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Abstract: This research employs a ZTNB-GEE framework to examine positive annual tuberculosis counts recorded 

across 13 districts and cities in Central Sulawesi between 2020 and 2024. The data comprise 65 district/city-year 

observations and six predictors representing population density, inadequate housing, poverty, drinking-water quality, 

access to adequate sanitation, and public facilities that meet environmental health standards. The deviance and Pearson 

dispersion ratios were 106.228 and 111.963, respectively, indicating substantial overdispersion. ZTNB-GEE models 

were fitted using independence, exchangeable, unstructured, and first-order autoregressive working correlations. The 

corresponding QIC values were 84.47478, 96.29610, 269.64114, and 95.01389, so the independence structure was 

selected. Under the preferred correlation specification, only and satisfied the 5% significance criterion, with estimated 

coefficients of 0.00085832 and 0.02060237, respectively. Both coefficient estimates were positive. With the other 

covariates held fixed, the fitted mean was multiplied by 1.0008587 for every one-person increase in population density 

and by 1.0208161 for every additional thousand people living below the poverty line. These ratios are equivalent to 
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changes of approximately 0.08587% and 2.08161%, respectively. 

Keywords: generalized estimating equations; zero-truncated negative binomial; longitudinal data; tuberculosis; QIC. 
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1. INTRODUCTION 

Infection by Mycobacterium tuberculosis gives rise to tuberculosis, a communicable disease 

that is most frequently manifested in the lungs but may also develop in extrapulmonary organs. Its 

distribution is not uniform across areas because population, socioeconomic, housing, and 

environmental conditions vary between districts and cities [1]. These differences support the use 

of area-level analysis that also follows changes over time. 

Indonesia continues to carry a high tuberculosis burden. The health profile cited in this study 

reported an estimated 1,090,000 incident cases in Indonesia and 10,084 incident cases in Central 

Sulawesi in 2024. Several tuberculosis-control indicators in Central Sulawesi had not reached their 

national targets as of March 20, 2025, including case detection, treatment success, contact 

investigation, and tuberculosis preventive therapy [2]. This situation motivates an assessment of 

factors associated with variation in tuberculosis case counts across districts, cities, and years. 

The explanatory variables in this study reflect population, housing, socioeconomic, and 

environmental-health characteristics. Population density has been reported to have a positive 

relationship with tuberculosis incidence [3]. Housing conditions, including ventilation, humidity, 

and lighting, are related to the potential for transmission and provide a basis for using the number 

of inadequate houses as an area-level indicator [4]. Poverty, drinking-water quality, sanitation 

access, and public facilities are included as contextual indicators of economic and environmental-

health conditions; they are not interpreted as direct mechanisms of tuberculosis transmission [5]. 

The response analysed in this research consists of annual integer-valued case totals. A Poisson 

formulation would require the conditional first and second moments to have an identical value. 

The observed variation, however, was substantially greater than the level implied by this restriction. 

Therefore, a Negative Binomial formulation was adopted because its additional parameter allows 
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the variance to increase independently of the expected count [6].  

The observations in this study are longitudinal because each district or city was measured 

repeatedly from 2020 through 2024. Measurements from different districts or cities may be treated 

as independent, while repeated measurements within the same district or city may be correlated. 

Generalized Estimating Equations (GEE) provide population-averaged estimates for repeated or 

panel data and incorporate within-unit association through a working correlation matrix [7]. 

Every tuberculosis count observed in this study was greater than zero, which means that the 

empirical support begins at one. A ZTNB response is appropriate under this condition because it 

combines positive-only support with a dispersion parameter capable of representing variability 

beyond the Poisson level [9]. The truncation procedure does not modify the recorded observations; 

instead, the probability originally assigned to zero is redistributed across the possible positive 

outcomes [10].  

Previous studies have separately used Negative Binomial regression for tuberculosis data and 

GEE for longitudinal count responses. A Negative Binomial analysis of tuberculosis cases in West 

Java identified health-related population characteristics as significant predictors [11], while a GEE 

study of longitudinal flood frequencies selected the independence working correlation using the 

minimum QIC criterion [8]. However, the simultaneous use of GEE and a ZTNB response for 

longitudinal tuberculosis counts at the district/city level remains limited in the literature reviewed 

for this study. Therefore, this research applies ZTNB-GEE to Central Sulawesi tuberculosis data 

and compares independence, exchangeable, unstructured, and AR-1 working correlations using 

QIC. 

