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Abstract. A susceptible—infectious—recovered—susceptible (SIRS) epidemic model with waning immunity is for-
mulated in the Caputo fractional-derivative framework and augmented with three delays: latency (7), recovery
(8), and immunity loss (£). We establish well-posedness (non-negativity, boundedness, positive invariance of a
feasible region) and derive the basic reproduction number % by the next-generation approach, showing the en-
demic equilibrium exists iff %y > 1. Linearisation yields a transcendental characteristic equation whose delay
dependence collapses to two effective delays, 7 and the loop delay p = 7+ 6 + &. Using a Rouché-type argument
on the boundary of the fractional stability sector, we prove the endemic equilibrium is delay-independently locally
asymptotically stable whenever an explicit condition on the characteristic coefficients holds; this is established
analytically at the sector vertex, yielding a closed-form margin BI*u(y + 6 + ) > 0, and verified numerically
elsewhere over an extensive parameter window. Consequently, unlike the oscillatory behaviour often reported for
delayed epidemic models, the present model exhibits no delay-induced Hopf bifurcation for the parameter ranges

considered: delays lengthen the transient but do not destabilise the endemic state, and a smaller fractional order
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is mildly stabilising. The integer-order limit recovers a classical delayed SIRS system, extending known delay-
independent stability results for related SIR models to fractional order and multiple delays. All findings are corrob-
orated by a delay-adapted fractional Adams—Bashforth—Moulton predictor—corrector scheme, whose second-order
accuracy is confirmed by an empirical self-convergence study and comparison with a classical solver.

Keywords: fractional SIRS model; Caputo derivative; time delay; basic reproduction number; delay-independent
stability; predictor—corrector scheme.
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1. INTRODUCTION

Compartmental models remain the cornerstone of the mathematical theory of infectious dis-
eases, beginning with the classical work of Kermack and McKendrick [12] and developed ex-
tensively in the decades that followed [9]. Two features of real epidemics are, however, imper-
fectly captured by the standard system of ordinary differential equations. First, the biological
processes that drive transmission and recovery are not instantaneous: an exposed individual be-
comes infectious only after a latency period, recovery follows infection after a finite time, and
acquired immunity wanes after a further interval. Such lags are naturally modelled by time de-
lays [13, 4, 19]. Second, the progression of an epidemic in a structured population often exhibits
memory: the current rate of change of each compartment depends not only on the present state
but on the entire history of the process. Fractional-order derivatives, and in particular the Ca-
puto derivative [3, 18, 7], provide a compact and well-understood formalism for such non-local,
history-dependent dynamics.

The combination of these two features—memory through a fractional order and lags through
explicit delays—yields a class of Caputo fractional delay differential equations whose quali-
tative theory is considerably richer than that of either ingredient in isolation. The stability of
the resulting equilibria is governed by transcendental characteristic equations in the fractional
symbol A%, for which the relevant stability region is the sector |argA| > am/2 rather than the
open left half-plane of the integer-order case [16, 5]. The interplay of the fractional order with
one or more delays can, in principle, produce a spectrum of behaviours ranging from delay-
independent (absolute) stability to delay-induced oscillations. A substantial recent literature

develops this theory for specific diseases: fractional-order SEIR and SIR models with latency
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delays have been analysed for well-posedness, the reproduction number, and local and global
stability [10, 20], and Caputo models carrying several delays have been shown, in certain pa-
rameter regimes, to undergo delay-induced Hopf bifurcations [22].

The integer-order members of this model family are comparatively well understood. For a de-
layed SIR model with saturated incidence, Kaddar [11] established that the endemic equilibrium
is locally asymptotically stable for every value of the incubation delay whenever the basic repro-
duction number exceeds unity—a delay-independent stability that was subsequently exploited
by Bashier and Patidar [1] in a multiple-delay optimal-control formulation combining vaccina-
tion and treatment strategies. The present paper may be read as a fractional-order counterpart
of that line of work: we retain the multiple-delay structure, replace the first-order dynamics by
Caputo dynamics of order o € (0, 1), incorporate waning immunity, and ask whether the mem-
ory encoded by the fractional order alters the delay-independent stability picture inherited from
the integer-order setting.

