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The classical ecological non-linear models of interacting population have been discussed
extensively by many authors. Predator- prey system is one of the most important population
model. In population dynamics, the functional response of predator to prey density refers the
attack rate per unit time w.r.t. prey density. Many researchers have analyzed mathematical
models using functional response (e.g., Holling type I, II, III or IV) by considering different
type of growth functions depending upon the species [4, 8, 10, 19]. A bio-economic modeling
concerns with optimal management of renewable resources. Harvesting has a strong impact
on the dynamics of biological resources. The severity of the impact depends on the nature of
implementation of the strategy. Basically, there are three types of harvesting strategies that
are being used mostly (i) a constant number of species are harvested per unit of time, (ii) pro-
portional harvesting given by Schaefer catch- effort relation H(x,E) = gEx. Here, the num-
ber of species harvested per unit of time is proportional to the population stock x, q is the
catch-ability coefficient and E is the effort applied to harvest, (iii) non-linear harvesting 1.e.,
H(x,E) = gEx/(mE + myx), where m; and my are positive constants.
Effects of harvesting on variety of predator-prey models have been discussed by many re-
searchers [2, 3,4, 8, 19, 21, 22]. Mathematical modeling with harvesting of renewable resources
and the policies related to its bionomic exploitations have been discussed extensively by Clark
[3]. Brauer and Soudack [2] discussed the dynamical behavior of predator- prey system with
constant rate of harvesting in prey. The problem of combined harvesting of two ecologically
independent and logistically growing fish species was investigated by Clark [3]. Zhu and Lan
[22] considered a Leslie-Gower model with constant harvesting in prey and analyzed the local
dynamics of system in the neighborhood of predator free equilibrium point as well as interior
equilibrium point. Zhang [21] proposed a Leslie-Gower predator- prey model with proportional
harvesting in both prey and predator. He studied the persistence and global stability of this
system. The global stability of the unique interior equilibrium of the system shows that har-
vesting has no influence on the persistence of the system. Das and Mukharjee et al. [4] studied
a predator- prey model, where both species grow logistically and are subjected to a nonlinear

harvesting. Recently, Gupta and Banerjee[8] studied a predator- prey model with non-linear
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harvesting of prey, considering logistically growing prey and Modified Leslie-Gower type pre-
dation. They studied that the system has a complex dynamical behavior and exhibits several
local bifurcations.

Regulation of renewable resources is an essential and important part in the optimal management
of renewable resources.The over exploitation of biological resources is controlled by imposing
taxation and/or license fees. The extinction of species can also be controlled by creating reserve
zones for harvesting or limiting the harvesting period. In fishery resource management, many
investigations have been carried out with taxation as a control instrument. Harvesting problems
with taxation have been studied by Clark [3]. Dubey analyzed a non-linear mathematical model
to study a resource dependent fishery model with optimal harvesting policy by considering tax-
ation as a control instrument[5]. They also proved that the fishery resources can be protected
from over-exploitation by increasing the tax and discounted rate. Pradhan and Chaudhuri [17]
also proposed and analyzed a dynamical reaction model of two species fishery with taxation
as a control variable and then discussed its optimal harvesting policy. Recently, Huo et al.[9]
discussed a dynamic model for fishery resource with reserve area and taxation as a control pa-
rameter. The present paper deals with a dynamic reaction model in the case of a predator- prey
type fishery system, while the model considered here, is especially based on a modified version
of the Leslie-Gower scheme, where only the prey species is subjected to non- linear harvesting.
The harvesting effort is taken as a dynamical variable and taxation as a control instrument. This
imposition of tax helps to control over harvesting of prey species and in turn, it helps the preda-
tor population to grow. The main aim of this paper is to find the proper taxation policy which

gives the best possible benefit through harvesting.

2. The Mathematical Model And Its Qualitative Analysis

Let x(7) denote the population density of a logistically growing prey with Holling type-II
functional response and y(¢) be the density of predator assuming Modified Leslie-Gower type

predation. Let the prey species be harvested with effort E and H(x,E) denote the harvesting
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function. The dynamics of system is governed by

dx by axy

il rx(l—%)—a+x—H(x,E), (1)
dy By

CA— 1— 2
dt Sy( a+x>’ @

The parameter r is the intrinsic growth rate and k is the environmental carrying capacity for
the prey. For the predator, s is the growth rate, o is its encounter rate with the prey and 3
is maximum rate of the reduction of predator population. All these parameters are assuming
only positive values. The following more realistic non-linear harvesting function is considered

instead of constant and proportional harvesting.

