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Abstract. In this paper, we develop a mathematical model to describe the interactions between Chikungunya virus
(CHIKYV), host cells and antibodies. The proposed model considers two types of infected cells and incorporates
two modes of transmission, the classical virus-to-cell infection and the direct cell-to-cell transmission. These both
modes are modeled by two general incidence functions that include many special cases existing in the literature. We
first prove the well-posedness of the model, including the positivity and boundedness of solutions. The stability and
instability of equilibria are established by means of direct and indirect Lyapunov methods. Furthermore, numerical

simulations are presented in order to support our analytical results.
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1. INTRODUCTION

Chikungunya virus (CHIKYV) is a mosquito-borne virus responsible for periodic and explo-
sive outbreaks of a febrile disease that is characterized by severe and sometimes prolonged
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polyarthritis [1]. CHIKV was first identified in Tanzania in the early 1952 and has caused peri-
odic outbreaks in Asia and Africa since the 1960s [2]. On 9 December 2013, the Pan American
Health Organization (PAHO) has issued an alert about the transmission of CHIKV in the Amer-
icas [3]. Since then, the transmission of CHIKV was confirmed in 44 countries and territories
in the region, with more than 2 millions reported cases and 403 deaths.

In the literature, many mathematical models have been proposed to understand the dynamics
of CHIKYV infection. Most of them describe the disease transmission in mosquito and human
populations [4, 5, 6, 7, 8, 9, 10]. However, there are only few within-host CHIKV infection
models. For this, Wang and Liu proposed and analysed a within-host CHIKV model [11]. An
extension of this model was given by Elaiw et al. [12]. These within-host models are based on
the assumption that the cell infection is caused only by contact with free virus.

To better describe the dynamics of CHIKV in within human body by taking into account
virus-to-cell infection and cell-to-cell transmission via direct contact [13, 14, 15], we propose

the following model:

T =A—dT—f(T,1,V)V—g(T,I)I,
L == p) (ALY +T01) - (G4 L
o)) I = p<f(T,1,v)v +g(T,])I) +yL—al,

V. =kI—puV —qBv,

B =mn+cBV—hB,

\

where T'(¢), L(t), I(t), V(¢t) and B(t) are the concentrations of susceptible monocytes, latently
infected monocytes, actively infected monocytes, CHIKV particles and antibodies at time 7,
respectively. The susceptible monocytes are produced at a constant A, die at rate d and be-
come infected either by free virus at rate f(7,1,V)V or by direct contact with actively infected
monocyte at rate g(7,7)I. So, the term f(7T,1,V)V + g(T,I)I denotes the total infection rate of
susceptible monocytes. A fraction (1 — p) of infected monocytes is assumed to be latently in-
fected monocytes and the remaining p becomes actively infected monocytes, where 0 < p < 1.
The parameters 0, a, 1 and h are the death rates of latently infected monocytes, actively infected

monocytes, CHIKV particles and antibodies, respectively. The latently infected monocytes are



CHIKV MODEL WITH BOTH MODES OF TRANSMISSION AND HUMORAL IMMUNITY 3

transmitted to actively infected monocytes at rate yYL. The CHIKV particles are produced at
rate kI and neutralized by antibodies at rate gV B. The antibodies are created at rate 17 and
proliferated at rate cBV .

As in [16, 17], the incidence functions f(7,1,V) and g(T,I) for both modes are continuously

differentiable and satisfy the following hypotheses:
d
(Hp) g(0,1) =0, for all I > 0; %(T,I) >0 (or g(T,1) is a strictly monotone increasing
d
function with respect to T when f = O) and —g(T, I)<0,forall T >0and /> 0.

ol
(Hy) f(0,1,V)=0,foralll >0andV >0,
Jf

(H») f(T,1,V) is astrictly monotone increasing function with respect to T (or ﬁ(T,I V) >

0 when g(T,1) is a strictly monotone increasing function with respect to T), for any
fixed/ >0andV >0,

(H3) f(T,1,V) is a monotone decreasing function with respect to / and V.

It is very important to note that the model presented by system (1) extends and generalizes

some special cases existing in the literature. For example, we get the within-host CHIKV
BiT
I1+o1V
virus-to-cell infection rate and ¢ is a non-negative constant that measures the saturation effect.
When f(T,1,V) = Al poT
1+04V 14 ol
and o is the saturation constant, we obtain the CHIKYV infection model with CHIK'V-monocyte

infection model with latency [18] when f(T,I,V) =

and g(T,I) = 0, where f is the

and g(7,1) = with f3, is the cell-to-cell transmission rate
and infected-monocyte saturated incidences [19].

The rest of the paper is organized as follows. The next section focused on well-posedness
of the model and the existence of equilibria. The section 3 is devoted to stability analysis of
equilibria. An application and some numerical simulations are presented in section 4. The paper

ends with mathematical and biological conclusions in section 5.

