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Abstract. In this paper, we study the problem of positive almost periodic solutions for the Nicholson’s blowflies
mode with feedback control and multiple time-varying delays. By applying the properties of almost periodic
function and exponential dichotomy of linear system as well as fixed point theorem, we establish the conditions
for the existence uniqueness and exponential convergence of the positive almost periodic solution of the equations.

Moreover, an example and its numerical simulation are given to illustrate our main results.
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1. Introduction

It is well known that the theory of Nicholson’s blowflies model has made a remarkable progress in the past forty
years with main results scattered in numerous research papers; see, for example, [1-7] and the references cited
therein.

In the real world, the delays in differential equations of population and ecology problems are usually time-

varying. Recently, Chen and Liu [8] considered a class of the generalized Nicholson’s blowflies mode with multiple
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time-varying delay as follows:
X (1) — 1)+ Z B;(t)x(r — T;(1))e =71 (1.1)

where t € R, o, B, 7, Tj(j =1,---,m) : R — (0,4c0) are almost periodic functions. By constructing suitable
Lyapunov functional, they showed that under a set of algebraic conditions, system (1.1) has a unique positive
almost periodic solution. The solutions of this model converge exponentially to a positive almost periodic solution.
On the other hand, ecosystem in the real world is continuously disturbed by unpredictable forces such as survival
rates. Practical interest in ecology is the question of whether or not an ecosystem can withstand those unpredictable
disturbances which persist for a finite period of time. In the language of control variable, we call the disturbance
functions as control variables. Recently, some excellent results [9-12] which are concerned with existence and
the stability of almost periodic solution of the single species or multi-species competition system with feedback
control are obtained. However, to the best of the author’s knowledge, to this day, few work has dealt with the
almost periodic solution of Nicholson’s blowflies models with feedback control and time-varying delays.
Motivated by the above, we consider the following generalized Nicholson’s blowflies model with feedback
control and multiple time-varying delays:
X (1) = 1)+ Z Bj(0)x(t = 7(1))e HOHO) —e()x(e)u(e — (1)),
(1.2)
W (1) = —A()u(t) +g(1)x(t — 8(1)),
where x(¢) is a population size at time 7, u(t) is the indirect control variable, and c(#), A, g(¢) are almost periodic
functions. For convenience, we introduce the notations
fo=inff(e), f7= sup f(¢),

where f is a continuous bounded function defined on [0, 4-e). It will be assumed that
o >0,B >0,y >0, >0,A" >0,¢g" >0,(j=1,---,m)

and

7 = max {sup7;(t)} >0,(j=1,"--,m), t=max{t",{* 6"}
1<j<m " tcp

Let R?(R2,)) be the set of all (nonnegative) real vectors. Denote C = C([—7,0],R?) and C; = C([—7,0],R%) as
the Banach space of continuous functions. If x(z), u(t) are defined on [ty — 7, ) with #o,c € R', then we defined
X, € Cas X, = (x(¢),u(t)) where x,(0) = x(t + 6), u;(6) = u(t + 0) for all 6 € [—7,0]. From the viewpoint of

mathematical biology, we consider (1.2) together with the following initial conditions

Xip = Q1 Uy = 92, 0 = (01, 92)" € Cy,;(0)>0,i=1,2, (1.3)

where ¢;(0), (i =1,2),6 € [—7,0] is continuous and positive.
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We take X; (to, @) = X (1,10, @) as a solution of the initial value problem (1.2) and (1.3) with X;, (to, @) = @(1 €

R). Also, let [tg, (¢)) be the maximal right-interval of existence of X;(fo, @).

2. Preliminaries

Definition 2.1 (see [13]) Let x € R" and Q(¢) be a n X n continuous matrix defined on R. The linear system

(2.1)

is said to admit an exponential dichotomy on R if there exist positive constants k, o , projection P and the funda-

mental solution matrix X (7) of (2.1) satisfying
| X (0)PX 1 (s) || < ke %) forallr > s,

| X(1)(I—P)X "' (s) | < ke ") forall < s.
Set

B={0|¢ = (¢1(t),9:(t))"is an almost periodic function on R}.

For any ¢ € B, we define an induced module || ¢ ||p= sup || @(¢) ||, the B is a Banach space.
teR

Lemma 2.1 (see [13]) If the linear system (2.1) admits an exponential dichotomy, the almost periodic system

X (1) = Q(0)x(1) + (1)

has an unique almost periodic solution x(t), and
oo

x(t) = /ij(t)PXfl(s)g(s)ds—/ X(t)(I—P)Xfl(s)g(s)ds.

t

Lemma 2.2 (see [13]) Let ¢;(t) be an almost periodic function on R and

1 4T

Mici| = Tl_i}r}rloo? . ci(s)ds >0, i=1,2,--- ,n.
Then the linear system
X (t) = diag(—ci (1), —ca(t), -+, —ca(1))x(2),

admits an exponential dichotomy on R.
Set B* = {([)|(p €EB k<0 <K, kb < < Kz}.