The specific contributions of the paper are:

(1) a well-posedness theory (non-negativity, boundedness, invariant region) for the three-

delay Caputo SIRS model;

(i1) a corrected closed form for the endemic equilibrium together with a clean existence
criterion, I > 0 < %y > 1;

(i11) the observation that the characteristic equation depends on the three delays only through
Tand p = T+ 0 + &, reducing a three-parameter delay analysis to two effective delays;

(iv) a delay-independent local stability theorem for the endemic equilibrium under an ex-
plicit condition on the characteristic coefficients, together with a closed-form margin
BI*u(p + o + ) showing that this condition holds analytically at the sector vertex and,
over an extensive parameter window, numerically elsewhere; and

(v) a delay-adapted fractional Adams—Bashforth—-Moulton scheme, whose empirical order
of convergence is confirmed by a self-convergence study and cross-checked against a

classical solver, with which all findings are reproduced numerically.
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The rest of this paper is organized as follows. Section 2 formulates the model, where the
biological interpretation of the parameters and the necessary preliminaries on the Caputo deriv-
ative are also collected. Section 3 establishes the well-posedness of the model: non-negativity
of solutions, boundedness, and positive invariance of a feasible region. Section 4 determines the
equilibria and the basic reproduction number %, and characterises the existence of the endemic
equilibrium. Section 5 contains the central analytical contribution: after deriving the charac-
teristic equation and observing that the three delays enter only through 7 and the loop delay
p =1+ 6+E&, we prove a delay-independent local asymptotic stability criterion for the en-
demic equilibrium, display an explicit stability margin, and close the section with a discussion
of the global dynamics implied by these local results. Section 6 describes the delay-adapted
fractional predictor—corrector scheme used for simulation, and Section 7 presents the numeri-
cal experiments that confirm the theory. Section 8 concludes and indicates directions in which

genuine oscillatory dynamics may be recovered.

2. MODEL FORMULATION AND PRELIMINARIES

For a function x € C'[0,T] and an order « € (0, 1), the Caputo fractional derivative is

(1) OCD,‘Xx(t) = ﬁ/ot(t —5)" %X/ (s)ds,

where I is the Euler gamma function [18, 7]. The Caputo derivative of a constant is zero, which
makes it convenient for initial- and equilibrium-value problems posed in terms of the physical
variables. We shall use repeatedly the comparison property, which follows from the generalised
mean-value theorem for the Caputo derivative [7, 18], that if x € C[0, T'] has a continuous Caputo
derivative on (0,7’ and {D%x(t) < 0 (respectively > 0) on an interval, then x is non-increasing
(respectively non-decreasing) there.

Let S(¢), I(t) and R(¢) denote the susceptible, infectious and recovered populations. The

model reads
(2a) EDYS(t) = A—BS(t)I(t) — uS(t) + yR(t — &),
(2b) SDEI(1) = BS(t — 7)I(t — 1) — (1 + O)I(0),

(20) SDER(t) = ol(t — 8) — (+PR(),
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with a € (0, 1) and non-negative, continuous initial histories

3) 5(0) =¢1(6), 1(6)=2(6), R(6)=03(0), 6 €[—Pmax,0],

where pmax = max{7, 8, } and ¢; > 0. The parameters are interpreted in Table 1; all are strictly
positive. Time is measured in a common but otherwise arbitrary unit throughout; the parameter
values used in Section 7 (Table 2) are chosen for illustration of the analytical results rather than

to be calibrated to a specific disease or time-scale.

TABLE 1. Model parameters and their biological meaning.

Symbol Meaning Dimension
A recruitment rate into the susceptible class individuals-time ™!
B transmission coefficient individuals~!-time~!
u natural mortality rate time ™!
o recovery rate time ™!
Y rate of immunity loss time ™!
T latency (incubation) delay time
) recovery delay time
¢ immunity-loss delay time
o order of the Caputo derivative —
YR(t —¢)
A 4
BS(t —1)I(t - 1) ol(t—38)
A= S > I > R
\ 4 \l’ \ 4
1S (m+o)l UR

FIGURE 1. Compartmental flow of the three-delay SIRS model (2).
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In Figure 1, the latency delay T acts on transmission, the recovery delay d on the flux into R,

and the immunity-loss delay & on the feedback from R to S.

Remark 1 (On the incidence term). The infection flux in (2b) is written as BS(r — 7)I(t —
T), i.e. transmission is evaluated at the time the contact occurred. A demographically stricter
formulation multiplies this term by the survival probability e #* of an individual through the
latency window [4]. Retaining or omitting the factor e % changes the equilibrium level but not
the structure of the analysis that follows; we work with (2b) as stated and comment in Section 8

on the qualitative effect of the survival factor.

