Auvailable online at http://scik.org
Commun. Math. Biol. Neurosci. 2026, 2026:86
https://doi.org/10.28919/cmbn/10153

ISSN: 2052-2541

THE DYNAMICS OF PREY-PREDATOR MODEL WITH DISEASE IN
PREDATOR INVOLVING ALLEE EFFECT AND MIGRATION
HIBA ABDULLAH IBRAHIM®, HUDA ABDUL SATAR
Department of Mathematics, College of Science, University of Baghdad, Baghdad 10071, Iraq
Copyright © 2026 the author(s). This is an open access article distributed under the Creative Commons Attribution License, which permits
unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.
Abstract: The main objective of this paper is to study the dynamical behavior of an eco-epidemiological system
involving strong Allee effect and migration in the predator-prey model with the disease in the predator population.
The total predator population is divided into two compartments, namely the susceptible predatory population and the
infected predator population. The uniform boundedness of the dynamical system is discussed. The stability of the
equilibrium points is analyzed. The occurrence of local bifurcation around the equilibrium points is investigated. To
verify our analytical findings, numerical simulations are carried out using MATLAB (R2018b) Software.
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1. INTRODUCTION

Understanding the mechanism underlying the predator-prey system is an essential task in
ecology and evolutionary biology. Predator-prey interactions are crucial to ecosystem functioning.
It is common knowledge that interactions between predators and prey have been primarily
influenced by predation. Prey is consumed by a predator by way of hunting and death in the wild.
A mathematical model known as the Lotka-Volterra model [1-2] was first presented by Lotka and

Volterra in 1925 to study the evolution of prey and predator populations. Numerous authors have
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examined mathematical models of their relationships based on the existence and significance of
prey and predators in nature [3—5]. The models have now been enhanced by scientists through
substantial research grounded in real-world contexts, see [6-10]. It is well recognized that the
interaction between prey and predator is a remarkable and significant field of research in
mathematical modeling and dynamical systems. Therefore, a variety of functional responses
(predation rate function) were proposed and used in various biological models, including the prey-
dependent type (also known as the Holling type I, type II, and type III) [6], the ratio-dependent
type [7], the predator-dependent type (also known as the Beddington-DeAngelis type) [8-9], and
many others. The functional response is important in ecological models because it indicates how
much each predator attacks prey per unit of time. As a result, numerous researchers have suggested
and investigated diverse ecological systems that make use of different kinds of functional reactions,
see [10-15] and the references therein.

On the other hand, the biological significance of the study of how diseases affect dynamical
systems in ecology cannot be overstated. Numerous prey-predator models that have diseases have
recently been examined [16-20]. In fact, Ibrahim and Naji [16] created and investigated a prey-
predator model that included infectious illness in the prey and predator harvesting of the Michael
Mentence type. While Star et al. [17] proposed and examined an eco-epidemiological system
containing an infectious disease that is vertically transmitted. Additionally, the harvesting effort
placed on the predator was examined using the Micheal-Mentence kind of harvesting. However,
Djilali and Ghanbari [18] talked about how an infectious sickness may have influenced the
development of ecological species. They thought about a fractional order computational predator-
prey model. Additionally, they made the assumption that the population of prey had contracted a
non-fatal contagious condition. A five-compartment prey-predator model including treatment for
diseased prey and sick predator was built and analyzed by Bezabih et al. [19]. They used the
incidence rates of predation as functional response type Il and the incidence rates of disease
transmission as simple kinetic mass action functions. A delayed prey-predator system with a SI-
type disease in the prey population was later proposed and studied by Hussien and Naji [21]. Using
a nonlinear incidence rate, the effect of the incubation period delay on disease transmission was
considered. Numerous species are constantly in contact with one another in various ways, which
promotes the rapid transmission of disease within the species. While some scientists focused on
the study of disease in prey species [22—-24], others worked on the study of disease in predator

species [25-27]. The presence of disease in both of them has, however, been the subject of
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numerous research [28-30].

Allee was the first to articulate the Allee effect in 1931 [31]. He makes reference to a
procedure that, for small population densities, lowers the growth rate and raises the death rate. The
Allee effect can be attributed to a number of things, including difficulties in partner selection,
predator satiation, cooperative defense, etc. Numerous studies conducted in recent years have
shown that low population densities are more susceptible to the Allee effect and often vanish as
population densities rise. There are two different types of Allee effects. The first is the strong Allee
effect, which suggests that the per capita growth rate is negative and that extinction is likely to
occur, see for example [4, 32-34]. In fact, Strong Allee effects in the prey species lead to the
designation of the region of the system's persistence through the designation of the Allee threshold
value, according to Al-Momen and Naji's [4] Sokol-Howell prey-predator model. Later on, a
Leslie-Gower predator-prey model with a substantial Allee effect on prey and a fear impact on the
predator was proposed by Liu et al. [35]. They came to the conclusion that the system experiences
degenerate Bogdanov-Takens bifurcation and that the density of prey species increases with the
strength of the fear effect. The weak Allee effect, which is the second phenomenon, shows a
decreased per capita growth rate at low population density but still shows a positive trend [36-38].
A recent eco-epidemiological prey-predator system was suggested and examined by Mahmood
and Satar [39] when the predator is exposed to the weak Allee effect and harvesting. They noticed
that the system exhibits a variety of attractors, including bi-stable, periodic, and stable point
behavior.

