2:1.8, k2:2.8, f2=0.2, g1=025, b220.7, C2:3.5,

e,=0.01, 63=0.04, £=0.04, d3=0.02, d,=0.02.

(29)
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Figure -1 The curves followed by system (1), when began at three different starting points (5.1, 3.8, 1.4, 2.5), (2.2, 1.2,
0.5, 1.2), and (1.0, 1.3, 3.0, 0.5), for the data in (29). (a) the path of x; over time, (b) the path of x, over time, (c)
the path of x; over time, and (d) the path of x; over time, approach to My = (2.108,2.367,0.5,1.952).

As the positive equilibrium point of system (1) is asymptotically approached, the generalized
approximation of the solution (GAS) of system (1) is clear in Figure (1). Mg =
(2.108,2.367,0.5,1.952).

To examine the influence of parameter values on the system's dynamic behavior, we will alter
one parameter at a time while maintaining the other parameters as specified in the data (29) with

the beginning point (2.2, 1.8, 1.0, 0.8), and the results are shown in Table 2.
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Table 2: The dynamic behavior of system (1) at every system parameter

Parameter Range Stable (EP) | Bifurcation Persistence
0.0001 < a4 < 1.0237, Mg Not Persists
1.0237 < a; <5, M, 1.0237 Persists
01< k; <5 My Persists
0.00001 < f; < 14755, M, 1.4755 Persists
14755 < f; <5. Mg Not Persists
0.251 < by < 2.632, M, 2.632 Persists
2.632< by < 5 Mg Not Persists
0< ¢ <114, Mg Not Persists
114 < ¢ <5. M, 1.14 Persists
0.00001 < p; <0.22, M, 0.22 Persists
0.22 < p; <5. Mg Not Persists
0.00001 < 4§, <5. M, Persists
0.00001 < d; < 1. M, Persists
0.00001 < a, < 0.0843, M, Not Persists
0.0843 < a, < 0.1558, M, 0.0843 Not Persists
0.1558 < a, < 0.329, Mg 0.1558 Not Persists
0329 < a, <5, M, 0.329 Persists
0.00001 £ a, < 0.01879,a, = 0.01 M, Not Persists
0.01879 < a, < 0.07936, a; = 0.01 M, 0.01879 Not Persists
0.07936 < a, < 0.4,a, = 0.01. M, 0.07936 Not Persists
0.1 <k, <0.8758, M, Not Persists
0.8758 < k, < 1.0109, M, 0.8758 Not Persists
1.0109 < k, <5. My 1.0109 Persists
0.0001 < f, <5. M, Persists
0.00001 < g4 < 0.59. M, Persists
0.251 < b, <5, M, Persists
0.00001 < ¢, < 0.0002, Mg Not Persists
0.0002 < ¢, < 0.215, M, 0.0002 Not Persists
0.215< ¢, < 04. My 0.215 Persists
0.00001 <y, <1.0147, M, Persists
1.0147 <y, < 1.2666, Mg 1.0147 Not Persists
1.2666 <y; <5. M, 1.2666 Not Persists
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0.00001 <71 < 0.372, M, Persists
0.372 <71 < 0.4495, Mg 0.372 Not Persists
0.4495 <1 < 0.6103, M 0.4495 Not Persists
0.6103 <n <>5. M, 0.6103 Not Persists
0 g <1 M, Persists
0.00001 £ p, <5, M, Persists
0.00001 < 4, < 1.1009, M, Persists
1.1009 < 6, < 1.4508, Mg 1.1009 Not Persists
1.4508 < §, < 5. M 1.4508 Not Persists
0.00001 < d, < 0.955, M, Persists
0955 <d, <1 Mg 0.955 Not Persists
0<g,<0.1, M Not Persists
0.1 < g, <0.1095, M, 0.1 Not Persists
0.1095 < g, < 0.7 M, 0.1095 Persists
0< e, <1 M, Persists
0.00001 < 43 < 0.1182, M, Persists
0.1182 < 4§53 < 0.1265, M, 0.1182 Not Persists
0.1265 < 43 < 5. M, 0.1265 Not Persists
0.00001 < B < 0.0088, Mg Not Persists
0.0088 < 3 < 0.9, M, 0.0088 Persists
09<p<1. periodic Not Persists
0.00001 < d3 < 0.0982, M, Persists
0.0982 < d; < 0.1065, M, 0.0982 Not Persists
0.1065 < d; < 1. M, 0.1065 Not Persists
0.00001 < d, < 0.0752, M, Persists
0.0752 < d, < 0.05429. M, 0.0752 Not Persists

31

The influence of changing the growth rate of prey within the value 0.0001 < a; < 1.0237
was investigated, it has been noted that system (1) continues to toward Mg, Nonetheless, extending
this parameter to its extremes further 1.0237 < a; < 5 the solution toward to Mgy, as seen in
Figure (2).
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Figure -2 (a) the solution time series for system (1), which approaches to Mg = (0, 2.4,0.5,1.982) when a,= 0.5,
(b) the solution time series for system (1) which approach to My = (0.953,2.409,0.5,1.991) when a;=1.4.

The study examines the predator population's response Regarding fluctuations in the predator
population growth rate, with a range of 0.00001 < a, < 0.0843, Itis observed that system (1) is
close to M,, but the system reaches M; when the parameter is increased by 0.0843 < a, <
0.1558. When the parameter is increased by 0.1558 < a, < 0.329, the system is close to Mg, but
the system reaches My when the parameter is increased by 0.329 < a, < 5, also increasing this
parameter further 0.00001 < a, < 0.01879, when a; = 0.01, the system reaches M,,when
increasing this parameter further 0.01879 < a, < 0.07936, when a; = 0.01, the system
reaches M, , finally upping this parameter even further 0.07936 < a, < 0.4, when a; =

0.01, the system is close to M,, as seen in Figure (3).
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Figure -3 (a) The solution time series for system (1) which approach to M; = (3.01,0,0,0) when a, = 0.004,
(b) the solution time series for system (1) which approach to M; = (2.944,0.3483,0,0) when a,=0.11, (c) the
solution time series for system (1) which approach to Mg = (2.822,0.861,0.306,0) when a,= 0.28, (d) the
solution time series for system (1) which approach to My = (2.108, 2.366,0.5,1.952) when a,=1.8, (e) the solution
time series for system (1) which approach to My, = (0,0,0,0) when a,=0.003 and a;=0.01, (f) the solution time
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series for system (1) which approach to M, = (0,0.368,0,0) when a,= 0.04 and a,= 0.01, (g) the solution time
series for system (1) which approach to M, = (0,0.861,0.315,0) when a,=0.2 and a,=0.01.

The impact of switching up the amount of fear of prey inside the range 0.00001 < f; <
1.4755, It was found that system (1) is still getting closer to My asymptotically throughout the
course of the research, regardless of finding this parameter was raised much further 1.4755 <
f1 < 5, the probability of the infected apex predator becoming extinct increases, and the system is

close to Mg as seen in Figure (4).
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Figure -4 (a) The solution time series for system (1) which approach to My = (1.26,2.403,0.5,1.986 ) when f; =
0.8,(b) the solution time series for system (1) which approach to Mg = (0,2.4,0.5,1.984) when f; = 2.

The impact of switching up the amount of fear of predator inside the range 0.0001 < f, <
5. the investigation revealed that system (1) continued to asymptotically approach the positive

equilibrium point defined by Mg, as seen in Figure (5).
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Figure -5 (a) The solution time series for system (1) which approach to M, = (2.207,2.227,0.5,1.821) when f, =
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0.9.

When the hunting cooperation in predator the impact of this difference in the range
0.00001 < p; < 0.22, was investigated, it has been noted that system (1) continues to approach
M,, regardless of finding this parameter was raised much further 0.22 < p; <5 and the system

is close to Mg, as seen in Figure (6).
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Figure -6 (a) System (1)'s solution time series, which toward to My = (0.856,2.421,0.5,2) when p; =0.2, (b)
the solution time series for system (1) which approach to Mg = (0, 2.4,0.5,1.984) when p; =0.6.

When the hunting cooperation in susceptible top predator the impact of this difference in the
range 0.00001 < p, < 5 was investigated, it has been noted that system (1) continues to approach

M, as seen in Figure (7).
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Figure -7 (a) System (1)'s solution time series, which toward to My = (2.3,2.087,0.5,1.85) when p, =0.8.
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This research investigated the toxin rate of the predator and the effects of variations within
the range of 0.00001 < §, < 1.1009, it has been noted that system (1) continues to approach M,
the effect of this variation 1.1009 < §, < 1.4508, was investigated, it has been noted that system
(1) continues to approach M. Nonetheless, extending this parameter to its extremes further

1.4508 < §, < 5. the system is close to Mg, as seen in Figure (8).
(a) (b)
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Figure-8 (a) System (1)'s solution time series, which toward to My = (2.252,2.159,0.5,1.753) when §,=0.1,
(b)the solution time series for system (1) which approach to Mg = (2.822,0.861,0.33,0) when &, =1.2, (c) the
solution time series for system (1) which approach to M; = (2.877,0.652,0,0) when &, =4.

The number of predators in the range changes when the number of food that is protected by
predators changes 0.00001 <n < 0.372, it is observed that system (1) is close to My, although
the system reaches Mg when the parameter is increased further by 0.372 <17 < 0.4495, and M;

when the parameter is increased by 0.4495 <n < 0.6103, finally, the system is close to M;
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when the parameter is increased by 0.6103 < n < 5, as seen in Figure (9).
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Figure -9 (a) The solution time series for system (1) which approach to My = (2.505,1.706,0.501,1.24) when

n = 0.2, (b) the solution time series for system (1) which approach to Mg = (2.822,0.862,0.29,0) when n= 0.4,

(c) the solution time series for system (1) which approach to M5 = (2.941,0.362,0,0) when n= 0.54, (d) the

solution time series for system (1) which approach to M; = (3.006,0,0,0) when n=75.

The dynamical behavior of system (1) is examined in the value of variations in the disease

transmission rate of the top predator 0.00001 < £ < 0.0088, it is observed that system (1)

approaches Mg. However, when this parameter is further increased to 0.0088 < f < 0.9,, the

system reaches M. Finally, when this parameter is increased to 0.9 < B < 1, the system (1)

approach to periodic solution, as seen in Figure (10).
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Figure -10 (a) System (1)'s solution time series, which toward to My = (2.831,0.832,1.861,0) when $=0.003,
(b) the solution time series for system (1) which approach to My = (2.059, 2.43,0.4,1.599) when $=0.05, (c) the

solution of system (1) approach to periodic solution when f =0.95.

6. RESULTS AND DISCUSSION

This work delineates the criteria for the emergence of local bifurcation in a prey-predator
model of a food chain that includes the factors of fear, hunting cooperation, anti-predator, toxins
and disease in top predator, with the use of Sotomayor’s theorem. It is located near the (EP):

» At My,Mg and M, system (1) exhibits (TB) at inherent growth rates of the prey (a?) , the
natural mortality rate of infected apex predators (54) in order.

> At My, M,, M5, M, ,Ms and Mg system (1) exhibits (TB) and (PB) at inherent growth rates
of the prey and the predator (a,, @, d,,a,) , The rates at which food is converted into energy

differ (g,) in order.
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» At My, M;, and M;; system (1) exhibits (SNB) at the mortality rate of infected apex predator
(d4) in order.

Additionally, examinations for (HB) at the natural mortality rate of vulnerable predators
(d*) in proximity to Mgy, M;,and M;; are conducted. Conversely, numerical simulations were
performed utilizing the MATLAB software for three separate beginning conditions and one
theoretical dataset presented in (29). The findings indicated that:
1. The parameters aq, f1, p1, ¢1 ,ay . ky, by, C3,V1,7M, 02,d5,9, , 03, B, dj
and d, have the greatest impact on regulating the system's stability (1).
2. The parameters kq,d;,dq,p2, by, f2, g1, €1 and e, are unhelpful in preserving system

stability (1) since the solutions keep getting closer to the positive (EP).
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                                                                                                                                                                                                                                                         ( 7 )


      x - 1 2 < 3   c 1 ,                                                                                                                                                                                                                                                                                                                                                  ( 8 )


    J 12 =   a 1   f 1     x - 1  (       x - 1    k 1 − 1 ) −     b 1     x - 1    c 1 +     x - 1 2


    J 11 =   a 1  ( 1 −   2     x - 1    k 1 ) − 3   𝛿 1     x - 1 2 −   d 1


   ( 1 )


      M 1 =  (     x - 1 , 0 ,   0 ,   0 )


      a - 2 =   a 2 = −     g 1     x - 1    c 1 +     x - 1 2 + 𝜂     x - 1 +   d 2


 


      J 1


    𝜆  1   x 2 = 0


      a - 2 =   a 2 = −     g 1     x - 1    c 1 +     x - 1 2 + 𝜂     x - 1 +   d 2


      J 1  


      a - 2 =   a 2


      J - 1 =   J 1  (   M 1   ,     a - 2 ) =  [      J 11    J 12  0  0   0  0  0  0      0     0     −  (   𝛿 3 +   d 3 )  0   0  0  0  −   d 4 ] .