 

2. PRELIMINARIES 

Longitudinal Data 

A data set has a longitudinal organization when observations from the same unit are collected 

at several measurement occasions. Such an arrangement preserves information about temporal 

changes within each unit as well as variation across different units [20]. 
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Repeated measurements from one district or city are generally dependent because observations 

recorded at adjacent or different years may still share the same underlying regional conditions [21]. 

For district or city i, the response and marginal-mean vectors are written as follows [7]. 

𝐘𝑖 = (𝑌𝑖1, 𝑌𝑖2, … , 𝑌𝑖𝑇𝑖)
𝑇
       (1) 

Equation (1) defines the repeated-response vector for district or city i. Its components  are the 

tuberculosis counts observed at the successive measurement times. 

𝛍𝑖 = (𝜇𝑖1, 𝜇𝑖2, … , 𝜇𝑖𝑇𝑖)
𝑇
       (2) 

Equation (2) defines the corresponding marginal-mean vector. Each component  represents the 

expected tuberculosis count for district or city i at time t. 

The number of repeated observations is denoted by . In this study, every district or city 

contributes five annual measurements, so the within-unit association must be considered when the 

regression parameters and their standard errors are estimated. 

Generalized Linear Model 

A Generalized Linear Model extends regression analysis to responses whose probability 

behaviour is not adequately represented by a normal distribution. The response distribution is 

selected from the exponential family by considering the measurement scale and empirical 

characteristics of the outcome [16]. 

Specification of a GLM requires a probability model for the response, a systematic component 

formed from the explanatory variables and coefficients, and a function that relates this systematic 

component to the expected value of the response [13]. 

 𝑔(𝜇𝑖𝑡) = 𝜂𝑖𝑡 = x𝑖𝑡
𝑇β        (3) 

Equation (3) establishes the relationship between the marginal expectation and the systematic 

component of the model. Through 𝑔(·) , the mean 𝜇ᵢₜ is represented on the scale of the linear 

predictor 𝑥ᵢₜᵀ𝛽. 

𝜇𝑖𝑡 = 𝑔
−1(𝜂𝑖𝑡)         (4) 

Equation (4) reverses the transformation introduced by the link function. The inverse function 

converts the linear predictor back to the scale used for the expected response. 
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Here, 𝜇ᵢₜ denotes the expected response, 𝑥ᵢₜ is the vector of explanatory variables, 𝛽 is the 

regression-parameter vector, and 𝑔(·)  is the selected link function. For count responses, a 

logarithmic link is commonly used because its inverse always produces a positive fitted mean. 

Overdispersion 

Under the Poisson assumption, the amount of conditional variation is completely determined 

by the expected response because both quantities are required to coincide [18]. The data are 

regarded as overdispersed when their observed variation is greater than the variability implied by 

the fitted Poisson expectation [17]. 

If this excess variability is ignored, uncertainty surrounding the coefficient estimates may be 

understated, which can lead to overly strong conclusions regarding parameter significance [17]. 

The condition and the two dispersion diagnostics used in this study can be expressed as follows 

[12]. 

Var(𝑌) > E(𝑌)         (5) 

Equation (5) presents the basic condition used to recognize overdispersion. Equality between the 

two quantities is consistent with Poisson variation, while a larger variance indicates that the 

observed response is more heterogeneous than the Poisson model permits. 

 

𝐷 = 2∑ [𝑦𝑗log (
𝑦𝑗

𝜇̂𝑗
) − (𝑦𝑗 − 𝜇̂𝑗)]

𝑁
𝑗=1      (6) 

Equation (6) summarizes the overall lack of agreement between the recorded counts and the values 

predicted by the Poisson model. Each observation contributes according to the difference between 

𝑦ⱼ and 𝜇̂𝑗, after which all contributions are accumulated. 

𝜙̂𝐷 =
𝐷

𝑁−𝑝
          (7) 

Equation (7) expresses the deviance relative to the number of residual degrees of freedom. A ratio 

near unity provides little evidence against the Poisson variance assumption, whereas a 

considerably larger ratio indicates excess variability. 

