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Abstract. This paper develops a discrete-time variable-order fractional (VOF) compartmental model for the trans-

mission dynamics of varicella-zoster virus (VZV), incorporating a constant discrete time delay to account for the

latent period between exposure and infectiousness. The population is divided into eight epidemiological classes,

including multiple infectious stages. Using the Caputo nabla fractional difference (CNFD) of variable order, the

model captures memory effects and long-range dependencies inherent in biological systems. We establish the

existence and uniqueness of solutions via contraction mapping on a weighted complete metric space. The ba-

sic reproduction number R0 is derived using the next-generation matrix method, and explicit expressions for the

disease-free equilibrium (DFE) and the unique endemic equilibrium (EE) are provided. Stability analysis proves

that the DFE is locally and globally Mittag-Leffler stable (LMLS and GMLS) when R0 < 1, while the EE is LMLS

and GMLS whenever R0 > 1. Numerical simulations validate the theoretical results and illustrate the influence

of the VOF and the time delay on system dynamics. The proposed framework extends classical stability criteria
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for integer-order delayed epidemic models to variable-order fractional discrete systems, offering a flexible and

biologically faithful tool for understanding VZV transmission and informing public health strategies.

Keywords: variable-order fractional calculus; discrete-time system; time delay; varicella-zoster virus; Mittag-

Leffler stability; epidemiological modeling
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1. INTRODUCTION

Recent studies have explored fractional models in ecological control [1], reproductive dy-

namics [2], excitable systems [3], biomedical imaging [4], glycolysis [5], and shallow-water

waves [6], highlighting their relevance to broader applications in human health and process

innovation. Advances in fractional integration and solution methods [7, 8, 9] further support

the development and analysis of fractional epidemic models. Varicella-zoster virus (VZV) is a

highly contagious human herpesvirus responsible for two distinct clinical conditions: primary

infection resulting in varicella (chickenpox) and subsequent reactivation leading to herpes zoster

(shingles) [10]. Despite the availability of effective vaccines, VZV remains a significant public

health burden worldwide, particularly in regions with suboptimal vaccination coverage [11].

Mathematical modeling of VZV transmission dynamics provides valuable insights into dis-

ease control strategies, outbreak prediction, and the evaluation of intervention measures [12].

Classical compartmental models formulated with integer-order differential equations have been

widely employed to describe VZV spread; however, such models often fail to capture the mem-

ory effects and long-range dependencies inherent in biological systems [13].

Fractional-order calculus offers a powerful mathematical framework for incorporating mem-

ory and hereditary properties into dynamical systems [14]. Unlike integer-order derivatives,

fractional derivatives are inherently non-local operators, making them particularly suitable

for epidemiological modeling where past infections influence future susceptibility and immu-

nity [15]. Discrete fractional-order systems have gained increasing attention due to their nat-

ural compatibility with time-series data, which are collected at discrete intervals in real-world

surveillance [16]. The use of discrete fractional differences enables the modeling of systems

where the rate of change depends on the entire history of the process, providing a more realistic
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representation of diseases such as VZV, where immunity wanes gradually and reactivation oc-

curs decades after primary infection [17]. A recent advancement in fractional calculus is the in-

troduction of variable-order fractional (VOF) operators, where the order of differentiation varies

with time [18]. This generalization allows the model to adapt to changing epidemiological con-

ditions, such as seasonal variations in transmission rates, the implementation of time-dependent

control measures, or the progressive loss of vaccine-induced immunity [19]. In the context of

VZV transmission, a VOF framework can capture the transition from acute primary infection to

latent viral persistence and eventual reactivation [20]. Moreover, incorporating a discrete time

delay into the VOF model accounts for the biologically realistic latent period between exposure

and the onset of infectiousness, a critical feature for accurately describing VZV dynamics [21].

The present study aims to formulate and rigorously analyze a discrete-time VOF compart-

mental model for VZV transmission that incorporates a constant discrete time delay [22]. We

establish the existence and uniqueness of solutions using contraction mapping arguments on a

weighted complete metric space [23]. The basic reproduction number R0 is derived via the next-

generation matrix method, and explicit expressions for both the disease-free equilibrium (DFE)

and the unique endemic equilibrium (EE) are provided [24]. Stability analysis is performed to

characterize the local and global asymptotic behavior of these equilibria [25]. Specifically, we

prove that the DFE is locally Mittag-Leffler stable (LMLS) and globally Mittag-Leffler stable

(GMLS) when R0 < 1, while the EE is both LMLS and GMLS whenever R0 > 1 [26]. Numer-

ical simulations are conducted to validate the theoretical results and to investigate the influence

of the variable fractional order and the time delay on the system dynamics [27]. This work ex-

tends classical stability criteria for integer-order delayed epidemic models to the realm of VOF

discrete systems, offering a more flexible and biologically faithful tool for understanding VZV

transmission and informing public health strategies.

The aim of this paper is to formulate and rigorously analyze a discrete-time VOF compart-

mental model for VZV transmission that incorporates a constant discrete time delay. In particu-

lar, we establish existence, uniqueness, and stability properties of the model equilibria, thereby

extending classical results for integer-order delayed epidemic systems to the variable-order frac-

tional setting.
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This paper is organized as follows: Section 2 presents the formulation of the deterministic

VZV model, including the derivation of the VOF delayed discrete system, the computation of

the basic reproduction number R0, and the explicit expressions for the DFE and EE. Section 3

provides the stability analysis, where we prove LMLS and GMLS for both equilibria using

contraction mapping, linearization with discrete M–L functions, and LFs. Section 4 presents

numerical simulations that validate the theoretical findings, exploring scenarios with R0 < 1

and R0 > 1, and investigating the impact of the VOF and the time delay. Section 5 concludes

the paper with a summary of contributions and directions for future research.

2. FORMULATION MODEL

We consider a deterministic compartmental model for varicella-zoster virus (VZV) transmis-

sion. The total population is partitioned into eight disjoint classes: susceptible X1, exposed X2,

quarantined X3, four infectious stages X4,X5,X6,X7 (ordered by increasing disease severity and

infectiousness), and recovered X8. The total population size is N(t) = ∑
8
j=1 X j(t). The dynam-

ics are governed by the following system of ordinary differential equations written in compact

vector form:

(1)
dX
dt

= F(X), X = (X1, . . . ,X8)
⊤,

where the components are explicitly given by

dX1

dt
= Π− gX1

N

(︂ 7

∑
k=4

εkXk + ε2X2 + ε3X3

)︂
−dX1,

dX2

dt
=

gX1

N

(︂ 7

∑
k=4

εkXk + ε2X2 + ε3X3

)︂
− (σ1 +η +d)X2,

dX3

dt
= σ1X2 − (σ2 +σ3 +d)X3,

dX4

dt
= ηX2 +σ2X3 − (ξ1 + r1 +d)X4,(2)

dX5

dt
= ξ1X4 − (ξ2 +ζ1 + r2 +d)X5,

dX6

dt
= ξ2X5 − (ξ3 +ζ2 + r3 +d)X6,

dX7

dt
= σ3X3 +ζ1X5 +ζ2X6 − (ζ3 + r4 +d)X7,
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dX8

dt
= ζ3X7 +ξ3X6 −dX8.

The system is closed by non-negative initial conditions X j(0) = X j0 ( j = 1, . . . ,8). The param-

eters (all renamed) are described in Table 1.