3. WELL-POSEDNESS

Theorem 1 (Existence, uniqueness and non-negativity). For every non-negative continuous
initial history (3), the system (2) admits a unique solution (S,I,R) on [0,c0), and this solution
satisfies S(t) >0, I(t) >0, R(t) > 0 forallt > 0.

Proof. Existence and uniqueness are obtained by the method of steps, which reduces the de-
lay problem to a sequence of ordinary (delay-free) Caputo initial-value problems. On [0, Pmax]
the delayed arguments S(z — 1), I(t — 0) and R(t — &) in (2) are evaluated on the known his-
tory ¢, ¢, 3 whenever their argument is < 0, so on this interval (2) is a (non-delay) Caputo
initial-value problem in (S,,R) with a right-hand side that is continuous and Lipschitz in the
state variables on bounded sets; the classical existence—uniqueness theory for such problems
[7, Ch. 6] yields a unique solution on [0, pmax|. Repeating the argument on [Pmax,2Pmax)
[2Pmax, 3Pmax]» and so on — at each stage the delayed arguments are supplied by the solu-
tion already constructed on the previous step — extends this solution uniquely, step by step, to
[0,00), provided it does not blow up in finite time; this is excluded by the a priori bound of The-
orem 2, since a solution bounded on every finite interval cannot leave any compact set in finite
time and existence therefore continues across each step. The non-negativity argument below
follows the pattern established for fractional-order epidemic models with delay [10]. For non-
negativity, observe that on each delay interval the delayed arguments are known non-negative
functions. Whenever a component reaches zero with the others non-negative, its Caputo de-

rivative is non-negative: on {S = 0}, (2a) gives {D*S = A+ YR(t — &) > 0; on {I = 0}, (2b)
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gives $D?I = BS(t — t)I(t — t) > 0; and on {R = 0}, (2c) gives {D*R = 6l(t — ) > 0. By
the fractional comparison property, no component can cross zero into negative values, so the

non-negative orthant is forward invariant. 0
Theorem 2 (Boundedness and invariant region). Let N(t) = S(¢t) +1(¢) + R(¢). Then

Q= {(S,I,R) ER}: S+I+R< ﬁ}
is positively invariant and globally attracting for (2). In particular all solutions are bounded.

Proof. Adding the three equations of (2) and using the linearity of the Caputo derivative,
@) §DEN(t) =A—uN(t)—B[S@)I(t)—St—)(t—1)] + o [I(t— &) —I(t)] + Y[R(t— &) —R(?)].

This identity is exact for every 7,6, > 0; in the delay-free case (T = 6 = & = 0) the three
bracketed differences vanish identically and it reduces to the scalar relation OCD?N = A—UN,
whose solution N(t) = % + (N(0) — %)Ea(— ur®) — % (through the Mittag-Leffler function
Ey) gives monotone convergence to A/ and shows that Q is exactly positively invariant and
globally attracting when there are no delays.

With delays present, (4) no longer collapses to a closed scalar inequality in N(z) alone, be-
cause the bracketed terms couple N(¢) to the solution’s recent history rather than only to its
current value. Using the non-negativity of Theorem 1, each bracket can be bounded above
by dropping its non-positive part, e.g. —BS(¢)I(¢) < 0, which yields the rigorous one-sided

inequality
EDON(r) < A—uN(t)+BS(t—1)I(t—1)+0l(t—8)+yR(t—&).

The right-hand side is a linear decay term — N (¢) plus a non-negative delayed source bounded,
on any interval where the solution is known to be bounded, by a fixed multiple of sup;, N(s).
Closing this into an explicit asymptotic bound of the simple form limsup,_, ., N(1) < A/u is
exactly the setting of a Halanay-type comparison principle for delay systems, and its fractional-
order counterpart — the Caputo Halanay inequality of, e.g., [17] — is the appropriate rigor-
ous tool. We do not reproduce its (nontrivial) proof here; invoking it in place of the delay-
free cancellation used above is the standard route, already used at integer order for struc-

turally identical delayed SIR/SEIRS systems [4, 11, 1], by which the delay-free conclusion
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limsup,_,.,N(r) < A/u extends to the present three-delay, fractional-order case. We adopt
this standard argument, so that € is (asymptotically) attracting for every choice of delays; the
numerical experiments of Section 7 confirm this for the parameter ranges studied. A fully
self-contained verification of the Halanay-type hypotheses for system (2), giving an explicit,
delay-dependent transient bound rather than only the asymptotic one used here, is left for future

work, in the same spirit as the global Lyapunov question discussed in Section 5.3. 0

Remark 2. The invariance and attractivity of Q are proved above exactly for zero delay, and
via the standard delay-perturbation argument (rigorously justified by a fractional Halanay-type
inequality rather than derived from first principles here) for positive delays. Readers who pre-
fer a fully self-contained statement may restrict Theorem 2 to the delay-free case, where it is
unconditional; every other result in the paper that relies on boundedness (the existence exten-
sion in Theorem 1, and the global discussion of Section 5.3) uses only the resulting bound

limsup,_,.,N(1) < A/u, which is also the quantity verified numerically throughout Section 7.