𝑋𝑃
2 = ∑

(𝑦𝑗−𝜇̂𝑗)
2

𝑉(𝜇̂𝑗)

𝑁
𝑗=1         (8) 
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Equation (8) defines the Pearson chi-square statistic. For each observation, the squared difference 

between the observed count 𝑦ⱼ and fitted mean μⱼ is divided by the variance function 𝑉(𝜇ⱼ), and 

the resulting contributions are summed over all N observations. 

𝜙̂𝑃 =
𝑋𝑃
2

𝑁−𝑝
          (9) 

Equation (9) scales the Pearson statistic by the available residual degrees of freedom. Values 

markedly greater than one provide additional evidence that the count response is overdispersed. 

The direct mean–variance comparison in Equation (5), the deviance and its ratio in Equations 

(6) and (7), and the Pearson statistic and its ratio in Equations (8) and (9) jointly provide the basis 

for evaluating whether the Poisson variance assumption is adequate [12]. 

Negative Binomial Regression 

In Negative Binomial regression, unexplained heterogeneity is represented through an 

additional parameter rather than forcing the response variation to follow the Poisson restriction 

[17]. This specification allows the conditional variance to increase more rapidly than the 

conditional expectation [6]. 

Using 𝜆 as the mean before truncation and  as the dispersion parameter, the probability mass 

function is [6]. 

𝑃(𝑌 = 𝑦) =
𝛤(𝑦+𝜃)

𝛤(𝜃)𝛤(𝑦+1)
(
𝜃

𝜃+𝜆
)
𝜃

(
𝜆

𝜃+𝜆
)
𝑦

      (10) 

Equation (10) gives the distribution assigned to the underlying response before conditioning on 

positive observations. The quantity 𝜆 governs its location, 𝜃 regulates extra-Poisson variation, 

and Γ(⋅) is the Gamma function. At this stage the support is 𝑦 =  0, 1, 2, … because the zero 

outcome has not yet been removed. 

The first two moments of the distribution show how the dispersion parameter produces variabilitu 

beyond the poisson assumption [6] 

 E(𝑌) = 𝜆 (11) 

Equation (11) identifies as the expectation of the underlying Negative Binomial variable. It 

therefore refers to the average count before conditioning the response on positive values. 
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Var(𝑌) = 𝜆 +
𝜆2

𝜃
         (12) 

As indicated by Equation (12), the response variance consists of 𝜆 together with the quadratic 

contribution 
𝜆2

𝜃
 .  . The presence of this second component causes the variance to exceed the 

underlying mean. 

These distributional properties explain why the Negative Binomial model is appropriate for 

count data that display variability beyond the Poisson assumption. 

Negative Binomial regression generally uses a log link to connect the mean to the explanatory 

variables [18]. 

log(𝜆𝑖𝑡) = 𝜂𝑖𝑡 = x𝑖𝑡
𝑇β        (13) 

 Equation (13) specifies the logarithmic link for the base Negative Binomial mean. It connects 

𝑙𝑜𝑔(𝜆ᵢₜ) to the linear predictor 𝜂ᵢₜ =  𝑥ᵢₜᵀ𝛽, allowing the effects of the explanatory variables to 

be represented on an additive scale. 

         𝜆𝑖𝑡 = exp(x𝑖𝑡
𝑇β)         (14) 

Equation (14) is the inverse of the logarithmic link. Exponentiating the linear predictor produces 

λᵢₜ and guarantees that the fitted base mean is strictly positive. 

The initial Negative Binomial component is estimated by maximum likelihood. In this research, 

that initial fit is used to obtain the dispersion estimate required by the subsequent ZTNB-GEE 

variance specification. 

Quasi-Likelihood 

The quasi-likelihood approach bases estimation on the first two moments of the response rather 

than on a fully specified probability model [19]. For each observation, the estimating contribution 

is formed from its residual and is weighted inversely according to the variance associated with the 

fitted mean [20]. 

∂𝑄(𝑦,𝜇)

∂𝜇
=
𝑦−𝜇

𝑉(𝜇)
         (15) 

Equation (15) indicates that the residual contribution is adjusted according to the variance 

expected at a given mean. Observations with different levels of model-based variability therefore 
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do not contribute equally to the estimating process. 

This formulation provides the basis for a quasi-score equation. In longitudinal analysis, the 

individual contributions are combined and weighted by a covariance matrix that represents the 

repeated measurements within each observational unit [20]. 