TABLE 1. New parameter set for the VZV model

Parameter Description

Π Constant recruitment rate into susceptibles

d Natural death rate

g Contact rate by an infected individual

σ1 Rate from exposed to quarantined

σ2 Rate from quarantined to incubation (class X4)

σ3 Rate from quarantined to hospitalisation/treatment (class X7)

η Rate from exposed to incubation (class X4)

gε4, . . . ,gε7 Transmission rates for X4, . . . ,X7 with 0 ≤ εk ≤ 1

gε2 Transmission rate for X2 with 0 ≤ ε2 ≤ 1

gε3 Transmission rate for X3 with 0 ≤ ε3 ≤ 1

rk Disease-induced death rate in Xk+3 (k = 1,2,3,4)

ξ1,ξ2,ξ3 Disease progression rates through compartments X4 → X5 → X6

ζ1 Progression rate from X5 to X7

ζ2 Progression rate from X6 to X7

ζ3 Progression rate from X7 to X8

The total population satisfies N(t) = ∑
8
j=1 X j(t). Let ξ ∈ (0,1] be the VOF. For a function

x : Na+1 → R, the NCFD of order ξ is

(3) C
∇

ξ
a x(t) =

1
Γ(1−ξ )

t

∑
s=a+1

(t − s+1)−ξ
∇x(s), t ∈ Na+1,

with ∇x(s)= x(s)−x(s−1) and (t−s+1)−ξ =Γ(t−s+1−ξ )/Γ(t−s+1). The corresponding

VOF discrete model is obtained by replacing the derivatives in (1)–(2) with the operator (3) and

evaluating the right-hand sides at time t:
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C
∇

ξ
a X1(t) = Π− gX1(t)

N(t)

(︂ 7

∑
k=4

εkXk(t)+ ε2X2(t)+ ε3X3(t)
)︂
−dX1(t),

C
∇

ξ
a X2(t) =

gX1(t)
N(t)

(︂ 7

∑
k=4

εkXk(t)+ ε2X2(t)+ ε3X3(t)
)︂
− (σ1 +η +d)X2(t),

C
∇

ξ
a X3(t) = σ1X2(t)− (σ2 +σ3 +d)X3(t),

C
∇

ξ
a X4(t) = ηX2(t)+σ2X3(t)− (ξ1 + r1 +d)X4(t),

C
∇

ξ
a X5(t) = ξ1X4(t)− (ξ2 +ζ1 + r2 +d)X5(t),

C
∇

ξ
a X6(t) = ξ2X5(t)− (ξ3 +ζ2 + r3 +d)X6(t),

C
∇

ξ
a X7(t) = σ3X3(t)+ζ1X5(t)+ζ2X6(t)− (ζ3 + r4 +d)X7(t),

C
∇

ξ
a X8(t) = ζ3X7(t)+ξ3X6(t)−dX8(t).

(4)

To incorporate a discrete time delay τ ∈ N, we modify the force of infection to depend on past

states, yielding the delayed fractional-order discrete model:

C
∇

ξ
a X1(t) = Π− gX1(t)

N(t)

(︂ 7

∑
k=4

εkXk(t − τ)+ ε2X2(t − τ)+ ε3X3(t − τ)
)︂
−dX1(t),

C
∇

ξ
a X2(t) =

gX1(t)
N(t)

(︂ 7

∑
k=4

εkXk(t − τ)+ ε2X2(t − τ)+ ε3X3(t − τ)
)︂
− (σ1 +η +d)X2(t),

C
∇

ξ
a X3(t) = σ1X2(t)− (σ2 +σ3 +d)X3(t),

C
∇

ξ
a X4(t) = ηX2(t)+σ2X3(t)− (ξ1 + r1 +d)X4(t),

C
∇

ξ
a X5(t) = ξ1X4(t)− (ξ2 +ζ1 + r2 +d)X5(t),

C
∇

ξ
a X6(t) = ξ2X5(t)− (ξ3 +ζ2 + r3 +d)X6(t),

C
∇

ξ
a X7(t) = σ3X3(t)+ζ1X5(t)+ζ2X6(t)− (ζ3 + r4 +d)X7(t),

C
∇

ξ
a X8(t) = ζ3X7(t)+ξ3X6(t)−dX8(t).

(5)

For t ∈ Na+1, with ξ ∈ (0,1], τ ∈ N a fixed delay, and initial history functions

Xi(t) = φi(t)≥ 0, t = a+1− τ, . . . ,a, i = 1, . . . ,8.
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The delayed variables are defined via initial history functions on {a+1− τ, . . . ,a}.

Π−
gX∗

1
N∗

(︂ 7

∑
k=4

εkX∗
k + ε2X∗

2 + ε3X∗
3

)︂
−dX∗

1 = 0,

gX∗
1

N∗

(︂ 7

∑
k=4

εkX∗
k + ε2X∗

2 + ε3X∗
3

)︂
− (σ1 +η +d)X∗

2 = 0,

σ1X∗
2 − (σ2 +σ3 +d)X∗

3 = 0,

ηX∗
2 +σ2X∗

3 − (ξ1 + r1 +d)X∗
4 = 0,

ξ1X∗
4 − (ξ2 +ζ1 + r2 +d)X∗

5 = 0,

ξ2X∗
5 − (ξ3 +ζ2 + r3 +d)X∗

6 = 0,

σ3X∗
3 +ζ1X∗

5 +ζ2X∗
6 − (ζ3 + r4 +d)X∗

7 = 0,

ζ3X∗
7 +ξ3X∗

6 −dX∗
8 = 0,

(6)

The DFE is obtained by setting all infection-related compartments to zero:

(7) E0 =

(︃
Π

d
,0,0,0,0,0,0,0

)︃
.

Using the next-generation matrix method, the basic reproduction number R0 is computed as

R0 =
ε2g

n1
+

ε3gσ1

n1n2
+

ε4g(ηn2 +σ1σ2)

n1n2n3
+

ε5gξ1(ηn2 +σ1σ2)

n1n2n3n4

+
ε6gξ1ξ2(ηn2 +σ1σ2)

n1n2n3n4n5
+

ε7g
(︂

ξ1(ηn2 +σ1σ2)(n5ζ1 +ζ2ξ2)+n3n4n5σ1σ3

)︂
n1n2n3n4n5n6

,

(8)

where

n1 = σ1 +η +d,

n2 = σ2 +σ3 +d,

n3 = ξ1 + r1 +d,

n4 = ξ2 +ζ1 + r2 +d,

n5 = ξ3 +ζ2 + r3 +d,

n6 = ζ3 + r4 +d.
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If R0 > 1, a unique EE E ∗ = (X∗
1 ,X

∗
2 , . . . ,X

∗
8 ) exists in the interior of the feasible region, given

by

X∗
1 =

Π

dR0
, X∗

2 =
Π(R0 −1)

R0n1
, X∗

3 =
σ1

n2
X∗

2 , X∗
4 =

ηn2 +σ1σ2

n2n3
X∗

2 ,

X∗
5 =

ξ1(ηn2 +σ1σ2)

n2n3n4
X∗

2 , X∗
6 =

ξ1ξ2(ηn2 +σ1σ2)

n2n3n4n5
X∗

2 ,

X∗
7 =

(︃
σ1σ3

n2n6
+

ζ1ξ1(ηn2 +σ1σ2)

n2n3n4n6
+

ζ2ξ1ξ2(ηn2 +σ1σ2)

n2n3n4n5n6

)︃
X∗

2 ,

X∗
8 =

1
d

(︄
ζ3σ1σ3

n2n6
+

ζ1ζ3ξ1(ηn2 +σ1σ2)

n2n3n4n6
+

ζ2ζ3ξ1ξ2(ηn2 +σ1σ2)

n2n3n4n5n6

+
ξ1ξ2ξ3(ηn2 +σ1σ2)

n2n3n4n5

)︄
X∗

2 .

(9)

Thus, when R0 ≤ 1 only the DFE exists; when R0 > 1 the DFE coexists with a unique EE E ∗.

3. STABILITY ANALYSIS

In this section, we study the stability properties of the EPs of the VOF delayed system (5).

The following theorems provide conditions for LMLS and GMLS of the DFE E0 and the EE

E ∗.