Additionally, all organisms migrate, which is a very important ecological event. The reasons
for migration vary from one species to another, though. Human migration is a result of things like
jobs, marriages, education, and other factors. Other species, such as birds, mammals, insects, fish,
and reptiles, also migrate as a result of climate change, in search of food, shelter, and other reasons
[40]. Keeping the aforementioned in mind, the prey-predator systems must take migration into
consideration. Additionally, the process of migration is a significant occurrence that aids the
ecosystem in achieving a state of stability. Numerous academics have published work on the prey-
predator system with movement in mathematical ecology; see [41-43], The prey-predator system
with movement in both species and sickness in the prey population was further taken into
consideration by Arora and Kumar [44]. They observed that as vulnerable prey populations
migrated more frequently and the infective prey population tended to decrease over time, the

system became unstable. Additionally, as the diseased class of prey displays a fall in its number,
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so does the predator population density, and the susceptible prey population grows quickly as a
result.

In contrast to the studies mentioned above, the primary goal of this work is to investigate the
dynamics of the model when migration and the Allee impact on the prey are present. We developed
the mathematical model in section two. In the third section, the reality of equilibrium points is
proven. In part four, local stability analysis is examined. Section five establishes the bifurcation
analysis of positive equilibrium. In section 6, numerical simulation is seen. Section 7 presents the

Conclusion as a final point

2. MATHEMATICAL MODEL

In this section, an eco-epidemiological system consisting of the effect of migration in the
predator-prey system with disease in the predator population. We have also incorporated a strong
Allee effect in prey population, where X(T) denoted the population size at time T of prey. It is
assumed that the predator species is contracted the SI type of infectious disease, therefore the
predator is divided into two compartments: the susceptible predator that is denoted to their
population size at time T by Y(T), and the second compartment contains the infected predator,
which is denoted to their population size at time T by Z(T).

The following hypotheses are adopted to formulate the mathematical model.

ax _ _X ) _PiY  p2Z —
E_X[r(l K)(X M) =X T hex ml]_Xgl(X'Y'Z)
dy X
L=y [2E_pz—dy—m,| =Yg,(X,Y,2) (1)
dzZ X
EzZ[%+BY—d2—m3]=Zg3(X,Y,Z)

where X(0) > 0,Y(0) = 0,and Z(0) = 0, with all the parameters, are assumed to be positive
continuous and have continuous partial derivatives in the following space £ = {(X,Y,Z) €
R3:X(0) = 0,Y(0) = 0,Z(0) = 0}. It is assumed that prey grows logistically with a growth rate
r > 0 and carrying capacity K > 0. The parameter u represents Allee threshold. Also, migration
among prey and predators has been incorporated into the system, where my,m,, and m; are
denoted as the migration coefficients in prey, susceptible predator, and infected predator,
respectively. The parameters p; and p, are predation rates of susceptible and infected predators.
The parameters e; and e, are conversion rates of prey into susceptible and infected predators,

respectively. The parameters d; and d, are the natural death rates of susceptible and infected
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predators. The parameter [ is the infection rate. Finally, the parameter b is the half-saturation
constant of both the predators.

Now, the solution of system (1) is proved to be uniformly bounded as shown in the following
theorem.

Theorem 1. Every solution of system (1) with the initial condition belonging to R3 is uniformly
bounded in the region QO = {(X,Y,Z) e R3: X >0,Y > 0,Z > 0}

Proof. Assume that ¢(t) =X(t) +Y(t) + Z(t) and & = min{ru+ my,d, + my,d, + ms}

then the derivative of W with respectto T can be written as

ag(m) TKAE) T oy o ATKAp)®
ar +€¢(T)SX[ K X KX ]< 27K

=1L
Integrating the above inequality. We have ¢(t) < é(l - e_fT) + ¢oe%T, then the direct

computation shows that for T — oo, we have ¢(T) < g, therefore, the solutions of system (1) are

uniformly bounded.

3. EQUILIBRIA AND THEIR STABILITY
In this section, the existence of the equilibrium points and stability analysis are discussed.
It is observed that system (1) has at most five equilibrium points, which can be stated as follows:
e The origin equilibrium point Sy = (0,0,0) always exists.
e The axial equilibrium points S;; = ()?i, 0,0);i = 1,2, where )?l- for i = 1,2 are the roots
of the equation
rX? —r(K + )X + K(ur + my) = 0. (2)

Hence, Eq. (2) either have two different positive roots given by

X =§<(K+u) +J(K+ﬂ)2 —4§(ur+ml)>

(3)
X, = §(<K +1) —J(K+u>2 - 4§<ur+m1>>
where
(K +p)?= 4;(;17‘ +m,). 4)

or no positive roots exist. Clearly, the roots in Eq. (3) are equal X;, = %(K + u), when the

equality in the condition (4) occurs.
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The disease-free equilibrium point, S, = (X, Y, 0), where

o _ b(d1+m2)
X = ey ()
?:i[(bﬂ?) (—K( r+m) —r(R)" + (K + )r)?)] (6)
Kp, u 1 u
Exists in the XY — plane under the following conditions
e1pr > (dy + my) (7
(K + wrX > K(ur + my) + r()?)z (8)

The positive equilibrium point S; = ()? Y, 7 ) where

[(dz+m3)—e;p]X+b(dy+m3)
B(b+X)
e p1X—(d1+my)(b+X) ' (9)
B(b+X)

~t
Il

Z

While X represents a positive root of the equation
A X* + A,X3 + A3X? + A X + A = 0, (10)

where

Ay = =2brf + Krf + urps,

As = —b?rf + 2bKrp + 2burfs — Kurp — Kfm,

A, = b2Krf + b?urp — 2bKurf — 2bKpm, — Kd,p, — Kmzp,
+Kdip, + Km,p, — Keipip, + Keapip,