    𝜆  1   x 2 = 0  


      J - 1


     Ω -   [ 1 ] =    (    Ω - 1   [ 1 ]   ,    Ω - 2   [ 1 ]   ,    Ω - 3   [ 1 ] ,    Ω - 4   [ 1 ] )  T


     (     J - 1 −   𝜆  1   x 2 I )    Ω -   [ 1 ] = 0


   ( 15 . 2 )


     Ω -   [ 1 ] =    (   −   J 12    J 11      Ω - 2   [ 1 ] ,      Ω - 2   [ 1 ]   ,   0 ,   0   )  T


     Ω - 2   [ 1 ] ≠ 0


    𝜆  1   x 2 = 0 ,


     ℧ -   [ 1 ] =    (    ℧ - 1   [ 1 ]   ,    ℧ - 2   [ 1 ]   ,    ℧ - 3   [ 1 ] ,      ℧ - 4   [ 1 ] )  T


      J - 1  T


   (     J - 1  T −   𝜆  1   x 2 I )    ℧ -   [ 1 ] = 0


     ℧ -   [ 1 ]


   ( 15 . 2 )


       ℧ -   [ 1 ] =    ( 0   ,    ℧ - 2   [ 1 ]   , 0 ,   0 )  T


     ℧ - 2   [ 1 ] ≠ 0


    𝜕 f  𝜕   a 2 =   f    a 2  ( M   ,   a 2 ) =    (   𝜕   f 1  𝜕   a 2 ,   𝜕   f 2  𝜕   a 2 ,   𝜕   f 3  𝜕   a 2 ,     𝜕   f 4  𝜕   a 2 )  T


    =    ( 0 ,   x 2  ( 1 −     x 2    k 2 )  (     1    1 +   f 2   x  s )   , 0   ,   0 )  T .


      f    a 2  (   M 1   ,     a - 2 ) =    ( 0 ,   0   ,   0   ,   0 )  T


       (    ℧ -   [ 1 ] )  T   f    a 2  (   M 1   ,     a - 2 ) = 0


  D   f    a 2  ( M   ,     a 2 ) =      [    0  0  0  0   0   ( 1 −   2   x 2    k 2 )  1   ( 1 +   f 2   x  s )    x 2  ( 1 −     x 2    k 2 )   −   f 2     ( 1 +   f 2   x  s ) 2  0      0   0     0   0     0   0     0   0 ] ,    


  D   f    a 2  ( M   ,     a 2 )  


    f    a 2  ( M   ,     a 2 )


  M =    (   x 1 ,     x 2 ,     x  s ,     x  I   )  T


  D   f    a 2  (   M 0   ,       a - 2 )    Ω -   [ 1 ] =  [    0  0  0   0  1  0      0   0     0   0     0   0              0   0      0   0 ]  [      −   J 12    J 11      Ω - 2   [ 1 ]      Ω - 2   [ 1 ]   0   0 ] =  [    0      Ω - 2   [ 1 ]   0   0 ]


     (    ℧ -   [ 1 ] )  T  [ D   f    a 1  (   M 1   ,     a - 2 )    Ω -   [ 1 ] ] =  (   0   ,    ℧ - 2   [ 1 ]   , 0 ,   0 )    ( 0 ,    Ω - 2   [ 1 ]   , 0   , 0   )  T


  =    Ω - 2   [ 1 ]    ℧ - 2   [ 1 ] ≠ 0 .


         Ω -   [ 1 ]


    D 2 f  (   M 1   ,       a - 2 )  (    Ω -   [ 1 ] ,      Ω -   [ 1 ] ) =  [        K - 1 ′       K - 2 ′   0   0 ]


      K - 1 ′ = 2  [  (   −   a 1    k 1 − 3   𝛿 1     x - 1 )    (   −   J 12    J 11 ) 2 +  (  ( 1 −   2     x - 1    k 1 )  ( −   a 1   f 1 ) +     b 1  (   c 1 −     x - 1 2 )     (   c 1 +     x - 1 2 ) 2   ) (   −   J 12    J 11 ) +  (   a 1   f 1 2     x - 1  ( 1 −       x - 1    k 1 ) −                                 𝜌 1     x - 1 ) ]   (    Ω - 2  [ 1 ] ) 2 ,


      K - 2 ′ = 2  [  (     g 1  (   c 1 −     x - 1 2 )     (   c 1 +     x - 1 2 ) 2 − η )  (   −   J 12    J 11 ) −  (     a 2    k 2 +   𝛿 2 ) ]   (    Ω - 2  [ 1 ] ) 2 .


     (    ℧ -   [ 1 ] )  T  [   D 2 f  (   M 1   ,       a - 2 )  (    Ω -   [ 1 ] ,      Ω -   [ 1 ] ) ] = 2  [  (     g 1  (     x - 1 2 −   c 1 )     (   c 1 +     x - 1 2 ) 2 + η )     J 12    J 11 −  (     a 2    k 2 +   𝛿 2 ) ]    ℧ - 2   [ 1 ]   (    Ω - 2  [ 1 ] ) 2 ≠ 0 .


  ( 1 )


    M 1


      a - 2 =   a 2


     Ω -   [ 1 ]


    D 3 F  (   M 1   ,     a - 2 )  (    Ω -   [ 1 ]   ,    Ω -   [ 1 ]   ,    Ω -   [ 1 ] ) =  [        R - 1 ′       R - 2 ′   0   0 ]


      R - 1 ′ = 6  [   𝛿 1    (     J 12    J 11 ) 3 +  (     a 1   f 1    k 1 +     b 1     x - 1  (   x 1 − 3   c 1 )     (   c 1 +     x - 1 2 ) 3 )    (     J 12    J 11 ) 2 +  (   a 1   f 1 2  (   2     x - 1    k 1 − 1 ) +   𝜌 1 )  (     J 12    J 11 ) −   a 1   f 1 3     x - 1  ( 1 −                                       x - 1    k 1 ) ]   (    Ω - 2  [ 1 ] ) 3


      R - 2 ′ = 6  [   g 1     x - 1    (     x - 1 2 − 3   c 1 )     (   c 1 +     x - 1 2 ) 3    (     J 12    J 11 ) 2 −   e 1   𝜌 1  (     J 12    J 11 ) ]   (    Ω - 2  [ 1 ] ) 3


     (    ℧ -   [ 2 ] ) T  [   D 3 F  (   M 1   ,     a - 2 )  (    Ω -   [ 1 ]   ,    Ω -   [ 1 ]   ,    Ω -   [ 1 ] ) ] = 6  [   g 1   x 1    (     x - 1 2 − 3   c 1 )     (   c 1 +     x - 1 2 ) 3    (     J 12    J 11 ) 2 −   e 1   𝜌 1  (     J 12    J 11 ) ]    ℧ - 2   [ 1 ]   (    Ω - 2  [ 1 ] ) 3 ≠ 0


  ( 1 )


    M 1


      a - 2 =   a 2


  ( SNB )


   ( 16 . 3 − 16 . 4 )


      g 1     x ̿ 2    c 1 +   e 1   𝜌 1     x ̿ 2 2 > 𝜂     x ̿ 2


                                                                                                                                                                                                                                                                                                     ( 9 )


      b 1   𝜏 ̿    c 1 ≠     a 1    k 1  ( 1 +   f 1     x ̿ 2 ) +  (     a 1   f 1     ( 1 +   f 1     x ̿ 2 ) 2 + 2   𝜌 1     x ̿ 2 )   𝜏 ̿ ,                                                                                                                                                                                                                            ( 10 )


      b 1     x ̿ 2      c 1 2 +     a 1   f 1 2     𝜏 ̿ 2     ( 1 +   f 1     x ̿ 2 ) 3 +     a 1   f 1   𝜏 ̿    k 1    ( 1 +   f 1     x ̿ 2 ) 2 ≠  (   𝛿 1 +   𝜌 1     𝜏 ̿ 2 ) ,                                                                                                                                                                                                              ( 11 )


   ( 1 )


    M 2 =  ( 0 ,     x ̿ 2 , 0 ,   0   )


      a ̿ 1 =   a 1 = ( 1 +   f 1     x ̿ 2 )  (     b 1     x ̿ 2    c 1 +   𝜌 1     x ̿ 2 2 +   d 1 )


 


        J 2


    𝜆  2   x 1 = 0


      a ̿ 1 =   a 1 = ( 1 +   f 1     x ̿ 2 )  (     b 1     x ̿ 2    c 1 +   𝜌 1     x ̿ 2 2 +   d 1 )


      J 1  


      a ̿ 1 =   a 1


      J ̿ 2 =   J 2  (   M 2   ,     a ̿ 1 ) =    [     m ̿  i j ]  4 × 4 .


      m ̿  i j =   m  i j ,     i , j = 1 , 2 , 3 , 4


      m ̿ 11 = 0


    𝜆  2   x 1 = 0  


      J ̿ 2


     Ω ̿   [ 2 ] =    (    Ω ̿ 1   [ 2 ]   ,    Ω ̿ 2   [ 2 ]   ,    Ω ̿ 3   [ 2 ] ,    Ω ̿ 4   [ 2 ] )  T


     (     J ̿ 2 −   𝜆  2   x 1 I )    Ω ̿   [ 2 ] = 0


   ( 16 . 3 − 16 . 4 )


     Ω ̿   [ 2 ] =    (      Ω ̿ 1   [ 2 ] ,   𝜏 ̿      Ω ̿ 1   [ 2 ]   ,   0 ,   0   )  T


    𝜏 ̿ =   −     m ̿ 21      m ̿ 22


       Ω ̿ 1   [ 2 ] ≠ 0


    𝜆  2   x 1 = 0 ,


      J ̿ 2  T


       ℧ ̿   [ 2 ] =    (    ℧ ̿ 1   [ 2 ]   ,    ℧ ̿ 2   [ 2 ]   ,    ℧ ̿ 3   [ 2 ] ,      ℧ ̿ 4   [ 2 ] )  T


   (     J ̿ 2  T −   𝜆  2   x 1 I )    ℧ ̿   [ 2 ] = 0


     ℧ ̿   [ 2 ]


   ( 16 . 3 − 16 . 4 )


       ℧ ̿   [ 2 ] =    (    ℧ ̿ 1   [ 2 ] , 0 , 0 ,   0 )  T


     ℧ ̿ 1   [ 2 ] ≠ 0


    𝜕 f  𝜕   a 1 =   f    a 1  ( M   ,   a 1 ) =    (   𝜕   f 1  𝜕   a 1 ,   𝜕   f 2  𝜕   a 1 ,   𝜕   f 3  𝜕   a 1 ,     𝜕   f 4  𝜕   a 1 )  T


    =    (   x 1  ( 1 −     x 1    k 1 )  (     1      1 +   f 1   x 2   ) , 0   , 0   ,   0 )  T .


      f    a 1  (   M 2   ,     a ̿ 1 ) =    ( 0 ,   0   ,   0   ,   0 )  T


       (    ℧ ̿   [ 2 ] )  T   f    a 1  (   M 2   ,     a ̿ 1 ) = 0


  D   f    a 1  ( M   ,     a 1 ) =    [     ( 1 −   2   x 1    k 1 )     1    1 +   f 1   x 2    x 1  ( 1 −     x 1    k 1 )  (     −   f 1        ( 1 +   f 1   x 2 ) 2   )  0  0   0  0  0  0      0     0     0  0   0  0  0  0           ] ,  


  D   f    a 1  ( M   ,     a 1 )  


    f    a 1  ( M   ,     a 1 )


  M =    (   x 1 ,     x 2 ,     x  s ,     x  I   )  T


  D   f    a 1  (   M 2   ,       a ̿ 1 )    Ω ̿   [ 2 ] =  [        1      1 +   f 1     x ̿ 2    0  0   0  0  0      0   0     0   0     0   0              0   0      0   0 ]  [         Ω ̿ 1   [ 2 ]     𝜏 ̿      Ω ̿ 1   [ 2 ]   0   0 ] =  [           Ω ̿ 1   [ 2 ]    1 +   f 1     x ̿ 2     0   0   0 ]


     (    ℧ ̿   [ 2 ] )  T  [ D   f    a 1  (   M 1   ,     a ̿ 1 )    Ω ̿   [ 2 ] ] =  (      ℧ ̿ 1   [ 2 ]   , 0   , 0 ,   0 )    (        Ω ̿ 1   [ 2 ]    1 +   f 1     x ̿ 2   , 0   , 0   , 0   )  T =        Ω ̿ 1   [ 2 ]      ℧ ̿ 1   [ 2 ]    1 +   f 1     x ̿ 2   ≠ 0 .


         Ω ̿   [ 2 ]


    D 2 f  (   M 1   ,       a ̿ 1 )  (    Ω ̿   [ 2 ] ,      Ω ̿   [ 2 ] ) =  [    2  [   −   a 1    k 1  ( 1 +   f 1     x ̿ 2 ) +  (   −   a 1   f 1     ( 1 +   f 1     x ̿ 2 ) 2 +     b 1    c 1 − 2   𝜌 1     x ̿ 2 )   𝜏 ̿ ]   (    Ω ̿ 1  [ 2 ] ) 2   2  [  (     g 1    c 1 − η + 2   e 1   𝜌 1     x ̿ 2 ) +  (   −   a 2    k 2 −   𝛿 2 )   𝜏 ̿ ]   𝜏 ̿   (    Ω ̿ 1  [ 2 ] ) 2   0   0 ]


     (    ℧ ̿   [ 2 ] )  T  [   D 2 f  (   M 2   ,       a ̿ 1 )  (    Ω ̿   [ 2 ] ,      Ω ̿   [ 2 ] ) ] = 2  [   −   a 1    k 1  ( 1 +   f 1     x ̿ 2 ) +  (   −   a 1   f 1     ( 1 +   f 1     x ̿ 2 ) 2 +     b 1    c 1 − 2   𝜌 1     x ̿ 2 )   𝜏 ̿ ]   (    Ω ̿ 1  [ 2 ] ) 2    ℧ - 1   [ 2 ] ≠ 0 .