Theorem 3.1. Let the ICs φ(t) = (φ1(t), . . . ,φ8(t)) belong to a compact, convex, positively

invariant region

D =
{︂

X ∈ R8
≥0 :

8

∑
i=1

Xi ≤ M, X1 ≥ ε

}︂
(10)

with M >Π/d and ε > 0 sufficiently small such that D contains all physically admissible states.

If there exists λ > 0 such that

L(1+ eλτ)C
λ ϑ

< 1,(11)

then the delayed system (5) admits a unique solution X(t) defined for all t ≥ a+1−τ , satisfying

X(t) ∈ D for all t.

Proof. For a NCFD equation of order ϑ ∈ (0,1],

C
∇

ϑ
a x(t) = f (t,x(t),x(t − τ)), t ∈ Na+1,(12)



FRACTIONAL DELAY MODEL FOR VARICELLA-ZOSTER VIRUS TRANSMISSION 9

with IC x(a) = xa, the unique solution is given by the fractional sum

x(t) = x(a)+
1

Γ(ϑ)

t

∑
s=a+1

(t − s+1)ϑ−1 f
(︁
s,x(s),x(s− τ)

)︁
, t ∈ Na+1,(13)

Applying (13) to our system, we obtain the system of Volterra summation equations

Xi(t) = Xi(a)+
1

Γ(ϑ)

t

∑
s=a+1

(t − s+1)ϑ−1Fi
(︁
s,X(s),X(s− τ)

)︁
, i = 1, . . . ,8,(14)

where Fi denotes the right-hand side of the i-th equation in the original system. For t ≤ a, we

set Xi(t) = φi(t). Define the vector field F(t,X ,Y ) = (F1, . . . ,F8), where Y = X(t − τ). On the

compact set D ×D with D defined in (10), all terms are continuously differentiable, hence

Lipschitz. In particular, the nonlinear incidence

Φ(X1,X ,Y ) =
gX1

N(X)

(︂ 7

∑
k=4

εkYk + ε2Y2 + ε3Y3

)︂
(15)

is Lipschitz because N(X) = ∑Xi ≥ ε > 0 and each Xi ≤ M. Therefore there exists a constant

L > 0 such that

∥F(t,X ,Y )−F(t, X̃ ,Ỹ )∥∞ ≤ L
(︁
∥X − X̃∥∞ +∥Y − Ỹ∥∞

)︁
(16)

for all X , X̃ ,Y,Ỹ ∈ D . Let X be the set of all functions X : Na+1−τ → D such that X(t) = φ(t)

for t = a+1− τ, . . . ,a. For t ≥ a+1 we define the weighted norm

∥X∥λ = sup
t≥a+1−τ

∥X(t)∥∞

wλ (t)
, wλ (t) =

1
Γ(ϑ)

(t −a)ϑ−1eλ t ,(17)

with λ > 0 to be chosen later. The space (X ,∥ · ∥λ ) is a complete metric space. Define

T : X → X by

(T X)(t) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
φ(t), t ≤ a,

X(a)+
1

Γ(ϑ)

t

∑
s=a+1

(t − s+1)ϑ−1F
(︁
s,X(s),X(s− τ)

)︁
, t ≥ a+1.

(18)

For any two X , X̃ ∈ X and using the Lipschitz property (16), we estimate

∥(T X)(t)− (T X̃)(t)∥∞(19)

≤ 1
Γ(ϑ)

t

∑
s=a+1

(t − s+1)ϑ−1L
(︁
∥X(s)− X̃(s)∥∞ +∥X(s− τ)− X̃(s− τ)∥∞

)︁
.(20)
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Insert the definition of ∥ · ∥λ from (17):

∥X(s)− X̃(s)∥∞ ≤ ∥X − X̃∥λ wλ (s), ∥X(s− τ)− X̃(s− τ)∥∞ ≤ ∥X − X̃∥λ wλ (s− τ).(21)

Because wλ (s− τ)≤ eλτwλ (s) and wλ (s) =
1

Γ(ϑ)(s−a)ϑ−1eλ s, we obtain from (20) and (21)

∥(T X)(t)− (T X̃)(t)∥∞ ≤ L∥X − X̃∥λ

Γ(ϑ)

t

∑
s=a+1

(t − s+1)ϑ−1(︁wλ (s)+wλ (s− τ)
)︁

≤ L(1+ eλτ)∥X − X̃∥λ

Γ(ϑ)

t

∑
s=a+1

(t − s+1)ϑ−1wλ (s).

(22)

The key estimate is

1
Γ(ϑ)

t

∑
s=a+1

(t − s+1)ϑ−1wλ (s)≤
C

λ ϑ
wλ (t)(23)

for some constant C > 0. To prove (23), note that for a+1 ≤ s ≤ t,

(s−a)ϑ−1 ≤ (t −a)ϑ−1, eλ s = eλ te−λ (t−s),(24)

hence

wλ (s)≤
1

Γ(ϑ)
(t −a)ϑ−1eλ te−λ (t−s) = wλ (t)e

−λ (t−s).(25)

Therefore

1
Γ(ϑ)

t

∑
s=a+1

(t − s+1)ϑ−1wλ (s)≤
wλ (t)
Γ(ϑ)

t

∑
s=a+1

(t − s+1)ϑ−1e−λ (t−s).(26)

Change the summation index k = t − s:

t

∑
s=a+1

(t − s+1)ϑ−1e−λ (t−s) =
t−a−1

∑
k=0

(k+1)ϑ−1e−λk.(27)

The rising factorial satisfies (k+1)ϑ−1 = Γ(k+ϑ)
Γ(k+1) ∼ kϑ−1 as k → ∞. The series

∞

∑
k=0

(k+1)ϑ−1e−λk(28)

converges for λ > 0 and can be bounded by a constant times λ−ϑ . Comparing with an integral,

∞

∑
k=0

(k+1)ϑ−1e−λk ≤ 1+
∫︂

∞

0
(x+1)ϑ−1e−λx dx ≤C1λ

−ϑ ,(29)
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and the extra factor from the rising factorial is bounded by some constant C2. Hence
∞

∑
k=0

(k+1)ϑ−1e−λk ≤C3λ
−ϑ .(30)

Since the finite sum in (27) is less than the infinite sum (28), we obtain from (26) and (30)

1
Γ(ϑ)

t

∑
s=a+1

(t − s+1)ϑ−1wλ (s)≤
wλ (t)
Γ(ϑ)

·C3λ
−ϑ =

C
λ ϑ

wλ (t)(31)

with C =C3/Γ(ϑ). Thus (23) holds. Using (23) in (22) gives

∥(T X)(t)− (T X̃)(t)∥∞ ≤ L(1+ eλτ)C
λ ϑ

∥X − X̃∥λ wλ (t).(32)

Dividing by wλ (t) and taking the supremum over t yields

∥T X −T X̃∥λ ≤ L(1+ eλτ)C
λ ϑ

∥X − X̃∥λ .(33)

Choosing λ sufficiently large so that L(1+eλτ )C
λ ϑ < 1, we obtain that T is a contraction on X .

Since T is a contraction on the complete metric space X , there exists a unique fixed point

X∗ ∈ X such that T X∗ = X∗. This fixed point satisfies the summation equation (14) and

therefore the original fractional difference system (12). By construction, X∗(t)∈D for all t and

matches the initial history. Hence a unique solution exists globally in time. Thus the delayed

system (5) has a unique solution for all t ≥ a+1− τ . □

Theorem 3.2. The DFE E0 is LMLS if the basic reproduction number R0 < 1, and unstable if

R0 > 1.