Lemma 2.3 (see [14]) If u(t), g(t) : R — R are almost periodic, then u(t — g(t)) is almost periodic.

We also suppose the following condition (Hy) hold.

(H\ )there exist four constants K1, K>, k1, and ky such that

MoBis 1 1 &B o kg
K1>k1,K2>k2,K1>Z(*‘) E’W<kl<ZFKle J —
K 14 i=1

C+K1 K2

+
=1 o

(2.2)

(2.3)
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Lemma 2.4 Let (H;) hold, and B* = {@|@ € B,k; < ¢ <K, kp < @2 < K}. Then, for ¢ € B*, the solution
X (t,t0,9) of (1.2) and (1.3) satisfies

ki <x(t,to, 1) < Ki, ko <ult,to, @) < Ks, for allt € [tp,n(@)) (2.4)
and (@) = oo
Proof. Set x(t) = x(¢,%9, ¢1). Let [19,T) C [to, ()] be a interval such that
0 < x(r) forallt € [1,T). (2.5)

We claim that

0 < x(r) < Ky for allz € [t,T). (2.6)

Assume, by way of contradiction, that (2.6) does not hold. Then, it exist #; € [t,T) such that
x(n) =Ky and 0 < x(¢t) < K, forallz € [tg — 7,11). (2.7)

Calculating the derivative of x(¢), from (H;) and the fact that supue " = é, the first equation of system (1.2) and

u>0
(2.7) yield that
0<¥(n) < —a(m)x(n)+ Y Bi(n)x(t —g(n))e nn w0
=
< —ax(n)+ ) [;]((ttl)) ¥i(n)x(t = 1j(tn))e HIH=T)
i=1 fj\'1

J

1 Vi€
1
oe

Byl

s

< —ox(h)+

J

= a kY Py
=Y

which is a contradiction and implies that (2.6) holds. In view of u(fo) = ¢»(0) > 0, integrating the second equation

of (1.2) from ¢y to ¢, we have

u(e) = e FoPOug) e PO I MO () (s — 5(s))ds (2.8)
> 0, forallz € [to,n(@)). .
From (2.6) and (2.8), we obtain that u(¢) is bounded and there exist positive constants K5 such that
0<u(t) <K, forall t € [to,n(®)). (2.9)
We next show that
x(t) > ky, forall 1 € [1y,n(9)). (2.10)

Otherwise, there exists #, € (79,1 (¢)) such that

x(r2) = ki and x(¢) > k; for allz € [tg — 7,12). (2.11)
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Then, from (H) and (2.6), we get

1
ky < x(t) <Ky, v x(t) > ¥ ————, forallt € [ty —7,1), j=1,2,--- ,m. (2.12)
min :
1<j<m J

Calculating the derivative of x(z), together with (H;) and the fact that ]min ue ™ = we~?, the first equation of
<u<w

system (1.2), (2.11) and (2.12) imply that

0>¥(n) = —a)x(n)+ Y Bin)x(t—ti(n)e 1250 — c(n)x(n)u(n - §(r))
j=1
n o Bi2) . , ¥ x(—7i(0) _ +

> —atx(n)+ ) " Y x(ta—1j(t2))e — KK
=1 7j

> o)+ Y PO g nn kg
=7
nBT o ik KK

= a+[fk1+'z’1a—J+Ke ! p ]>o0,
j:

which is a contradiction and yield that (2.10) holds. From (2.8) and (2.10), we obtain that u(¢) is bounded and

there exist positive constants k; such that
u(t) > ky, forall z € [1ro,n(9)). (2.13)

It follows from (2.6) (2.9) (2.10) and (2.13) that (2.4) is true. From Theorem 2.3.1 in [15], we easily obtain

1(@) = 4oo. This end the proof of Lemma 2.1.

3. Main results

Let
Y B
+ - o~ Fj + + +
&K1 gk j=1 'Ky 'Ky g
K> > , > ko, o <. 3.1
2T AT 2 max{ o e A (3.1)

Then, there exists a unique positive almost periodic solution of system (1.2) in the region B*.
Proof. For any ¢ € B, we consider an auxiliary equation
X)) = —o)x()+ fl Bj(1)91 (1 — (1)) OO HI) —c(1)g1 (1) a1 — £ (1)),
j=
W(t) = —A@)u(t)+g()oi(t—8(1)).