    M 2  


      a ̿ 1 =   a 1


     Ω ̿   [ 2 ]


    D 3 F  (   M 2   ,     a ̿ 1 )  (    Ω ̿   [ 2 ]   ,    Ω ̿   [ 2 ]   ,    Ω ̿   [ 2 ] ) =  [        R ̿ 1 ′   6  [     g 1     x ̿ 2      c 2 2 +   e 1   𝜌 1     𝜏 ̿ 2 ]   (    Ω ̿ 1  [ 2 ] ) 3   0   0 ]


      R ̿ 1 ′ = 6  [  (     b 1     x ̿ 2      c 1 2 −   𝛿 1 ) +     a 1   f 1   𝜏 ̿    k 1    ( 1 +   f 1     x ̿ 2 ) 2 +  (     a 1   f 1 2     ( 1 +   f 1     x ̿ 2 ) 3 −   𝜌 1 )     𝜏 ̿ 2 ]   (    Ω ̿ 1  [ 2 ] ) 3


     (    ℧ ̿   [ 2 ] ) T  [   D 3 F  (   M 2   ,     a ̿ 1 )  (    Ω ̿   [ 2 ]   ,    Ω ̿   [ 2 ]   ,    Ω ̿   [ 2 ] ) ] = 6  [  (     b 1     x ̿ 2      c 1 2 −   𝛿 1 ) +     a 1   f 1   𝜏 ̿    k 1    ( 1 +   f 1     x ̿ 2 ) 2 +  (     a 1   f 1 2     ( 1 +   f 1     x ̿ 2 ) 3 −   𝜌 1 )     𝜏 ̿ 2 ]   (    Ω ̿ 1  [ 2 ] ) 3    ℧ - 1   [ 1 ] ≠ 0


    M 2


      a ̿ 1 =   a 1


  ( SNB )


   ( )


      c 2   g 2     𝜏 ˇ 2     (   c 2 +   𝛾 1   x 2 2 ) 2   + 2   e 2   𝜌 2   x 2 ≠     g 2   𝛾 1     𝜏 ˇ 2   x 2 2     (   c 2 +   𝛾 1   x 2 2 ) 2


                                                                                                                                                                                                                                               ( 12 )


    3   c 2     𝜏 ˇ 2   g 2   𝛾 1     x ˇ 2     (   c 2 +   𝛾 1     x ˇ 2 2 ) 3 ≠   e 2   𝜌 2 +     g 2     𝜏 ˇ 2   𝛾 1 2     x ˇ 2 3     (   c 2 +   𝛾 1     x ˇ 2 2 ) 3


                                                                                                                                                                                                                                                         ( 13 )


   ( 1 )


    M 3 =  (     x ˇ 1   ,     x ˇ 2 , 0   ,   0   ) ,


      g ˇ 2 =   g 2 =   (   c 2 +   𝛾 1     x ˇ 2 2 ) (   𝛿 3 +   d 3 )      x ˇ 2  


      J 3


    𝜆  3   x  s = 0


      g ˇ 2 =   g 2 =   (   c 2 +   𝛾 1     x ˇ 2 2 ) (   𝛿 3 +   d 3 )      x ˇ 2


      J 3  


      g ˇ 2 =   g 2


      J ˇ 3 =   J 3  (   M 3   ,     g ˇ 2 )   =  [     p ˇ  i j ]  4 × 4 .


      p ˇ  i j =   p  i j ,     i , j = 1 , 2 , 3 , 4


      p ˇ 33 = 0


    𝜆  3   x  s = 0


      J ˇ 3


     Ω ˇ   [ 3 ] =    (    Ω ˇ 1   [ 3 ]   ,    Ω ˇ 2   [ 3 ]   ,    Ω ˇ 3   [ 3 ] ,    Ω ˇ 4   [ 3 ] )  T


     (     J ˇ 3 −   𝜆  3   x  s I )    Ω ˇ   [ 3 ] = 0


   ( 17 . 3 − 17 . 8 )


     Ω ˇ   [ 3 ] =    (     𝜏 ˇ 1      Ω ˇ 3   [ 3 ] , −     𝜏 ˇ 2      Ω ˇ 3   [ 3 ]   ,      Ω ˇ 3   [ 3 ] ,   0   )  T


      𝜏 ˇ 1 =       p ˇ 12     p ˇ 23      p ˇ 11     p ˇ 22 −     p ˇ 12     p ˇ 12


      𝜏 ˇ 2 =       p ˇ 11     p ˇ 23      p ˇ 11     p ˇ 22 −     p ˇ 12     p ˇ 12


       Ω ˇ 3   [ 3 ] ≠ 0


    𝜆  3   x  s = 0 ,


      J ˇ 3  T


       ℧ ˇ   [ 3 ] =    (    ℧ ˇ 1   [ 3 ]   ,    ℧ ˇ 2   [ 3 ]   ,    ℧ ˇ 3   [ 3 ] ,      ℧ ˇ 4   [ 3 ] )  T


   (     J ˇ 3  T −   𝜆  3   x  s I )    ℧ ˇ   [ 3 ] = 0


     ℧ ˇ   [ 3 ]


   ( 17 . 4 )   and   ( 17 . 6 )   in   [ 24 ]


       ℧ ˇ   [ 3 ] =    ( 0 , 0 ,    ℧ ˇ 3   [ 3 ] ,   0 )  T


     ℧ ˇ 3   [ 3 ] ≠ 0


    𝜕 f  𝜕   g 2 =   f    g 2  ( M   ,   g 2 ) =    (   𝜕   f 1  𝜕   g 2 ,   𝜕   f 2  𝜕   g 2 ,   𝜕   f 3  𝜕   g 2 ,     𝜕   f 4  𝜕   g 2 )  T


    =    ( 0 , 0   ,     x 2   x  s    c 2 +   𝛾 1   x 2 2     ,   0 )  T .


      f    g 2  (   M 3   ,     g ˇ 2 ) =    ( 0 ,   0   ,   0   ,   0 )  T


       (    ℧ ˇ   [ 3 ] )  T   f    g 2  (   M 3   ,     g ˇ 2 ) = 0


  D   f    g 2  ( M   ,     g 2 ) =    [    0  0  0  0   0  0  0  0      0        (   c 2 −   𝛾 1   x 2 2 )   x  s     (   c 2 +   𝛾 1   x 2 2 ) 2         x 2   (   c 2 +   𝛾 1   x 2 2 )  0   0  0  0  0     ] ,  


  D   f    g 2  ( M   ,     g 2 )  


    f    g 2  ( M   ,     g 2 )


  M =    (   x 1 ,     x 2 ,     x  s ,     x  I   )  T


  D   f    g 2  (   M 2   ,       g ˇ 2 )    Ω ˇ   [ 3 ] =  [    0  0  0   0  0  0      0   0     0   0           x ˇ 2   (   c 2 +   𝛾 1     x ˇ 2 2 )   0              0   0      0   0 ]  [      −     𝜏 ˇ 1      Ω ˇ 3   [ 3 ]       𝜏 ˇ 2      Ω ˇ 3   [ 3 ]      Ω ˇ 3   [ 3 ]   0 ] =  [    0   0         x ˇ 2    Ω ˇ 3   [ 3 ]   (   c 2 +   𝛾 1     x ˇ 2 2 )   0 ]


     (    ℧ ˇ   [ 3 ] )  T  [ D   f    g 2  (   M 3   ,     g ˇ 2 )    Ω ˇ   [ 3 ] ] =  (   0   , 0   ,    ℧ ˇ 3   [ 3 ] ,   0 )    ( 0 , 0   ,       x ˇ 2    Ω ˇ 3   [ 3 ]   (   c 2 +   𝛾 1     x ˇ 2 2 )   , 0   )  T =       x ˇ 2    Ω ˇ 3   [ 3 ]    ℧ ˇ 3   [ 3 ]   (   c 2 +   𝛾 1     x ˇ 2 2 ) ≠ 0 .


         Ω ˇ   [ 3 ]


    D 2 f  (   M 3   ,       g ˇ 2 )  (    Ω ˇ   [ 3 ] ,      Ω ˇ   [ 3 ] ) =  [        K ˇ 1 ′       K ˇ 2 ′   2  [     g 2  (   𝛾 1     x ˇ 2 2 −   c 2 )     (   c 2 +   𝛾 1     x ˇ 2 2 ) 2       𝜏 ˇ 2 + 2   e 2   𝜌 2     x ˇ 2 ]   (    Ω ˇ 3   [ 3 ] ) 2   0 ]


      K ˇ 1 ′ = 2  [  (   −   a 1    k 1  ( 1 +   f 1     x ˇ 2 ) −     b 1     x ˇ 1     x ˇ 2  ( 3   c 1 −     x ˇ 1 2 )     (   c 1 +     x ˇ 1 2 ) 3 − 3   𝛿 1     x ˇ 1 )    (     𝜏 ˇ 1 ) 2 +  (  ( 1 −   2     x ˇ 1    k 1 )   −   a 1   f 1     ( 1 +   f 1     x ˇ 2 ) 2 +     b 1  (   c 1 −     x ˇ 1 2 )     (   c 1 +     x ˇ 1 2 ) 2 −                                 2   𝜌 1     x ˇ 2 )  ( −     𝜏 ˇ 1     𝜏 ˇ 2 ) +  (   a 1     x ˇ 1  ( 1 −       x ˇ 1    k 1 )     f 1 2     ( 1 +   f 1     x ˇ 2 ) 3 −   𝜌 1     x ˇ 1 )   (     𝜏 ˇ 2 ) 2 ]   (    Ω ˇ 3   [ 3 ] ) 2


      K ˇ 2 ′ = 2  [     g 1     x ˇ 1     x ˇ 2  (     x ˇ 1 2 − 3   c 1 )     (   c 1 +     x ˇ 1 ) 3    (     𝜏 ˇ 1 ) 2 +  (     g 1  (   c 1 −     x ˇ 1 2 )     (   c 1 +     x ˇ 1 2 ) 2 − η + 2   e 1   𝜌 1     x ˇ 2 )  ( −     𝜏 ˇ 1     𝜏 ˇ 2 ) +  (   −   a 2    k 2 +   e 1   𝜌 1     x ˇ 1 −   𝛿 2 )   (     𝜏 ˇ 2 ) 2 +                                (   a 2   f 2  ( 1 −   2     x ˇ 2    k 2 ) +     b 2  (   c 2 −   𝛾 1     x ˇ 2 2 )     (   c 2 +   𝛾 1     x ˇ 2 2 ) 2 )     𝜏 ˇ 2 +  (   a 2     x ˇ 2  ( 1 −       x ˇ 2    k 2 )     f 1 2     ( 1 +   f 1     x ˇ 2 ) 3 −   𝜌 2     x ˇ 2 ) ]   (    Ω ˇ 3   [ 3 ] ) 2


     (    ℧ ˇ   [ 3 ] )  T  [   D 2 f  (   M 3   ,     g ˇ 2 )  (    Ω ˇ   [ 3 ] ,      Ω ˇ   [ 3 ] ) ] = 2  [     g 2   𝛾 1     𝜏 ˇ 2     x ˇ 2 2     (   c 2 +   𝛾 1     x ˇ 2 2 ) 2   + 2   e 2   𝜌 2     x ˇ 2 −     c 2   g 2     𝜏 ˇ 2     (   c 2 +   𝛾 1     x ˇ 2 2 ) 2 ] =   (    Ω ˇ 3   [ 3 ] ) 2    ℧ ˇ 3   [ 3 ] ≠ 0 .


    M 3  


      g ˇ 2 =   g 2


     Ω ˇ   [ 3 ]


    D 3 F  (   M 3   ,     g ˇ 2 )  (    Ω ˇ   [ 3 ]   ,    Ω ˇ   [ 3 ]   ,    Ω ˇ   [ 3 ] ) =  [        R ˇ 1 ′       R ˇ 2 ′   6  [   g 2   𝛾 1     x ˇ 2   3   c 2 −   𝛾 1     x ˇ 2 2     (   c 2 +   𝛾 1     x ˇ 2 2 ) 3     𝜏 ˇ 2 −   e 2   𝜌 2 ]     𝜏 ˇ 2   (    Ω ˇ 3   [ 3 ] ) 3   0 ]


      R ˇ 1 ′ = 6  [  (     b 1     x ˇ 2  [   c 1  ( 6     x ˇ 1 2 −   c 1 ) −     x ˇ 1 4 ]     (   c 1 +     x ˇ 1 2 ) 4 −   𝛿 1 )    (     𝜏 ˇ 1 ) 3 +  (     a 1   f 1    k 1    ( 1 +   f 1     x ˇ 2 ) 2 −     b 1     x ˇ 1  ( 3   c 1 −     x ˇ 1 )     (   c 1 +     x ˇ 1 2 ) 3 )    (     𝜏 ˇ 1 ) 2   ( −   𝜏 ˇ 2 ) +  (  ( 1 −                                       2     x ˇ 1    k 1 )     a 1   f 1 2     ( 1 +   f 1     x ˇ 2 ) 3 −   𝜌 1 )  (     𝜏 ˇ 1 )    (     𝜏 ˇ 2 ) 2 +   a 1     x ˇ 1  ( 1 −       x ˇ 1    k 1 )     f 1 3     ( 1 +   f 1     x ˇ 2 ) 4    (     𝜏 ˇ 2 ) 3 ]   (    Ω ˇ 3   [ 3 ] ) 3


      R ˇ 2 ′ = 6  [   g 1     x ˇ 2     c 2  ( 6     x ˇ 1 2 −   c 1 ) −     x ˇ 1 4     (   c 1 +     x ˇ 1 2 ) 4    (     𝜏 ˇ 1 ) 3 −   g 1     x ˇ 1    ( 3   c 1 −     x ˇ 1 2 )     (   c 1 +     x ˇ 1 2 ) 3    (     𝜏 ˇ 1 ) 2 ( −     𝜏 ˇ 2 ) +   e 1   𝜌 1 (     𝜏 ˇ 1 )    (     𝜏 ˇ 2 ) 2 +  (   2   a 2   f 2    k 2 +                                   b 2   𝛾 1     x ˇ 2    ( 3   c 1 −   𝛾 1     x ˇ 1 2 )     (   c 2 +   𝛾 1     x ˇ 2 2 ) 3 )    (     𝜏 ˇ 2 ) 2 +  (   a 2   f 2 2  ( 1 −   2     x ˇ 2    k 2 ) −   𝜌 2 )   ( −   𝜏 ˇ 2 ) − 6   a 2   f 2 3     x ˇ 2  ( 1 −       x ˇ 2    k 2 ) ]   (    Ω ˇ 3   [ 3 ] ) 3


     (    ℧ ˇ   [ 3 ] ) T  [   D 3 F  (   M 3   ,     g ˇ 2 )  (    Ω ˇ   [ 3 ]   ,    Ω ˇ   [ 3 ]   ,    Ω ˇ   [ 3 ] ) ] = 6  [   3   c 2     𝜏 ˇ 2   g 2   𝛾 1     x ˇ 2     (   c 2 +   𝛾 1     x ˇ 2 2 ) 3 −   e 2   𝜌 2 −     g 2     𝜏 ˇ 2   𝛾 1 2     x ˇ 2 3     (   c 2 +   𝛾 1     x ˇ 2 2 ) 3 ]     𝜏 ˇ 2   (    Ω ˇ 3   [ 3 ] ) 3    ℧ ˇ 3   [ 3 ] ≠ 0


      M 3  


      g ˇ 2 =   g 2


  ( SNB )


   ( 18 . 3 − 18 . 7 )


      g 1     x ^ 2    c 1 +   e 1   𝜌 1     x ^ 2 2 > 𝜂     x ^ 2 ,                                                                                                                                                                                                                                                                                                  ( 14 )


      b 1     𝜏 ^ 1    c 1 ≠     a 1    k 1  ( 1 +   f 1     x ^ 2 ) +  (     a 1   f 1     ( 1 +   f 1     x ^ 2 ) 2 + 2   𝜌 1     x ^ 2 )     𝜏 ^ 1