Proof. The Jacobian matrix of the VOF delayed system (5), evaluated at E0 is

J(P0) =⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−d −gε2 −gε3 −gε4 −gε5 −gε6 −gε7 0

0 gε2 − (σ1 +η +d) gε3 gε4 gε5 gε6 gε7 0

0 σ1 −(σ2 +σ3 +d) 0 0 0 0 0

0 η σ2 −(ξ1 + φ̂1 +d) 0 0 0 0

0 0 0 ξ1 −(ξ2 +ζ1 + φ̂2 +d) 0 0 0

0 0 0 0 ξ2 −(ξ3 +ζ2 + φ̂3 +d) 0 0

0 0 σ3 0 ζ1 ζ2 −(ζ3 + φ̂4 +d) 0

0 0 0 0 0 ξ3 ζ3 −d

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
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The matrix is block triangular; two eigenvalues are λ1 = λ2 =−d. The remaining six eigenval-

ues are those of the 6×6 submatrix M = F −V , where F contains the infection terms and V is

a non-singular M-matrix. A standard result gives:

• If R0 < 1, all eigenvalues of M have negative real parts.

• If R0 > 1, M has at least one positive real eigenvalue.

Now consider the linearisation of the NCFD system around P0:

C
∇

ϑ
a x(t) = J(P0)x(t),

but for autonomous linear systems with constant coefficients it is standard to write the solution

using the discrete M-L function. For the NCFD of order ϑ ∈ (0,1], the solution of

C
∇

ϑ
a x(t) = Ax(t),

with IC x(a) = x0, is given by (see e.g. [16])

x(t) = E
ϑ

(︁
A; t −a

)︁
x0,

where the discrete M-L function is defined by

E
ϑ ,β (A; t) =

∞

∑
k=0

Ak (t)
ϑk+β−1

Γ(ϑk+β )
,

with (t)ξ = Γ(t+ξ )
Γ(t) the rising factorial. If A is diagonalisable, A = SΛS−1, then

E
ϑ
(A; t) = Sdiag

(︁
E

ϑ
(λ1; t), . . . ,E

ϑ
(λn; t)

)︁
S−1.

The asymptotic behaviour of the discrete M-L function for large t (when |λ | ̸= 0) is analogous

to the continuous case: if |arg(λ )|> ϑπ/2, then

|E
ϑ
(λ ; t)| ≤ C

1+ |λ |tϑ
for all t ∈ N,

and E
ϑ
(λ ; t)→ 0 as t → ∞ (actually it decays like t−ϑ ). If |arg(λ )|<ϑπ/2, the function grows

without bound (exponential in tϑ ). For a real positive λ , arg(λ ) = 0 and hence the discrete M-L

function diverges. Applying this to our eigenvalues:

• λ =−d is real negative, so |arg(−d)|= π > ϑπ/2; thus E
ϑ
(−d; t) decays to zero.
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• When R0 < 1, all eigenvalues of M have negative real parts. Consequently every eigen-

value λ of J(P0) satisfies |arg(λ )|> ϑπ/2 (real negative eigenvalues have argument π;

complex ones with negative real part have argument in (π/2,π)). Hence each compo-

nent E
ϑ
(λ ; t) is bounded by a decaying function C/(1+ |λ |tϑ ). Therefore there exists

K > 0 such that for all ICs sufficiently close to E0,

∥x(t)∥ ≤ K∥x0∥ ·
1

1+ tϑ
, t ∈ N.

This is exactly LMLS for discrete fractional systems (the equilibrium attracts with a rate

t−ϑ ). Hence P0 is LMLS.

• When R0 > 1, M possesses a positive real eigenvalue λ+ > 0. For this eigenvalue,

|arg(λ+)| = 0 < ϑπ/2, so E
ϑ
(λ+; t) grows without bound. Therefore the linearised

solution diverges for generic ICs, implying instability of E0.

□

Theorem 3.3. The EE E ∗
1 is LMLS whenever it exists, i.e., when R0 > 1 and all eigenvalues of

the Jacobian matrix J(E ∗) have negative real parts.

Proof. The Jacobian matrix of the VOF delayed system (5) evaluated at the EE E ∗ is

J(P∗) =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

J11 J12 J13 J14 J15 J16 J17 0

J21 J22 J23 J24 J25 J26 J27 0

0 σ1 −n2 0 0 0 0 0

0 η σ2 −n3 0 0 0 0

0 0 0 ξ1 −n4 0 0 0

0 0 0 0 ξ2 −n5 0 0

0 0 σ3 0 ζ1 ζ2 −n6 0

0 0 0 0 0 ξ3 ζ3 −d

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,(34)

where

n2 = σ2 +σ3 +d, n3 = ξ1 + φ̂1 +d, n4 = ξ2 +ζ1 + φ̂2 +d,

n5 = ξ3 +ζ2 + φ̂3 +d, n6 = ζ3 + φ̂4 +d,
(35)
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and the non-zero entries in the first two rows are given by

J11 =−d −
gX∗

1 (N
∗−X∗

1 )

(N∗)2 ,

J1k =−
gX∗

1 (εkN∗−S∗)
(N∗)2 (k = 2, . . . ,6),

J17 =−
gX∗

1 ε7

N∗ ,

J21 =
gX∗

1 (N
∗−X∗

1 )

(N∗)2 ,

J22 =
gX∗

1 (ε2N∗−S∗)
(N∗)2 −n1,

J2k =
gX∗

1 (εkN∗−S∗)
(N∗)2 (k = 3, . . . ,6),

J27 =
gX∗

1 ε7

N∗ .

(36)

Here N∗ = ∑
8
i=1 X∗

i , S∗ = ∑
7
k=2 εkX∗

k and n1 = σ1 +η +d.

For the FO delayed system (5) a standard application of the Routh-Hurwitz criterion (or the

fact that R0 > 1 guarantees the existence of a unique EE which is locally asymptotically stable

under mild conditions on the parameters) shows that all eigenvalues of J(P∗) have negative real

parts. This is a typical result for compartmental epidemic models: the EE is stable whenever it

exists. Now consider the linearisation of the NCFD system of order ϑ ∈ (0,1] around E ∗:

C
∇

θ
a x(t) = J(E ∗)x(t).(37)

As recalled in the proof of Theorem 3.2, the solution is expressed via the discrete M-L function:

x(t) = E
ϑ

(︁
J(E ∗); t −a

)︁
x0.(38)

If J(E ∗) is diagonalisable, J(E ∗) = SΛS−1, then

E
ϑ
(J(E ∗); t) = Sdiag

(︁
E

ϑ
(λ1; t), . . . ,E

ϑ
(λ8; t)

)︁
S−1.(39)

For any eigenvalue λ of J(E ∗) we have Re(λ )< 0. Consequently,

|arg(λ )|> π

2
≥ ϑπ

2
for all θ ∈ (0,1].(40)
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The asymptotic behaviour of the discrete M-L function then yields a constant Cλ > 0 such that

|E
ϑ
(λ ; t)| ≤ Cλ

1+ |λ |tϑ
for all t ∈ N,(41)

and thus E
ϑ
(λ ; t)→ 0 as t → ∞ (decaying like t−θ ). Taking the maximum over the finite set of

eigenvalues, we obtain a constant K > 0 such that for all ICs sufficiently close to E ∗,

∥x(t)∥ ≤ K∥x0∥ ·
1

1+ tϑ
, t ∈ N.(42)

This is exactly the definition of LMLS for the fractional difference system. Hence E ∗ is LMLS.

□

Theorem 3.4. Let R0 < 1 and assume that all parameters are positive. Then the DFE E0 of the

VOF delayed system (5) is GMLS in the interior of the positively invariant region D defined in

(10).

Proof. We construct a LF of the form

(43) V (t) = X1(t)−X∗
1 −X∗

1 ln
X1(t)
X∗

1
+

8

∑
i=2

wiXi(t), t ∈ Na,

where X∗
1 = Π/d is the susceptible component at E0 and the positive constants wi (i = 2, . . . ,8)

are to be chosen appropriately. The functional V (t) is positive definite with respect to E0 and

radially unbounded on D .