As = —b?Kurf — b’KBm, — bKd,p; — bKmzp; + bKd p, + bKm,p,

Cleary, the positivity of ¥ and Z are satisfied provided that

(dy + m3) > e;p; }

eip1X > (dy +my)(b +X) (11

However, Eq. (9) has a unique positive root, given by X, provided that one set of the
following sets of conditions holds:
A3 >0; A, >0; A5 >0
A; <0; A,>0;45>0

(12)

4. LOCAL STABILITY ANALYSIS

Now, the local stability analysis of the above feasible equilibrium points of system (1) is studied
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using a linearization technique. The Jacobian matrix of system (1) is

T _ 2y _ __ b(¥p1+Zpy) _Xp1 _Xp2
x QUK+ )X = 3X5) = (ur +my) (b+X)? b+X b+X
beipiY X
- ot gpeamam oy a3)
beypaZ Xeop
(bfrxz)2 g VE—dy —my bixz

Straightforward computation shows that the Jacobian matrix of system (1) around the origin
equilibrium point Sy = (0,0,0) has the following eigenvalues:

Aor = —(ur +my) <0, Ay, = —(dy + my) <0, Ayz3 = —(d, + m3) <O0. (14)
Accordingly, all the eigenvalues of the origin equilibrium point are negative and S, is always an
asymptotically stable. That means the prey and predators (susceptible and infected) will be extinct.

The Jacobian matrix evaluated at the axial equilibrium point S;; = (X;,0,0) can be written as

(K- 2X1+#)X _ X1p1 _ X1p,
K 1 b+X,; b+X;
Xie1p
J(S11) = | 0 —d; —my + b1+;11 0 | 15)
O 0 _dz - m3 + M

b+Xq

r\/(K+,u)2—4§(ﬂT+m1) _
Xl < 0, 112 = _(dl +

The eigenvalues of J(S;;) are given by A4 = — =

m,) + Xli}il and A3 =—(d, + my) + X1 z_p 2, Hence the axial equilibrium point S;; =

(X1,0,0) is locally asymptotically stable under condition (4) and the following conditions hold.

Xblj;”l < (dy +my) (16)
Xblj;”z < (dy +my) (17)
However,
T(K—Ziz‘l'll))? N X201 . X212
K 2 b+X, b+X,
X,e1p
J(S512) = 0 —d; —m, + bz_l__}zl 0 ) (13)
_ _ X227
0 0 d, —ms+ i, .

r (k2= my)
< Xy A =—(dy +

Then the eigenvalues of J(S;,) are given by A4 =

m,) + X;i}pl M3 = —(d, + m3) + X;i—}iz, since A4, > 0 under the condition (4). Hence the

axial equilibrium point S;, = (X;,0,0) is a saddle point (unstable).
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Now, Jacobian matrix at the disease-free point S, = ()? Y, O) can be written as

o (T(K+u—2X) 124 _ X _ p2X
X( K (b+)?)2) b+X b+X
b Y ~
J(S2) = % 0 —BY (19)
0 0 BV —d,—m,+22L

b+X

Therefore, the characteristic equation of /(S;) can be determined as follow

(22— Hid + Do) [BY — dy —mg + 2225 — 2] = 0, (20)

b

_ ¢ (r(K+u—2X) pi¥ _ M be;p.¥ .
where H; = X( - + (b+)?)2) and D; = (b+)?) ((b+?)2) > 0. Hence, the eigenvalues of

J(S;) are given by
A1 = % + % \m ‘
o= o BT e
Jos = BY — (dy +my) + 222 |

According to the forms of these eigenvalues A1,4,4,, and A,3, they have negative real parts and

hence S, is locally asymptotically stable provided the following conditions hold

BY +222% < 4, +my, 22)
H, < 0. (23)

Finally, the Jacobian matrix at the positive point S; = ()? Y, Z ) can be written as:

o (K+wr 2rX | piV+p,Z _pX _ pX
X( % K + (b+X%)2 ) b+X b+X
beip Y 7
J(S5) = —(bi);)z 0 -pY | = (Tij) (24)
be;p,Z 7
(b+X)? pz 0

Then the characteristic equation of J(S3) is given by
X3 +RX?>?+R,X+R;=0, (25)
where
Ry = —(r11), Ry = —(112Ta1 + T13T31 + TasTa2), R3 = —[123 (12731~ 111732) + 113721732
While A= R{R; — R3 = 13, (111713 + T12723) + 121 (111712 + Ti3732).
Using the Routh—Hurwitz criteria [45], all the eigenvalues of J(S3) have negative real part if and
only if R;; (i =1,3) > 0and A= R;R, — R; > 0.
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Consequently it is easy to verify that S; is locally asymptotically stable provided that the

following condition:

2rX  paV+pZ | (K+wr

K (b+X)2 + K (26)
T12131— 111732 > 0 (27)
T11712 + 113732 > 0 (28)

Note that, since the system has the origin as unconditional locally asymptotically stable, therefore

there is no possibility to study the global stability of the above equilibrium points.

5. BIFURCATION ANALYSIS

In this section, the possibility of occurrence of local bifurcation of system (1) is investigated.
Therefore, in the following theorem, the bifurcation parameter is selected so that the equilibrium
point becomes a non-hyperbolic point.

