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Abstract. A nonautonomous discrete competitive system with nonlinear inter-inhibition terms and feedback con-
trols is studied in this paper. By using difference inequality theory, a set of conditions which guarantee the perma-
nence of system is obtained. The results indicate that feedback control variables have no influence on the persistent
property of the system. Our results not only supplement but also improve some existing ones. Numerical simula-

tions show the feasibility of our results.
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1. Introduction

For any bounded sequence {a(n)}, a" = in{l {a(n)}, aV = sup{a(n)}. Recently, many authors
ne nenN
pay attention to the following competitive system with nonlinear inter-inhibition terms (see [1-

5)):

%i(t) = x1<r>{r1<t>—a1<t>m<f>—%}’
- alul)

1+X1(l‘)

(1)
() = xz(t){rz(t) —a()x0)
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where x; (i = 1,2) are the population densities of two competing species; r; (i = 1,2) are the
intrinsic growth rates of species; a; (i = 1,2) are the rates of intraspecific competition of the
first and second species, respectively; ¢; (i = 1,2) are the rates of interspecific competition of
the first and second species, respectively. For more ecological sense of model (1), one can see
[1] and the references cited therein. By using differential inequality, the module containment
theorem and the Lyapunov function, the existence and global asymptotic stability of positive
almost periodic solutions of system (1) is obtained by Wang et al. [2].

As we all know that continuous models can excellently show the dynamic behaviors of those
populations who have a long life cycle, overlapping generations, and large quantity; Also, the
discrete-time models governed by difference equations are more appropriate than the continu-
ous ones when populations have a short life expectancy, nonoverlapping generations in the real
word. Considering discrete-time models can provide efficient computational models of contin-
uous models for numerical simulations, Qin et al. [3] study the following system which is the

discrete analogue of system (1):

ca(n)xz(n) }
1 +X2(I’l)

_ci(n)xi(n) }
1+xi(n) J’

xi(n+1) = xl(n)exp{rl(n)—al(n)xl(n)—
2)

xn+1) = xz(n)exp{rz(n) —ay(n)xy(n)

they investigated the permanence and global asymptotic stability of positive periodic solutions
of system (2). When all coefficients in system (2) are bounded nonnegative almost periodic
sequences, Wang and Liu [4] further investigate the existence, uniqueness and uniformly as-
ymptotic stability of positive almost periodic solution of the above almost periodic system. Qin

et al. [3] obtained the following result about permanence of system (2).

Theorem A (see [3]). Suppose that system (2) satisfies the following assumptions:
F—d >0, LV >o. (Ar)
Then system (2) is permanent i.e. any positive solution (x1(n),x2(n))T of system (2) satisfies

0 < xix <liminfx;(n) < limsupx;(n) < xj < H-oo.
n—>oo n—s—+oo
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Noting that ecosystems in the real world are often disturbed by outside continuous forces,

Wang et al. [5] incorporate feedback controls into model (2) and consider the following model:

( xi(n+1) = xl(n)exp{rl(n)—al(n)xl(n)—%—el(n)ul(n)},
(3) xnh+1) = xz(n)exp{rz(n) —ar(n)xy(n) — % — ez(n)uz(n)},
| Au(n) = —bi(n)ui(n)+di(n)xi(n), Aua(n) = —ba(n)uz(n) +da(n)x2(n),

where x;(n) stand for the densities of species x; (i = 1,2) at the nth generation, respectively, for
i=1,2,{ai(n)}, {bi(n)}, {ci(n)}, {di(n)}, {ei(n)} and {ri(n)} are all bounded nonnegative

sequences such that
;
4) ’
i
By using Lyapunov function and some preliminary lemmas, the existence and uniformly as-
ymptotic stability of unique positive almost periodic solution of the system (3) are investigated

by Wang et al. [S]. More specifically, as for permanence, Wang et al. [5] obtained the following

result.

Theorem B (see [5]). If the following inequalities

rlL—cg—elljuT>O, r%—c?—egu§>0 (Az)

hold, then system (3) is permanent i.e. any positive solution (xi(n),xa(n),ui(n),uz(n))’ of

system (3) satisfies

0 < xj <liminfx;(n) <limsupx;(n) <x} < oo,

n—oo n—s—-oo
0 < uy, <liminfu;(n) <limsupu;(n) < u} < oo,
n—roo n——-o0
U x U
exp(ry —1 * ]!
wherexl’-‘:p(’—L)andu;‘: -, fori=1,2.
a:; bl.