H( E) qgEx
xE)=—F——.
’ mE +mox

The net economic revenue of fishermen from harvesting of prey species is given by

Net Revenue=T.R.—T.C.=E (L — c) .
m E+mox

In order to control over exploitation of the species, the regulatory agencies impose a tax on
harvested species. Let p and c are price and cost per unit mass, 1) is stiffness parameter and
T € [Tiin, Tmax) be the imposed tax per unit harvested prey species. For a tax T > 0, the revenue
of the fishermen will be reduced by (p — ), assuming p > 7 and E(¢) is taken as a dynamic

harvesting effort at a time t. Thus, the effort dynamics is determined as follows[16]:

dE g(p—1)x

—=nNE({ —————¢|. 3

dt n (mlE + mox ¢ )
The coupled dynamical equations (1)-(3) constitute the model for the harvesting of prey. The

model with associated initial conditions is as follows:

d E
(i) S

dt k atx m1E + mox

dy By

- = 1— = 4
0 sy( a+x) ye(x,y), 4)
dE q(p—1)x

— = NE|———c¢c | =Eh(x,E),.

dt n (m1E+m2x ¢ (. E),

X(O) :Xo,y(O) :y07E(O) - EO, (xO,y07E()) - Ri
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Theorem 1. All the solutions (x(t),y(t),E(t)) of the system (4) with positive initial condition

remain positive for all t > 0.

Proof. The solution of the system (4) is obtained as follows:

x(t) exp(/ flx dp) > 0,

0 =y<o>exp( [ stxtp.s dp) >0,
t
E(t) = E(O)exp< / h(x(p),y dp) > 0.
0
This shows that the solution of the system (4) is positive for all # > 0 O

Theorem 2. The system (4) has uniformly bounded solution.

Proof. Consider a function y(¢) such that

1

w(t) = x(t)+y()+ E(t),

np—71)
dW(t) / / 1 /
= x()+y()+——"—=E(1),
o (O O+ o
Y AN axy  gqEx bsy— Bsy n gEx  cE 7
k a+x mE+myx a+x mE+mx n(p—1)
2 E
ay() _ (PN, By cE
dt k at+k np—r1)
Introduce a positive constant N and rewrite the above equation as follows:
dy(r) 2 B 2 (c—N)

N < N)x—— N ——F.

TR y() < ((H— )x R (s+N)y— PR n(p—7)

For ¢ > N, further simplification yields,
dy (1) (o KrENY SB[ s+ N)(k+a)\

N < ——(x— — — M

a VYOS k(x 2r atk 25B i

dy(r) B(r+N)*  (s+N)>*(k+a)’

N < M; M= .

a TV < ( 472 4522

Solution of above differential inequality gives,

y(r) < %(1 —e”’) +y(0)e M,
M
v

0<limy(t) <

t—ro0
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Accordingly, all the solutions of (4) initiating from Ri are confined in the region

R= {(x,y,E) eR;0 < x(t)+y(t)+ E(t) <M+ ¢ for any ¢ > 0}

nip—1)

This proves the result. 0J

3. Existence, Stability and Bifurcation of Equilibria

The system has six feasible non-negative equilibrium states, namely
(i) Po(0
(it) Py (k,
(iii) P»(0

a>0.

O

,0,0) is a trivial equilibrium point.

O

,0) is the axial equilibrium point on x-axis.

,0) is the axial point on y-axis. Predator exists due to presence of alternate food

Y

‘CIIQ

(iv) P3(x,y,0) is the boundary equilibrium point in xy-plane. The equilibrium level densities

X and y are the positive solution of the following equations:

r(y—f)— A o,
k a-+Xx

mlza
a+t+x

1—

The positive solution is obtained as

k(l_ﬁ) and y:%(a—k)?) with rp > a. (5)

(v) P4(%,0,E) is boundary equilibrium point in xE-plane. Here £ and £ are the positive

solution of the following equations:

ap—1%
mIE +mpXx '
This gives
_ L ~ -7 _
x=k (rm1 — )L+ rm and E =Lx, where L= (P=7)g cmz. (6)
r(mL+my) cmy
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Accordingly, X is positive provided one of the following conditions is satisfied as fol-

lows:

q cny
mp > —
7

and T<p———
q

or

2
ml<g and O<€_m1<@ i.e.7r>p_(cm2+ reemypmy )
' g L g  qlg—mr)

Ps(x*,y*,E*) is the unique interior equilibrium point of the system (4) and is obtained

by solving the following equations:

x* oy* qE*
ril—— ) — — =0
k a+x*  mE*+myx*

B
a+x*
. *
Ap—ox
m E* +mox*
These yield:
o L ¥
x*:k(l———q—), =2 ind E*=Lx. (7
rB r(mL+my) B
The interior equilibrium point (x*,y*, E*) is positive for the condition
o
cm (r_ _)lem2 cm
p—( 2+ i ><r<p——2. 8)
g  q(g—m(r—75)) q

The condition (8) gives the range of tax for the existence of interior equilibrium and
this range of tax can be useful for regulatory agency at the time of formulation of tax
structure per unit biomass for controlling the fishery system.

From equation (7), the following can be derived:

dx* rmaq?