Theorem 2. Assume that condition (26) holds. Then system (1) undergoes a saddle-node
bifurcation near the positive equilibrium point S; = (X,¥,Z) when the parameter e, passes

from the positive value e;* provided that the following condition is satisfied

b{y§ b¢
1‘/1101(12 IE;H;); (01 — e107) — (Z;Z_l_x)lz( 1—e) + ,852(1 — 03)
b§1

(b+X)3

29
(e,V +e,27)#0 @)

. _
Proof. By using Sotomayor’s theorem [46]. If e;* = G2 B where B = raalrure—rta) o,
p1bY T13732

then det(] 53) = R3 = 0, which means one eigenvalue of the Jacobian matrix Jg, is zero.
Let V = (v1,v,,v3) and ¥ = (Y4,,,P3) represent the two eigenvectors corresponding to the

zero eigenvalue of Jg and it’s transpose | 5T3, respectively. Then it is determined as:

V = (4,45, 1)t where {; = —2 and {, = =210t
21 T12721

1327 T12T:
Y = (04,0,,1), where o, = r— and g, = 3211231
12

T12721
Now, direct computation gives that:
pixy \T . pxF N\T
Fo(X,e0) = (0,2,0) , then F,,(S;,€,") = (0,222,0) .
" P XY
Therefore, W' [F, (S3,e,")] = —— # 0.



10
HIBA ABDULLAH IBRAHIM, HUDA ABDUL SATAR

Now, the second derivative of the system (1), can be written as follows

v [2 (T(K+ﬂ—3X) b(YP1+ZP2)) _ 2b(P1172+P2V3)]
1 K (b+X)3 1 (b+X)2
2be1p1v1(=Yv1+(b+X)vy)
1P1 1(b+X1)3 2 — 2Bv,v5
Zbezpzvl(—ZU1+(b+X)v3)
2Pv,v3 + (b1x)?

D?*F(X,0).(V,V) =

Therefore, according to condition (29), it is simple to verify that

b b
IPT[DZF(S&%*)(V» =2 [1‘/1101(12 - &1(22(01 —e03) — pz—(lz(@ —e3)

(b +X) (b +X)

& _ ’
+B%,(1 —0y) — ﬁ (e,V +e,27)] #0

r(K+u-3X) . b(Yp1+Zp,)
K (b+X)3

where M; = . Consequently, system (1) undergoes a saddle-node

bifurcation.

6. NUMERICAL SIMULATIONS

In this section, the numerical simulations conduct using MATLAB R2018b software to verify
the theoretical results discussed in the previous sections. The main goal is to understand how the
system responds to changes in its parameters. For simulation purposes, the following coefficient

values were selected below with various sets of initial points.

r=1,K=5u=01b=2 p; =0.85p, =04,¢e; =0.5,
e, = 04‘,ﬁ = 005, d1 = 01, dz = 015, mq = 0.0l,mz = 005, msg = 01,

Note that in the following phase portraits, the red and blue dots refer to the various initial points

(30)

and the asymptotically stable points, respectively. It was noticed that starting from various initial
points and using the set (30), the bi-stable case will be appearing and the trajectory approaches
asymptotically to various attractors Sy and S3, as shown in figure 1.

(b)

Populations

o N s O ®

0 100 200 300 400 500 600 700 800 900 1000
Time

Figure 1. The trajectory of system (1) with the set (30) and various initial points. (a) System (1)
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has a bi-stable case between S, = (0,0,0) and S; = (4.3,2.8,2.8). (b) Explain the time series for
(a).

Now, to understand the impacts of changing the intrinsic growth rate on the dynamics of system
(1) with different values of r. It is observed that, the ranges 0 <r < 0.63, 0.63 <r < 2.1 and
2.1 < r are investigated respectively. Clearly, the trajectory approaches to S, bi-stable case

(Sp and S3), and S5 respectively, as shown in figure 2.

(a)

(b)

Populations
3

o N s O ®

0 100 200 300 400 500 600 700 800 900 1000
Time

@

>

Populations

vNos o

o

500 1000 1500 2000 2500 3000 3500 4000 4500 5000
Time

0

Populations

0 . . . . . . . . .
0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000
Time

Figure 2. The trajectory of system (1) with the set (30) and numerous values of r. (a) For r =
0.5. (b) Explain the time series for (a). (c) For r = 1.5. (d) Explain the time series for (c). (¢) For

r = 3. (f) Explain the time series for (e).
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The impacts of changing the carrying capacity of system (1) are studied. It is clear that, for
0<K<4, 4<K <10 and 10 <K, then the trajectory approaches to S,, bi-stable case
(S, and S3) and Periodic dynamics in the Int.R3 respectively, as illustrated in figure 3.

®)

Populations

o N & o @ ®

0 20 40 60 80 100 120 140 160 180 200
Time

(d)

Populations

0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000
Time

(¢

X

Populations

o LOVVUYVY) ! ‘ ! ‘ ! ‘ ‘
9.8 982 984 986 988 99 992 994 996 998 10
Time %10°

Figure 3. The trajectory of system (1) with the set (30) and numerous values of K. (a) For K = 3.
(b) Explain the time series for (a). (c) For K = 7. (d) Explain the time series for (c). (¢) Explain

the time series for K = 10.
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The impacts of changing the Allee threshold of system (1) are investigated below. Obviously, for
0<u<1 and 1< pu, then the trajectory approaches to bi-stable case (S;andS;) and S,

respectively, as shown in figure 4.

(@)

®)

12

Populations

®

0 100 200 300 400 500 600 700 800 900 1000
Time

@

12

Populations

r o ®

40 50 60 70 80 920 100
Time

Figure 4. The trajectory of system (1) with the set (30) and numerous values of u. (a) For pu =
0.05. (b) Explain the time series for (a). (¢c) For u = 2. (d) Explain the time series for (c).