                                                                                                                                                                                                                     ( 15 )


      a 1   f 1     𝜏 ^ 1    k 1    ( 1 +   f 1     x ^ 2 ) 2 +     a 1   f 1 2   (     𝜏 ^ 1 ) 2     ( 1 +   f 1     x ^ 2 ) 3 ≠     b 1     x ^ 2      c 1 2 +   𝛿 1 +   𝜌 1   (     𝜏 ^ 1 ) 2


                                                                                                                                                                                                           ( 16 )


   ( 1 )


    M 4 =  ( 0 ,     x ^ 2   ,     x ^  s ,   0 )  


      a ^ 1   =   a 1   = ( 1 +   f 1     x ^ 2 ) (     b 1     x ^ 2    c 1 +   𝜌 1     x ^ 2 2 +   d 1 )


    J 4


    𝜆  4   x 1 = 0


      a ^ 1   =   a 1   = ( 1 +   f 1     x ^ 2 ) (     b 1     x ^ 2    c 1 +   𝜌 1     x ^ 2 2 +   d 1 )


      J 4  


      a ^ 1   =   a 1


      J ^ 4 =   J 4  (   M 4   ,     a ^ 1 )   =  [     q ^  i j ]  4 × 4 .


      q ^  i j =   q  i j ,     i , j = 1 , 2 , 3 , 4


      q ^ 11 = 0


    𝜆  4   x 1 = 0  


      J ^ 4  


     Ω ^   [ 4 ] =    (    Ω ^ 1   [ 4 ]   ,    Ω ^ 2   [ 4 ]   ,    Ω ^ 3   [ 4 ] ,    Ω ^ 4   [ 4 ] )  T


     (     J ^ 4 −   𝜆  4   x 1 I )    Ω ^   [ 4 ] = 0


   ( 18 . 3 − 18 . 7 )


     Ω ^   [ 4 ] =    (      Ω ^ 1   [ 4 ] ,     𝜏 ^ 1      Ω ^ 1   [ 4 ]   ,     𝜏 ^ 2      Ω ^ 1   [ 4 ] ,   0   )  T


      𝜏 ^ 1 =       q ^ 21     q ^ 33      q ^ 23     q ^ 32 −     q ^ 22     q ^ 33


      𝜏 ^ 2 = (   −     q ^ 32      q ^ 33 )     𝜏 ^ 1


       Ω ^ 1   [ 4 ] ≠ 0


    𝜆  4   x 1 = 0 ,


      J ^ 4  T


       ℧ ^   [ 4 ] =    (    ℧ ^ 1   [ 4 ]   ,    ℧ ^ 2   [ 4 ]   ,    ℧ ^ 3   [ 4 ] ,      ℧ ^ 4   [ 4 ] )  T


   (     J ^ 4  T −   𝜆  4   x 1 I )    ℧ ^   [ 4 ] = 0


     ℧ ^   [ 4 ]


   ( 18 . 3 − 18 . 7 )


       ℧ ^   [ 4 ] =    (    ℧ ^ 1   [ 4 ] , 0 , 0 ,   0 )  T


     ℧ ^ 1   [ 4 ] ≠ 0


    𝜕 f  𝜕   a 1 =   f    a 1  ( M   ,   a 1 ) =    (   𝜕   f 1  𝜕   a 1 ,   𝜕   f 2  𝜕   a 1 ,   𝜕   f 3  𝜕   a 1 ,     𝜕   f 4  𝜕   a 1 )  T


    =    (   x 1  ( 1 −     x 1    k 1 )  (     1      1 +   f 1   x 2   ) , 0   , 0   ,   0 )  T .


      f    a 1  (   M 4   ,     a ^ 1 ) =    ( 0 ,   0   ,   0   ,   0 )  T


       (    ℧ ^   [ 4 ] )  T   f    a 1  (   M 4   ,     a ^ 1 ) = 0


  D   f    a 1  ( M   ,     a 1 ) =    [     ( 1 −   2   x 1    k 1 )  (     1      1 +   f 1   x 2   )   ( 1 −     x 1    k 1 )  (     −   f 1   x 1        ( 1 +   f 1   x 2 ) 2   )  0  0   0  0  0  0      0     0     0  0   0  0  0  0   ] ,  


  D   f    a 1  ( M   ,     a 1 )  


    f    a 1  ( M   ,     a 1 )


  M =    (   x 1 ,     x 2 ,     x  s ,     x  I   )  T


  D   f    a 1  (   M 4   ,     a ^ 1 )    Ω ^   [ 4 ] =    [        1      1 +   f 1     x ^ 2    0  0  0   0  0  0  0      0     0     0  0   0  0  0  0   ]  [         Ω ^ 1   [ 4 ]       𝜏 ^ 1      Ω ^ 1   [ 4 ]       𝜏 ^ 2      Ω ^ 1   [ 4 ]   0 ] =  [           Ω ^ 1   [ 4 ]      1 +   f 1     x ^ 2     0   0   0 ]


     (    ℧ ^   [ 4 ] )  T  [ D   f    a 1  (   M 4   ,     a ^ 1 )    Ω ^   [ 4 ] ] =  (      ℧ ^ 1   [ 4 ] , 0   , 0   ,   0 )    (        Ω ^ 1   [ 4 ]      1 +   f 1     x ^ 2   , 0   , 0   , 0   )  T =        Ω ^ 1   [ 4 ]    ℧ ^ 1   [ 4 ]      1 +   f 1     x ^ 2   ≠ 0 .


         Ω ^   [ 4 ]


    D 2 f  (   M 4   ,       a ^ 1 )  (    Ω ^   [ 4 ] ,      Ω ^   [ 4 ] ) =  [        K ^ 1 ′       K ^ 2 ′       K ^ 3 ′   0 ]


      K ^ 1 ′ = 2  [   −   a 1    k 1  ( 1 +   f 1     x ^ 2 ) +  (   −   a 1   f 1     ( 1 +   f 1     x ^ 2 ) 2 +     b 1    c 1 − 2   𝜌 1     x ^ 2 )     𝜏 ^ 1 ]   (    Ω ^ 1   [ 4 ] ) 2


      K ^ 2 ′ = 2  [  (     g 1    c 1 − η + 2   e 1   𝜌 1     x ^ 2 )     𝜏 ^ 1 +  (   −   a 2    k 2 −   𝛿 2 +     b 2   𝛾 1     x ^ 2     x ^ s  [ 3   c 2 −   𝛾 1     x ^ 2 2 ]     (   c 2 +   𝛾 1     x ^ 2 2 ) 3 )   (     𝜏 ^ 1 ) 2 +  (  ( 1 −   2     x ^ 2    k 2 )   −   a 2   f 2     ( 1 +   f 2     x ^ s ) 2 −                                   2   𝜌 2     x ^ s −     b 2  (   c 2 −   𝛾 1     x ^ 2 2 )     (   c 2 +   𝛾 1     x ^ 2 2 ) 2 )     𝜏 ^ 1     𝜏 ^ 2 +  (   a 2     x ^ 2  ( 1 −                                   x ^ 2    k 2 )     f 2 2     ( 1 +   f 1     x ^  s ) 3 −   𝜌 2     x ^ 2 )   (     𝜏 ^ 2 ) 2 ]   (    Ω ^ 1   [ 4 ] ) 2


      K ^ 3 ′ = 2  [     g 2   𝛾 1     x ^ 2     x ^ s (   𝛾 1     x ^ 2 2 − 3   c 2 )     (   c 2 +   𝛾 1     x ^ 2 2 ) 3   (     𝜏 ^ 1 ) 2 +  (     g 2  (   c 2 −   𝛾 1     x ^ 2 2 )     (   c 2 +   𝛾 1     x ^ 2 2 ) 2 + 2   e 2   𝜌 2     x ^ s )       𝜏 ^ 1     𝜏 ^ 2 + 2   e 2   𝜌 2     x ^ 2   (     𝜏 ^ 2 ) 2 ]   (    Ω ^ 1   [ 4 ] ) 2 .


     (    ℧ ^   [ 4 ] )  T  [   D 2 f  (   M 4   ,     a ^ 1 )  (    Ω ^   [ 4 ] ,      Ω ^   [ 4 ] ) ] = 2  [   −   a 1    k 1  ( 1 +   f 1     x ^ 2 ) +  (   −   a 1   f 1     ( 1 +   f 1     x ^ 2 ) 2 +     b 1    c 1 − 2   𝜌 1     x ^ 2 )     𝜏 ^ 1 ]   (    Ω ^ 1   [ 4 ] ) 2    ℧ ^ 1   [ 4 ] ≠ 0 .


  ( 1 )


    M 4  


      a ^ 1   =   a 1


     Ω ^   [ 4 ]


    D 3 F  (   M 3   ,     g ˇ 2 )  (    Ω ^   [ 4 ]   ,    Ω ^   [ 4 ]   ,    Ω ^   [ 4 ] ) =  [    6  [ −  (     b 1     x ^ 2      c 1 2 +   𝛿 1 ) +     a 1   f 1     𝜏 ^ 1    k 1    ( 1 +   f 1     x ^ 2 ) 2 +  (     a 1   f 1 2     ( 1 +   f 1     x ^ 2 ) 3 −   𝜌 1 )   (     𝜏 ^ 1 ) 2 ]   (    Ω ^ 1   [ 4 ] ) 3       R ^ 1 ′       R ^ 2 ′   0 ]


      R ^ 1 ′ = 6  [   −   g 1     x ^ 2      c 2 2 +   e 1   𝜌 1   (     𝜏 ^ 1 ) 2 +   b 2   𝛾 1     x ^  s     c 2  (   c 2 − 6   𝛾 1     x ^ 2 2 ) +   𝛾 1 2     x ^ 2 4     (   c 2 +     x ^ 2 2 ) 4   (     𝜏 ^ 1 ) 3 +  (   2   a 2   f 2    k 2    ( 1 +   f 2     x ^  s ) 2 +                                     b 2   𝛾 1     x ^ 2    ( 3   c 1 −   𝛾 1     x ^ 2 2 )     (   c 2 +   𝛾 1     x ^ 2 2 ) 3 )   (     𝜏 ^ 1 ) 2     𝜏 ^ 2 +  (  ( 1 −   2     x ^ 2    k 2 )     a 2   f 2 2     ( 1 +   f 2     x ^  s ) 3 −   𝜌 2 )     𝜏 ^ 1   (     𝜏 ^ 2 ) 2 − 6  ( 1 −                                       x ^ 2    k 2 )     a 2   f 2 3     x ^ 2     ( 1 +   f 2     x ^  s ) 4   (     𝜏 ^ 2 ) 3 ]   (    Ω ^ 1   [ 4 ] ) 3


      R ^ 2 ′ = 6  [   g 2   𝛾 1     x ^  s     c 2  (   c 2 − 6   𝛾 1     x ^ 2 2 ) +   𝛾 1 2     x ^ 2 4     (   c 2 +   𝛾 1   x 2 2 ) 4   (     𝜏 ^ 1 ) 3 −   g 2   𝛾 1   x 2   3   c 2 −   𝛾 1     x ^ 2 2     (   c 2 +   𝛾 1     x ^ 2 2 ) 3    (     𝜏 ^ 1 ) 2     𝜏 ^ 2 +   e 2   𝜌 2     𝜏 ^ 1   (     𝜏 ^ 2 ) 2 ]   (    Ω ^ 1   [ 4 ] ) 3


     (    ℧ ^   [ 4 ] ) T  [   D 3 F  (   M 4   ,     a ^ 1 )  (    Ω ^   [ 4 ]   ,    Ω ^   [ 4 ]   ,    Ω ^   [ 4 ] ) ] = 6  [ −  (     b 1     x ^ 2      c 1 2 +   𝛿 1 ) +     a 1   f 1     𝜏 ^ 1    k 1    ( 1 +   f 1     x ^ 2 ) 2 +                                                                                                                                                                                        (     a 1   f 1 2     ( 1 +   f 1     x ^ 2 ) 3 −   𝜌 1 )   (     𝜏 ^ 1 ) 2 ]   (    Ω ^ 1   [ 4 ] ) 3    ℧ ^ 1   [ 4 ] ≠ 0


    M 4


      a ^ 1 =   a 1


  ( SNB )


    M 5 .