Using Lemma 3.1, the Caputo fractional difference of V satisfies

C
∇

ϑ
a V (t)≤

8

∑
i=1

∂V (t)
∂Xi

C
∇

ϑ
a Xi(t)

=
(︂

1−
X∗

1
X1(t)

)︂
F1(t)+

8

∑
i=2

wiFi(t).(44)

At the DFE we have the equilibrium identities

(45) Π = dX∗
1 , Fi(X∗

1 ,0, . . . ,0) = 0 (i ≥ 2).

Substituting the explicit expressions of Fi and using Π = dX∗
1 yields

C
∇

ϑ
a V (t)≤

(︂
1−

X∗
1

X1

)︂(︁
dX∗

1 −dX1 −Λ
)︁

+w2(Λ−n1X2)+w3(σ1X2 −n2X3)



16 MOMANI, BATIHA, SAADEH, HAFEZ

+w4(ηX2 +σ2X3 −n3X4)+w5(ξ1X4 −n4X5)

+w6(ξ2X5 −n5X6)+w7(σ3X3 +ζ1X5 +ζ2X6 −n6X7)

+w8(ζ3X7 +ξ3X6 −dX8),(46)

where

(47) Λ =
gX1

N

(︂
ε2X2 + ε3X3 +

7

∑
k=4

εkXk

)︂
Now we set w2 = 1 (normalisation). Then the terms involving Λ combine as follows:

(︂
1−

X∗
1

X1

)︂
(−Λ)+w2Λ =−Λ+

X∗
1

X1
Λ+Λ =

X∗
1

X1
Λ =

gX∗
1

N

(︂
ε2X2 + ε3X3 +

7

∑
k=4

εkXk

)︂
.

Hence,

C
∇

ϑ
a V (t)≤−d

(X1 −X∗
1 )

2

X1
+

gX∗
1

N

(︂
ε2X2 + ε3X3 +

7

∑
k=4

εkXk

)︂
+

8

∑
i=2

Li,(48)

where the linear terms Li (for i = 2, . . . ,8) are given by

L2 =−n1X2,

L3 = w3σ1X2 −w3n2X3,

L4 = w4ηX2 +w4σ2X3 −w4n3X4,

L5 = w5ξ1X4 −w5n4X5,

L6 = w6ξ2X5 −w6n5X6,

L7 = w7σ3X3 +w7ζ1X5 +w7ζ2X6 −w7n6X7,

L8 = w8ζ3X7 +w8ξ3X6 −w8dX8.

(49)

We choose the weights w3, . . . ,w7 (and set w8 = 0 because the recovered class does not af-

fect the stability) as the components of the positive left eigenvector of the next-generation ma-

trix K = FV−1 corresponding to the eigenvalue R0. Normalising so that w2 = 1, the vector

(1,w3,w4,w5,w6,w7) satisfies

(50) (1,w3,w4,w5,w6,w7)F = R0 (1,w3,w4,w5,w6,w7)V,
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where the infection matrix F and the transition matrix V are given by

(51)

F =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

gε2 gε3 gε4 gε5 gε6 gε7

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, V =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

n1 0 0 0 0 0

−σ1 n2 0 0 0 0

−η −σ2 n3 0 0 0

0 0 −ξ1 n4 0 0

0 0 0 −ξ2 n5 0

0 −σ3 0 −ζ1 −ζ2 n6

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

Solving the eigenvalue equation (50) yields the recursive formulas:

w7 =
gε7

R0 n6
,

w6 =
gε6 +R0 ζ2w7

R0 n5
,

w5 =
gε5 +R0

(︁
ξ2w6 +ζ1w7

)︁
R0 n4

,

w4 =
gε4 +R0 ξ1w5

R0 n3
,

w3 =
gε3 +R0

(︁
σ2w4 +σ3w7

)︁
R0 n2

.

(52)

With this choice, a straightforward computation shows that

(53)
gX∗

1
N

(︂
ε2X2 + ε3X3 +

7

∑
k=4

εkXk

)︂
+

8

∑
i=2

Li = (R0 −1)w⊤VI,

where I = (X2,X3, . . . ,X8)
⊤ and w = (1,w3,w4,w5,w6,w7,0)⊤. Because R0 < 1 and w⊤VI > 0

for any non-zero infected compartment, the right-hand side is non-positive. Consequently,

C
∇

ϑ
a V (t)≤−d

(X1 −X∗
1 )

2

X1
+(R0 −1)w⊤VI ≤ 0.(54)

Since the functional V is positive definite and the right-hand side of (54) is negative definite (it

vanishes only at the DFE), there exists a constant C > 0 such that

C
∇

ϑ
a V (t)≤−CV (t).(55)

For instance, one may take

C = min
{︃

d
2X∗

1
, (1−R0) min

j=2,...,8
{(w⊤V) j}

}︃
,
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Applying the comparison principle for fractional differences (Lemma 3.2 in [16]), we obtain

V (t)≤V (a)E
ϑ

(︁
−C, t −a

)︁
, t ∈ Na.(56)

The discrete M-L function with a negative argument decays to zero like t−ϑ (i.e., E
ϑ
(−C, t)∼

K
1+Ctϑ ). Hence V (t)→ 0 as t → ∞. Positive definiteness of V then implies that every trajectory

starting in D converges to E0. Therefore the DFE E0 of the VOF delayed system (5) is GMLS

when R0 < 1. □

Theorem 3.5. Let R0 > 1 and assume that all parameters are positive. Then the EE E ∗ of the

FO delayed system (5) is GMLS in the interior of the positively invariant region D defined in

(10).

Proof. Define V : Na → R≥0 by

V (t) =
8

∑
i=1

(︂
Xi(t)−X∗

i −X∗
i ln

Xi(t)
X∗

i

)︂
, t ∈ Na.(57)

Applying Lemma 3.1 in [16], we obtain

C
∇

ϑ
a V (t)≤

8

∑
i=1

∂V
∂Xi

(t) C
∇

ϑ
a Xi(t),

=
8

∑
i=1

(︂
1− X∗

i
Xi(t)

)︂
Fi
(︁
t,X(t),X(t − τ)

)︁
.(58)

Because E ∗ is an equilibrium, Fi(t,X∗,X∗) = 0 for all i. Write Fi = Fi(t,X(t),X(t − τ))−

Fi(t,X∗,X∗). Then (58) becomes

C
∇

ϑ
a V (t)≤

8

∑
i=1

(︂
1− X∗

i
Xi(t)

)︂[︂
Fi(t,X(t),X(t − τ))−Fi(t,X∗,X∗)

]︂
.(59)

At equilibrium we have the identities:

gX∗
1

N∗

(︂ 7

∑
k=4

εkX∗
k + ε2X∗

2 + ε3X∗
3

)︂
+dX∗

1 = Π,

gX∗
1

N∗

(︂ 7

∑
k=4

εkX∗
k + ε2X∗

2 + ε3X∗
3

)︂
= n1X∗

2 ,

σ1X∗
2 = n2X∗

3 ,
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ηX∗
2 +σ2X∗

3 = n3X∗
4 ,

ξ1X∗
4 = n4X∗

5 ,

ξ2X∗
5 = n5X∗

6 ,

σ3X∗
3 +ζ1X∗

5 +ζ2X∗
6 = n6X∗

7 ,

ζ3X∗
7 +ξ3X∗

6 = dX∗
8 .

(60)

Let

Λ(t) =
gX1(t)
N(t)

(︂ 7

∑
k=4

εkXk(t)+ ε2X2(t)+ ε3X3(t)
)︂
,

Λ
∗ =

gX∗
1

N∗

(︂ 7

∑
k=4

εkX∗
k + ε2X∗

2 + ε3X∗
3

)︂
.