It follows from Lemma 2.3 that ¢, (r — 7;(¢)), ¢1(t — 6(¢)), ¢2(r — {(¢)), are almost periodic. Notice that M[ct] >

(3.2)

0, M[A] > 0, it follows from Lemma 2.2 that the linear equation
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admits an exponential dichotomy on R. Thus, by Lemma 2.1, we obtain that the system (3.2) has exactly one

almost periodic solution:

X0 = {000}
= [ B F B(5)g1(s— i(s))e HINCTHO) — ()0 ()0l ~ S (s) )ds, (3.4

Jj=1

[ e fidudu (g(s)(])l (s— 5(s)))ds}.

Define a mapping T : B — B by setting
T(9(r)) =X*(1), ¥9 € B.

1
It is easy to see that B* is a closed subset of B. For any ¢ € B*, from (3.4) and supue = —, we have
u>0 e

0 ¢ o latan( § (Biy+l
@) < [T.e <j§l(7j) e)ds
o Byt 1
< jgi(af) ae <K,

+ K
W) < [le ROt ds = S5 < K,

. 1 .
Noting that kj > ——— and min ue ™™ = me™"™, we have
min ¥; I<u<m
1<j<m
. m ot
(1) > fime_-/; ‘X(“)d“( Y. B Kie 1k —c"K1Ky)ds
j=1

- —yTK
rz",’ ﬁj Kie nh _C+K1K2

> ky
j=1 o at ’

. -k
@ > [ e_-/s't“")d“g_klds = gli*l > ky.

This implies that the mapping 7 is a self-mapping from B* to B* .

Now, we prove that the mapping 7 is a contraction mapping on B*. In fact, for ¢, y € B*, we get

17(0) = 7(v) o= (sup | (7))~ T(w)(0)), Lsup | (T(0)(0) ~T(w)(0)), | )

teR

sup| (T(9)(1) = T(w)(1),| = sup| [ e S« § i) (15— j(s))e m—500)
teR teR j=1
_— (s_Tj(s))e*%'(S)Wl(S*Tj(s)))

() (9190205 = £(5)) ~ V() ya(s— £ (5)) ) Jds|

Since sup | 16_,[‘ |=

u>1

L, we obtain
e

_ _ 1—(x+6(y—x
L T

IN

—lx—y[, wherex,y € [l,+),0< 6 < 1.
e
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(3.5) combine with mir} - < k1, we get

1<j<m '/

Py
supl (T(9)(1) ~T(W)(0), | < =10 = vl
sup [ e Fee(r) (|91 (5)92(s = £(5)) = i (5)62(5 = £ 5)
+wi ()92 <t—c<t>>—wl<sm<s—c<s>>y)ds
v B
< e 10— vl tsup [ e Ee(s) (Ko (s) — wa )|
K] gn( s—c<s>>—wZ<s—c<s>>|)ds
¥ B
< Gale=vis
LB
- (£ +Ca’fz+c Kl)w vl
sup | (T(0)() = T(W)@)),| = sup | ['we™ FAO (g(s)0n(s — 5(5)) —g(s)yals — 8(s)) )

< supft e WG g (s — 8(s)) — yals — 5(s))|ds

teR

+
8
< ;T_H‘P—V/HB-
Hence
L B
=~ + + +
=1 c"Ky K1 g
T(¢)—T < ! S Yo — vl
I7(6)-T(w) B_max{ e l_}m vlis
Noting that
+
,Elﬁj Ky Ky gt
max — t+t—+—,5— ¢ <1,
o"e o o= A

it is clear that the mapping 7 is a contraction on B*. By the fixed point theorem of Banach space, T possesses a
unique fixed point ¢* € B* such that T¢* = ¢*. By (3.2), ¢* satisfies (1.2). So ¢* is an almost periodic solution

of (1.2) in B*. The proof of Theorem 3.1 is now complete.

Theorem 3.2. Let X*(t) be the positive almost periodic solution of system (1.2) in the region B*. Suppose that

(3.1) holds. Then, the solution X (t;t9, 9) of (1.2) with @ € C converges exponentially to X*(t) as t — oo

Proof. Set X (1) = X (t;t0,¢), z1(¢) = x(¢) —x*(¢) and z2(¢) = u(t) — u*(¢), where t € [fo — T, +o). Then

4) = —aal)+ ¥ Bile) (e - yl))e HONHO) g (1 — 1)) 1O 50)
j=1

—e(t) (x(0)u(e — $ (1) —x* (0)u (1 = £ (1)), (3.6)
1) = —AD)a)+g0)u(t—8(1).
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Define a continuous function I'(it) by setting
" gt Louc
D)= (0" ~p)+ Y Bf e, welo,i]
=1
Then, we have

2 1
L(0)=—a" +} B <0, T(k) = +oo(pt = +e°),
j=1

which implies that there exist two constants 1 > 0 and o € (0,A~) N (0, 1] such that
S + 1 ot
I'o)=—(a¢” —0o ; <-n<0. 3.7
@) =—(@ —o)+ LB/ e < (37)