= —— T >0 9
drt (m1L+m2)2 ’ ©)
d *
Y > 0 and (10)
drt
dE* dx* q dx* gx*

= L —x"— <0 < . 11
dt dt o cmy for dt  Lcm (b

The equations (9) and (10) shows that as the value of taxation increasing, the prey

and predator densities are also increasing. However, the harvesting effort decreases
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with increasing taxation for (11). This concludes that with the increase of taxation, the
amount of effort will start decreasing. This means a fisherman’s interest for investment
in fishery will decrease and may be some of them will leave harvesting of species as
it is no longer profitable. In resultant, this must help prey and predator population to
grow. The enhance taxation can help in increasing higher equilibrium level of prey
and predator densities. It can be concluded that equilibrium level of prey, predator

populations can be increased by increasing value of taxation.

For the local stability, the Jacobian matrix of the system (4) at any point(x,y, E) is given by

- 2 -
r oy qgEmy ox X
f+x( k+ (a+x)2+ (mlE—i—mzx)Z) a+x m2q<m1E+m2x)
_ Bsy* Bsy
J(x7Y7E)_ (a+x>2 g_a+x O
TIC](P—T)”ZIEZ 0 ho ng(p — v)mxE
B (m1E+m2x)2 (mlE—l—sz)z

Using Routh- Hurwitz criterion [13, 14], the local stability analysis of all equilibrium states

is gives as follows:

(1) The origin Py(0,0,0) is a saddle point with unstable manifold in y direction. It has a
stable manifold in x as well as E direction.
(2) The equilibrium point (k,0,0) is a saddle point with unstable manifold in y-direction

and stable manifold in x-direction. The system has stable manifold in E-direction if
T>p——. (12)

It may be noted that the equilibrium point P; (k,0,0) becomes non- hyperbolic and bi-

furcation may occur when

M =c. (13)
mp

(3) The equilibrium point P, (O, ﬁ,O) is locally asymptotically stable provided

B
<0. (14)

r—

e
B
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When the above condition (14) is violated, then the point P; is a saddle point with
unstable manifold in x- direction.

(4) The characteristic equation corresponding to the equilibrium point P3(X,y,0) yields the

eigen values:

=il g () its) 5] -

en(202-),

mp
Accordingly, the following conclusions can be drawn regarding the local stability of P3:

(i) The equilibrium point P; is locally asymptotically stable when

<r+s—E and M<c. (15)

oax
Bla+x) B "y

(i1) The point P; is a saddle point with an unstable manifold in E-direction provided

w > c. (16)
my
(ii1) The bifurcation is possible when
=74 _ (17)
my
) o ox . . . . .
(iv) If (E —r— s) + m =0, then a pair of purely imaginary eigen values exists.

The transversality condition for Hopf bifurcation at the equilibrium point P is given by

dffe N, _oax ]__ _B-a)k(a—rB—ap)—arp]
KB >+B(a+fc>] 170 f Blar k(- )

Thus, the existence of periodic solutions around the equilibrium point P; are possi-

ble. This will attract all small perturbations in the neighborhood of xy- plane when
(p—1)q

my
(5) Corresponding to the equilibrium point Py(%,0, E), one of the eigen value is A = s > o,

< c.

and the other two are obtained as eigenvalues of the following2 x 2 matrix

N qEmy gmy
Ji(&E) = k — (mE+mpX) (M E + my%)

e nE2q(p — t)m _ MExq(p—1)m,

(m1E+m2)?)2 (mIE +m2)?)2
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It can be observed that

det(J}) = % >0 and

E —nEsq(p—1
) = 4 - gAY ST
k= (mE+myk)? (m1E + my%)?
:< oL _r) gLy — i (p— 1))
miL+my (m1L+m2)2 ’

Accordingly, P4 is a saddle point when ¢r(J;) < 0. Further, if t7(J;) = 0, then it has
pair of purely imaginary roots. The transversality condition for Hopf bifurcation at the
equilibrium point P; is given by

gL gL(my —nmy(p— 1))
miL+my (mL+my)?

dtr)(Jy B
P =—1#0 for r=

Thus, there exists a family of an attracting periodic solutions through Hopf bifurcation

from P, in the neighborhood of ’r’, keeping other parameters fixed.

The necessary and sufficient condition for local stability of (x*,y*,E*) is given by the fol-

lowing theorem:

Theorem 3. The positive interior equilibrium point Ps(x*,y*, E*) is asymptotically locally sta-

ble provided condition (19) is satisfied.

Proof. Let the jacobian matrix of the system (4) evaluated at the equilibrium point Ps be

J5(x*,y*,E*) = (a;j)3x3.

r oy* gE*my —ox* mag(x*)?
an =x"| ——+ + , ap=——>0, aj3= >0,
H ( k (a+x*)?  (mE*+myx*)? PR B i E* 4+ mox* )2
Bsy* —Bsy”*
az1=m>0, ap=_ <0; an=-ay(a+x")<0, ax=az»=0,

*

_ ng(p—t)mi (E*)?
(M E* + mpx*)?

ng(p— t)mx*E”
>0, = — <0, =—a31— < 0.
asj (mE* +myx)? asj a3]E*

asig
Thus, the characteristics equation of the jacobian matrix at Ps(x*,y*, E*) is obtained as

A+ AL+ AL +A3 =0,
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A = —(ai +an+azz),
Ay = apazz + (anazz —apzazy) + (ajjaxn —azazy),

Az = ajjaxasz —apazazz — ay3aza.