   ( 19 . 3 − 19 . 10 )


   ( 1 )


    M 6 =  (     x ~ 1 ,     x ~ 2   ,     x ~  s ,   0 )  


      d ~ 4 =   d 4 = 𝛽     x ~  s


      J 6


    𝜆  6   x  I = 0


      d ~ 4 =   d 4 = 𝛽     x ~  s


      J 6  


      d ~ 4 =   d 4


      J ~ 6 =   J 6  (   M 6   ,     d ~ 4 )   =  [     r ~  i j ]  4 × 4 .


      r ~  i j =   r  i j ,     i , j = 1 , 2 , 3 , 4


      r ~ 44 = 0


    𝜆  6   x  I = 0  


     Ω ~   [ 6 ] =    (    Ω ~ 1   [ 6 ]   ,    Ω ~ 2   [ 6 ]   ,    Ω ~ 3   [ 6 ] ,    Ω ~ 4   [ 6 ] )  T


     Ω ~   [ 6 ] =    (    Ω ~ 1   [ 6 ]   ,    Ω ~ 2   [ 6 ]   ,    Ω ~ 3   [ 6 ] ,    Ω ~ 4   [ 6 ] )  T


     (     J ~ 6 −   𝜆  6   x  I I )    Ω ~   [ 6 ] = 0


   ( 19 . 3 − 19 . 10 )


     Ω ~   [ 6 ] =    (     𝜏 ~ 1      Ω ~ 4   [ 6 ] , −     𝜏 ~ 2      Ω ~ 4   [ 6 ]   , −     𝜏 ~ 3      Ω ~ 4   [ 6 ] ,    Ω ~ 4   [ 6 ] )  T


      𝜏 ~ 1 =       r ~ 12     r ~ 23     𝜏 ~ 3      r ~ 11     r ~ 22 −     r ~ 12     r ~ 21


      𝜏 ~ 2 =       r ~ 11     r ~ 23     𝜏 ~ 3      r ~ 11     r ~ 22 −     r ~ 12     r ~ 21


      𝜏 ~ 3 =   𝛽     x ~  s (     r ~ 11     r ~ 22 −     r ~ 12     r ~ 21 )      r ~ 11     r ~ 23     r ~ 32 +     r ~ 33 (     r ~ 12     r ~ 21 −     r ~ 11     r ~ 22 )


       Ω ~ 4   [ 6 ] ≠ 0


    𝜆  6   x  I = 0 ,


      J ~ 6  T


       ℧ ~   [ 6 ] =    (    ℧ ~ 1   [ 6 ]   ,    ℧ ~ 2   [ 6 ]   ,    ℧ ~ 3   [ 6 ] ,      ℧ ~ 4   [ 6 ] )  T


   (     J ~ 6  T −   𝜆  6   x  I I )    ℧ ~   [ 6 ] = 0


     ℧ ~   [ 6 ]


   ( 19 . 4 )   and   ( 19 . 7 )


       ℧ ~   [ 6 ] =    ( 0 , 0 , 0 ,      ℧ ~ 4   [ 6 ] )  T


     ℧ ~   [ 6 ] ≠ 0


    𝜕 f  𝜕   d 4 =   f    d 4  ( M   ,   d 4 ) =    (   𝜕   f 1  𝜕   d 4 ,   𝜕   f 2  𝜕   d 4 ,   𝜕   f 3  𝜕   d 4 ,     𝜕   f 4  𝜕   d 4 )  T


    =    ( 0 , 0   , 0   ,   −   x  I )  T .


      f    d 4  (   M 6   ,     d ~ 4 ) =    ( 0 ,   0   ,   0   ,   0 )  T


       (    ℧ ~   [ 6 ] )  T   f    d 4  (   M 6   ,     d ~ 4 ) = 0


  D   f    d 4  ( M   ,     d 4 ) =    [    0  0  0   0  0  0      0   0     0   0     0   0              0   0      0   − 1 ] ,  


  D   f    d 4  ( M   ,     d 4 )  


    f    d 4  ( M   ,     d 4 )


  M =    (   x 1 ,     x 2 ,     x  s ,     x  I   )  T


  D   f    d 4  (   M 6   ,     d ~ 4 )    Ω ~   [ 6 ] =  [    0  0  0   0  0  0      0   0     0   0     0   0              0   0      0   − 1 ]  [          𝜏 ~ 1      Ω ~ 4   [ 6 ]   −     𝜏 ~ 2      Ω ~ 4   [ 6 ]     −   𝜏 ~ 3      Ω ~ 4   [ 6 ]        Ω ~ 4   [ 6 ] ] =  [    0   0   0   −    Ω ~ 4   [ 6 ] ]


     (    ℧ ~   [ 6 ] )  T  [ D   f    d 4  (   M 6   ,     d ~ 4 )    Ω ~   [ 6 ] ] =  (   0 , 0   , 0   ,    ℧ ~ 4   [ 6 ] )    ( 0 , 0   , 0   , −    Ω ~ 4   [ 6 ] )  T = −    Ω ~ 4   [ 6 ]    ℧ ~ 4   [ 6 ] ≠ 0 .


         Ω ~ 4   [ 6 ]


    D 2 f  (   M 6   ,       d ~ 4 )  (    Ω ~   [ 6 ] ,      Ω ~   [ 6 ] ) =  [        K ~ 1 ′       K ~ 2 ′       K ~ 3 ′       K ~ 4 ′ ]


      K ~ 1 ′ = 2  [  (   −   a 1    k 1  ( 1 +   f 1     x ~ 2 ) −     b 1     x ~ 1     x ~ 2  ( 3   c 1 −     x ~ 1 2 )     (   c 1 +     x ~ 1 2 ) 3 − 3   𝛿 1     x ~ 1 )   (     𝜏 ~ 1 ) 2 +  (  ( 1 −   2     x ~ 1    k 1 )   −   a 1   f 1     ( 1 +   f 1     x ~ 2 ) 2 +     b 1  (   c 1 −     x ~ 1 2 )     (   c 1 +     x ~ 1 2 ) 2 −                                 2   𝜌 1     x ~ 2 )     𝜏 ~ 1 ( −     𝜏 ~ 2 ) +  (   a 1     x ~ 1  ( 1 −       x ~ 1    k 1 )     f 1 2     ( 1 +   f 1     x ~ 2 ) 3 −   𝜌 1     x ~ 1 )   ( −     𝜏 ~ 2 ) 2 ]   (    Ω ~ 4   [ 6 ] ) 2


      K ~ 2 ′ = 2  [     g 1     x ~ 1     x ~ 2  (     x ~ 1 2 − 3   c 1 )     (   c 1 +     x ~ 1 ) 3   (     𝜏 ~ 1 ) 2 +  (     g 1  (   c 1 −     x ~ 1 2 )     (   c 1 +     x ~ 1 2 ) 2 − η + 2   e 1   𝜌 1     x ~ 2 )     𝜏 ~ 1  ( −     𝜏 ~ 2 ) +  (   −   a 2    k 2  ( 1 +   f 2     x ~ s ) +   e 1   𝜌 1     x ~ 1 −   𝛿 2 +                                     b 2   𝛾 1     x ~ 2     x ~ s  [ 3   c 2 −   𝛾 1     x ~ 2 2 ]     (   c 2 +   𝛾 1     x ~ 2 2 ) 3 )   (     𝜏 ~ 2 ) 2 +  (  ( 1 −   2     x ~ 2    k 2 )   −   a 2   f 2     ( 1 +   f 2     x ~ s ) 2 − 2   𝜌 2     x ~ s −     b 2  (   c 2 −   𝛾 1     x ~ 2 2 )     (   c 2 +   𝛾 1     x ~ 2 2 ) 2 )     𝜏 ~ 2     𝜏 ~ 3 +  (   a 2     x ~ 2  ( 1 −                                     x ~ 2    k 2 )     f 2 2     ( 1 +   f 1     x ~  s ) 3 −   𝜌 2     x ~ 2 )   (     𝜏 ~ 3 ) 2 ]   (    Ω ~ 4   [ 6 ] ) 2


      K ~ 3 ′ = 2  [     g 2   𝛾 1     x ~ 2     x ~ s (   𝛾 1     x ~ 2 2 − 3   c 2 )     (   c 2 +   𝛾 1     x ~ 2 2 ) 3   (     𝜏 ~ 1 ) 2 +  (     g 2  (   c 2 −   𝛾 1     x ~ 2 2 )     (   c 2 +   𝛾 1     x ~ 2 2 ) 2 + 2   e 2   𝜌 2     x ~ s )     𝜏 ~ 2     𝜏 ~ 3 + 2   e 2   𝜌 2     x ~ 2   (     𝜏 ~ 3 ) 2 + 2 𝛽     𝜏 ~ 3 ]   (    Ω ~ 4   [ 6 ] ) 2 ,


      K ~ 4 ′ = − 2 𝛽     𝜏 ~ 3   (    Ω ~ 4   [ 6 ] ) 2 ,


     (    ℧ ~   [ 6 ] )  T  [   D 2 f  (   M 6   ,     d ~ 4 )  (    Ω ~   [ 6 ] ,      Ω ~   [ 6 ] ) ] = − 2 𝛽     𝜏 ~ 3   (    Ω ~ 4   [ 6 ] ) 2    ℧ ~ 4   [ 6 ] ≠ 0 .


  ( 1 )


    M 1


      d ~ 4 =   d 4


      𝜏 ~ 3


      𝜏 ~ 3 ≠ 0


    M 5 .


   ( 20 . 4 − 20 . 8 )


      g 1     x ˘ 2    c 1 +   e 1   𝜌 1     x ˘ 2 2 > 𝜂     x ˘ 2 ,                                                                                                                                                                                                                                                                                                  ( 17 )


      b 1     𝜏 ˘ 1    c 1 ≠     a 1    k 1  ( 1 +   f 1     x ˘ 2 ) +  (     a 1   f 1     ( 1 +   f 1     x ˘ 2 ) 2 + 2   𝜌 1     x ˘ 2 )     𝜏 ˘ 1


                                                                                                                                                                                                                     ( 18 )


      a 1   f 1     𝜏 ˘ 1    k 1    ( 1 +   f 1     x ˘ 2 ) 2 +     a 1   f 1 2   (     𝜏 ˘ 1 ) 2     ( 1 +   f 1     x ˘ 2 ) 3 ≠     b 1     x ˘ 2      c 1 2 +   𝛿 1 +   𝜌 1   (     𝜏 ˘ 1 ) 2


                                                                                                                                                                                                           ( 19 )


   ( 1 )


    M 8 =  ( 0 ,     x ˘ 2   ,     x ˘  s ,       x ˘  I )  


      a ˘ 1   =   a 1   = ( 1 +   f 1     x ˘ 2 ) (     b 1     x ˘ 2    c 1 +   𝜌 1     x ˘ 2 2 +   d 1 )


 


      J 8


    𝜆  8   x 1 = 0


      a ˘ 1   =   a 1 =  ( 1 +   f 1     x ˘ 2 )  (     b 1     x ˘ 2    c 1 +   𝜌 1     x ˘ 2 2 +   d 1 )


      J 8  


      a ˘ 1   =   a 1  


      J ˘ 8 =   J 8  (   M 8   ,     a ˘ 1 )   =  [     u ˘  i j ]  4 × 4 .


      u ˘  i j =   u  i j ,     i , j = 1 , 2 , 3 , 4


      u ˘ 11 = 0


    𝜆  8   x 1 = 0  


     Ω ˘   [ 8 ] =    (    Ω ˘ 1   [ 8 ]   ,    Ω ˘ 2   [ 8 ]   ,    Ω ˘ 3   [ 8 ] ,    Ω ˘ 4   [ 8 ] )  T


     (     J ˘ 8 −   𝜆  8   x 1 I )    Ω ˘   [ 6 ] = 0


   ( 20 . 4 − 20 . 8 )


     Ω ˘   [ 8 ] =    (      Ω ˘ 1   [ 8 ] ,       𝜏 ˘ 1    Ω ˘ 1   [ 8 ]   ,     𝜏 ˘ 2      Ω ˘ 1   [ 8 ] ,     𝜏 ˘ 3    Ω ˘ 1   [ 8 ] )  T


      𝜏 ~ 1 =       u ˘ 21 (     u ˘ 33     u ˘ 44 −     u ˘ 34     u ˘ 43 )      u ˘ 22 (     u ˘ 34     u ˘ 43 −     u ˘ 33     u ˘ 44 ) +     u ˘ 23     u ˘ 32     u ˘ 44


      𝜏 ˘ 2 =       u ˘ 32     u ˘ 44     𝜏 ~ 1      u ˘ 34     u ˘ 43 −     u ˘ 33     u ˘ 44


      𝜏 ˘ 3 =   −     u ˘ 43     𝜏 ˘ 2      u ˘ 44


       Ω ˘ 1   [ 8 ] ≠ 0


    𝜆  8   x 1 = 0 ,


      J ˘ 8  T


       ℧ ˘   [ 8 ] =    (    ℧ ˘ 1   [ 8 ]   ,    ℧ ˘ 2   [ 8 ]   ,    ℧ ˘ 3   [ 8 ] ,      ℧ ˘ 4   [ 8 ] )  T


   (     J ˘ 8  T −   𝜆  8   x 1 I )    ℧ ˘   [ 8 ] = 0


     ℧ ~   [ 6 ]


   ( 20 . 4 )


       ℧ ˘   [ 8 ] =    (    ℧ ˘ 1   [ 8 ] , 0 , 0 ,   0 )  T


     ℧ ˘ 1   [ 8 ] ≠ 0


    𝜕 f  𝜕   a 1 =   f    a 1  ( M   ,   a 1 ) =    (   𝜕   f 1  𝜕   a 1 ,   𝜕   f 2  𝜕   a 1 ,   𝜕   f 3  𝜕   a 1 ,     𝜕   f 4  𝜕   a 1 )  T


    =    (   x 1  ( 1 −     x 1    k 1 )  (     1      1 +   f 1   x 2   ) , 0   , 0   ,   0 )  T .


      f    a 1  (   M 8   ,     a ˘ 1   ) =    ( 0 ,   0   ,   0   ,   0 )  T


       (    ℧ ˘   [ 8 ] )  T   f    a 1  (   M 8   ,     a ˘ 1   ) = 0


  D   f    a 1  ( M   ,     a 1 ) =    [     ( 1 −   2   x 1    k 1 )  (     1      1 +   f 1   x 2   )   ( 1 −     x 1    k 1 )  (     −   f 1     x 1      ( 1 +   f 1   x 2 ) 2   )  0  0   0  0  0  0      0     0     0  0   0  0  0  0   ] ,  


  D   f    a 1  ( M   ,     a 1 )  


    f    a 1  ( M   ,     a 1 )


  M =    (   x 1 ,     x 2 ,     x  s ,     x  I   )  T


  D   f    a 1  (   M 8   ,     a ˘ 1   )    Ω ˘   [ 8 ] =  [        1      1 +   f 1     x ˘ 2    0  0   0  0  0      0   0     0   0     0   0              0   0      0   0 ]  [         Ω ˘ 1   [ 8 ]       𝜏 ˘ 1    Ω ˘ 1   [ 8 ]       𝜏 ˘ 2    Ω ˘ 1   [ 8 ]         𝜏 ˘ 3    Ω ˘ 1   [ 8 ] ] =  [           Ω ˘ 1   [ 8 ]      1 +   f 1     x ˘ 2     0   0   0 ]


     (    ℧ ˘   [ 8 ] )  T  [ D   f    a 1  (   M 8   ,     a ˘ 1   )    Ω ˘   [ 8 ] ] =  (      ℧ ˘ 1   [ 8 ] , 0   , 0   , 0 )    (        Ω ˘ 1   [ 8 ]      1 +   f 1     x ˘ 2   , 0   , 0   , 0 )  T =        Ω ˘ 1   [ 8 ]    ℧ ˘ 1   [ 8 ]      1 +   f 1     x ˘ 2   ≠ 0 .