2. WELL-POSEDNESS AND EQUILIBRIA

In this section, we first prove that our model (1) is well-posed by showing the nonnegativity
and boundedness of solutions. After, we derive the threshold parameters for the existence of

equilibria.
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Theorem 2.1. All solutions of model (1) starting from non-negative initial conditions remain

non-negative and bounded for all t > 0.

Proof. We have

Tlr=o = A>0, Lli=o=1-p)(f(T,1,V)V+g(T,I)I)>0forall T,I,V >0,
l1—o = p(f(T,0,V)V+vyL>0forall T,L,V >0,

Vly—o = kI>O0foralll >0, B|g—o=mn>0.

Then Rﬁ_ is positively invariant with respect (1). It remains to prove the boundedness of solu-

tions. Denote

G(t) = T(1) + L) +1(t) + v (1) + 24 B(r).

2k 2kc
Then
dG , , , a . aq .
— =T L 1 — —B
= T L))+ 5V (1) + A B()
o —aT() — s = Yay — H aqn _ agh
= A—dT(t)—OL(t) 2I(t) 2kV(t)+2kC 2kCB(t)
aqn
< L
< At 5 —PG),
where p = min{g,d,&u,h}. Thus,
) A agqn
limsupG(tr) < —+ .
PG < 5 ke

Consequently, T'(¢), L(t), I(t), V(t) and B(t) are bounded.
It is clear that model (1) has always one infection-free equilibrium Ey(7p,0,0,0,By), where

Ty = 7 and By = % Therefore, we define the basic reproduction number of (1) as follows

(6p+7)[kf(To,0,0) + (1 +qBo)g(To,0)]
a(6+7v)(u+gBo) '

2) Ry =
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The other equilibrium of model (1) satisfies the following equations:

3) A—dT - f(T,LV)V —g(T.) = 0,
@ (l—p)(f(T,l,V)V+g(TJ)I>—(5+7)L _ o,
) p(f(TJ,V)V+g(TJ)I)+YL—aI _ o,
(6) k[—pV —gBV = 0,
(7) N+cBV —hB = 0.
o _ uh=cV)+qn ~ (I=pla,
By (3)-(7), we have B = P I = kh—cV) =@ V), L= 5P+?’I =
(1-p)a _AOp+y)—(0+7Y)api(V)
Spry ! W).T= d(6p+7) = ¢2(V) and

k(Sp+1)(h—cV)f(T,LV)+(Sp+7)[u(h—cV)+qnlg(T,1) =a(8+7)[(h—cV)+qn).

n

Since B =

h h
>0, we have V < —. Then there is no biological equilibrium when V > —
—c c c

. : h
So, we consider the function y defined on [0, ) by

(V) = k(8p+7)(h—cV)f(@2V),01(V),V)+(8p+7)[u(h—cV)+qn]g(@2(V), o1(V))

—a(é+7y) [[.L(h —cV) +q1ﬂ )

We have ¢,(0) = % >0, lim (V)= —coand
V= (8)”
N R LI v, u(h—cV)?+qnh

Then the equation @,(V) = 0 admits a unique solution V € (0, %), Thus, B= # > 0 and

(V) = —a(8+ ) [u(h—cV) +4qn] < 0. Since y(0) = a(8 +7)(uh+qn)(Ro—1) > 0, we
deduce that there exists a V; € (0,V) such that y(V;) = 0. Hence,

n K +qBy (1-p)
B = >0, I = Vi>0, L =10
T ! k! YT Gp+y)

al; > 0.

Substituting V =V} and I = I in (3) and define a function ¢3 as

03(T) = A —dT — f(T,I;\V))V1 — g(T, ) 1.
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Since @3(0) = 4 >0, (p3(%) = —f(%,II,VI)VI —g(%,ll)ll < 0 and @3 is a strictly decreasing
function of 7', then there exists a unique 7} € (0, %) such that @3(77) = 0. Thus, model (1) has

a unique chronic infection equilibrium E (7,Ly,1;,V,B;) when Ry > 1.
The pervious discussions are summarized in the following theorem.
Theorem 2.2.

(i) If Ry < 1, then model (1) has a unique infection-free equilibrium Ey(Tp,0,0,0,By),

A
where Ty = 3 and By = n

W
(ii) If Ry > 1, then model (1) has a unique chronic infection equilibrium E|(Ty,Ly,1;,Vy,B1)

besides Eo, where Ty € (0,%), L >0, I} >0, V; >0 and B; > 0.

3. STABILITY ANALYSIS

This section investigates the stability of the two equilibria Ey and E;. Firstly, the following
theorem characterizes the global stability of the free-infection equilibrium Ej.
Theorem 3.1. The infection-free equilibrium Ey is globally asymptotically stable when Ry < 1

and becomes unstable when Ry > 1.