Using Routh- Hurwitz criteria, the condition for local stability of the equilibrium point Ps(x*, y*, E*)

is
A1 >0, A >0 and AjA;—A3>0. (18)

Note that A; >0 if

r oy* qgE*my
- — — > 0. 19
k (a+x*)?  (mE*+myx*)? (19)

M =

Also, A > 0 and AjA; — Az > 0 for the condition (19). Thus, the interior equilibrium point

(x*,y*,E*) is asymptotically stable provided M > 0. O

Theorem 4. The interior equilibrium point (x*,y* E*) of the system (4) is globally asymptot-

ically stable in the domain D = {(x,y,E) : miE + mox > My, (x,y,E) € Ry}, where M =
Lgkaf

(miL+my)(raf — otk)

Proof. Consider a function V (x,y, E) for arbitrary chosen positive constants dy, d| and d; s.t:

X E
V(x,y,E) =do|(x—x") —X*log;} +d; {(y—y*) —y*IOgyl*} +d, {(E—E*) —E*logﬁ ;

where, V(x*,y",E*)=0.
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Now differentiate V w.r.t. 't/,

av x y E
o )t di )t d(E—E)D
o7 o(x x)x+ 1(y=y )y+ 2( )E’
" X\ _ oy qE " Bsy
= do(x— T di(y—y*)(s—
ol x)<r< k) a+x mlE—l—mzx)+ 1y—y )<S a—i—x)
o (4P =T)x
dr(E—E —_————c].
+ 2( ) (m1E+m2x C)
av. dox—x*)2 |1 — ay B qE (=) =)
dt k  (a+x)(a+x*) (miE+mox)(miE* + myx*) a+x
dot o QBET] | (—dogx" +dag(p— DE")(x—x*)(E—E*)  disB(y—)")?
—doox + —
a—+x* (mE +mpx)(m E* + mpx*) a+x
_ dg(p—(E-E)
(M E +mopx)(m E* + mpx*)
Choosing dy = 1,d; = % and dr = (p—xw > 0 for p > 7, the above equation
becomes,
adv w2 | OCy* qE* dlsﬁ *\2
< _d(x— M _ _ _
dt o(x=x") [k (a+x)(a+x*) (mlE—l-mzx)(mlE*—i-mzx*)] a—l—x(y )
dag(p—7)x" 2
- * * ( _E ) ?
(mE +mpx)(mE* + mpx*)
LA N | L A qE* o (a+x)x*(y —y*)?
d — k ala+x*)  (mE ~+myx)(m E* 4+ mpx*) (a+x)E*
B qXZ*(E_E*)Z
(M E + mox)(m E* +mpx*)’
dv T oy* gE*
— <0 if -— — >0
dt " ala+x*)  (mE+myx)(m E* + mx*)

Substituting the values of y* and E™ in the above expression, a plane is obtained as follows:

Lgkaf
(miL+my)(raf — ak)

(m E + mpx) > = M, (say). (20)

If raf} < ok, the inequality (20) is trivially true and for raf3 > ak, a bound of plane (mE + myx)

dv
is obtained in positive octant. This shows that i is negative definite for the condition (20).

Thus, the interior equilibrium point (x*,y*, E*) is asymptotically globally stable for the suf-

ficient condition (20). [
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Theorem S. The system (4) exhibits a transcritical bifurcation around the axial equilibrium
point Py (k,0,0) if
cmy
Te=p——: 21
q
Proof. The Jacobian of system (4) at equilibrium point P (k,0,0) has a zero eigenvalue for the
condition T = p — 2 and therefore, the equilibrium point (k,0,0) becomes non-hyperbolic.
q
So there is a chance of bifurcation around this equilibrium point. The threshold value of the
. . . cnyp
bifurcationis 7, = p — —.

q
The eigenvectors of J(k,0,0) and (J(k,0,0))” corresponding to zero eigenvalue are obtained as

T
V= (1,0, rmz) and W =(0,0,1)T, respectively. (22)
q
Compute Aq, Ay and Aj as follows:
A =WTF,(P,1.)=0, F=(F"F*F)" =(xf,yg,Eh)T.

Ay =WT[DF (P, 7.)V] =rn #0,

where
00 0
DF,(P,,7)=| 0 0 0
0o o N4
my
Tin2 nmr*
A3 =W' [D°F(P1,7.)(V,V)] = #0

. Since, A = 0, there is no chance of saddle- node bifurcation.
Thus, by the Sotomayor’s theorem, the system (4) undergoes a transcritical bifurcation around
the axial equilibrium point (k,0,0) for the condition (23).