However, the effects of changing the half-saturation constant on the dynamics of system (1) is
illustrated in figure 5. In the ranges 0 < b < 0.8 and 0.8 < b. It is observed that the trajectory
approaches to S, and bi-stable case (S, and S3).

@ o)

z

Populations

40 50 60 70 80 90 100
Time
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d

12

Populations

® o

[

0 200 400 600 800 1000 1200 1400 1600 1800 2000
Time

~

Figure 5. The trajectory of system (1) with the set (30) and numerous values of b. (a) For b =
0.5. (b) Explain the time series for (a). (c) For b = 4. (d) Explain the time series for (c).

The impacts of changing the predation rate of susceptible predator of system (1) are studied below.
Obviously, for 0 <p; < 0.5, 0.5 <p; <0.6 and 0.6 < p4, then the trajectory approaches to

Si, S3 and bi-stable case (see figure 1) respectively, as shown in figure 6.
(W]

12

Populations

o o

~

2\
A ]
0 100 200 300 400 500 600 700 800 900 1000
Time

@

Populations

> o

&k

IS

N

0

0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000
Time

Figure 6. The trajectory of system (1) with the set (30) and numerous values of p;. (a) For p; =
0.1. (b) Explain the time series for (a). (c) For p; = 0.5. (d) Explain the time series for (c).

Now, the predation rate of infected predator p, and the conversion rates of prey into infected

predator e, have quantitative effects. Therefore, the trajectory of system (1) approaches to bi-



15
DYNAMICS OF PREY-PREDATOR MODEL

stable case(S, and S3), see figure 1.

Now, the impacts of changing the conversion rates of prey into susceptible predator is investigated.
when 0 < e; < 0.3, the trajectory approaches to bi-stable case(S, and S;). Also, the trajectory
approaches to bi-stable case (Sy and S3) when 0.3 <e; < 0.9. For 0.9 < e, the trajectory

approaches to S, see figure 7.

®)

Populations

2 L
0 100 200 300 400 500 600 700 800 900 1000
Time

(@)

Populations

o N & o o

o

100 200 300 400 500 600 700 800 900 1000
Time

®

Populations

100 150 200 250 300
Time

Figure 7. The trajectory of system (1) with the set (30) and numerous values of e;. (a) For e; =
0.1. (b) Explain the time series for (a). (¢c) For e; = 0.7. (d) Explain the time series for (c). (e)
For e; = 0.9. (f) Explain the time series for (e).

The effects of changing the infection rate on the dynamics of system (1) is illustrated in figure 8.

In the ranges 0 < <0.03, 0.03 < <0.1 and 0.1 <f, it is observed that the trajectory
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approaches to S, bi-stable case (S, and S3) (see figure 1) and bi-stable case (S, and Periodic
dynamics in the Int.R3) respectively.

®)

Populations

80 100 120 140 160 180 200
Time

(d)

‘\‘l\j \"m\uﬂj 0.

\n i j i 4
V)] L\ \\
A WWVIVAVA Y AVAVAY i

o N & O ®

1
,{
I

-

0 100 200 300 400 500 600 700 800 900 1000
Time

Figure 8. The trajectory of system (1) with the set (30) and numerous values of [. (a) For f =
0.03. (b) Explain the time series for (a). (c) For = 0.2. (d) Explain the time series for (c).

The impacts of changing the natural death rates of susceptible predator of system (1) are studied.
It is clear that, for 0 < d; < 0.3 and 0.3 < d,, then the trajectory approaches to bi-stable case
(Sp and S3) and S; respectively, as illustrated in figure 9.
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Figure 9. The trajectory of system (1) with the set (30) and numerous values of d;. (a) For d; =
0.05. (b) Explain the time series for (a). (¢c) For d; = 0.5. (d) Explain the time series for (c).

The impacts of changing the natural death rates of infected predator of system (1) are investigated
below. Obviously, for 0 < d, < 0.3 and 0.3 < d,, then the trajectory approaches to bi-stable

case (SpandS;) and S, respectively, as shown in figure 10.
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Figure 11. The trajectory of system (1) with the set (30) and numerous values of d;. (a) For
d, = 0.05. (b) Explain the time series for (a). (c) For d, = 0.8. (d) Explain the time series
for (c).

Now, the migration coefficient in prey m; has similar dynamic case of natural death rates of
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infected predator d,. Also, the trajectory approaches to bi-stable case (S, and S;) and S, (see

figure 11).

The impacts of changing the migration coefficient in susceptible predator m, of system (1) are
studied below. Obviously, for 0 <m, < 0.3, 03<m,; <04 and 0.4 <m,, then the
trajectory approaches to bi-stable case (SpandS,), bi-stable case (SpandS;) and S;

respectively, as shown in figure 12.
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Figure 12. The trajectory of system (1) with the set (30) and numerous values of m,. (a) For
m, = 0.2. (b) Explain the time series for (a). (¢) For m, = 0.3. (d) Explain the time series for

(¢). (e) For m, = 0.9. (f) Explain the time series for (e).
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However, the effects of changing the migration coefficient in infected predator m; on the
dynamics of system (1) is illustrated in figure 13. In the ranges 0 < m3; < 0.1, 0.1 < m3 < 0.2
and 0.2 < mj It is observed that the trajectory approaches to bi-stable case (S, and Periodic

dynamics in the Int.R3), bi-stable case (S, and S3) (see figure 1) and S, respectively.
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Figure 13. The trajectory of system (1) with the set (30) and numerous values of ms. (a) For
ms = 0.01. (b) Explain the time series for (a). (c) For m; = 0.5. (d) Explain the time series for

().