Generalized Estimating Equations 

The GEE approach develops a marginal regression model for observations that may be dependent 

within the same unit. Its coefficients describe changes in the population-average response rather 

than unit-specific effects [7]. Parameter estimates are obtained by finding the solution of the 

estimating equation presented below. 

 U(β) = ∑ D𝑖
𝑇𝑛

𝑖=1 V𝑖
−1(Y𝑖 − μ𝑖) = 0      (16) 

Equation (16) combines the estimating contributions from all districts and cities. Within each 

unit, the difference between the observed and expected response vectors is adjusted using the 

inverse covariance matrix and the sensitivity matrix 𝐷𝑖 . The estimated coefficient vector is 

obtained when the combined contribution across units reaches zero.  

The matrix 𝐷ᵢ is the derivative of μᵢ with respect to 𝛽, and 𝑉ᵢ is the covariance matrix used 

in the calculations. The robust covariance of the estimator has the sandwich form [14]. 

Var̂rob(β̂) = M
−1BM−1       (17) 

Equation (17) gives the robust or sandwich covariance estimator of 𝛽.̂ The matrices 𝑀⁻¹ on both 

sides form the bread of the estimator, while B summarizes the empirical variability of the 

estimating functions. Its diagonal elements are used to obtain robust standard errors. 

Provided that the marginal mean is correctly specified, the robust estimator protects the 

inference against moderate misspecification of the working correlation structure [14]. 

Working Correlation Structures 

Dependence among yearly observations from the same area is represented through a working 

correlation matrix. Different matrix forms can produce different estimation efficiencies, while the 

robust covariance estimator limits the effect of an incorrectly chosen working pattern [7]. 

Independence. Under independence, only the diagonal elements are nonzero; therefore, no 
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working association is assigned between two different measurement years [7]. 

R𝑖(𝛼) = I𝑇𝑖          (18) 

Equation (18) represents the independence working correlation. The matrix is an identity matrix, 

so every off-diagonal element equals zero and the repeated observations are treated as uncorrelated 

in the working model. 

Exchangeable. The exchangeable form uses one common value of for all pairs of annual 

observations belonging to a given area [7]. 

𝐑𝑖(𝛼) = (

1 𝛼 ⋯ 𝛼
𝛼 1 ⋯ 𝛼
⋮ ⋮ ⋱ ⋮
𝛼 𝛼 ⋯ 1

)        (19) 

Equation (19) represents the exchangeable working correlation. All diagonal elements equal one, 

while every off-diagonal element has the same value α. Thus, each pair of measurements within 

one district or city is assumed to have an equal correlation. 

Unstructured. In the unstructured form, correlations are estimated separately for the different 

pairs of measurement occasions. This avoids imposing a common pattern but requires a larger set 

of association parameters [7]. 

𝐑𝑖(𝛂) =

(

 

1 𝛼12 ⋯ 𝛼1𝑇𝑖
𝛼12 1 ⋯ 𝛼2𝑇𝑖
⋮ ⋮ ⋱ ⋮
𝛼1𝑇𝑖 𝛼2𝑇𝑖 ⋯ 1 )

       (20) 

Equation (20) represents the unstructured working correlation. Each pair of observation times has 

its own parameter αₜₛ, so the model does not impose a common or distance-based correlation 

pattern. This flexibility requires more correlation parameters to be estimated. 

First-order autoregressive. The AR-1 structure assigns a correlation that decreases geometrically 

as the time lag between two measurements increases [7]. 

𝐑𝑖(𝛼) =

(

 
 

1 𝛼 𝛼2 ⋯ 𝛼𝑇𝑖−1

𝛼 1 𝛼 ⋯ 𝛼𝑇𝑖−2

𝛼2 𝛼 1 ⋯ 𝛼𝑇𝑖−3

⋮ ⋮ ⋮ ⋱ ⋮
𝛼𝑇𝑖−1 𝛼𝑇𝑖−2 𝛼𝑇𝑖−3 ⋯ 1 )

 
 

    (21) 
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Equation (21) represents the first-order autoregressive, or AR-1, working correlation. The 

correlation between measurements at times t and s is α raised to the distance |t − s|. Therefore, 

observations recorded closer in time are assumed to have a stronger correlation. 