1

Comparing with Theorem A, Theorem B shows that feedback control variables play impor-
tant roles on the persistent property of the system (3). But the question is whether or not the
feedback control variables have influence on the permanence of the system. On the other hand,
as was pointed out by Fan and Wang [6], “if we use the method of comparison theorem, then the

additional condition, in some extent, is necessary. But for the system itself, this condition may
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not necessary.” In [6] , by establishing a new difference inequality, Fan and Wang showed that
feedback control has no influence on the permanence of a single species discrete model. Their
success motivated us to consider the persistent property of system (3). Indeed, in this paper, we
will apply the analysis technique of Fan and Wang [6] to establish sufficient conditions, which is
independent of feedback control variables, to ensure the permanence of the system. We finally
obtain the following main results:

Theorem C . Assume that
rlL—cg>O, r%—c?>0 (A3)

hold, then system (3) is permanent.

Comparing with Theorem B, it is easy to see that (A3) in Theorem C are weaker than (A;)
in Theorem B and feedback control variables have no influence on the permanent property of
system (3), so our results improve the main results in [5]. For more works on this direction, one
could refer to [7-18] and the references cited therein.

By the biological meaning, we will focus our discussion on the positive solutions of sys-

tem (3). So, we consider (3) together with the following initial conditions:

(5) xi(0) >0, u;(0) >0, i=1,2.

It is not difficult to see that the solutions of (3)-(5) are well defined and satisfy
(6) xi(n) >0, u;j(n) >0, i=1,2, forn €N.

The remaining part of this paper is organized as follows. In Section 2, we will introduce
several lemmas. The permanence of system (3) is then studied in Section 3. In Section 4, a

suitable example together with its numerical simulations shows the feasibility of our results.
2. Preliminaries

In this section, we will introduce several useful lemmas.

Lemma 2.1 (see [19]). Assume that {x(n)} satisfies

x(n+1) > x(n)exp{a(n) —b(n)x(n)}, n > Ny,
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limsupx(n) < x* and x(Np) > 0, where a(n) and b(n) are non-negative sequences bounded
n—r—oo

above and below by positive constants and Ng € N. Then
L aL

L . .a / .
> J— —
lémlnfx(n) min{ - exp{a pYx*},

U

Lemma 2.2 (see [6]). Assume that A > 0 and y(0) > 0. Suppose that
y(n+1) <Ay(n)+B(n),n=1,2,....

Then for any integer k < n,

k=1
y(n) < Afy(n—k)+ ZAiB(n —i—1).
i=0

Especially, if A < 1 and B is bounded above with respect to M, then

; <M
1msu n — .
PV =Y

Lemma 2.3 (see [6]). Assume that A > 0 and y(0) > 0. Suppose that
y(n+1)>Ay(n)+B(n),n=1,2,....

Then for any integer k < n,

k—1
y(n) > Afy(n—k) + ZAiB(n—i— 1).
i=0

Especially, if A < 1 and B is bounded above with respect to m*, then

o
lminf() > 1=

3. Permanence

In this section, we detail the proof of our main result by several lemmas.
Lemma 3.1 (see [5]). Any positive solution (x1(n),x2(n),u;(n),uz(n))" of system (3) satisfies

(7) limsupx;(n) <x; limsupu;(n) <u;,
n—r—+oo n—r+-oo
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where x; and u? (i = 1,2) are defined in Theorem B.
Lemma 3.2 Assume
rf — Cg >0 (A31)

holds, then there exist two positive constants x1, and uy, such that

1,12&‘;“1(”) > X1y, Eglflof”l(”) > Uiy,

where x1. and uy, are defined in the proof.

Proof. According to Lemma 3.1, for any € > 0 small enough, there exists enough large Ny > 0,

such that for n > Ny,
(8) xi(n) <xj+e, u(n) <uj+e.
Thus, it follows from (8) and the first equation of system (3) that

xi(n+1)

v

xi(mexp{rf —a¥/ (xj +€) = cf —ef (uj +¢) |
©) xi(mexp{ —af (v +&) — f — eV +2) |

xi(n)exp{Di¢}

> v

for n > Nj, where D = —a?(xi‘ +é€)— cg — ellj(bff + €) < 0. For any integer k < n, it follows

from (9) that

n—l i n—1
H M > H exp{Di¢} = exp{Di¢k}.
j=n—k M (]) j=n—k
Thus
(10) x1(n—k) < xj(n)exp{—Dick}

From the third equation of system (3), we have
ur(n+1) = (1=>bi(n))ui(n)+di(n)x(n)

(1)

IN

(1—=bE)uy(n) -I—dijxl (n)

1>

Alul(l’l) + B (n),
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where A; =1 — blf and By (n) = d{]xl (n). Then, for any k < n, according to Lemma 2.2, (10)

and (11) that
k—1

w(n) < Afu(n—k)+ 'iOA’iBl(n—i—l)
k—1 .
(12) = A’;ul(n—k)+_zoAgd{fxl(n—i—l)

k—1 .
< Ahuy(n—k) +dVx (n) .ZOA’lexp{—Dlg(i—kl)}.
1=
Note that 0 < blL < 1, hence 0 < Ay < 1. Therefore,
(13) 0 <AXuy(n—k) <AX(u +€) =0, ask — oo