4. EQUILIBRIA AND THE BASIC REPRODUCTION NUMBER

At an equilibrium the delayed and non-delayed arguments coincide, so the steady states of (2)

solve the algebraic system
3) A—BSI—uS+yR=0, BSI—(u+o0)[=0, ol—(u+7y)R=0.
Setting I = 0 gives the disease-free equilibrium

(6) Eo= (g 0, 0).

Following the next-generation matrix construction [6, 23], the new-infection and transition rates
for the single infected compartment are .% = BSI and ¥ = (4 + o)I; linearising at Ey gives
F=BA/uandV = u+ o, whence

F  BA

@ =Y wuro)

For I # 0 the second equation of (5) fixes

., MU+toO
8 sF=""7
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(e
and the third gives R* = TI *. Substituting into the first equation and solving for I* yields,

after simplification,

Alu+y) Ho—1 . O
., R'=—TI".
p(u+o+y) %o pw+y

) r'=

Proposition 1 (Existence of the endemic equilibrium). The endemic equilibrium E; =

(S*,I*,R*) with positive components exists if and only if o > 1.

Proof. By (8), S* > 0 always. In (9) the prefactor A(u +7)/[(p + & + 7)] is strictly positive,
so the sign of I* equals that of (%o — 1)/%o, which is positive exactly when %, > 1. Since R*

is a positive multiple of 7*, all three components are positive if and only if Z, > 1. 0

Remark 3. An algebraically “compact” form of the endemic prevalence sometimes quoted for
models of this type is not equivalent to (9) and underestimates /*; the expression in (9) is the

one obtained by direct substitution and used throughout.

5. STABILITY ANALYSIS

5.1. Characteristic equation. Linearising (2) about an equilibrium (S,7,R) and seeking
solutions proportional to eM leads, in the standard way for Caputo delay systems [5], to

detA(A) =0, where

A%+ BI+u BS —ye 6
(10) AA)=| —Ble ™ A%4u+0—BSe?® 0
0 —oge*d A¥+u+vy

At Ey one has I = 0 and BS = BA/, and (10) factorises as
(1D (l“+u>(l“+u+v)(/l“+u+o—f’H—Ae*“):o.

The first two factors have all their roots in the stability sector for every o € (0, 1]. For the third
factor, on the sector boundary A = @e™**/2 (@ > 0) one has Re(A%) = 0% cos(a?m/2) > 0,
so [A*+ U+ o| > u+ o, whereas ‘%\e*“‘ < BTA = %o(1 + o). Hence if Zy < 1 the third

factor cannot vanish on or to the right of the boundary for any delay, giving the following result.
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Proposition 2 (Stability of Ey). If Zy < 1 the disease-free equilibrium Ey is locally asymptoti-
cally stable for all delays ©,8,E > 0; if %y > 1 it is unstable.

Proof (instability for Z, > 1). It remains to prove the second assertion; the first is established
above. Consider the third factor of (11) restricted to real A =x > 0, i.e. g(x) =x*+u+o —
BTAe*“. Atx=0,g0)=(u+o0)— ﬁTA = (u+0)(1 —Z%) <0 whenever %, > 1. Since
x% — o0 as x — oo while BTAe*“ stays bounded (it is = BA/u when T = 0 and decays to 0 when
7 > 0), g(x) — —+oo. By continuity, g has a zero x* > 0, so A = x* is a real positive root of (11):
it satisfies argA = 0 < am/2, i.e. it lies strictly inside the instability region |argA| < am/2.

Hence E| is unstable for every 7 > 0 whenever % > 1. L]

5.2. The endemic characteristic equation and its delay structure. At the endemic equi-

librium Ej, using BS* = u + o from (8), expansion of detA(A) = 0 gives the transcendental

equation
(12) P(A)+Q(A)e *T+R(A) e HFH8+6) —
with

(13) P(A) =A% +u+BI) (A% +u+0) (A% +u+7),
(14) Q(A) = —(u+0o) A%+ u)(A% +u+7y),

(15) R(A) = —BoyI*.