Zero-Truncated Negative Binomial Distribution 

The observed support is truncated at zero because the analysed sample contains no zero-valued 

tuberculosis count. Accordingly, the distribution is conditioned on a positive response, and the 

probability weights for 1,2, …  are recalculated to form a valid distribution [9]. Without this 

conditioning step, the fitted model would continue assigning probability to zero even though zero 

does not occur in the analysed data [10]. 

Let the latent untruncated response follow the Negative Binomial distribution in Equation (10). 

Its probability of zero is [9]. 

𝑝0,𝑖𝑡 = 𝑃(𝑍𝑖𝑡 = 0) = (
𝜃

𝜃+𝜆𝑖𝑡
)
𝜃

       (22) 

Equation (22) gives the probability that the latent Negative Binomial response equals zero. This 

probability, denoted by 𝑝₀, ᵢₜ, is removed when the distribution is conditioned on observing only 

positive tuberculosis counts. 

 After the zero outcome is excluded, the probability of each observed positive count is obtained 

by dividing its ordinary Negative Binomial probability by the probability of a positive response 

[9]. 

𝑃(𝑌𝑖𝑡 = 𝑦 ∣ 𝑍𝑖𝑡 > 0) =
𝑃(𝑍𝑖𝑡=𝑦)

1−𝑝0,𝑖𝑡
       (23) 

Equation (23) gives the Zero-Truncated Negative Binomial probability mass function. The 

ordinary Negative Binomial probability for a positive count is divided by 1 −  𝑝₀, ᵢₜ so that the 

remaining probabilities sum to one. The support of the observed response is 𝑦 =  1, 2, … because 

the zero category has been excluded.. 

Because the distribution is conditioned on a positive outcome, its observed marginal mean is 

not equal to the base mean 𝜆ᵢₜ. The conditional mean is [9]. 

𝜇𝑖𝑡 = E(𝑌𝑖𝑡 ∣ 𝑍𝑖𝑡 > 0) =
𝜆𝑖𝑡

1−𝑝0,𝑖𝑡
       (24) 
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Equation (24) gives the conditional mean of the observed ZTNB response. Because zero is 

excluded, the base mean 𝜆ᵢₜ is divided by the probability of a positive response, 1 −  𝑝₀, ᵢₜ. Hence, 

μᵢₜ is the mean after truncation and differs from 𝜆ᵢₜ. 

The corresponding conditional variance contains both the Negative Binomial dispersion and 

the adjustment caused by removing zero from the support [9]. 

Var(𝑌𝑖𝑡 ∣ 𝑍𝑖𝑡 > 0) =
𝜆𝑖𝑡+𝜆𝑖𝑡

2 (1+𝜃−1)

1−𝑝0,𝑖𝑡
− (

𝜆𝑖𝑡

1−𝑝0,𝑖𝑡
)
2

     (25) 

Equation (25) gives the conditional variance of the ZTNB response. The first part changes the 

second moment of the Negative Binomial to account for the chance of seeing a positive number, 

and the second part takes away the square of the average value given the conditions. 

ZTNB-GEE Mean and Covariance Specification 

In the parameterization used in this research, the logarithmic link is applied to the base 

Negative Binomial mean 𝜆ᵢₜ  rather than directly to the conditional ZTNB mean 𝜇ᵢₜ  [9]. For 

the six explanatory variables, the linear predictor is 

log(𝜆𝑖𝑡) = 𝛽0 + ∑ 𝛽𝑘
6
𝑘=1 𝑋𝑘,𝑖𝑡       (26) 

Equation (26) defines the linear predictor used in this study. The logarithm of the base mean  is 

expressed as an intercept plus the contributions of the six explanatory variables measured for 

district or city i at time t. 

After the inverse log link has produced , the zero-truncation correction gives the conditional 

mean [9]. 

 𝜇𝑖𝑡 =
𝜆𝑖𝑡

1−(
𝜃

𝜃+𝜆𝑖𝑡
)
𝜃         (27) 

Equation (27) converts the base mean 𝜆ᵢₜ into the conditional ZTNB mean 𝜇ᵢₜ. The denominator 

is the probability that the latent count is positive; therefore, zero truncation is handled through a 

probability correction rather than by changing the recorded observations. 

This two-stage specification is retained throughout estimation: the log link first produces 𝜆ᵢₜ, 

after which the zero-truncation adjustment produces 𝜇ᵢₜ [10]. 