7. CONCLUSION

This paper has studied an eco-epidemiological model involving strong Allee effect and migration.
The predator is assumed to be contracting the SI type of infectious disease. The properties of
solutions are demonstrated, the stability and persistence of equilibrium points are investigated.
Also, the local bifurcation is studied. The numerical simulation is investigated by using various
initial points with a set of parameters which shown in Eq. (30) and the outcomes are summarized
as follows: Depending on the initial points and the set of data (30), system (1) possesses a bi-stable
case, represented by two stable equilibrium points S, and S;.

Decreasing the values of intrinsic growth rate, carrying capacity, the half-saturation constant and
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the infection rate indicate to the extinction of both prey and predators (susceptible and infected).
Clearly, the trajectory approaches to S,. While due to increasing of them, the trajectory approaches
to S, periodic dynamic in the int. R3, bi-stable case (S, and S3) and bi-stable case (S, and
periodic dynamic in the int. R3), respectively. On the other hand, increasing the values of Allee
threshold, the conversion rate of prey into susceptible predator, the natural death rate of infected
predator, the migration coefficients in prey and infected predator refer to the extinction of both
prey and predators. Also, the trajectory approaches to S,. Now, increasing the values of the natural
death rate of susceptible predator and the migration coefficient in susceptible predator indicate to
the extinction of predators and the trajectory approaches to Sj.

Decreasing (increasing) the values of the predation rate and the conversion rate of infected predator
refer to the same quantitative effects and the trajectory approaches to bi-stable case (S, and S5).
Finally, increasing the values of the predation rate of susceptible predator indicates to the
extinction of predators and the trajectory approaches to S;, while further increasing of the
predation rate more than a critical value makes the trajectory approaches to S; . As a result of the
previous, System (1) is sensible to varies in the values of parameters. we were summarized the
conclusion of this paper as follows: The Allee threshold is a major factor that effects on the
biological processes. It was noticed that, the presence of higher Allee threshold makes it difficult

for persistence.
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    A 5 = −   b 2 K 𝜇 r 𝛽 −   b 2 K 𝛽   m 1 − b K   d 2   p 1 − b K   m 3   p 1 + b K   d 1   p 2 + b K   m 2   p 2


    Y ~


    Z ~


       (   d 2 +   m 3 ) >   e 2   p 2         e 1   p 1   X ~ > (   d 1 +   m 2 )  ( b +   X ~ ) }


    X ~


        A 3 > 0   ;     A 4 > 0 ;     A 5 > 0     A 2 < 0   ;   A 3 < 0 ;   A 5 > 0     A 2 < 0   ;     A 4 > 0 ;   A 5 > 0 }


  J =  (      r  K  ( 2  ( K + 𝜇 ) X − 3   X 2 ) − ( 𝜇 r +   m 1 ) −   b ( Y   p 1 + Z   p 2 )    ( b + X ) 2  −   X   p 1  b + X  −   X   p 2  b + X     b   e 1   p 1 Y    ( b + X ) 2  − Z 𝛽 −   d 1 −   m 2 +   X   e 1   p 1  b + X  − Y 𝛽     b   e 2   p 2 Z    ( b + X ) 2  Z 𝛽  Y 𝛽 −   d 2 −   m 3 +   X   e 2   p 2  b + X ) ,


    S 0 = ( 0 , 0 , 0 )


    𝜆 01 = − ( 𝜇 r +   m 1 ) < 0 ,


    𝜆 02 = −  (   d 1 +   m 2 ) < 0


    𝜆 03 = −   ( d 2 +   m 3 ) < 0


    S 0


    S 11 = (     X - 1 , 0 , 0 )


  J  (   S 11 ) =  (      r  ( K − 2     X - 1 + 𝜇 )  K     X - 1  −       X - 1   p 1  b +     X - 1  −       X - 1   p 2  b +     X - 1   0  −   d 1 −   m 2 +       X - 1   e 1   p 1  b +     X - 1  0   0  0  −   d 2 −   m 3 +       X - 1   e 2   p 2  b +     X - 1 )    


  J (   S 11 )


    𝜆 11 = −   r     ( K + 𝜇 ) 2 − 4   K  r  ( 𝜇 r +   m 1 )  K     X - 1 < 0 ,


    𝜆 12 = −  (   d 1 +   m 2 ) +       X - 1   e 1   p 1  b +     X - 1


    𝜆 13 = −  (   d 2 +   m 3 ) +       X - 1   e 2   p 2  b +     X - 1 ,


    S 11 = (     X - 1 , 0 , 0 )


        X - 1   e 1   p 1  b +     X - 1 <   ( d 1 +   m 2 )


        X - 1   e 2   p 2  b +     X - 1 <   ( d 2 +   m 3 )


  J  (   S 12 ) =  (      r  ( K − 2     X - 2 + 𝜇 )  K     X - 2  −       X - 2   p 1  b +     X - 2  −       X - 2   p 2  b +     X - 2   0  −   d 1 −   m 2 +       X - 2   e 1   p 1  b +     X - 2  0   0  0  −   d 2 −   m 3 +       X - 2   e 2   p 2  b +     X - 2 ) ,


  J (   S 12 )


    𝜆 11 =   r     ( K + 𝜇 ) 2 − 4   K  r  ( 𝜇 r +   m 1 )  K     X - 2 ,


    𝜆 12 = −  (   d 1 +   m 2 ) +       X - 2   e 1   p 1  b +     X - 2


    𝜆 13 = −  (   d 2 +   m 3 ) +       X - 2   e 2   p 2  b +     X - 2 ,


    𝜆 11 > 0


    S 12 = (     X - 2 , 0 , 0 )