Remark 4 (Effective delays). Equation (12) depends on the three delays only through 7 and
the loop delay p := 1+ 6 + &. The recovery and immunity-loss delays 6 and & never appear
separately; they enter solely as the length of the closed feedback path / — R — S — I. A three-
parameter delay analysis therefore reduces to a two-parameter one in (7, p), a simplification we

exploit both analytically and numerically.

5.3. Delay-independent stability of the endemic equilibrium. The stability sector for a Ca-
puto system of order « is |argA| > a7 /2, and its boundary is the pair of rays A = we™*%/2,
@ > 0. A loss of stability as the delays vary can occur only if a root of (12) reaches this bound-

ary. We show that, under an explicit and easily verified condition, this cannot happen.
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Theorem 3 (Delay-independent local stability). Suppose %o > 1 and suppose that
(16) |IP(A)] > |Q(A)|+ |R(A)] forall A = a)eia”/z, o >0.
Then the endemic equilibrium Ey is locally asymptotically stable for all delays ©,86,& > 0.

Proof. On the boundary ray, A = we'®™/? with @ > 0, the delay factors satisfy |e *7| =
e~ @7e0s(a7/2) < 1 and likewise |e"lp| < 1, because cos(or/2) > 0 for a € (0,1] and 7,p > 0.
Hence

[0(A)e 47+ R(A)e | < |Q(A)| +[R(A)| < [P()),

so the left-hand side of (12) cannot vanish on the ray; by conjugate symmetry the same holds on
A = we1%7/2_ Thus, for every choice of delays, (12) has no root on the boundary of the stability
sector. At T= 0 = & = 0 the equation reduces to the polynomial P(A)+Q(A)+R(A) =0in A%,
whose roots lie in the stability sector (Lemma 1). Because the roots of (12) depend continuously
on (7,0,&) and none can cross the boundary rays, no root can migrate into the unstable sector
as the delays increase from zero. Therefore all roots remain in |argA| > a7z /2 for all delays,

which is the assertion. 0

Lemma 1 (Zero-delay stability). If %y > 1 then all roots of P(A) + Q(A) +R(A) = 0 lie in the

sector |argA| > am/2.

Proof. At zero delay the system (2) is the Caputo counterpart of the ordinary SIRS model,

whose Jacobian at £ is

—(Br'+u) —(u+o) 14
J= BI* 0 0 ,

0 c —(1+7)

using BS* = u + o. Its characteristic polynomial z° +az> +asz+a3 has a; = BI* +2u+7y > 0,
az = Bru(u+o+7vy) > 0, and one verifies aja, — az > 0 for %y > 1, so by the Routh—-Hurwitz
criterion every eigenvalue z has Rez < 0, i.e. |argz| > m/2 > o /2. Writing the fractional roots

1/a

as A = z'/® preserves membership of the sector, which proves the claim. ([l

Condition (16) is not merely abstract: at @ = 0 it holds with an explicit margin.
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Proposition 3 (Explicit stability margin). At @ =0,
(17) 1P(0)| = [Q(0)] = [R(0)| = BI'u(pn+ 0 +7),

which is strictly positive whenever %y > 1.

Proof. From (13)~(15), P(0) = (u+ BI*)(n+ o) (L +7) >0, Q(0) = —pu(u+0o)(p +7) and
R(0) = —Boyl*, so

[P(0)| —[Q(0)| = [R(0)| = (u+BI")(u+o0)(u+7Y) —p(u+0o)(u+y) —Boyl’
=BI'(u+o)(u+y) —Boyl* =pI*[(nL+0)(n+7)— oV

=pr'u(u+o+7y).
Since I* > 0 exactly when % > 1 (Proposition 1), the margin is positive there. 0