O

Remark 0.1. Similarly, the system (4) exhibits a transcritical bifurcation around the axial equi-

o
librium point (0, %, 0) ifr= B
Further, the system (4) has a transcritical bifurcation around the boundary equilibrium point

('Y?yu O)fOI" T=p— %
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4. Persistence

Persistence ensures the long term co-existence of all species. The system is investigated near
the boundaries of the positive octant. According to the approach of Freedman and Waltman

[6][section-4], consider the system (4) along with the following assumptions:

—o —moqx
(BL): fy arx Je (miE +mpx)? 7
sBy
= 0,
— E
po— Mp—omE _ o

(m1E+m2x)2
Oy E)=1-Pyco i y> ¢
$(0.y.E)=1-"y y> 5
1(0,0,E) = —ne < 0.

(B2): The prey species x grows to the carrying capacity in the absence of predator i.e.,
£(0,0,0)=r>0 and f(k,0,0)=0.

While, due to the intra-specific competition within prey species, it is observed

af o
2 (x,0,0) =~ 2 <0,

(B3): There is no equilibrium point on yE plane.
(B4): In the absence of harvesting (E = 0) and predator (y = 0), there exist equilibrium
points

(%,5,0) and (%,0, E) respectively, such that

Therefore, the following results represent the conditions for persistence of the system (4).

Theorem 6. Let the hypotheses [Bl]-[B4] hold. The system (4) persists in the absence of
periodic solutions in the boundary planes provided

(p—1)q
my

2(x,5,0) =s5>0. (24)

h(%,0,E) = —c>0. (23)
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Proof. For the boundary equilibrium point P3(X,y,0) in xy— plane, the eigen value in E- direc-
(P—1)q
my
Similarly, A, = s > 0 is eigen value in y-direction corresponding to the boundary equilibrium

tion is obtained as A3 = — ¢. The point P3(x,y,0) is unstable provided (23) holds.

point (£,0, E) in xE plane, which is unstable provided (24) holds. Also, the points (0,0,0) and
(k,0,0) are unstable. This shows that all trajectories are bounded away from all boundaries of
the system. Hence, if there are no limit cycles on the boundary planes and the conditions(23)

and (24) are satisfied , then the system(4) persists. O

Theorem 7. Let there be a finite number of periodic solution in xy and xE planes. Then, for each
limit cycle (u(t),v(t)) in the xy plane and (@, (t), @y (t)) in xE plane, the persistence conditions

for the system would take the form:

/h 0)dt >0 and / £),0,0(1))dt > 0,

where & and  are the limit periods of the limit cycle.

Proof. Assume that there exists a limit cycle in the in the xy— plane , then the variational matrix

about the limit cycle x(¢) = u(r),y(t) = v(t),z(t) = 0 take the form

_ - o (?) —ou(t) q ]
M<f><—z+ <a+2u<r>>2) a+u(r) m
V(u(t),v(1),0) = % ;T:((:)) ’
0 0 7 (%_")

Consider the solution of given system with the initial condition (¢,a;,a;,a3) sufficiently close

to the limit cycle. From the above variational matrix, it can be obtained that

dE _ n (M —c> with E(0) = a3,
dt my

_ a3exp{ Ogn ( c) dz] ,
8a3 Uoén ( C> dt} '

Using Taylor’s expansion theorem:

E(t,ay,az,a3)—E(t,a;,a2,0) :ag,aa—i “azexp {foén (%—c) dt} “azexp {foéh(u(t),v(t),O) dt|.



16 SUNITA GAKKHAR, REENU RANI

Then E increases or decreases according to foéh(u(t),v(t),O) dt is positive or negative. Hence
the trajectories go away from the xy— plane under the assumptions of the theorem.

Similarly, result can be proved for xE — plane.

5. Bionomic Equilibrium and Optimal Harvesting Policy

The net economic revenue to the society is represented as the sum of net economic revenue

to the fishermen and net economic revenue to the regulatory agency, i.e.,

P(r,x,y,E,r):<M—c)E+ qerk :< apx —c)E. (25)

m E +mox m E 4+ mox m E +mox

Clark [3] defined the bionomic equilibrium point as the point of intersection of the interior
equilibrium of the system (4) along with zero net economic revenue. The bionomic equilibrium

PpE(xBE,yBE,EBE) is obtained as the positive solution of the system

dx a’y dE
= =P=0.
dt — dt  dt

It gives

k o cmy a—+ Xpg (pq —cmy)
XBg = —— r— — ml—q—|—— , YBE = and EBE:—XBEv
mpr B p B cmy
for
o
%<q<(r__)ml+%. 26)
p B p

Next, an optimal harvesting policy for the system (4) is investigated to maximize the total
discounted net revenue using taxation as a control instrument. The optimal control problem

over an infinite time horizon is given by

max 1= / ( Px c) dt. 27)
Tnin <T(t) < Tmax miE +mox

The constant 0 is the instantaneous annual rate of discount decided by harvesting agencies. Let

X = (x,y,E) and X* = (x*,y*,E™) are the positions such that there exist a tax policy 7(¢). The
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system (4) with X (7;) = X* has a positive solution for > | under the policy 7(z).