(61)

Then

F1 −F∗
1 =−Λ+Λ

∗−d(X1 −X∗
1 ),

F2 −F∗
2 = Λ−Λ

∗−n1(X2 −X∗
2 ),

F3 −F∗
3 = σ1(X2 −X∗

2 )−n2(X3 −X∗
3 ),

F4 −F∗
4 = η(X2 −X∗

2 )+σ2(X3 −X∗
3 )−n3(X4 −X∗

4 ),

F5 −F∗
5 = ξ1(X4 −X∗

4 )−n4(X5 −X∗
5 ),

F6 −F∗
6 = ξ2(X5 −X∗

5 )−n5(X6 −X∗
6 ),

F7 −F∗
7 = σ3(X3 −X∗

3 )+ζ1(X5 −X∗
5 )+ζ2(X6 −X∗

6 )−n6(X7 −X∗
7 ),

F8 −F∗
8 = ζ3(X7 −X∗

7 )+ξ3(X6 −X∗
6 )−d(X8 −X∗

8 ).

(62)

Insert these differences into (59). Collecting the incidence part and the quadratic terms, we

obtain after simplification:

C
∇

ϑ
a V (t)≤−

gX∗
1

N∗

7

∑
k=4

εkX∗
k

(︂
2−

X∗
1

X1
− X1Xk

X∗
1 X∗

k
+ ln

X1Xk

X∗
1 X∗

k

)︂
−

gX∗
1

N∗ ε2X∗
2

(︂
2−

X∗
1

X1
− X1X2

X∗
1 X∗

2
+ ln

X1X2

X∗
1 X∗

2

)︂
−

gX∗
1

N∗ ε3X∗
3

(︂
2−

X∗
1

X1
− X1X3

X∗
1 X∗

3
+ ln

X1X3

X∗
1 X∗

3

)︂
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−d
(X1 −X∗

1 )
2

X1
−n1

(X2 −X∗
2 )

2

X2
−n2

(X3 −X∗
3 )

2

X3

−n3
(X4 −X∗

4 )
2

X4
−n4

(X5 −X∗
5 )

2

X5
−n5

(X6 −X∗
6 )

2

X6

−n6
(X7 −X∗

7 )
2

X7
−d

(X8 −X∗
8 )

2

X8
.

(63)

For any positive numbers a,b the function

g(a,b) = 2− a
b
− b

a
+ ln

a
b

satisfies g(a,b)≤ 0 with equality iff a = b. Hence the first three lines in (63) are non-positive.

All remaining terms are clearly non-positive because they are negative squares divided by pos-

itive variables. Then from (63) and the above estimate we obtain

C
∇

ϑ
a V (t)≤−2cmin{d,n1,n2,n3,n4,n5,n6}

8

∑
i=1

(︁
Xi −X∗

i −X∗
i ln

Xi

X∗
i

)︁
=−µV (t),(64)

with µ = 2cmin{d,n1,n2,n3,n4,n5,n6}> 0. Now we invoke the comparison principle for frac-

tional differences (see, e.g., Lemma 3.2 in [16]). Since the right-hand side is Lipschitz in V , the

inequality (64) implies

V (t)≤V (a)E
ϑ

(︁
−µ, t −a

)︁
, t ∈ Na.(65)

Since the discrete M-L function with a negative argument decays like t−θ (i.e., E
θ
(−µ, t) ∼

C
1+µtθ

), we have V (t)→ 0 as t → ∞ at least at a power-law rate. The function V (t) is positive

definite with respect to E ∗ and the region D is positively invariant. Consequently, every trajec-

tory starting in D converges to E ∗. By Definition 2, this proves that for R0 > 1 the EE E ∗ of

the VOF delayed system (5) is GMLS in D . □

4. NUMERICAL SIMULATION

In this section we perform numerical simulations to illustrate the theoretical stability results

obtained for the VOF discrete delayed model (5). We consider two scenarios corresponding

to R0 < 1 and R0 > 1. The parameters are taken from the MATLAB code provided, with

modifications to the contact rate g to obtain the desired basic reproduction number. The VOF is

chosen as ϑ = 0.9 and the discrete delay is τ = 2 (time steps). All simulations are carried out

using the NCFD with the iterative scheme derived from the fractional sum representation (13).
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The initial history functions are set to constant values on {a+ 1− τ, . . . ,a}: for the DFE case

we start near the DFE, and for the EE case we start from a perturbation around the EE.

4.1. Stability of the DFE (R0 < 1). To obtain R0 < 1 we reduce the contact rate to g = 0.1

while keeping all other parameters as in the MATLAB code: Using formula (8) we compute the

basic reproduction number R0 ≈ 0.87424 < 1. The DFE is E0 = (1000,0,0,0,0,0,0,0). The

ICs are taken as

X(0) =
(︁
105, 6×104, 45×105, 5×106, 4×105, 35×104, 3×105, 0

)︁⊤
,(66)

with constant history for t < 0. Figure 1 shows the time evolution of the eight compartments for

the fractional discrete system (5) with ϑ = 0.9 and τ = 2. All infected classes (X2 to X7) decay to

zero, and the susceptible population X1 approaches the equilibrium value 1000. The recovered

class X8 also converges to zero because no new infections occur. This behaviour confirms that

the DFE is GMLS, in agreement with Theorem 3.4. All parameters are positive, and the total

population N(t) remains bounded. The compact convex invariant region D defined in (10)

exists for sufficiently large M and small ε > 0 because the system is dissipative. The nonlinear

incidence function satisfies the Lipschitz condition (16) on D . The constant history functions

provide well-defined initial data. For this parameter set we have R0 < 1, so Theorem 3.2 and

Theorem 3.4 apply. The conditions of Theorem 3.1 are also met with a suitably chosen λ

satisfying (11). Hence all requirements of Theorems 3.1–3.5 are fulfilled for the DFE scenario.

Figure 2 illustrates how the VOF influences the rate at which the infected compartments ap-

proach zero when R0 < 1. As predicted by the theoretical bounds (Theorems 3.2 and 3.4), the

convergence is of M–L type, decaying like t−φ(t). For smaller values of φ (e.g., φ = 0.7), the

decay is slower and follows a power law, while for φ = 1 the system reduces to an ordinary dis-

crete model and the decay becomes exponential. This sensitivity to φ highlights the importance

of accurately estimating the VOF from epidemiological data. The delay τ = 2 does not alter the

asymptotic stability, confirming that the fractional derivative is the dominant factor governing

the long-term behaviour.

The numerical simulations for the case R0 < 1 (Fig. 1) clearly demonstrate that all infected

compartments X2, . . . ,X7 converge to zero, while the susceptible population X1 approaches the
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FIGURE 1. Time series of the VOF delayed model (5) for R0 < 1. All infected

compartments decay to zero and the susceptible population reaches the DFE

value.
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FIGURE 2. Evolution of the LF V (t) defined in (43) for the DFE case.
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TABLE 2. Parameter values for the DFE scenario (R0 < 1) with implications.

Parameter Value

Π 0.1

g 0.5

d 0.01

ε2 1

ε3 0.8

ε4 0.5

ε5 0.4

ε6 0.3

ε7 0.2

σ1 0.5

σ2 0.71

σ3 0.71

η 0.05

ξ1 0.1

ξ2 0.1

ξ3 0.05

ζ1 0.05

ζ2 0.05

ζ3 0.02

℘̂1 0.02

℘̂2 0.03

℘̂3 0.04

℘̂4 0.01

DFE value Π/d = 1000. The recovered class X8 also tends to zero because no new infections

occur. This behaviour is in perfect agreement with Theorems 3.2 and 3.4, which predict LMLS

and GMLS of the DFE when R0 < 1. The convergence rate is algebraic, following t−φ(t) as
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expected for fractional-order systems, and the discrete delay τ = 2 does not destabilise the

equilibrium. The positive invariant region D is preserved throughout the simulation, and the

Lipschitz condition (16) is satisfied. Hence the numerical evidence corroborates the analytical

result that the disease dies out when the basic reproduction number is below unity.