Proposition 3 shows the binding value @ = 0 of condition (16) always holds strictly, analyti-
cally, for a biologically meaningful equilibrium; the margin grows with the endemic prevalence
I* (hence with %)) and with the immunity-loss rate y. Condition (16) for @ > 0 is, by contrast,
not established analytically here: it is checked numerically in Section 7 over the parameter win-
dow y € [0.15,4], Zy € [1.5,20] and a € [0.8, 1], where the minimum of |P| — |Q| — |R| over
the ray is found to be positive throughout. Within that numerically verified window, Theorem 3
establishes that the endemic equilibrium of the present model is stable independently of the
three delays, and that consequently no delay-induced Hopf bifurcation occurs in that regime—
the delays prolong the transient approach to E; but do not destabilise it. We emphasise that
this conclusion is conditional on condition (16) holding for all @ > 0, which we have verified
analytically only at @ = 0; a fully analytic proof that no root of (16) is violated for some @ > 0
outside the numerically sampled window—in particular as %y — 11, where I* — 0 and the
margin (17) itself vanishes—remains open and is not claimed here. This is in contrast to other
recent fractional-order epidemic models carrying delays, in which an incubation or immunity
delay beyond a critical value does trigger a Hopf bifurcation [22]; whether such a bifurcation
arises is therefore a structural property of the particular model rather than a generic consequence

of introducing delays.
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Remark 5 (Relation to the integer-order model). Setting @ = 1 reduces (2) to a classical de-
layed SIRS system. The delay-independent local stability of £ obtained in Theorem 3 is then
the fractional-order counterpart of the integer-order results of Kaddar [11] and Bashier and
Patidar [1], in which the endemic equilibrium of a delayed SIR model with saturated inci-
dence is stable for all values of the incubation delay whenever %, > 1. The present analysis
shows that this robustness is not an artefact of the first-order formulation: it survives the pas-
sage to o € (0,1) and the enlargement of the delay set to {7,5,£} with waning immunity.
Moreover, the integer-order case o = 1 is recovered as the uppermost curve of Figure 6; it
is the least stable of the orders shown, so the memory introduced by the Caputo derivative is
compatible with—indeed mildly reinforces—the delay-independent stability inherited from the

integer-order model.

Remark 6 (Role of the fractional order). Decreasing o rotates the boundary rays A = @e*@%/2

toward the positive real axis, enlarging the stability sector, while leaving the margin (17) at
® = 0 unchanged. In this model the fractional order therefore acts as a mild stabilising influ-
ence rather than a destabilising one, a point confirmed by the rightmost-root computation of

Section 7.

The local analysis above is complemented by the global behaviour observed throughout the
feasible region Q. For Z) < 1 the disease-free equilibrium is the only equilibrium in Q and,
by Proposition 2 together with the boundedness of Theorem 2, attracts all trajectories; the nu-
merical experiments of Section 7 confirm global convergence to Ey. For % > 1 the endemic
equilibrium is the unique interior equilibrium, it is locally asymptotically stable for all delays
by Theorem 3, and every trajectory initiated in the interior of € is observed to converge to it. A
fully rigorous global Lyapunov argument for the endemic state in the presence of three delays
and a fractional order is delicate—the construction of Volterra-type functionals for fractional
delay systems remains an active topic [24, 15, 10]—and is left to future work; the combination
of delay-independent local stability, uniqueness of the interior equilibrium and the extensive
simulations reported below provides strong evidence for global asymptotic stability of E; when

L@()>1.
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6. A DELAY-ADAPTED FRACTIONAL PREDICTOR-CORRECTOR SCHEME

For the numerical integration of (2) we use the fractional Adams—Bashforth—Moulton
predictor—corrector method of Diethelm, Ford and Freed [8], adapted to the delays by inter-
polation of the stored history; comparable schemes for fractional-order systems of delay dif-
ferential equations have been developed more recently [14]. Write the system as OCDf‘y(t) =
f(t,y(t),yf,y(g,yg) with y = (S,I,R)" and yy = y(t — ). On a uniform grid t,, = nh, denote
by y, the approximation to y(f,) and by y(z, — ¥) the piecewise-linear interpolant of the stored

solution (equal to the history (3) for 7, — ¥ < 0). The predictor and corrector are

1 & h®

P . .

(18) Ynt1 :)’O‘i‘m;)bj,nﬂfj, bjns1 ZE[(H‘H—J)OC—("—J)“L
ha p n

(19) Ynt+1 =Y0+ Nat2) [f(tn+1,yn+1,y.) +j;)aj,n+l fj]v

where f; = f(t;,y,5(t; — 7),y(tj — 6),5(t; — &)) and the corrector weights are

nt — (n—o)(n+1)%, j=0,
Ajntl =
(n=j+2)  +(n=j)*H =2 —j+ 1>, 1<j<n
The delayed states required by the predictor lie strictly in the past and are therefore avail-
able from the stored solution; when #,,,; — ¥ < O the history function is used. The scheme is
summarised in Algorithm 1. For ¢ = 1 it reduces to the classical Adams—Bashforth—-Moulton

method for delay differential equations, and we use this limit for validation.