Therefore, the taxation policy[10] is assumed as follows:

T(t) for te€]0,4]
T(t) =
T*  for t>1.
The objective is to determine an optimal taxation policy T = 7(¢) to maximize (27) subject to
the state equations in the system (4) and the control constraints T,,;; < T(f) < Tpqy. Pontryagin’s
Maximum Principle is used to obtain the optimal level of the solution of the problem (27). Let

A1(1),A2(¢) and As3(r) are adjoint variables w.r.t. the time 't corresponding to the variables x,y

and E, respectively. The associated Hamiltonian function is given by

e apx _X\_oxy _ gEx
H(t>x7yaE7T) - € <m1E—|—sz C) +A |:l”x<1 k> at+x mkE —|—m2x]
By q(p—1)x
tafoy(1- 22| | (2220 ), @28)

Notice that Hamiltonian is linear in control variable 7. The optimal control problem involves
singular and bang-bang controls. Also, the optimal control must satisfy the following conditions
to maximize 'H’:
_ Tnax VE€[0,11] with 22 >0

- Tuin YVt E€[0,1] with 42 <.
The Hamiltonian in (28) must be maximized for T € [Tyin, Tnax]. Assume that the control con-

straints are not binding (i.e., the optimal solution does not occur att,,;, or T, ). Thus, the

considered control problem admits a singular solution on the control set(Tyin, Tnax) if

oH

- -0

o7 ’
P 0 = A(t)=0 (29)
e m E +mpx .

In order to find a singular control, Pontryagin’s Maximum Principle [15] is utilized and the
adjoint variables must satisfy the adjoint equations given by

dA oH d/lz_ oH %_ oH

P P L T GO

The optimal equilibrium point is the equilibrium point corresponding to the optimal tax. Such

a path is called the optimal path and is a solution of the system (4). Now, the adjoint equations
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are
dM oH st pgm E? rx oxy gExm;
— = = e s +A«1 - 4+ _
dt ox (m1E 4+ myx)? ko (a+x)?  (mE+mpx)?
sBy*
()| b
db,  JH ox sBy
o Lafm)a(2)
dg _ 0H _ [ s pemx® \ ([ —gm
dt oE c(mE 4+ myx)? c(mE +mypx)?
2
_ _{6—51 (p_c(m1E+’;12x) ) —/11} (33)
qmax

Also, the considered control problem admits a singular solution on the control set [0, E,4y] if
oH 0
JE

c(mE+ mzx)z)
5 :

= M) =e? <p—

Let A;(t) = ui(t)e~ %, where (1) = Ai(¢))e® for i=1,2,3 are known as the shadow

(34)

qmox

prices and they should remain constant over time. Solving (32), a linear differential equation is

obtained in A, and in the interior equilibrium (x*,y*, E*) such that

dAy _s
2 M =—e A 35
I 12 =—e T A, (35)
where
* * E* *\2
Al = sBy and A, = ox ( — c(m —{—rr;zx ) )
a+x* a+x* qmox*
Solving equation (35),
Al s
AL(t) = L 36
2(1) 4,15° (36)
To solve (31), put the value of A,(z) using (36) in (31),
dM st pgm E*? rx* ox*y* N gE*x*myp
— — —e -
dt (M E* + mpx*)? "k (a+x*)2  (mE*+mpx*)?
A o1 sBy*?
Ay +6 (a+x*)? )
dA
e —BiA = —6_8132, (37)

dt
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where
rx* ox*y* qE*x*my pgm E*? Ay sBy*?
Bi=—— and By = + .
k (a+x)?  (mE*+myx*)? (M E* +mpx*)2 ~ (Ay+6) (a+x*)2
Solving equation (37),
B, _s
Mi(t) = L 38

Using (34) and (38),

c(mE* 4+ max*)? _ By
gnpx*? By+6°

(39)

Thus,(39) gives us desired singular path. Now, for the optimal level of this singular solution,

Arrow Sufficiency condition for infinite time horizon [7] is applied. It is observed that

0’H —r) m E*? [aH _5,} m3qE*x* ay*(a—x A sBiy*?
_ e _ _ _
(

o2k (mE*+mx*)x*? ﬁ—i_c mE* + mpx*)3 (a+x*)3 (a+x*)3

2

oH
F <0, itis observed that A; > 0,4, > 0 and x* < a with the singular controli.e., — =0

or —3362 ' E
H —
_hsb
dy:  a-+x*
d°H d°H , o
Therefore, 72 < 0 and 52 < 0 for all ¢t € [0,00) This shows that the Hamiltonian "H’ is
X y

concave in both x and y for all 7 € [0,) provided the required conditions are satisfied. Hence,

and

the arrow sufficiency condition for infinite time horizon shows that the singular solution is the

part of optimal solution.