    S 2 =  (   X ^ ,   Y ^ , 0 )


  J (   S 2 ) =  (      X ^  (   r ( K + 𝜇 − 2   X ^ )  K +     p 1   Y ^    ( b +   X ^ ) 2 )  −     p 1   X ^  b +   X ^  −     p 2   X ^  b +   X ^     b   e 1   p 1   Y ^    ( b +   Y ^ ) 2  0  − 𝛽   Y ^   0  0  𝛽   Y ^ −   d 2 −   m 3 +     e 2   p 2   X ^  b +   X ^ )


    J (   S 2 )


   (     𝜆 2 −   H 1 𝜆 +   D 1 )  [ 𝛽   Y ^ −   d 2 −   m 3 +     e 2   p 2   X ^  b +   X ^ − 𝜆 ] = 0 ,


    H 1 =   X ^  (   r ( K + 𝜇 − 2   X ^ )  K +     p 1   Y ^    ( b +   X ^ ) 2 )     and       D 1 =  (     p 1   X ^  b +   X ^ )  (   b   e 1   p 1   Y ^    ( b +   Y ^ ) 2 ) > 0 .


  J (   S 2 )


              𝜆 21 =         H 1 2   +    1 2        H 1 2 − 4   D 1     𝜆 22 =       H 1 2 −    1 2        H 1 2 − 4   D 1                   𝜆 23 =   𝛽   Y ^ − (   d 2 +   m 3 ) +     e 2   p 2   X ^  b +   X ^ }


    𝜆 21 ,     𝜆 22


    𝜆 23


    S 2


  𝛽   Y ^ +     e 2   p 2   X ^  b +   X ^ <   d 2 +   m 3 ,


    H 1 < 0 .


    S 3 =  (   X ~ ,   Y ~ ,   Z ~ )  


  J  (   S 3 ) =  (      X ~  (   ( K + 𝜇 ) r  K −   2 r   X ~  K +     p 1   Y ~ +   p 2   Z ~    ( b +   X ~ ) 2 )  −     p 1   X ~  b +   X ~  −     p 2   X ~  b +   X ~     b   e 1   p 1   Y ~    ( b +   X ~ ) 2  0  − 𝛽   Y ~     b   e 2   p 2   Z ~    ( b +   X ~ ) 2  𝛽   Z ~  0 ) =  (   r  i j )


  J  (   S 3 )


    X 3 +   R 1   X 2 +   R 2 X +   R 3 = 0 ,


    R 1 = −  (   r 11 ) ,     R 2 = − (   r 12   r 21 +   r 13   r 31 +   r 23   r 32 ) ,     R 3 = −  [   r 23  (   r 12   r 31   − r 11   r 32 ) +   r 13   r 21   r 32 ]


  ∆ =     R 1   R 2 −   R 3 =   r 31  (   r 11   r 13 +   r 12   r 23 ) +     r 21 ( r 11   r 12 +   r 13   r 32 )


  J  (   S 3 )


    R  i ;  ( i = 1 ,   3 ) > 0   and   ∆ =   R 1   R 2 −   R 3 > 0 .


    S 3


    2 r   X ~  K >     p 1   Y ~ +   p 2   Z ~     ( b +   X ~ ) 2 +   ( K + 𝜇 ) r  K


    r 12   r 31   − r 11   r 32 > 0


    r 11   r 12 +   r 13   r 32 > 0


    S 3 =  (   X ~ ,   Y ~ ,   Z ~ )


    e 1  


      e 1 ∗


       M 1   𝜎 1     𝜁 1 2 −     p 1 b   𝜁 1   𝜁 2     ( b +   X ~ ) 2  (   𝜎 1 −   e 1   𝜎 2 ) −     p 2 b   𝜁 1     ( b +   X ~ ) 2  (   𝜎 1 −   e 2 ) + 𝛽   𝜁 2  ( 1 −   𝜎 2 )   −   b   𝜁 1 2     ( b +   X ~ ) 3  (   e 1   Y ~ +   e 2   Z ∗ ) ≠ 0  


      e 1 ∗ =     ( b +   X ~ ) 2    p 1 b   Y ~ B


  B =     r 23  (   r 11   r 32 −   r 12   r 31 )    r 13   r 32 > 0


   det ⁡   (   J    S 3 ) =   R 3 = 0  


    J    S 3  


  V =  (   𝜐 1 ,   𝜐 2 ,   𝜐 3 )  


  Ψ = (   𝜓 1 ,   𝜓 2 ,   𝜓 3 )


    J    S 3


    J    S 3  T


  V =    (   𝜁 1 ,   𝜁 2 , 1 )  t ,


    𝜁 1 =     −     r 23    r 21   and     𝜁 2 =       r 23   r 11 −     r 13   r 31    r 12   r 21


  Ψ = (   𝜎 1 ,   𝜎 2 , 1 )


    𝜎 1 =     −     r 32    r 12   and     𝜎 2 =     r 32   r 11 −     r 12   r 31    r 12   r 21  


    F    e 1  ( X ,   e 1 ) =    ( 0 ,     P 1 X Y    b + X , 0 )  T


    F    e 1  (   S 3 ,     e 1 ∗ ) =    ( 0 ,     P 1   X ~   Y ~    b + X , 0 )  T


   Ψ  T   [ F    e 1 (   S 3 ,     e 1 ∗ ) ] =     P 1   X ~   Y ~    b +   X ~ ≠ 0 .    