7. NUMERICAL EXPERIMENTS

Unless stated otherwise the parameters are those of Table 2, chosen so that both a sub- and
a super-threshold regime are available while keeping the demographic quantities in biolog-
ically sensible proportions. With B = 0.009 one has %, = 3 and the endemic equilibrium
Ey = (8*,I",R*) = (33.33, 37.04, 29.63), for which S* +I* +R* = 100 = A/u; with § = 0.002
one has Zy = 0.667 < 1 and Ey = (100,0,0). The step size used to produce Figures 2 to 6 is

h = 0.1 (with A = 0.15 for the longest integrations).
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Algorithm 1: Delay-adapted fractional PECE step
Input: order «, step &, horizon T, delays 7,8, &, history ¢

Initialise yo = ¢(0) and fo = f(t0,y0,9(—7),9(—95),9(-E));
forn=0toN—1do

form predictor weights b; 11 and evaluate y© | = yo+ o) 'y i<nbjni1fis

obtain delayed states y(#,+1 — ©¥) by linear interpolation (or from ¢ if the argument
is <0);

form corrector weights a; , 1 and evaluate y,1;

store f11 :f(tn+1>)’n+1aj)\<tn+l _7)757\(514—1 _5)75)\(tn+1 _é));

Convergence of the scheme. We assess the accuracy of Algorithm 1 directly, by a self-
convergence study, rather than by a single point-comparison. For the endemic parameters of
Table 2 with 7 = 8 = £ = 2 (the delay configuration of Figure 3) and history ¢ = (90,5,5),
we solve on [0, 30] at the step sizes h = 0.4,0.2,0.1,0.05,0.025,0.0125 and compare each solu-
tion, in the max-norm over [0,30], against a reference solution computed at the finer step fef =
hmin /4 = 0.003125; the observed order between successive halvings, p = log, (e(h)/e(h/2)),
is reported in Table 3 for both ¢ = 0.95 and the integer-order limit & = 1. In both cases the
observed order stabilises close to p ~ 2, consistent with the theoretical order min(2,1+ ) of
the Diethelm—Ford-Freed predictor—corrector on which Algorithm 1 is based [8]. As a second,
independent check, the o = 1 solution of Algorithm 1 was compared against a classical fourth-
order Runge—Kutta integration of the same delay system (with the same piecewise-linear history
interpolation); at 2 = 0.05 the two agree to within 5 x 10~* in max-norm, and both converge to
the same equilibrium. These checks corroborate—without presupposing—the scheme’s accu-

racy, and we regard it as validated for the purposes of Section 7.

TABLE 2. Baseline parameter values used in the simulations.

A U o Y B (endemic) f (disease-free)

10 0.10 0.20 0.15 0.009 0.002
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TABLE 3. Self-convergence of the delay-adapted fractional PECE scheme (Algorithm 1).

o =0.95 o =1.00
h e(h) P e(h) P
04 3.04x1002 — 351x102%2 —

0.2 7.81x1073 196 8.74x1073 2.01
0.1 201x1073 1.96 2.18x 1073 2.01
0.05 5.15x107* 1.96 5.42x10~* 2.01
0.025 1.31x107* 1.98 1.34x107* 2.02
0.0125 3.21x 107> 2.03 3.19x 107> 2.07

Figure 2 shows that for Zy = 0.667 < 1 (with &« = 0.95 and T = § = £ = 3) the infection
dies out and the susceptible population tends to A/ = 100 while I,R — 0, in agreement with
Proposition 2. Figure 3 shows that for Zy = 3 > 1 and small delays (¢ =0.95,1=6 =& =2)
the trajectory settles at £, consistent with Theorem 3 and the positive margin of Proposition 3;

the dashed lines in the figure mark the components of E; = (33.33,37.04,29.63).

100 f------—=== --
/

80 -
g
2 60 - — S(t)
) — (1)
>
2, 40 - — R(t)
o
o

20 -

0 .

0 20 40 60 80 100 120
time t

FIGURE 2. Convergence to the disease-free equilibrium.

Figure 4 superimposes the infectious component for delays 7 =0 = & € {1,8,16,28}, at
o = 0.95 and Z = 3. Increasing the delays lengthens and mildly bends the transient—longer

memory of past states produces damped oscillations on the way to equilibrium—but every
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FIGURE 3. Convergence to the endemic equilibrium.

trajectory converges to the same /™ = 37.04. This is the numerical signature of the delay-

independent stability established in Theorem 3: the delays do not create a sustained oscillation.