6. Numerical Simulations

In this section, numerical simulations are carried out for suitable choices of parameters to
investigate the dynamical behavior of the system, keeping all the parameters fixed except 7.
Hence, 7 is known as bifurcation parameter. Let the value of parameters r=0.3, k=
100, o« =0.005, m; =05, m=05 ¢g=0.15 a=3, s=1, B=0.15 n=
I, p=5, c¢=1 Iinappropriate units.

As a regulatory is always interested in the interior states. So, for the above set of parameters,
examine the condition of existence and the stability of the steady state Ps(x*,y*,E*). To en-

sure the existence of the non- trivial steady states Ps, the value of taxation 7 can be obtained
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FIGURE 1. (a), (b) and (c) represent Solution curves of the prey population,
predator population and Effort as a function of time for different low values of
tax T, for a fixed initial level (70,550,5) and (d) represents phase plane trajecto-

ries of species x,y and effort E with the different initial levels for 7 = 1.5.

as —0.7329 < 7 < 1.667. For 1,;, < 0, there is a case of subsidies provided by government
to the fishermen at the time of fishing. If there is no case of subsidy, then take 7, = 0
and T, = 1.6(say). For the 7,;,, = 0 and 7,,,, = 1.6, the steady states can be obtained as
(55.557,390.4073,27.7777) and (86.7306,598.3166,1.8993). It can be observed that when a
fisherman have to pay no tax, he uses maximum amount of efforts to obtained the maximum
benefits from fishery as compared in the case of taxation. The parameter values also satisfy
the condition (19), which shows that steady state Ps(x*,y*,E*) is locally asymptotically sta-
ble. In the figure-1, diagrams (a), (b) and (c) give long term behavior of trajectories of prey-
predator population and effort ’E’ w.r.t. time ’t’ for the different low values of tax 7. This
shows that for the fixed initial level (70,550,5), all the trajectories converges to its interior
equilibrium point in the positive octant. Also, it can be observed that as the value of taxation
T increases, the harvesting effort decreases. In resulted, prey population increases which helps
predator population to grow. Figure-1(d) represents phase plane trajectories of species x,y and
effort E with the different initial levels and it represents that the interior point (x*,y*,E*)=
(84.1232,580.8527,4.2091) is globally stable corresponding to T = 1.5 for different initial lev-
els in positive octant.

In figure-2, diagrams (a), (b) and (c) gives long term behavior of trajectories of prey- predator

population and effort ’E” w.r.t. time ’t’ for the different high values of taxation 7. This shows
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FIGURE 2. (a), (b) and (c) represent Solution curves of the prey population,
predator population and Effort as a function of time for different high values of

tax 7.
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FIGURE 3. Phase plane trajectories of different biomasses with the different

initial levels corresponding to T = 1.9 provided 7 > 1.667.

that the population densities for the prey *x’ and predator 'y’ increase as the tax rates increase,
where as the density of harvesting effort (E) decreases as the tax rates increase. After a time, a
level of taxation i.e.,7 = 1.667 is obtained where effort level will tends to zero.

The figure-3, represents phase plane trajectories of different biomasses with the different initial
levels at the interior, which converge to the point (88.8892,612.6444,0.0000) on the boundary
plane i.e., x-y plane corresponding to T = 1.9, keeping other parameters fixed. Therefore, for

the condition 7 > 1.667, it shows that, for the every different initial levels on the xyE space

)
500
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converge to a point on xy plane which means that if a threshold level of taxation i.e.,7 = 1.667
is crossed, then it is not profitable to continue harvesting of prey species. In resultant, They

have to stop harvesting of species.

7. Conclusion

This paper is concerned with the study of a Modified Leslie- Gower type predator in a
predator- prey system with nonlinear harvesting of prey population. The harvesting effort is
taken as a dynamic variable and taxation as a control instrument. The conditions for existence
of steady states and their stability behavior have been examined by using Eigen Value Method,
Routh- Hurwitz criteria and Lyapunov method. The existence of interior steady state strongly
depends on range of tax. This range of tax may be useful for the regulatory agency for for-
mulating a tax structure. The bionomical equilibrium of the system has been derived and it
provides the range of harvesting co-efficient (or catch ability of harvest) that can be useful for
a harvesting agency to get the profitable yields. The sufficient condition for global stability
of unique interior equilibrium point provides a domain for global solution. The conditions of
persistence for the system is derived. It is also investigated that the coexistence of prey and
predator population depends upon the proper harvesting strategies such that the risk of extinc-
tion (or over exploitation) of the species can be avoided. The optimal taxation policy for the
control problem has been studied by using Pontryagin’s Maximum Principle. The optimum so-
lution and optimum path has been derived. The impact of taxation on the system shows that the
population densities for the prey(x) and predator(y) increased as the tax rates increased, where
as the density of harvesting effort(E) decreased as the tax rates increased. It can be concluded
that the equilibrium level of predator-prey system can be increased by increasing tax level. This
observations gives the idea to obtain optimal level of taxation corresponding the optimal equi-
librium level of prey, predator population and effort dynamics. Thus, the objective of this work
includes, both ecological and economic aspects. The economic objective is to maximize the net
economic revenue and ecologically, want to keep the prey and predator from extinction.
Conlflict of Interests

The authors declare that there is no conflict of interests.