Denote by 𝐴𝑖a diagonal matrix whose entries are the conditional ZTNB variances defined in 
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Equation (25). The covariance representation for the repeated responses is then written as 

  V𝑖 = 𝜙A𝑖
1/2
R𝑖(𝛼)A𝑖

1/2
        (28) 

Equation (28) combines marginal variability and within-area association in one matrix. The 

entries of 𝐴𝑖 represent the ZTNB variances for the five annual measurements, while 𝑅𝑖(𝛼) 

describes the selected correlation pattern. The parameter 𝜙 adjusts the overall magnitude of the 

covariance. The matrix 𝑅ᵢ(𝛼) is chosen from the four candidate structures, while φ is a scale 

parameter. Regression parameters are updated iteratively until the estimating equation reaches the 

specified convergence criterion. 

Comparison of Candidate Correlation Structures  

Since GEE parameter estimation does not rely on a fully specified likelihood, QIC is used to 

compare the proposed correlation assumptions [15]. All candidate models retain the same marginal 

mean formulation, so the correlation structure with the minimum QIC value is selected. 

QIC = −2𝑄(β̂; I) + 2tr(V𝑚
−1BV𝑒)      (29) 

Equation (29) defines the QIC used to compare the candidate working correlations. The first term 

measures model fit through the quasi-likelihood under independence, while the trace term 

penalizes covariance complexity. The preferred structure is the one with the smallest QIC. 

The QIC comparison is applied only after all candidate structures have been estimated using the 

same response distribution and mean specification [15]. 

Tuberculosis and the Study Context 

Infection by Mycobacterium tuberculosis causes a communicable illness that predominantly 

affects the respiratory system. Nevertheless, clinical manifestations may also occur in organs other 

than the lungs [1]. Its continuing burden in Indonesia has encouraged statistical studies that 

examine differences in case occurrence across regions [22]. 

Individuals with pulmonary disease may release infectious particles into the air, creating a 

greater opportunity for exposure where many people occupy a limited space [23]. At the regional 

level, population density can therefore serve as an indicator of the intensity of potential contact [3]. 

Inadequate ventilation, humidity, and limited natural lighting may create housing conditions 
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that are less supportive of tuberculosis prevention [4]. Poverty, drinking-water quality, sanitation 

access, and environmentally compliant public facilities are treated in this study as contextual 

measures of socioeconomic and environmental-health conditions rather than as direct biological 

causes of infection [5]. 

Individual susceptibility, household exposure, preventive behaviour, and adherence to 

treatment also influence the chance that infection or transmission will occur within a family setting 

[24]. 

Research Method 

Annual records supplied by the Central Sulawesi Provincial Health Office were organized as a 

balanced longitudinal data set covering 13 districts and cities over the 2020–2024 period [2]. Five 

measurements for each area resulted in 65 district/city-year observations. The response is the 

positive number of recorded tuberculosis cases, and six predictors describe population, housing, 

poverty, drinking-water quality, sanitation, and environmental-health conditions of public facilities. 

Table 1. Variables and measurement units 

Model 

function 
Variable Symbol Definition used in this study Unit 

Response Tuberculosis cases Y 
Annual number of tuberculosis cases included in 

the analysis 
Cases 

Predictor Population density X₁ Population per square kilometre People/km² 

Predictor Inadequate houses X₂ 
Houses not meeting safety, health, and minimum-

space criteria 
Units 

Predictor 
Population living in 

poverty 
X₃ Population with expenditure below the poverty line 

Thousand 

people 

Predictor 
Drinking-water 

quality 
X₄ 

Drinking water meeting appropriate and safe 

quality standards 
% 

Predictor 
Access to adequate 

sanitation 
X₅ 

Households with access to adequate sanitation 

facilities 
% 

Predictor Public facilities X₆ 
Public facilities meeting environmental-health 

requirements 
% 

The analysis began with a descriptive examination of the variables and an assessment of extra-

Poisson variation. An initial ZTNB model was then used to obtain the dispersion estimate. Using 
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this estimate, four ZTNB-GEE specifications were fitted under independence, exchangeable, 

unstructured, and AR-1 working correlations. The final structure was determined from the smallest 

QIC value.  