We consider the Lyapunov functional

ot

V() =z(t)e

Calculating the upper right derivative of V (¢) along the solution z(¢) of (3.6), we have

DIV() = —al)a(t)e® + ¥ Bir) (xle — 7j(e))e HOTHO) (1 — 1y(r) ) MO (0 o
=1
—e(t) (x(O)ult = £ (1)) —x* () (t = £(1))) e + 021(1)e™ (3:8)
< [(o - e+ £ Bo) (xle — (01050 |
=1
(- ”L'j(t))e_Y/(’)x*(’_TjO)))] ¢o!, forall t > fo.
We claim that
V(t) =z1(t)e®" < e"’o( max | (1) —x*(t)] +K1) :=M,, forallz >1 (3.9).
tE€[to—T,1p)
Contrarily, there must exist 77 > #o such that
V(Ty) =M and V(¢r) < M, forallt € [tg — 7,T7), (3.10)
which implies that
V(Ti)—M;=0and V(t) —M, <Oforallz € [ty —7,T}). (3.11)

Together with (3.5), (3.8) and (3.11), we obtain

0 < DYV(Ih—M))
= D"(V(T1))
< |- am)a(n) +,§ Bi(Th) (x(Ti — 7(Ti e MM =5/(11)
= (i = j(Th))e BT (5] ol
< (o= alha(m)e? + £ Bi(T) la (T — 5 (7)) e 5Wers )
< {—(O‘—G)+j)rflﬁj+elzear}M1-

Thus,

m
1
0<—(a —0)+Y Bf e,
J=1
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which contradicts with (3.7). Hence, (3.9) holds. It follows that

71(t) <Mye °" forallt > t.

Integrating the second equation of (3.6) from Ty to (> Tp + 7), by (3.12), we get

n(t) = ¢ TPy, (To) + J, = kM
D (Tp)e ™ 1-T0) 4 gty [1 * (5-)g=0(-8) g

Zz(To)ek Toe—)L t+g+Mle—/l thOe(}.’—G)se—G(S(s)ds
g+M1e—l‘tecm'

IN

IN

ZZ(TO)eX*TOe—)L*t +
(

ZTO)ATOE?Lt_,_

IN
N

A —

IN

(z2(
(

2(To)e* o+

IN

+MleG‘t

Let M2 = ZZ(TO)€A7T0 + gz'fic’ we haVe

oT A
g;LMleG )e—crz_

v)dvg(s)zl (s—0(s))ds

—0
g+M1€GT

6707

o
+ oT
A Top-(h—oy 4 8 Mie™

- —0

)efct

22(t) < Mpe™©" forallt > 1.

(eB=0) — (A" —0)Th)

(3.12)

(3.13)

It follows from (3.12) and (3.13) that the solution X (¢;1, ¢) of (1.3) converges exponentially to X*(¢) as t — +oo.

This completes the proof of Theorem 3.2.

4. An example

The following example shows the feasibility of our main results.

Example 4.1 Consider Nicholson’s blowflies model with feedback control:

X(1) = —(194cos2t)x(r) 4+ e~ (11 +0.01|sin(v/21) | )x(t — e)e =)
+

+e¢~1(1140.01| cos(v/3t)|)x(r — e)e =€) —

2 —
110+lt2x([)u(t —e 1)7

u(t) = —(1+0.1cos*t)u(t)+(0.840.1|sint|)x(t —e1).

Here corresponding to the system (1.2), we assume that

T =19, 0t =20, By =117, B =110l vy =y =1,

c=0,c"=01,7T=e>0,A"=1,AT=1.1,g =009, g" =08,

and

= ﬁj + 1 e1 1
Y () —=2x11.01e"— =2377 <e,
oY oate 193

2 - + e—1
Zﬁ ,J,+K1_c K1K2>2lle

41{16

—e _

0.1¢2

+ +
oo o 20

ee

20

=1.0631 > 1,

(4.1)
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2
LB

= K tK +

Pl 2t 0003<1, S —09<1.
a e a o A

This implies that Nicholson’s blowflies model (4.1) satisfies the condition (H;) and (3.1) with K; =K, =, k| =
1, ,k» = 0.5. Hence, from Theorem 3.1 and 3.2, system (4.1) has a positive almost periodic solution. Numeric

simulation (Fig. 1) strongly imply the above conclusion.

x(t)
2.4 — - — - u(t)

solutions
R
[0}
T

N\

N A\ N~ \

\ = S VAVAYA
\// Q/\\/ (VAVAVEAVAVAVAV
v

o 10 20 30 40 50
time t

Fig. 1 Dynamic behavior of the solution (x(z),u(t))T of system (4.1) with the initial value

(01(0),91(0)" = (1,0.8)7,(1.2,1.2) and (1.6,1.6)7 for 6 € [—1,0], respectively.
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