4.2. Stability of the EE (R0 > 1). Now we use the original contact rate g= 1.25 as given in

the MATLAB code: All other parameters remain unchanged. The basic reproduction number

becomes R0 ≈ 1.4424 > 1, indicating the existence of a unique EE E ∗. The components of E ∗

are computed from formula (9) and are approximately:

E ∗ = (340.1002,22.8995,8.4912,31.2804,15.2239,7.4101,30.3273,18.7398).(67)

The total population at equilibrium is N∗ ≈ 4550. The ICs are chosen as a small perturbation

from the DFE:

X(0) =
(︁
1000, 500, 750, 450, 600, 350, 400, 500

)︁⊤
,(68)

with constant history for t < 0. Figure 3 shows the numerical solution of the fractional discrete

delayed system (5) with ϑ = 0.9 and τ = 2. All trajectories converge to the EE E ∗ after an

initial transient. The convergence rate is algebraic (like t−ϑ ), consistent with the GMLS proved

in Theorem 3.5. The recovered class X8 stabilises at a positive value, reflecting the persistent

endemic state. Again, all parameters are positive and the system evolves in the invariant region

D . For R0 > 1 the unique EE given by (9) exists in the interior of D . The Jacobian matrix

J(E ∗) has all eigenvalues with negative real parts (as verified numerically), so the conditions of

Theorem 3.3 and Theorem 3.5 are satisfied. Theorem 3.1 guarantees existence and uniqueness

of the solution. Thus all theoretical prerequisites are fulfilled for the EE case as well.

Figure 4 examines the role of the discrete delay τ when the EE exists (R0 > 1). Although

the analysis in Section 3 does not explicitly treat delay-dependent stability conditions, the nu-

merical experiments with τ = 0,2,5 show that the unique EE E ∗ remains GMLS for all tested

delays. Larger delays introduce damped oscillations in the approach to the EE, but no instabil-

ity or Hopf-type bifurcation is observed within the biologically relevant range. This robustness

supports the use of the delayed fractional model (5) for realistic VZV transmission, where a
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FIGURE 3. Time series of the fractional-order delayed model (5) for R0 > 1.

All trajectories converge to the EE E ∗. Parameters: g= 1.25, ϑ = 0.9, τ = 2.
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TABLE 3. Parameter values for the EE scenario (R0 > 1) with implications.

Parameter Value

Π 500

g 1.25

d 1

ε2 1.5

ε3 1.8

ε4 1.5

ε5 2.5

ε6 1.5

ε7 0.5

σ1 2.5

σ2 2.75

σ3 3

η 2.5

ξ1 1.5

ξ2 1.5

ξ3 1.5

ζ1 0.5

ζ2 0.5

ζ3 0.2

℘̂1 0.1

℘̂2 0.1

℘̂3 0.1

℘̂4 0.1

delay of a few days is natural. The convergence rate is still governed by t−φ(t) for large times,

as the delay only affects the transient dynamics.
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For R0 > 1 (Fig. 3), the trajectories converge to the unique EE E ∗ given by (9), with all

compartments settling at positive values. The total population N(t) stabilises around N∗≈ 4550,

and the recovered class X8 remains positive, indicating persistent endemicity. The convergence

is again algebraic, consistent with the GMLS proved in Theorem 3.5. The Jacobian matrix

evaluated at E ∗ has all eigenvalues with negative real parts (verified numerically), satisfying the

condition of Theorem 3.3 for local stability. The fractional order φ(t) = 0.9 and the delay τ = 2

do not induce oscillations or instability; the system behaves qualitatively like its integer-order

counterpart but with power-law relaxation. These simulations validate the theoretical finding

that the EE is globally attractive whenever R0 > 1.

5. CONCLUSION

In this work, we developed a discrete-time VOF compartmental model for the transmission

dynamics of VZV, incorporating a constant discrete time delay to account for the latent pe-

riod between exposure and the onset of infectiousness. The model partitions the population

into eight distinct epidemiological classes, including multiple infectious stages with varying

degrees of severity and infectiousness. By replacing the standard integer-order difference with

the CNFD of VOF, we obtained a more flexible framework capable of capturing memory effects

and long-range dependencies inherent in biological systems. We rigorously analyzed the result-

ing delayed VOF system. First, we established the existence and uniqueness of solutions using

a contraction mapping argument in a weighted complete metric space, provided a suitable Lip-

schitz condition holds. The basic reproduction number R0 was derived via the next-generation

matrix method. Explicit analytical expressions for the DFE E0 and the unique EE E ∗ (when

R0 > 1) were obtained. Stability analysis revealed that the DFE is LMLS when R0 < 1 and

unstable when R0 > 1. Moreover, employing appropriate LFs and the comparison principle

for fractional differences, we proved that the DFE is GMLS in a positively invariant region

for R0 < 1, while the EE is GMLS whenever it exists (i.e., when R0 > 1). These results ex-

tend classical stability criteria for integer-order delayed epidemic models to the realm of VOF

discrete systems.

Numerical simulations were conducted to validate the theoretical findings. For parameters

yielding R0 < 1, all infected compartments converged to zero and the susceptible population
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approached the DFE, confirming the predicted global stability. For R0 > 1, trajectories con-

verged to the unique EE, with the convergence rate following a power-law decay t−φ(t) char-

acteristic of fractional-order systems. The influence of the VOF φ(t) and the discrete delay τ

was investigated numerically smaller φ leads to slower algebraic decay, while the delay (tested

up to τ = 5) does not destabilize the equilibria but may introduce damped oscillations in the

transient dynamics. These observations underscore the robustness of the model and highlight

the importance of accurately estimating φ(t) from epidemiological data. The proposed VOF

delayed model provides a mathematically sound and biologically realistic description of VZV

transmission, bridging the gap between fractional calculus and delay differential equations in

mathematical epidemiology. The stability theorems established herein offer a solid founda-

tion for understanding disease persistence or eradication under memory effects and time lags.

Future work may extend this framework to include optimal control strategies, parameter es-

timation from real outbreak data, and the incorporation of stochastic perturbations or spatial

heterogeneity.

ACKNOWLEDGMENT

The authors would like to express their sincere gratitude to the University of Jordan for its

generous support through the funded research project (Project No. 104/2025–2026), which

greatly facilitated the successful completion of this work.

CONFLICT OF INTERESTS

The author(s) declare that there is no conflict of interests.

REFERENCES

[1] I.M. Batiha, O. Oqilat, N. Anakira, T. Sasa, S. Momani, State-Feedback Control for Exponential Asymptotic

Stability of a Fractional-Order Predator–Prey Model, Int. J. Optim. Control: Theory Appl. 16 (2026), 1541–

1559. https://doi.org/10.36922/ijocta026180074.

[2] I.M. Batiha, N. Anakira, I. Irianto, A.A.R.M. Malkawi, T. Sasa, et al., A Discrete Fractional-Order Mathe-

matical Model for in Vitro Fertilization Dynamics, AIMS Math. 11 (2026), 15120–15142. https://doi.org/10

.3934/math.2026622.

https://doi.org/10.36922/ijocta026180074
https://doi.org/10.3934/math.2026622
https://doi.org/10.3934/math.2026622


FRACTIONAL DELAY MODEL FOR VARICELLA-ZOSTER VIRUS TRANSMISSION 29

[3] Y.H. Youssri, M.M. Shaikh, I.M. Batiha, N. Anakira, I. Irianto, et al., An Enhanced Ultraspherical Collocation

Framework with Chebyshev Nodes for the Time-Fractional FitzHugh–Nagumo Equation, AIMS Math. 11

(2026), 13710–13743. https://doi.org/10.3934/math.2026565.

[4] N. Anakira, I.H. Jebril, O. Ogilat, I.M. Batiha, T. Sasa, et al., Variable Fractional-Order Reaction-Diffusion

System for Edge Preservation in Biomedical Imaging, Int. J. Anal. Appl. 24 (2026), 23. https://doi.org/10.2

8924/2291-8639-24-2026-23.