         Ω ˘   [ 8 ]


    D 2 f  (   M 8   ,       a ˘ 1   )  (    Ω ˘   [ 8 ] ,      Ω ˘   [ 8 ] ) =  [        K ˘ 1 ′       K ˘ 2 ′       K ˘ 3 ′   2 𝛽     𝜏 ˘ 2     𝜏 ˘ 3   (    Ω ˘ 1   [ 8 ] ) 2 ]


      K ˘ 1 ′ = 2  [   −   a 1    k 1  ( 1 +   f 1     x ˘ 2 ) +  (   −   a 1   f 1     ( 1 +   f 1     x ˘ 2 ) 2 +     b 1    c 1 − 2   𝜌 1     x ˘ 2 )     𝜏 ˘ 1 ]   (    Ω ˘ 1   [ 8 ] ) 2


      K ˘ 2 ′ = 2  [  (     g 1    c 1 − η + 2   e 1   𝜌 1     x ˘ 2 )     𝜏 ˘ 1 +  (   −   a 2    k 2  ( 1 +   f 2     x ˘ s ) −   𝛿 2 +     b 2   𝛾 1     x ˘ 2     x ˘ s  [ 3   c 2 −   𝛾 1     x ˘ 2 2 ]     (   c 2 +   𝛾 1     x ˘ 2 2 ) 3 )   (     𝜏 ˘ 1 ) 2 +  (  ( 1 −   2     x ˘ 2    k 2 )   −   a 2   f 2     ( 1 +   f 2     x ˘ s ) 2 −                                 2   𝜌 2     x ˘ s −     b 2  (   c 2 −   𝛾 1     x ˘ 2 2 )     (   c 2 +   𝛾 1     x ˘ 2 2 ) 2 )     𝜏 ˘ 1     𝜏 ˘ 2 +  (   a 2     x ˘ 2  ( 1 −       x ˘ 2    k 2 )     f 2 2     ( 1 +   f 1     x ˘  s ) 3 −   𝜌 2     x ˘ 2 )   (     𝜏 ˘ 2 ) 2 ]   (    Ω ˘ 1   [ 8 ] ) 2


      K ˘ 3 ′ = 2  [     g 2   𝛾 1     x ˘ 2     x ˘ s (   𝛾 1     x ˘ 2 2 − 3   c 2 )     (   c 2 +   𝛾 1     x ˘ 2 2 ) 3   (     𝜏 ˘ 1 ) 2 +  (     g 2  (   c 2 −   𝛾 1     x ˘ 2 2 )     (   c 2 +   𝛾 1     x ˘ 2 2 ) 2 + 2   e 2   𝜌 2     x ˘ s )       𝜏 ˘ 1     𝜏 ˘ 2 + 2   e 2   𝜌 2     x ˘ 2   (     𝜏 ˘ 2 ) 2 − 2 𝛽     𝜏 ˘ 2     𝜏 ˘ 3 ]   (    Ω ˘ 1   [ 8 ] ) 2 ,


     (    ℧ ˘   [ 8 ] )  T  [   D 2 f  (   M 8   ,     a ˘ 1   )  (    Ω ˘   [ 8 ] ,      Ω ˘   [ 8 ] ) ] = 2  [   −   a 1    k 1  ( 1 +   f 1     x ˘ 2 ) +  (   −   a 1   f 1     ( 1 +   f 1     x ˘ 2 ) 2 +     b 1    c 1 − 2   𝜌 1     x ˘ 2 )     𝜏 ˘ 1 ]   (    Ω ˘ 1   [ 8 ] ) 2    ℧ ˘ 1   [ 8 ] ≠ 0 .


  ( 1 )


    M 8


      a ˘ 1   =   a 1


     Ω ˘   [ 8 ]


    D 3 F  (   M 8   ,     a ˘ 1 )  (    Ω ˘   [ 8 ]   ,    Ω ˘   [ 8 ]   ,    Ω ˘   [ 8 ] ) =  [        R ˘ 1 ′       R ˘ 2 ′       R ˘ 3 ′   0 ]


      R ˘ 1 ′ = 6  [  (   −   b 1     x ˘ 2      c 1 2 −   𝛿 1 ) +     a 1   f 1     𝜏 ˘ 1    k 1    ( 1 +   f 1     x ˘ 2 ) 2 +  (     a 1   f 1 2     ( 1 +   f 1     x ˘ 2 ) 3 −   𝜌 1 )   (     𝜏 ˘ 1 ) 2 ]   (    Ω ˘ 1   [ 8 ] ) 3


      R ˘ 2 ′ = 6  [   −   g 1     x ˘ 2      c 2 2 +   e 1   𝜌 1   (     𝜏 ˘ 1 ) 2 +   b 2   𝛾 1     x ˘  s     c 2  (   c 2 − 6   𝛾 1     x ˘ 2 2 ) +   𝛾 1 2     x ˘ 2 4     (   c 2 +   𝛾 1     x ˘ 2 2 ) 4   (     𝜏 ˘ 1 ) 3 +  (   2   a 2   f 2    k 2    ( 1 +   f 2     x ˘  s ) 2 +                                   b 2   𝛾 1     x ˘ 2    ( 3   c 1 −   𝛾 1     x ˘ 2 2 )     (   c 2 +   𝛾 1     x ˘ 2 2 ) 3 )   (     𝜏 ˘ 1 ) 2     𝜏 ˘ 2 +  (  ( 1 −   2     x ˘ 2    k 2 )     a 2   f 2 2     ( 1 +   f 2     x ˘  s ) 3 −   𝜌 2 )     𝜏 ˘ 1   (     𝜏 ˘ 2 ) 2 − 6  ( 1 −                                     x ˘ 2    k 2 )     a 2   f 2 3     x ˘ 2     ( 1 +   f 2     x ˘  s ) 4   (     𝜏 ˘ 2 ) 3 ]   (    Ω ˘ 1   [ 8 ] ) 3


      R ˘ 3 ′ = 6  [   g 2   𝛾 1     x ˘  s     c 2  (   c 2 − 6   𝛾 1     x ˘ 2 2 ) +   𝛾 1 2     x ˘ 2 4     (   c 2 +   𝛾 1     x ˘ 2 2 ) 4   (     𝜏 ˘ 1 ) 3 −   g 2   𝛾 1     x ˘ 2   3   c 2 −   𝛾 1     x ˘ 2 2     (   c 2 +   𝛾 1     x ˘ 2 2 ) 3   (     𝜏 ˘ 1 ) 2     𝜏 ˘ 2 +   e 2   𝜌 2   (     𝜏 ˘ 1 ) 2     𝜏 ˘ 2 ]   (    Ω ˘ 1   [ 8 ] ) 3


     (    ℧ ˘   [ 8 ] ) T  [   D 3 F  (   M 8   ,     a ˘ 1 )  (    Ω ˘   [ 8 ]   ,    Ω ˘   [ 8 ]   ,    Ω ˘   [ 8 ] ) ] = 6  [  (   −   b 1     x ˘ 2      c 1 2 −   𝛿 1 ) +     a 1   f 1     𝜏 ˘ 1    k 1    ( 1 +   f 1     x ˘ 2 ) 2 +                                                                                                                                                                                            (     a 1   f 1 2     ( 1 +   f 1     x ˘ 2 ) 3 −   𝜌 1 )   (     𝜏 ˘ 1 ) 2 ]   (    Ω ˘ 1   [ 8 ] ) 3    ℧ ^ 1   [ 4 ] ≠ 0


  ( 1 )


    M 8


      a ˘ 1 =   a 1


  ( SNB )


   ( 21 . 3 − 21 . 11 )


  𝛽     x .  s >   (     z . 11     z . 22 −     z . 12     z . 21 ) (     z . 33     z . 44 −     z . 34     z . 43 )      z . 11     z . 23     z . 32


                                                                                                                                                                                                                                                   ( 20 )


      𝜏 ˙ 7 ≠     𝜏 ˙ 8


                                                                                                                                                                                                                                                                                                                                                     ( 21 )


      𝜏 . 1 =       z . 12     𝜏 . 2      z . 11


      𝜏 . 2 =       z . 11     z . 23     𝜏 . 3      z . 11     z . 22 −     z . 12     z . 21


      𝜏 . 3 =       z . 44  𝛽     x .  I


      𝜏 . 4 =   −     z . 21     𝜏 . 5      z . 11


      𝜏 . 5 =       z . 11     z . 32     𝜏 . 6      z . 12     z . 21 −     z . 11     z . 22


      𝜏 . 6 =       z . 44  𝛽     x .  s


      𝜏 ˙ 7 =  [  (     a 1    k 1  ( 1 +   f 1     x ˙ 2 ) +     b 1     x ˙ 1     x ˙ 2  ( 3   c 1 −     x ˙ 1 2 )     (   c 1 +     x ˙ 1 2 ) 3 + 3   𝛿 1     x ˙ 1 )     𝜏 ˙ 1 2     𝜏 ˙ 4 +     b 1  (   c 1 −     x ˙ 1 2 )     (   c 1 +     x ˙ 1 2 ) 2     𝜏 ˙ 1     𝜏 ˙ 2     𝜏 ˙ 4 +   𝜌 1     x ˙ 1     𝜏 ˙ 2 2     𝜏 ˙ 4 +     g 1     x ˙ 1     x ˙ 2  ( 3   c 1 −     x ˙ 1 2 )     (   c 1 +     x ˙ 1 2 ) 3     𝜏 ˙ 1 2   𝜏 5 +                      (     g 1  (   c 1 −     x ˙ 1 2 )     (   c 1 +     x ˙ 1 2 ) 2 + 2   e 1   𝜌 1     x ˙ 2 )     𝜏 ˙ 1     𝜏 ˙ 2     𝜏 ˙ 5 +  (     a 2    k 2  ( 1 +   f 2     x ˙  s ) +   𝛿 2 )     𝜏 ˙ 2     𝜏 ˙ 5 +   𝜌 2     x ˙ 2     𝜏 ˙ 3 2     𝜏 ˙ 5  +     g 2   𝛾 1     x ˙ 2     x ˙  s  ( 3   c 2 −   𝛾 1     x ˙ 2 2 )     (   c 2 +   𝛾 1     x ˙ 2 2 ) 3     𝜏 ˙ 2 2     𝜏 ˙ 6 +                               e 2   𝜌 2     x ˙ 2     𝜏 ˙ 3 2     𝜏 ˙ 6 + 𝛽     𝜏 ˙ 3     𝜏 ˙ 6 ]


      𝜏 ˙ 8 =  [  (  ( 1 −   2     x ˙ 1    k 1 )     a 1   f 1     ( 1 +   k 1     x ˙ 2 ) 2 + 2   𝜌 1     x ˙ 2 )     𝜏 ˙ 1     𝜏 ˙ 2     𝜏 ˙ 4 +  ( 1 −       x ˙ 1    k 1 )     a 1   f 1 2     x ˙ 1     ( 1 +   f 1     x ˙ 2 ) 3   𝜏 2   𝜏 4 + 𝜂     𝜏 ˙ 1     𝜏 ˙ 2     𝜏 ˙ 5 +  (   e 1   𝜌 1     x ˙ 1 +                           b 2   𝛾 1     x ˙ 2     x ˙  s  ( 3   c 2 −   𝛾 1   x 2 2 )     (   c 2 +   𝛾 1     x ˙ 2 2 ) 3 )     𝜏 ˙ 2 2   𝜏 5 +  (  ( 1 −   2     x ˙ 2    k 2 )     a 2   f 2     ( 1 +   f 2     x ˙  s ) 2 +                 2   𝜌 2     x ˙  s +     b 2  (   c 2 −   𝛾 1   x 2 2 )     (   c 2 +   𝛾 1   x 2 2 ) 2 )     𝜏 ˙ 2     𝜏 ˙ 3     𝜏 ˙ 5 +   a 2     x ˙ 2  ( 1 −                           x ˙ 2    k 2 )     f 2 2     ( 1 +   f 2     x ˙  s ) 3       𝜏 3 ˙ 2     𝜏 ˙ 5 +                    (     g 2  (   c 2 −   𝛾 1     x ˙ 2 2 )     (   c 2 +   𝛾 1     x ˙ 2 ) 2 + 2   e 2   𝜌 2     x ˙  s )     𝜏 ˙ 2     𝜏 ˙ 3     𝜏 ˙ 6 + B     𝜏 ˙ 3 ] .


   ( 1 )


    M 9 =  (     x . 1 ,     x . 2   ,     x .  s ,       x .  I )


      d 4 . =   d 4 = 𝛽     x .  s −   (     z . 11     z . 22 −     z . 12     z . 21 ) (     z . 33     z . 44 −     z . 34     z . 43 )      z . 11     z . 23     z . 32


 


    𝜆 4 +     𝜑 . 1   𝜆 3 +     𝜑 . 2   𝜆 2 +     𝜑 . 3 𝜆 +     𝜑 . 4 = 0 ,


    J 9


   ( 21 . 2 )


   ( 1 )


    M 9


   (   𝜆  9   x  I = 0 )


  ⟺     𝜑 . 4 = 0


    M 9


    J 9


      d 4 . =   d 4 = 𝛽     x .  s −   (     z . 11     z . 22 −     z . 12     z . 21 ) (     z . 33     z . 44 −     z . 34     z . 43 )      z . 11     z . 23     z . 32


      J . 9 =   J 9  (   M 9   ,   d . )   =  [     z .  i j ]  4 × 4 ,


      z .  i j =   z  i j  


    i , j = 1 , 2 , 3 , 4


   ( 21 . 1 )


      z . 44 =   (     z . 11     z . 22 −     z . 12     z . 21 ) (     z . 33     z . 44 −     z . 34     z . 43 )      z . 11     z . 23     z . 32


    𝜆  9   x  I = 0  


     Ω .   [ 9 ] =    (    Ω . 1   [ 8 ]   ,    Ω . 2   [ 8 ]   ,    Ω . 3   [ 8 ] ,    Ω . 4   [ 8 ] )  T


     (     J . 9 −   𝜆  9   x  I I )    Ω ˘   [ 6 ] = 0


   ( 21 . 3 − 21 . 11 )


     Ω .   [ 9 ] =    ( −     𝜏 . 1    Ω . 4   [ 9 ] ,       𝜏 . 2    Ω . 4   [ 9 ] , −     𝜏 . 3    Ω . 4   [ 9 ] ,    Ω . 4   [ 9 ] )  T