    D 2 F  ( X , 𝜃 ) .  ( V , V ) =  (      v 1  [ 2  (   r ( K + 𝜇 − 3 X )  K +   b ( Y   p 1 + Z   p 2 )    ( b + X ) 3 )   v 1 −   2 b (   p 1   v 2 +   p 2   v 3 )    ( b + X ) 2 ]     2 b   e 1   p 1   v 1 ( − Y   v 1 + ( b + X )   v 2 )    ( b + X ) 3 − 2 𝛽   v 2   v 3   2 𝛽   v 2   v 3 +   2 b   e 2   p 2   v 1 ( − Z   v 1 + ( b + X )   v 3 )    ( b + X ) 3 )


      Ψ  T  [   D 2 F  (   S 3 ,     e 1 ∗ ) ( V , V ) ] = 2   [   M 1   𝜎 1     𝜁 1 2 −     p 1 b   𝜁 1   𝜁 2     ( b +   X ~ ) 2  (   𝜎 1 −   e 1   𝜎 2 ) −     p 2 b   𝜁 1     ( b +   X ~ ) 2  (   𝜎 1 −   e 2 )   + 𝛽   𝜁 2  ( 1 −   𝜎 2 ) −   b   𝜁 1 2     ( b +   X ~ ) 3  (   e 1   Y ~ +   e 2   Z ∗ ) ] ≠ 0 ,


    M 1 =   r ( K + 𝜇 − 3   X ~ )  K +   b (   Y ~   p 1 +   Z ~   p 2 )    ( b +   X ~ ) 3


     r = 1 ,   K = 5 ,   𝜇 = 0 . 1 ,   b = 2 ,       p 1 = 0 . 85 ,     p 2 = 0 . 4 ,     e 1 = 0 . 5 ,     e 2 = 0 . 4 ,   𝛽 = 0 . 05 ,     d 1 = 0 . 1 ,     d 2 = 0 . 15 ,     m 1 = 0 . 01 ,   m 2 = 0 . 05 ,     m 3 = 0 . 1 ,


      S 0   and     S 3


    S 0 =  ( 0 , 0 , 0 )   and     S 3 =  ( 4 . 3 , 2 . 8 , 2 . 8 ) .  


  r


  0 < r ≤ 0 . 63


  0 . 63 < r ≤ 2 . 1


  2 . 1 < r


    S 0


   (   S 0   and     S 3 )


    S 3


  r


  r = 0 . 5 .


  r = 1 . 5 .


  r = 3 .


 


  4 ≤ K < 10


  10 ≤ K


    S 0


   (   S 0   and     S 3 )


  I n t .    ℝ + 3


  K


  K = 3


  K = 7 .


  K = 10 .


  0 < 𝜇 ≤ 1


  1 < 𝜇


   (   S 0   and     S 3 )


    S 0


  𝜇


  𝜇 = 0 . 05


  𝜇 = 2 .


  0 < b ≤ 0 . 8


  0 . 8 < b .


    S 0


   (   S 0   and     S 3 )


  b


  b = 0 . 5


  b = 4 .


  0 <   p 1 < 0 . 5


  0 . 5 ≤   p 1 < 0 . 6


  0 . 6 ≤   p 1


    S 1


    S 3


    p 1


    p 1 = 0 . 1


    p 1 = 0 . 5 .


    p 2


    e 2


   (   S 0   and     S 3 )


  0 <   e 1 < 0 . 3


   (   S 0   and     S 1 )


   (   S 0   and     S 3 )


  0 . 3 ≤   e 1 < 0 . 9


  0 . 9 ≤   e 1


    S 0


    e 1


    e 1 = 0 . 1


    e 1 = 0 . 7 .


    e 1 = 0 . 9 .


  0 < 𝛽 ≤ 0 . 03


  0 . 03 < 𝛽 ≤ 0 . 1


  0 . 1 < 𝛽


    S 0


   (   S 0   and     S 3 )


    S 0


  I n t .    ℝ + 3


  𝛽


  𝛽 = 0 . 03


  𝛽 = 0 . 2 .


  0 <   d 1 < 0 . 3


  0 . 3 ≤   d 1


   (   S 0   and     S 3 )


    S 1


    d 1


    d 1 = 0 . 05


    d 1 = 0 . 5 .


  0 <   d 2 ≤ 0 . 3


  0 . 3 <   d 2


   (   S 0   and     S 3 )


    S 0


    d 1


    d 2 = 0 . 05


    d 2 = 0 . 8 .


    m 1


    d 2


   (   S 0   and     S 3 )


    S 0


    m 2


  0 <   m 2 < 0 . 3


  0 . 3 ≤   m 2 < 0 . 4


  0 . 4 ≤   m 2


   (   S 0   and     S 2 )


   (   S 0   and     S 1 )


    S 1


    m 2


    m 2 = 0 . 2


    m 2 = 0 . 3 .


    m 2 = 0 . 9 .


    m 3


  0 <   m 3 < 0 . 1


  0 . 1 ≤   m 3 < 0 . 2


  0 . 2 ≤   m 3


    S 0


  I n t .    ℝ + 3


   (   S 0   and     S 3 )


    S 0


    m 3


    m 3 = 0 . 01


    m 3 = 0 . 5 .


    S 0


    S 3


    S 0


    S 3


    R + 3


   (   S 0   and     S 3 )


    S 0


    R + 3


    S 0


    S 1


   (   S 0   and     S 3 )


    S 1


    S 3