NON-LINEAR HARVESTING OF PREY WITH DYNAMICALLY VARYING EFFORT 23

Acknowledgement

The second author is thankful to the Ministry of Human Resource and Development (Grant

code:- MHR-02-41-113-429) India for financial support to carry out her research work.

REFERENCES

[1] M.A. Aziz-Alaoui, Study of a Leslie-Gower-type tritrophic population model, Chaos Solitons Fractals 14
(2002), no. 8, 1275-1293.
[2] F.Brauer, A.C. Soudack, Stability regions in predator-prey systems with constant-rate prey harvesting, J.
Math. Biol. 8 (1979), no. 1, 55-71.
[3] C.W. Clark, Mathematical bioeconomics: the optimal management of renewable resources, Wiley-
Interscience, New York, 1976.
[4] T.Das, R.N. Mukherjee and K.S. Chaudhari, Bioeconomic harvesting of a prey-predator fishery, J. Biol. Dyn.
3 (2009), no. 5, 447-462.
[5] B. Dubey, P. Chandra and P. Sinha, A resource dependent fishery model with optimal harvesting harvesting
policy, J. Biol. Syst. 10 (2002), no. 1, 1-13.
[6] H. Freedman and P. Waltman, Persistence in models of three interacting predator-prey populations, Math.
Biosci. 68 (1984), no. 2, 213-231.
[7] D. Grass, J.P. Caulkins, G. Feichtinger, G. Tragler and D.A. Behrens, Optimal control of nonlinear processes,
Springer, Berlin, 2008.
[8] RP. Gupta, P. Chandra, Bifurcation analysis of modified Leslie-Gower predator-prey model with Michaelis-
Menten type prey harvesting, J. Math. Anal. Appl. 398 (2013), no. 1, 278-295.
[9] H.F. Huo, H.M. Jiang and X.Y. Meng, A dynamic model for Fishery Resource with reserve area and taxation,
J. Math. 2012 (2012), Article ID 794719.
[10] S. V. Krishna, P. D. N. Srinivasu and B. Kaymakcalan, Conservation of an ecosystem through optimal taxa-
tion, Bull. Math. Biol. 60 (1998), 569-584.
[11] P. Lenzini, J. Rebaza, Non- constant predator harvesting on ratio- dependent predator- prey models, Appl.
Math. Sci. 4(2010), no. 16, 791- 803.
[12] Y. Li, D. Xiao, Bifurcations of a predator-prey system of Holling and Leslie types, Chaos Solitons Fractals
34 (2007), no. 2, 606-620.
[13] J. D. Murray, Mathematical biology, second edition, Biomathematics, 19, Springer, Berlin, 1993.
[14] L. Perko, Differential equations and dynamical systems, second edition, Texts in Applied Mathematics, 7,

Springer, New York, 1996.



24

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

SUNITA GAKKHAR, REENU RANI

L.S. Pontryagin, V.S. Boltyonskii, R.V. Gamkrelidze, E.F. Mishchenko, The mathematical theory of optimal
processes, Translated from the Russian by K. N. Trirogoff; edited by L. W. Neustadt, Interscience Publishers
John Wiley & Sons, Inc. New York, 1962.

T. Petaratip, K. Bunwong, E. J. Moore, R. Suwandechochai, Sustainable harvesting policies for a fishery
model including spawning periods and taxation, Int. J. Math. Models Methods Appl. Sci. 6 (2012), no. 2,
411- 418.

T. Pradhan and K.S. Chaudhuri, A dynamic reaction model of two- species fishery with taxation as a control
instrument: A capital theoretic analysis, Ecological Modeling. 121 (1999), no. 1, 1- 16.

S. Ruan, HI. Freedman, Persistence in three-species food chain models with group defense, Math. Biosci.
107 (1991), no. 1, 111-125.

PD.N. Srinivasu, Bioeconomics of a renewable resource in presence of a predator, Nonlinear Anal. Real
World Appl. 2 (2001), no. 4, 497-506.

D. Xiao, L. Jennings, Bifurcations of a ratio-dependent predator-prey system with constant rate harvesting,
SIAM J. Appl. Math. 65 (2005), no. 3, 737-753.

N. Zhang, F. Chen and Q. Su, T. Wu, Dynamic behaviors of a harvesting Leslie-Gower predator-prey model,
Discrete Dyn. Nat. Soc. 2011 (2011), Article ID 473949.

C.R. Zhu, K.Q. Lan, Phase portraits, Hopf bifurcations and limit cycles of Leslie-Gower predator-prey sys-

tems with harvesting rates, Discrete Contin. Dyn. Syst. Ser. B 14 (2010), no. 1, 289-306.