     Ω . 4   [ 9 ] ≠ 0


       ℧ .   [ 9 ] =    (    ℧ . 1   [ 9 ]   ,    ℧ . 2   [ 9 ]   ,    ℧ . 3   [ 9 ] ,      ℧ . 4   [ 9 ] )  T


      J . 9  T


    𝜆  9   x  I = 0


   (     J . 9  T −   𝜆  9   x  I I )    ℧ .   [ 9 ] = 0


     ℧ .   [ 9 ]


   ( 21 . 4 )


       ℧ .   [ 9 ] =    ( −     𝜏 . 4    ℧ . 4   [ 9 ] , −     𝜏 . 5    ℧ . 4   [ 9 ] ,     𝜏 . 6    ℧ . 4   [ 9 ] ,      ℧ . 4   [ 9 ] )  T


     ℧ . 4   [ 9 ] ≠ 0


    𝜕 f  𝜕   d 4 =   f    d 4  ( M   ,   d 4 ) =    (   𝜕   f 1  𝜕   d 4 ,   𝜕   f 2  𝜕   d 4 ,   𝜕   f 3  𝜕   d 4 ,     𝜕   f 4  𝜕   d 4 )  T


    =    ( 0 , 0 , 0   ,   −   x  I )  T .


      f    d 4  (   M 9   ,     d . 4   ) =    ( 0 ,   0   ,   0   , −     x .  I )  T


     (    ℧ .   [ 9 ] )  T   f    d 4  (   M 9   ,     d . 4   ) = −     x .  I    ℧ . 4   [ 9 ] ≠ 0


         Ω .   [ 9 ]


    D 2 f  (   M 8   ,       d . 4   )  (    Ω .   [ 9 ] ,      Ω .   [ 9 ] ) =  [        K . 1 ′       K . 2 ′       K . 3 ′   − 2 𝛽     𝜏 . 3   (    Ω . 4   [ 9 ] ) 2 ]


      K . 1 ′ = 2  [  (   −   a 1    k 1  ( 1 +   f 1     x . 2 ) −     b 1     x . 1     x . 2  ( 3   c 1 −     x . 1 2 )     (   c 1 +     x . 1 2 ) 3 − 3   𝛿 1     x . 1 )   (     𝜏 . 1 ) 2 +  (  ( 1 −   2     x . 1    k 1 )   −   a 1   f 1     ( 1 +   f 1     x . 2 ) 2 +     b 1  (   c 1 −     x . 1 2 )     (   c 1 +     x . 1 2 ) 2 −                             2   𝜌 1     x . 2 ) ( −     𝜏 . 1     𝜏 . 2 ) +  (   a 1     x . 1  ( 1 −       x . 1    k 1 )     f 1 2     ( 1 +   f 1     x . 2 ) 3 −   𝜌 1     x . 1 )   (     𝜏 . 2 ) 2 ]


      K . 2 ′ = 2  [     g 1     x . 1     x . 2  (     x . 1 2 − 3   c 1 )     (   c 1 +     x . 1 ) 3   (     𝜏 . 1 ) 2 +  (     g 1  (   c 1 −     x . 1 2 )     (   c 1 +     x . 1 2 ) 2 − η + 2   e 1   𝜌 1     x . 2 )  ( −     𝜏 . 1     𝜏 . 2 ) +  (   −   a 2    k 2  ( 1 +   f 2     x . s ) +   e 1   𝜌 1     x . 1 −   𝛿 2 +                             b 2   𝛾 1     x . 2     x . s  [ 3   c 2 −   𝛾 1     x . 2 2 ]     (   c 2 +   𝛾 1     x . 2 2 ) 3 )   (     𝜏 . 2 ) 2 +  (  ( 1 −   2     x . 2    k 2 )   −   a 2   f 2     ( 1 +   f 2     x . s ) 2 − 2   𝜌 2     x . s −     b 2  (   c 2 −   𝛾 1     x . 2 2 )     (   c 2 +   𝛾 1     x . 2 2 ) 2 ) ( −     𝜏 . 2     𝜏 . 3 ) +  (   a 2     x . 2  ( 1 −                                     x . 2    k 2 )     f 2 2     ( 1 +   f 1     x .  s ) 3 −   𝜌 2     x . 2 )   (     𝜏 . 3 ) 2 ]   (    Ω . 4   [ 9 ] ) 2


      K . 3 ′ = 2  [     g 2   𝛾 1     x . 2     x . s (   𝛾 1     x . 2 2 − 3   c 2 )     (   c 2 +   𝛾 1     x . 2 2 ) 3   (     𝜏 . 1 ) 2 +  (     g 2  (   c 2 −   𝛾 1     x . 2 2 )     (   c 2 +   𝛾 1     x . 2 2 ) 2 + 2   e 2   𝜌 2     x . s )    ( −     𝜏 . 2     𝜏 . 3 ) + 2   e 2   𝜌 2     x . 2    (     𝜏 . 3 ) 2 + 2 𝛽     𝜏 . 3 ]   (    Ω . 4   [ 9 ] ) 2 ,


     (    ℧ .   [ 9 ] )  T  [   D 2 f  (   M 9   ,     d . 4   )  (    Ω .   [ 9 ] ,      Ω .   [ 9 ] ) ] = 2  (     𝜏 ˙ 7 −     𝜏 ˙ 8 )   (    Ω . 4   [ 9 ] ) 2    ℧ . 4   [ 9 ] ≠ 0 .


    M 9


      d . 4 =     d 4


   ( 21 . 3 − 21 . 11 )


    M 10


    M 11


    M 9


   ( 21 . 3 − 21 . 11 )


  A ℊ < K                                                                                                                                                                                                                                                                                                                                                ( 22 )


    A 2 +   ℱ > ℊ ,                                                                                                                                                                                                                                                                                                                            ( 23 )


  A ℋ +  (   A 2 +   ℱ − ℊ ) ℊ > 2 A K + ℒ   ,                                                                                                                                                                                                                                     ( 24 )


  ℋ > A ℱ   ,                                                                                                                                                                                                                                                                                                                                        ( 25 )


   (   A 2 +   ℱ − ℊ ) ℋ <  ( ℋ − A ℱ ) ℊ + A ( A K + 2 ℒ )


                                                                                                                                                                                         ( 26 )


        𝜑 . 3  (   d 4 ⋆ )        𝜑 . 1  (   d 4 ⋆ )  ( −   z 11 −  (   z 22 +   z 33 )     𝜑 . 3  (   d 4 ⋆ ) + (  (   z 11 +   z 22 )   z 33 −   z 23   z 32 −  (   z 21   z 12 +   z 22   z 11 ) ) +   z 11   z 32   z 23     𝜑 . 3  (   d 4 ⋆ ) +     𝜑 . 2  (   d 4 ⋆ ) + 2     𝜑 . 3  (   d 4 ⋆ ) ≠  (   z 12   z 21 −   z 11   z 22 )   z 33     𝜑 . 3  (   d 4 ⋆ ) +    (       𝜑 . 3  (   d 4 ⋆ )        𝜑 . 1  (   d 4 ⋆ ) ) 2  (  (   z 11 +   z 22 )   z 33 −   z 23   z 32 −  (   z 21   z 12 +   z 22   z 11 ) ) −


                                                                                                                                                                                                                                                               ( 27 )


  A = − (   z 11 +   z 22 +   z 33 ) ,


  ℱ =   z 33  (   z 11 +   z 22 ) +   z 22   z 11 −   z 34   z 43 −   z 23   z 32 −   z 12   z 21 ,


  ℊ =   z 33  (   z 11 +   z 22 ) −   z 32   z 23 −   z 21   z 12 +   z 11   z 22 ,


  ℋ =   z 34   z 43  (   z 11 +   z 22 ) +   z 23   z 11   z 32 +   z 11  (   z 12   z 21 −   z 11   z 22 ) ,


  K =   z 33  (   z 12   z 21 −   z 11   z 22 ) +   z 11   z 23   z 32


  ℒ = −  (   z 11   z 22 −   z 12   z 21 )   z 34   z 43


      𝜑 . 1 ,       𝜑 . 2   and       𝜑 . 3  


    d 4 ⋆ =   d 4 = 𝛽     x .  s


   ( HB )


    M 9


   (   d 4 ⋆ )


  n = 4


    M 9


      𝜑 . i  (   d 4 ⋆ ) > 0   ,   і = 1 , 3 , 4 ,


   ∆ 1  (   d 4 ⋆ ) =     𝜑 . 1     𝜑 . 2 −     𝜑 . 3 > 0 ,           𝜑 . 1 3 − 4  ∆ 1 > 0


   ∆ 2  (   d 4 ⋆ ) =  (     𝜑 . 1     𝜑 . 2 −     𝜑 . 3 )     𝜑 . 3 −     𝜑 . 2 2     𝜑 . 4 = 0 .


      𝜑 . i  (   d 4 ⋆ ) > 0   ;   і = 1 , 3 , 4


   ∆ 1  (   d 4 ⋆ ) > 0


      𝜑 . 1 3 − 4  ∆ 1 > 0


   ( 21 . 3 − 21 . 10 )


   ∆ 2   = 0


  −  ℳ 1    (   d 4 ⋆ ) 3 +  ℳ 2    (   d 4 ⋆ ) 2 +  ℳ 3   d 4 ⋆ +  ℳ 4 = 0 ,                                                                                                                                                                                 ( 28 )


   ℳ 1 = A ℊ − K ,


   ℳ 2 = − [ − A ℋ −  (   A 2 +   ℱ − ℊ ) ℊ + 2 A K + ℒ ] ,


   ℳ 3 = − [  (   A 2 +   ℱ − ℊ ) ℋ −  ( ℋ − A ℱ ) ℊ − A ( A K + 2 ℒ ) ] ,


   ℳ 4 = − [  ( ℋ − A ℱ ) ℋ +   A 2 ℒ ] .


   ( 21 . 3 − 21 . 10 )


   ( 22 −   26 )  


  (   d 4 ⋆ )


    d =   d 4 ⋆


   ( 21 . 2 )


   (   𝜆 9 2 +       𝜑 . 3      𝜑 . 1 )  (   𝜆 9 2 +     𝜑 . 1   𝜆 9 +    ∆ 1      𝜑 . 1 ) = 0 ,


    𝜆  9   x 1 ,   x 2 = ± і        𝜑 . 3      𝜑 . 1


      𝜆  9   x  s ,   x  I =  1 2  ( −     𝜑 . 1 ±      𝜑 . 1 2 − 4    ∆ 1      𝜑 . 1 ) .


      d 4 =   d 4 ⋆


   (   𝜆  9   x 1   and     𝜆  9   x 2 )


   (   𝜆  9   x  s   and     𝜆  9   x  I )


  d


    d ⋆


    𝜆  9   x 1 ,   x 2 =  ( 1 ± i  ( 2 ,       𝜆  9   x  s ,   x  I =  1 2  ( −     𝜑 . 1 ±      𝜑 . 1 2 − 4    ∆ 1      𝜑 . 1 ) .


    R e  (   𝜆  9   x 1 ,   x 2  (   d 4 ) )  ⃒    d 4 =   d 4 ⋆ =  ( 1  (   d 4 ⋆ ) = 0 ,


      d 4 =   d 4 ⋆


   Θ ⋆  (   d 4 ⋆ )    Ψ ⋆  (   d 4 ⋆ ) +  Γ ⋆  (   d 4 ⋆ )  Φ ⋆  (   d 4 ⋆ ) ≠ 0 ,


      d 4 =   d 4 ⋆


   ( 1 = 0


   ( 2 =        𝜑 . 3        𝜑 . 1


   ( 2


   Ψ ⋆  (   d 4 ⋆ ) = − 2       𝜑 . 3  (   d 4 ⋆ ) ,


   Φ ⋆  (   d 4 ⋆ ) =  2      𝜑 . 1  (   d 4 ⋆ )        𝜑 . 3        𝜑 . 1  (     𝜑 . 1  (   d 4 ⋆ )     𝜑 . 2  (   d 4 ⋆ ) − 2     𝜑 . 3  (   d 4 ⋆ ) ) ,


    𝛩 ⋆  (   d 4 ⋆ ) =     𝜑 . 4 ′  (   d 4 ⋆ ) −     𝜑 . 2 ′  (   d 4 ⋆ )       𝜑 . 3  (   d 4 ⋆ )        𝜑 . 1  (   d 4 ⋆ ) ,


   Γ ⋆  (   d 4 ⋆ ) =        𝜑 . 3        𝜑 . 1  (   d 4 ⋆ )  (     𝜑 . 3 ′  (   d 4 ⋆ ) −     𝜑 . 1 ′  (   d 4 ⋆ )       𝜑 . 3  (   d 4 ⋆ )        𝜑 . 1  (   d 4 ⋆ ) ) ,


      𝜑 . 1 ′ =   𝜕   𝜑 1  𝜕   d 4  ⃒    d 4 =   d 4 ⋆ = 1 ,


      𝜑 . 2 ′ =   𝜕   𝜑 2  𝜕   d 4  ⃒    d 4 =   d 4 ⋆ = −   z 11 −  (   z 22 +   z 33 ) ,


      𝜑 . 3 ′ =   𝜕   𝜑 3  𝜕   d 4  ⃒    d 4 =   d 4 ⋆ =  (   z 11 +   z 22 )   z 33 −   z 23   z 32 −  (   z 12   z 21 +   z 11   z 22 ) ,


      𝜑 . 4 ′ =   𝜕   𝜑 4  𝜕   d 4  ⃒    d 4 =   d 4 ⋆ = −  (   z 11   z 22 −   z 12   z 21 )   z 33 +   z 11   z 32   z 23 .