30

infectious /(t)
N
(@]

10 1

FIGURE 4. Delay robustness of the endemic equilibrium E.

Figure 5 compares a € {0.65,0.80,0.95,1.00} at the fixed delay 7= 0 = & = 10 and %, = 3.
The order modulates the shape and damping of the transient; smaller & yields a somewhat
smoother, more strongly damped approach, in accordance with the enlargement of the stability
sector noted after Proposition 3. The effect on the limiting state is nil, as it must be, since the

equilibria are independent of .
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FIGURE 5. Effect of the fractional order o on the transient.

Finally, Figure 6 tracks the real part of the rightmost root of (12) as a function of the com-
mon delay T = 6 = &, for several orders a. The rightmost real part remains strictly negative
throughout 7 € [0,40]—so the roots stay in the open left half-plane, hence a fortiori in the sta-
bility sector |argA| > am/2—and it is more negative for smaller o. This directly visualises
both the delay-independent stability of Theorem 3 and the stabilising role of the fractional or-
der. The margin |P| — |Q| — |R| on the boundary ray, evaluated over y € [0.15,4], Z, € [1.5,20]

and a € [0.8, 1], was found to be positive in every case, confirming condition (16) numerically.

0.0

g —0.1 A
(V)
o
S —0.2-
S

—0.3 A

0 10 20 30 40
delay T=6=¢

FIGURE 6. Real part of the rightmost characteristic root as a function of the

common delay 7 =6 = &.
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8. ConcLusION

We analysed a Caputo fractional SIRS model with waning immunity and three biologically
distinct delays. After establishing well-posedness, deriving the basic reproduction number and
correcting the closed form of the endemic equilibrium, we showed that the characteristic equa-
tion depends on the delays only through 7 and the loop delay p = 7+ 8 + &, and proved that
the endemic equilibrium is delay-independently locally asymptotically stable under an explicit
condition on the characteristic coefficients that holds analytically at the sector vertex—where it
yields the closed-form, always-positive margin BI* (i + o + y)—and that we verified numer-
ically over an extensive parameter window elsewhere. The disease-free equilibrium is stable
for all delays when %y < 1. Extensive simulations with a delay-adapted fractional predictor—
corrector scheme, whose second-order accuracy was confirmed by a self-convergence study,
confirm the theory: delays lengthen transients but do not destabilise the endemic state, and a
smaller fractional order is mildly stabilising.

For the present model structure the delays do not induce sustained oscillations. This is con-
sistent with the integer-order behaviour of closely related delayed SIR models, whose endemic
equilibrium is stable for all delays when %y > 1 [11, 1], and shows that the property survives the
passage to fractional order and to the enlarged set of delays. It stands, nonetheless, against the
expectation—common in the broader delay-epidemic literature—that sufficiently long delays
generically induce Hopf bifurcations; genuine oscillatory dynamics, when sought, must be built
in through additional structure. The analysis indicates where such dynamics might arise. Three
modifications are natural candidates and are the subject of ongoing work: (i) incorporating
the survival factor e % of Remark 1, which redistributes the delay dependence of the charac-
teristic equation; (ii) replacing the bilinear incidence BSI by a saturating incidence of the form
BSI/ (14 aiS+ apl), as in the integer-order models of [11, 1], or by another nonlinear response,
which alters the low-frequency behaviour of P,Q,R; and (iii) allowing delay-dependent coeffi-
cients, for which the geometric stability-switch machinery of Beretta and Kuang [2] becomes
applicable. A particularly natural continuation is (iv) the incorporation of vaccination and treat-
ment controls, each with its own activation delay, into the fractional model, thereby lifting the

integer-order optimal-control analysis of Bashier and Patidar [1] to the Caputo setting, in the
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spirit of recent fractional-order delayed models incorporating vaccination and treatment [21].
On the analytical side, three gaps identified above remain open and are also directions we intend
to pursue: a fully analytic proof that condition (16) holds away from the sector vertex, for every
@ > 0 and not only over the parameter window sampled numerically in Section 7, as flagged
in Section 5.3; a self-contained verification of the fractional Halanay-type hypotheses invoked
in the proof of Theorem 2, yielding an explicit delay-dependent transient bound in place of the
asymptotic one used here; and a rigorous global Lyapunov analysis of the endemic equilibrium
for the fractional delay system. The calibration of the model against outbreak data is a further

direction we intend to pursue.
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