3. MAIN RESULTS 

Descriptive Statistics and Overdispersion 

The tuberculosis response ranged from 128 to 1,847 cases, with a mean of 488.82, a median of 

408.00, and a standard deviation of 354.52. The mean exceeding the median indicates the presence 

of several relatively high tuberculosis counts. Among the explanatory variables, 𝑋2displayed the 

widest absolute spread. In contrast, 𝑋5had the lowest variability around its sample mean, with a 

standard deviation of 9.73. 

Table 2. Numerical summary of the study variables 

Variable Minimum Maximum Mean Median 
Standard 

deviation 

Y 128.00 1847.00 488.82 408.00 354.52 

X₁ 12.00 1101.00 126.39 50.00 265.05 

X₂ 447.00 56720.00 11269.71 8842.00 8992.21 

X₃ 10.32 78.76 30.26 26.75 16.98 

X₄ 13.73 100.00 82.52 89.61 19.79 

X₅ 56.40 99.27 74.61 72.71 9.73 

X₆ 4.11 100.00 56.01 60.19 25.86 

The Poisson-based deviance was 6,161.2 and the Pearson chi-square statistic was 6,493.854. 

With 58 residual degrees of freedom, the dispersion ratios were 106.228 and 111.963, respectively. 

Both ratios were much greater than one, confirming that the tuberculosis counts were 

overdispersed and supporting the use of a Negative Binomial response [13]. 

Initial Zero-Truncated Negative Binomial Model 

The initial ZTNB model was fitted before the longitudinal correlation was introduced. 

Population density (X₁), the population living in poverty (X₃), drinking-water quality (X₄), and 

access to adequate sanitation (X₅) were significant at the 5% level. The number of inadequate 

houses (X₂) and public facilities (X₆) were not significant. The estimated dispersion parameter was 
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θ = 4.791893 and was subsequently used in the ZTNB-GEE variance specification. 

Table 3. Estimates obtained from the preliminary ZTNB fit 

Parameter Estimate Std. error z-value p-value Decision 

β₀ 3.59614102 0.66195615 5.4326 0.00000005 Significant 

β₁ 0.00085832 0.00025770 3.3308 0.00086610 Significant 

β₂ -0.00001159 0.00000823 -1.4088 0.15889584 Not significant 

β₃ 0.02060243 0.00434234 4.7445 0.00000208 Significant 

β₄ 0.00618187 0.00300154 2.0596 0.03944020 Significant 

β₅ 0.01890018 0.00704844 2.6815 0.00732991 Significant 

β₆ -0.00060673 0.00255130 -0.2378 0.81202761 Not significant 

ZTNB-GEE Modeling under Alternative Working Correlations 

The longitudinal ZTNB-GEE model was fitted under four candidate working correlations. The 

same mean specification and six predictors were retained so that the QIC comparison reflected 

differences in the working correlation structure. 

Independence Structure 

Table 4. ZTNB-GEE estimates under the independence structure 

Parameter Estimate Robust SE p-value Decision 

β₀ 3.59614874 0.86787521 0.00003419 Significant 

β₁ 0.00085832 0.00022212 0.00011147 Significant 

β₂ -0.00001159 0.00000661 0.07972640 Not significant 

β₃ 0.02060237 0.00375789 0.00000004 Significant 

β₄ 0.00618181 0.00374020 0.09837141 Not significant 

β₅ 0.01890015 0.01054256 0.07301320 Not significant 

β₆ -0.00060677 0.00301656 0.84058480 Not significant 

Under independence, population density (X₁) and the population living in poverty (X₃) were 

significant, with p-values of 0.00011147 and 0.00000004. Their coefficients were positive. The 

remaining four predictors had p-values greater than 0.05. 
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Exchangeable Structure 

Table 5. ZTNB-GEE estimates under the exchangeable structure 

Parameter Estimate Robust SE p-value Decision 

β₀ 4.77080698 0.97409223 0.00000097 Significant 

β₁ 0.00100271 0.00017913 0.00000002 Significant 

β₂ -0.00001667 0.00000195 0.00000000 Significant 

β₃ 0.01603413 0.00516113 0.00189181 Significant 

β₄ -0.00022119 0.00233037 0.92438019 Not significant 

β₅ 0.01096173 0.01187638 0.35601444 Not significant 

β₆ 0.00186914 0.00231311 0.41905306 Not significant 

Under the exchangeable structure, X₁, X₂, and X₃ were statistically significant. The coefficients 

of X₁ and X₃ were positive, whereas the coefficient of X₂ was negative. X₄, X₅, and X₆ were not 

significant at the 5% level. 