   Θ ⋆  (   d 4 ⋆ )  Ψ ⋆  (   d 4 ⋆ ) +  Γ ⋆  (   d 4 ⋆ )  Φ ⋆  (   d 4 ⋆ ) = 2  [       𝜑 . 3  (   d 4 ⋆ )        𝜑 . 1  (   d 4 ⋆ )  ( −   z 11 −  (   z 22 +   z 33 )     𝜑 . 3  (   d 4 ⋆ ) + (  (   z 11 +   z 22 )   z 33 −     z 23 z 32 −  (   z 21   z 12 +   z 11   z 22 ) ) + 2     𝜑 . 3  (   d 4 ⋆ ) +  (  (   z 11   z 22 −   z 12   z 21 )   z 33 +   z 11   z 32   z 23 )     𝜑 . 3  (   d 4 ⋆ ) −    (       𝜑 . 3  (   d 4 ⋆ )        𝜑 . 1  (   d 4 ⋆ ) ) 2  (  (   z 11 +   z 22 )   z 33 −   z 32   z 23 −  (   z 12   z 21 +   z 11   z 22 ) ) +     𝜑 . 2  (   d 4 ⋆ ) ] ≠ 0 ,


   ( 21 . 3 − 21 . 11 )


   ( 27 )


    d 4 =   d 4 ⋆


    M 9


    M 10


    M 11


   ( 29 )


    a 1


    k 1


    f 1


    b 1


    c 1


    𝜌 1


    𝛿 1


    d 1


    a 2


    k 2


    f 2


    g 1


    b 2


    c 2


    𝛾 1


  𝜂


    e 1


    𝜌 2


    𝛿 2


    d 2


    g 2


    e 2


    𝛿 3


  𝛽


    d 3


    d 4


    x 1


    x 2


    x  s


    x  I


    M 9 =   ( 2 . 108 ,   2 . 367 ,   0 . 5 , 1 . 952 )


    M 9 =   ( 2 . 108 ,   2 . 367 ,   0 . 5 , 1 . 952 )


  0 . 0001 ≤     a 1   <   1 . 0237 ,


  1 . 0237 ≤     a 1   < 5


    M 8


    M 9


    M 9


  1 . 0237


  0 . 1 ≤     k 1   <   5 .


    M 9


  0 . 00001 ≤     f 1   < 1 . 4755 ,


  1 . 4755 ≤     f 1   < 5 .


  1 . 4755 ≤     f 1   < 5 .


    M 9


    M 8


    M 8


  1 . 4755


  0 . 251 ≤     b 1 <   2 . 632 ,


    2 . 632 ≤     b 1 <   5


    2 . 632 ≤     b 1 <   5


    M 9


    M 8


    M 8


  2 . 632


  0 ≤     c 1   < 1 . 14 ,


  1 . 14 ≤     c 1   < 5 .


  1 . 14 ≤     c 1   < 5 .


    M 8


    M 9


    M 9


  0 . 00001 ≤     𝜌 1   < 0 . 22 ,


  0 . 22 ≤     𝜌 1   < 5 .


  0 . 22 ≤     𝜌 1   < 5 .


    M 9


    M 8


    M 8


  0 . 00001 ≤     𝛿 1   < 5 .


    M 9


  0 . 00001 ≤     d 1   < 1 .


    M 9


  0 . 00001 ≤     a 2   <   0 . 0843 ,


  0 . 0843 ≤     a 2   < 0 . 1558 ,


  0 . 1558 ≤     a 2 < 0 . 329 ,


  0 . 1558 ≤     a 2 < 0 . 329 ,


  0 . 329 ≤     a 2 < 5 ,


  0 . 00001 ≤     a 2 < 0 . 01879 ,   a 1 = 0 . 01


  0 . 01879 ≤     a 2 < 0 . 07936 ,


    a 1 = 0 . 01


  0 . 07936 ≤     a 2 < 0 . 4 ,   a 1 = 0 . 01


    M 1


    M 3


    M 3


    M 6


    M 6


    M 9


    M 9


    M 0


    M 0


    M 2


    M 2


    M 4


    M 4


  0 . 01879


  0 . 07936


  0 . 07936


    0 . 1 ≤ k 2 < 0 . 8758 ,


    0 . 8758 ≤ k 2 < 1 . 0109 ,


    0 . 8758 ≤ k 2 < 1 . 0109 ,


    1 . 0109 ≤ k 2 < 5 .


    1 . 0109 ≤ k 2 < 5 .


    M 3


    M 6


    M 6


    M 9


    M 9


  0 . 0001 <     f 2 < 5 .    


    M 9


  0 . 00001 ≤     g 1 < 0 . 59 .


    M 9


  0 . 251 ≤     b 2 < 5 ,


    M 9


  0 . 00001 ≤     c 2 < 0 . 0002 ,


  0 . 0002 ≤     c 2 < 0 . 215 ,


  0 . 0002 ≤     c 2 < 0 . 215 ,


  0 . 215 ≤     c 2 < 0 . 4 .


  0 . 215 ≤     c 2 < 0 . 4 .


    M 6


    M 1


    M 1


    M 9


    M 9


    0 . 00001 ≤ 𝛾  1   < 1 . 0147 ,


    1 . 0147 ≤ 𝛾  1   < 1 . 2666 ,


    1 . 0147 ≤ 𝛾  1   < 1 . 2666 ,


    1 . 2666 ≤ 𝛾  1   < 5 .


    1 . 2666 ≤ 𝛾  1   < 5 .


    M 9


    M 6


    M 6


    M 3


    M 3


  1 . 0147


  1 . 2666


  1 . 2666


  0 . 00001 ≤ 𝜂 < 0 . 372 ,


  0 . 372 ≤ 𝜂 < 0 . 4495 ,


  0 . 372 ≤ 𝜂 < 0 . 4495 ,


  0 . 4495 ≤ 𝜂 < 0 . 6103 ,


  0 . 4495 ≤ 𝜂 < 0 . 6103 ,


  0 . 6103 ≤ 𝜂 < 5 .


  0 . 6103 ≤ 𝜂 < 5 .


    M 9


    M 6


    M 6
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    M 3


    M 1


    M 1


  0 . 4495


  0 . 6103


  0 . 6103


    0 <   e  1   < 1 .


    M 9


    0 . 00001 ≤   𝜌  2   < 5 ,


    M 9


  0 . 00001 ≤     𝛿 2 < 1 . 1009 ,


  1 . 1009 ≤   𝛿 2 < 1 . 4508 ,


  1 . 1009 ≤   𝛿 2 < 1 . 4508 ,


  1 . 4508 ≤   𝛿 2 < 5 .


  1 . 4508 ≤   𝛿 2 < 5 .


    M 9


    M 6


    M 6


    M 3
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  1 . 1009


  1 . 4508


  1 . 4508


  0 . 00001 ≤   d 2 < 0 . 955 ,


  0 . 955 ≤   d 2 < 1 .


    M 9


    M 6


    M 6


  0 . 955


  0 ≤   g 2 < 0 . 1 ,


  0 . 1 ≤   g 2 < 0 . 1095 ,


  0 . 1 ≤   g 2 < 0 . 1095 ,


  0 . 1095 ≤   g 2 < 0 . 7


  0 . 1095 ≤   g 2 < 0 . 7


    M 3


    M 6


    M 6


    M 9


    M 9


  0 . 1


  0 . 1095


  0 . 1095


    0 <   e 2 < 1 .


    M 9


  0 . 00001 ≤     𝛿 3 < 0 . 1182 ,


  0 . 1182 ≤   𝛿 3 < 0 . 1265 ,


  0 . 1182 ≤   𝛿 3 < 0 . 1265 ,


  0 . 1265 ≤   𝛿 3 < 5 .


  0 . 1265 ≤   𝛿 3 < 5 .


    M 9


    M 6


    M 6


    M 3


    M 3


  0 . 1182


  0 . 1265


  0 . 1265


  0 . 00001 ≤   𝛽 < 0 . 0088 ,


  0 . 0088 ≤ 𝛽 < 0 . 9 ,


  0 . 0088 ≤ 𝛽 < 0 . 9 ,


  0 . 9 ≤ 𝛽 ≤ 1 .


  0 . 9 ≤ 𝛽 ≤ 1 .


    M 6


    M 9


    M 9


  periodic


  periodic


  0 . 0088


  0 . 00001 ≤   d 3 < 0 . 0982 ,


  0 . 0982 ≤   d 3 < 0 . 1065 ,


  0 . 0982 ≤   d 3 < 0 . 1065 ,


  0 . 1065 ≤   d 3 < 1 .


  0 . 1065 ≤   d 3 < 1 .


    M 9


    M 6


    M 6


    M 3


    M 3


  0 . 0982


  0 . 1065


  0 . 1065


  0 . 00001 ≤   d 4 < 0 . 0752 ,


  0 . 0752 ≤   d 4 < 0 . 05429 .


  0 . 0752 ≤   d 4 < 0 . 05429 .


    M 9


    M 6


    M 6


  0 . 0752


  0 . 0001 ≤   a 1 < 1 . 0237


    M 8


  1 . 0237 ≤   a 1 < 5


    M 9


   ( 2 )


   ( a )


    M 8 =  ( 0 ,   2 . 4 ,   0 . 5 ,   1 . 982 )


    a 1


   ( b )


    M 9 =  ( 0 . 953 ,   2 . 409 ,   0 . 5 ,   1 . 991 )


      a 1


  0 . 00001 ≤     a 2 < 0 . 0843 ,


      M 1


      M 3


  0 . 0843 ≤     a 2   < 0 . 1558


  0 . 1558 ≤     a 2 < 0 . 329


      M 6


      M 9


  0 . 329 ≤     a 2 < 5 ,


  0 . 00001 ≤     a 2 < 0 . 01879 ,


    a 1 = 0 . 01 ,  


    M 0


  0 . 01879 ≤     a 2 < 0 . 07936 ,


    a 1 = 0 . 01 ,  


      M 2


  0 . 07936 ≤     a 2 < 0 . 4 ,


    a 1 = 0 . 01 ,  


      M 4


   ( 3 )


   ( a )


    M 1 =  ( 3 . 01 ,   0 ,   0 ,   0 )


    a 2 =


  ,      ( b )


    M 3 =  ( 2 . 944 ,   0 . 3483 ,   0 ,   0 )


    a 2


   ( c )


    M 6 =  ( 2 . 822 ,   0 . 861 ,   0 . 306 ,   0 )


    a 2


   ( d )


      M 9 =  ( 2 . 108 ,   2 . 366 ,   0 . 5 ,   1 . 952 )


    a 2


   ( e )


      M 0 =  ( 0 ,   0 ,   0 ,   0 )


    a 2


    a 1


   ( f )


      M 2 =  ( 0 ,   0 . 368 ,   0 ,   0 )


    a 2


    a 1


   ( g )


      M 4 =  ( 0 ,   0 . 861 ,   0 . 315 ,   0 )


    a 2


    a 1


  0 . 00001 ≤     f 1 < 1 . 4755 ,


      M 9


  1 . 4755 ≤     f 1 < 5


      M 8


   ( a )


    M 9 =  ( 1 . 26 ,   2 . 403 ,   0 . 5 , 1 . 986   )


    f 1 = 0 . 8 ,   ( b   )


    M 8 =  ( 0 ,   2 . 4 ,   0 . 5 ,   1 . 984 )


    f 1 = 2 .


  0 . 0001 <     f 2 < 5


     


      M 9


   ( a )


    M 9 =  ( 2 . 207 , 2 . 227 ,   0 . 5 , 1 . 821   )


    f 2 = 0 . 9 .


    f 2 = 0 . 9 .


  0 . 00001 ≤     𝜌 1   < 0 . 22 ,


    M 9


  0 . 22 ≤     𝜌 1 < 5


    M 8


   ( 6 )


   ( a )


    M 9 =  ( 0 . 856 ,   2 . 421 ,   0 . 5 ,   2 )


    𝜌 1


   ( b )


    M 8 =  ( 0 ,   2 . 4 ,   0 . 5 ,   1 . 984 )


      𝜌 1


  0 . 00001 ≤     𝜌 2 < 5  


    M 9


   ( 7 )


   ( a )


    M 9 =  ( 2 . 3 ,   2 . 087 ,   0 . 5 ,   1 . 85 )


    𝜌 2


  0 . 00001 ≤     𝛿 2 < 1 . 1009


    M 9


  1 . 1009 ≤   𝛿 2 < 1 . 4508 ,


    M 6


  1 . 4508 ≤   𝛿 2 < 5 .


    M 3


   ( 8 )


   ( a )


    M 9 =  ( 2 . 252 ,   2 . 159 ,   0 . 5 ,   1 . 753 )


    𝛿 2


   ( b )


    M 6 =  ( 2 . 822 ,   0 . 861 ,   0 . 33 ,   0 )


    𝛿 2


   ( c )


    M 3 =  ( 2 . 877 ,   0 . 652 ,   0 ,   0 )


    𝛿 2


  0 . 00001 ≤ 𝜂 < 0 . 372 ,


    M 9


      M 6


  0 . 372 ≤ 𝜂 < 0 . 4495


      M 3


  0 . 4495 ≤ 𝜂 < 0 . 6103 ,


      M 1


  0 . 6103 ≤ 𝜂 < 5


   ( a )


    M 9 =  ( 2 . 505 ,   1 . 706 ,   0 . 501 ,   1 . 24 )


  𝜂 =


  ,      ( b )


    M 6 =  ( 2 . 822 ,   0 . 862 ,   0 . 29 ,   0 )


  𝜂


   ( c )


      M 3 =  ( 2 . 941 ,   0 . 362 ,   0 ,   0 )


  𝜂


   ( d )


      M 1 =  ( 3 . 006 ,   0 ,   0 ,   0 )


  𝜂


  0 . 00001 ≤   𝛽 < 0 . 0088


      M 6


  0 . 0088 ≤ 𝛽 < 0 . 9 ,


      M 9


  0 . 9 ≤   𝛽 ≤ 1


   ( a )


    M 6 =  ( 2 . 831 ,   0 . 832 ,   1 . 861 ,   0 )


  𝛽


   ( b )


    M 9 =  ( 2 . 059 ,   2 . 43 ,   0 . 4 ,   1 . 599 )


  𝛽


   ( c )


  𝛽


    M 0   ,   M 6   and     M 7  


   ( 1 )


   (   a 1 o )  


   (     d ~ 4 )


    M 1 ,     M 2 ,     M 3 ,     M 4   ,   M 5   and     M 8  


   ( 1 )


   (     a ̿ 1 ,     a ^ 1 ,     a ˘ 1 ,     a - 2 )  


   (     g ˇ 2 )


    M 9 ,   M 10   and     M 11


   ( 1 )


   (     d . 4 )


    M 9 ,     M 10   and     M 11


    a 1


    f 1  


    𝜌 1     ,


    c 1


      a 2


      k 2  


    b 1


      c 2


      𝛾 1


    𝜂


      𝛿 2


      d 2


      g 2


    𝛿 3


    𝛽


    d 3


      d 4


      k 1   ,   𝛿 1   ,   d 1 ,     𝜌 2 ,     b 2 ,     f 2 ,


    g 1   ,


    e 1


    e 2