Then, there exists a positive integer N> > N; such that for any positive solution of system (3),

VAV (ut + ) < %(rf —c¥) for all n > N,. In fact, we could choose N, = max{1, 11;1—511 +1},
where P| = ﬂ Fix N;, for n > Ny + N;, we get
2¢¥ (ut +¢) ’
Np—1
ui(n) < Allv2u1(n—Nz) +d¥x1(n) EO Alexp{—Dig(i+1)}
(14)

Np—1
Allvz(uf +¢&)+dVx;(n) 'ZO Alexp{—Die(i+1)}
=

>IN

AP (i + &)+ Grexi (),

Ny—1 .
where Gy = d¥ ‘Zo Alexp{—Dig(i+1)}. Substituting (14) into the first equation of sys-
=

tem (3), we can get
xi(n+1) > xi(n)exps ¥ —a¥xi(n) — ¥ —elu (n)}
rf — alljxl (n) — cg — ellj (Allv2 (uj +€)+Grexg (n)) }

¥— ellfAjlvz(u’{ +&)— (d¥ + eV Gie)xi (n)}

I
=
~~
S
~—
a
>
o
EY
|
)

(\Y
=
—~
S
N——
<)
>4
o
lentun N et N st

(15)

|
2
—
S
N——
<)
>4
o
—
| —
—~
—
|
)
NG
~—
|
—
Q
—C
_|_
Q
-
Q
™
~
=
—~
S
N—
——

1>

1
where E| = 3 (rf — cg) and Ee = a? + e?Glg. By applying Lemma 2.1 to (15), it immediately

follows that
E;
E26

}.

E;
o > m B .
lég Jlrlolofxl (n) > min{ e exp{E| — Exex1},
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Setting € — 0 in the above inequality, we obtain
E E
(16) I,Hi&fxl (n) > min{E—;exp{El — Exxi}, E_;} 2 X1
It follows from (16) that there exists large enough N3 > Ny + N, such that
X1x
17) x1(n) > TR for all n > N3.

This together with the third equation of system (3) leads to

Xl*dl (I’l)

Auy(n) > —bi(n)uy(n) + >

, for all n > N;s.

Hence,

(18) u(n+1)> (1=bV)u(n) + , for all n > Ns.
1

By applying Lemma 2.3, it follows from (18) that

dlel* A

liminfu; (n) > = Ul

n—-teo - 2Y
This completes the proof the proof of Lemma 3.2.
Lemma 3.3 Assume

7'5 — Cﬁj >0 (A32)

holds, then there exist two positive constants xp, and uy, such that

léglgofxz(n) > X2+, llgglgofuz(n) > Uy,

where x>, and uy, are defined in the proof.
Proof. The proof of Lemma 3.3 is similar to that of Lemma 3.2. So we omit the detail here.

Lemmas 3.1-3.3 show that the conclusion of Theorem C holds.

4. Example and numeric simulation
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16

.
14 —e—x,

0 L , 0 L ,
150 200 250 150 200 250
time t time t

FIGURE 1. Dynamic behavior of the system (19) with the initial condition
(x1(0),x2(0),u1(0),u2(0)) = (0.1,0.3,0.2,0.04)” and (0.2,0.1,0.6,0.5)7, re-

spectively.

In this section, we give the following example to verify the feasibilities of Theorem C:
(

am+l) = x (n)exp{z.s +0.5sin(v/7n) — (1.3 +0.2cosn)x; (1)

(0.75+0.25sin(v/11n))x2(n)
_ T n) —(0.94-0.1cos(v/3n))u (n)},

xn+1) = xg(n)exp{Z.S—(2.2+0.2sinn)x2(n)

(19)
(0.540.25co0s(v/13n))x; (n) .
_ a0 —(1—|—O.551nn)u1(n)},
Aup(n) = —(0.08+0.02sin(v/2n))u;(n)+ (0.6 +0.4cos(v/7n))x1 (n),
\ Auy(n) = —(0.7340.03cos(v/5n))uaz(n) + (0.8 +0.2sin(n))x2(n)),
In this case, we have
(20) = =1>0, 5 =205>0

(4.2) shows that (A3) holds, so the system (19) is permanent according to Theorem C. Our

numerical simulation supports our result (see Fig. 1). However,
1) k8 —eVui =~ —110.9554 < 0, 15 —cY —eSuy ~ —2.7518 < 0,

that is to say (A;) does not hold and we could not obtain the result of the permanence from

Theorem B. Thus our results improve the main results in [5].
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