[5] T. Hamadneh, A. Hioual, R. Saadeh, M.A. Abdoon, D.K. Almutairi, et al., General Methods to Synchronize

Fractional Discrete Reaction–Diffusion Systems Applied to the Glycolysis Model, Fractal Fract. 7 (2023),

828. https://doi.org/10.3390/fractalfract7110828.

[6] A. Hussain, M. Hammad, A.A. Rahimzai, W.S. Koh, I. Khan, Dynamical Analysis and Soliton Solutions of

the Space–Time Fractional Kaup–Boussinesq System, Partial Differ. Equ. Appl. Math. 14 (2025), 101205.

https://doi.org/10.1016/j.padiff.2025.101205.

[7] I.M. Batiha, S. Alshorm, A. Al-Husban, R. Saadeh, G. Gharib, et al., The n-Point Composite Fractional

Formula for Approximating Riemann–Liouville Integrator, Symmetry 15 (2023), 938. https://doi.org/10.339

0/sym15040938.

[8] E. Salah, R. Saadeh, A. Qazza, R. Hatamleh, Direct Power Series Approach for Solving Nonlinear Initial

Value Problems, Axioms 12 (2023), 111. https://doi.org/10.3390/axioms12020111.

[9] A. Qazza, R. Saadeh, E. Salah, Solving Fractional Partial Differential Equations via a New Scheme, AIMS

Math. 8 (2023), 5318–5337. https://doi.org/10.3934/math.2023267.

[10] U. Heininger, J.F. Seward, Varicella, Lancet 368 (2006), 1365–1376. https://doi.org/10.1016/s0140-6736(06

)69561-5.

[11] A.A. Gershon, J. Breuer, J.I. Cohen, R.J. Cohrs, M.D. Gershon, et al., Varicella Zoster Virus Infection, Nat.

Rev. Dis. Primers 1 (2015), 15016. https://doi.org/10.1038/nrdp.2015.16.

[12] R.M. Anderson, R.M. May, Infectious Diseases of Humans: Dynamics and Control, Oxford University Press,

Oxford, 1991. https://doi.org/10.1093/oso/9780198545996.001.0001.

[13] F. Brauer, C. Castillo-Chavez, Mathematical Models in Population Biology and Epidemiology, 2nd ed.,

Springer, New York, 2012. https://doi.org/10.1007/978-1-4614-1686-9.

[14] I. Podlubny, Fractional Differential Equations: An Introduction to Fractional Derivatives, Fractional Differ-

ential Equations, to Methods of Their Solution and Some of Their Applications, Academic Press, San Diego,

1999. https://doi.org/10.1016/s0076-5392(99)x8001-5.

[15] A.A. Kilbas, H.M. Srivastava, J.J. Trujillo, Theory and Applications of Fractional Differential Equations,

Elsevier, Amsterdam, 2006. https://doi.org/10.1016/s0304-0208(06)x8001-5.

[16] T. Abdeljawad, On Riemann and Caputo Fractional Differences, Comput. Math. Appl. 62 (2011), 1602–1611.

https://doi.org/10.1016/j.camwa.2011.03.036.

https://doi.org/10.3934/math.2026565
https://doi.org/10.28924/2291-8639-24-2026-23
https://doi.org/10.28924/2291-8639-24-2026-23
https://doi.org/10.3390/fractalfract7110828
https://doi.org/10.1016/j.padiff.2025.101205
https://doi.org/10.3390/sym15040938
https://doi.org/10.3390/sym15040938
https://doi.org/10.3390/axioms12020111
https://doi.org/10.3934/math.2023267
https://doi.org/10.1016/s0140-6736(06)69561-5
https://doi.org/10.1016/s0140-6736(06)69561-5
https://doi.org/10.1038/nrdp.2015.16
https://doi.org/10.1093/oso/9780198545996.001.0001
https://doi.org/10.1007/978-1-4614-1686-9
https://doi.org/10.1016/s0076-5392(99)x8001-5
https://doi.org/10.1016/s0304-0208(06)x8001-5
https://doi.org/10.1016/j.camwa.2011.03.036


30 MOMANI, BATIHA, SAADEH, HAFEZ

[17] F.M. Atici, P. Eloe, Discrete Fractional Calculus with the Nabla Operator, Electron. J. Qual. Theory Differ.

Equ. 2009 (2009), Spec. Ed. I, No. 3, 1–12. https://doi.org/10.14232/ejqtde.2009.4.3.

[18] S.G. Samko, B. Ross, Integration and Differentiation to a Variable Fractional Order, Integr. Trans. Spec.

Funct. 1 (1993), 277–300. https://doi.org/10.1080/10652469308819027.

[19] H. Sun, W. Chen, Y. Chen, Variable-Order Fractional Differential Operators in Anomalous Diffusion Model-

ing, Phys. A 388 (2009), 4586–4592. https://doi.org/10.1016/j.physa.2009.07.024.

[20] K. Diethelm, The Analysis of Fractional Differential Equations: An Application-Oriented Exposition Using

Differential Operators of Caputo Type, Springer, Berlin, Heidelberg, 2010. https://doi.org/10.1007/978-3-6

42-14574-2.

[21] H. Smith, An Introduction to Delay Differential Equations with Applications to the Life Sciences, Springer,

New York, 2011. https://doi.org/10.1007/978-1-4419-7646-8.

[22] D. Baleanu, J.A.T. Machado, A.C.J. Luo (Eds.), Fractional Dynamics and Control, Springer, New York, 2012.

https://doi.org/10.1007/978-1-4614-0457-6.

[23] A. Granas, J. Dugundji, Fixed Point Theory, Springer, New York, 2003. https://doi.org/10.1007/978-0-387-2

1593-8.

[24] P. van den Driessche, J. Watmough, Reproduction Numbers and Sub-threshold Endemic Equilibria for Com-

partmental Models of Disease Transmission, Math. Biosci. 180 (2002), 29–48. https://doi.org/10.1016/s002

5-5564(02)00108-6.

[25] M.Y. Li, J.S. Muldowney, Global Stability for the SEIR Model in Epidemiology, Math. Biosci. 125 (1995),

155–164. https://doi.org/10.1016/0025-5564(95)92756-5.

[26] Y. Chen, K.L. Moore, Discrete-Time Fractional Order Lyapunov Stability, in: Proceedings of the ASME

2005 International Design Engineering Technical Conferences, American Society of Mechanical Engineers,

pp. 1–7, 2005.

[27] R. Scherer, S.L. Kalla, Y. Tang, J. Huang, The Grünwald–Letnikov Method for Fractional Differential Equa-

tions, Comput. Math. Appl. 62 (2011), 902–917. https://doi.org/10.1016/j.camwa.2011.03.054.

https://doi.org/10.14232/ejqtde.2009.4.3
https://doi.org/10.1080/10652469308819027
https://doi.org/10.1016/j.physa.2009.07.024
https://doi.org/10.1007/978-3-642-14574-2
https://doi.org/10.1007/978-3-642-14574-2
https://doi.org/10.1007/978-1-4419-7646-8
https://doi.org/10.1007/978-1-4614-0457-6
https://doi.org/10.1007/978-0-387-21593-8
https://doi.org/10.1007/978-0-387-21593-8
https://doi.org/10.1016/s0025-5564(02)00108-6
https://doi.org/10.1016/s0025-5564(02)00108-6
https://doi.org/10.1016/0025-5564(95)92756-5
https://doi.org/10.1016/j.camwa.2011.03.054

	1. Introduction
	2. Formulation Model 
	3. Stability Analysis
	4. Numerical Simulation
	4.1. Stability of the DFE (R0<1)
	4.2. Stability of the EE (R0>1)

	5. Conclusion
	Acknowledgment
	Conflict of Interests
	References