Unstructured Correlation 

Table 6. ZTNB-GEE estimates under the unstructured correlation 

Parameter Estimate Robust SE p-value Decision 

β₀ -0.10414092 3.91186725 0.97876139 Not significant 

β₁ 0.00049151 0.00052778 0.35171396 Not significant 

β₂ -0.00001732 0.00000890 0.05163697 Not significant 

β₃ 0.02831782 0.00781048 0.00028827 Significant 

β₄ 0.00410479 0.00326998 0.20937111 Not significant 

β₅ 0.07228420 0.05349844 0.17664869 Not significant 

β₆ -0.00334122 0.00315884 0.29017615 Not significant 

The unstructured model identified only X₃ as significant (p = 0.00028827). The p-value for X₂ 

was 0.05163697, which was close to but still above the 0.05 significance threshold. All other 

predictors were not significant. 
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First-Order Autoregressive Structure 

Table 7. ZTNB-GEE estimates under the AR-1 structure 

Parameter Estimate Robust SE p-value Decision 

β₀ 5.57242400 0.68090537 0.00000000 Significant 

β₁ 0.00117546 0.00018147 0.00000000 Significant 

β₂ -0.00000619 0.00000146 0.00002235 Significant 

β₃ 0.01302055 0.00449661 0.00378392 Significant 

β₄ -0.00060258 0.00197013 0.75971147 Not significant 

β₅ 0.00096969 0.00882607 0.91251479 Not significant 

β₆ 0.00046178 0.00201692 0.81890582 Not significant 

The AR-1 structure also identified X₁, X₂, and X₃ as significant. X₁ and X₃ had positive 

coefficients, while X₂ had a negative coefficient. X₄, X₅, and X₆ were not statistically significant. 

Selection and Interpretation of the Final Model 

Table 8. QIC values for the candidate working correlations 

Working correlation QIC 

Independence 84.47478 

Exchangeable 96.29610 

Unstructured 269.64114 

Autoregressive AR-1 95.01389 

The independence structure produced the smallest QIC, 84.47478. It was therefore selected as 

the best working correlation among the four candidates. The selected structure does not change the 

longitudinal nature of the data; rather, it indicates that the independence working correlation 

provided the most favorable QIC for the specified marginal model. 

Using the estimates in Table 4, the final model for the base Negative Binomial mean is 

log(λit) = 3,59614874 + 0,00085832X1,it − 0,00001159X2,it
+0,02060237X3,it + 0,00618181X4,it
+0,01890015X5,it − 0,00060677X6,it.

 

The exponentiated coefficient of 𝑋1 is 1.0008587. Therefore, when the other explanatory 

variables remain unchanged, each additional person per square kilometre multiplies the fitted 

tuberculosis mean by 1.0008587. This ratio is equivalent to a relative change of approximately 
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0.08587%. Exponentiation of the 𝑋3estimate produces a mean ratio of 1.0208161. With all other 

predictors fixed, adding one thousand people below the poverty line multiplies the fitted mean by 

this value, corresponding to a relative change of approximately 2.08161%.  

Densely populated areas may provide more opportunities for close contact [3]. Poverty may 

reflect socioeconomic conditions related to living environments and access to health services [5]. 

These findings represent population-averaged associations from an ecological longitudinal model 

and should not be interpreted as individual-level causal effects. The number of inadequate houses, 

drinking-water quality, access to adequate sanitation, and public facilities did not show statistically 

significant associations in the selected model. 

4. CONCLUSION 

 This research analysed positive and highly dispersed tuberculosis counts reported annually for 

13 districts and cities in Central Sulawesi. The ZTNB-GEE model was evaluated under 

independence, exchangeable, unstructured, and AR-1 correlation assumptions. Among these 

alternatives, independence produced the lowest QIC and was retained for final interpretation.  

 The selected model provides evidence that 𝑿𝟏and 𝑿𝟑are related to higher fitted tuberculosis 

counts. The estimated effects of 𝑿𝟐, 𝑿𝟒, 𝑿𝟓, and 𝑿𝟔did not satisfy the 5% significance criterion. 

These findings describe average relationships across districts and cities and do not establish causal 

effects at the individual level.  
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