Proof. Define

r:{@¢¢mmeR$T§%mmBzg}

We see that any solution (7(¢),L(t),1(z),V(t),B(t)) starting in I" remains there forever. Indeed,
it follows from Theorem 2.1 that (T (¢),L(¢),1(t),V(t),B(t)) € R.. It remains to prove that
T(t)<Z w1th T(0) < and B(t) > % with B(0) > %. From the first and fifth equations of (1),

we get

=
v

n

This implies that T'(r) < % % and B(r) > o So, (T(t),L(t),1(t),V(t),B(t)) € T.

Construct a Lyapunov functional as follows

I(t)+ L(t)+
5 }’<) (1)

U(t) = L)
Sp+y u+qi
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Calculating the time derivative of U along the solutions of (1), we obtain

dU H+gB A kf(5,0,0)+(u+qh)e(T.))  y+8
— = T,I,V)— Z.0,0) | V+ - I
dt (f( ) uM%f(d )> a( a(p+q7) Sp+y
A Y+ 6
< — f(— _
< (100~ 700 )V+al 2 (k1)
Y+0
Ro—1)1.
- a5p+]/( o=1)

Since Ry < 1, we have %(i) < 0. Further, it is not hard to prove that the largest invariant set

dUu
in 1(7,L,1,V,B)|—
mn { ( 9y b ) ) | dt
[20] that Ej is globally asymptotically stable when Ry < 1.

= 0} is the singleton {E(}. It follows from LaSalle’s invariance principle

On the other hand, the characteristic equation at Ey is given by

(&+d)(§+MP(5) =0,

PE) = &+ (y+6+a+u+q% —pg(%ﬁ))é% ((u+q%)(y+6+a—pg(%,0))

A A
~Epf(0.0) +aly+8) ~ (8p+ 7le(.0) )
~alp+ ) (y+8) (Ro— 1),
When Ry > 1, we have P(0) = —a(u +q%)(y—|— 0)(Ryp—1) < 0. Since élim P(&) = +o0, we
—>fo0
deduce that there exists a &y € (0, 4o0) such that P(&y) = 0. Then Ej is unstable. This completes

the proof.

Finally, we investigate the global stability of the chronic infection equilibrium E;. So, we

assume that Ry > 1 and the functions f and g satisfy, for all 7,1,V > 0, the following hypothesis:

() Gy =) =°

(1_ [T, 1, V)g(T, ) > (f(TJl,Vl)g(TlJl) 1> <0,

f(T,Il,Vl)g(T17II) f(TbIl?Vl)g(Tvl) _H

Theorem 3.2. Assume that (Hs) holds. If Ry > 1, then the chronic infection equilibrium E is

(Hy)

globally asymptotically stable.



8 H. BESBASSI, Z. E. RHOUBARI, K. HATTAF, N. YOUSFI

Proof. Consider the following Lyapunov functional

W) = T@)—-T) — Tf(Tl,Il,Vl)dx+ Y L1¢(LIE:))+ Y+5llq)(1(t)>

n f(X,11,V1) op+7vy op+7vy I
(N, L, V)V V(1) qf (1,1, V1)V B(t)
— - ViP B®
+ kI Vi Vi + ckly ! 1)

where ®(x) =x—1—1Inx, x > 0.
Calculating the time derivative of W along the positive solutions of (1) and using:

A =dTi+ f(T1,;,Vi)Vi +g(Th, I ) 11, kI} = uVi +qB1Vi, N = hB; — cBi Vi,

o+
(6+7y)L1 = (1—p)(f(T1,1;,V1)V1 +g(T1,)I1) and (51)—432011 = f(T,1,Vi)Vi +g(Th, I 1,
we obtain
aw AYARN G RO L GR AN A
ar dT1<1 Tl)(l f(T,Il,Vl)) ckI,B,B B=B
f(Tl,Il,Vl) f(T,I,V)V \% IV1)
AT VOV (3 - + ——
AUTLRD 1( f(T.0,v1) " F(T.L,V)Vi Vi LV
4+ T, 0,V [ 1— S
6p+yf(1 LV F(TL,IL,VOVIL ILy y(1—p)f(Ti, I, Vi)Vl
f(n,n,vy)  f(0,L,V1)g(T,I)I 1)
+o(Ty, I 2— i
s(Ti,h) 1( f(r.n,vi)  f(T,0,V)e(Th, L)1 I
y(1—p) ( LL  g(T,I)IL p(7+5)g(T,1))
+ T 0)L( 1— 22— - .
5P+?’g(1 Ol ILy  g(Ty,h)LL y(1—p)g(Ti, L)
Hence,

2
aw _ dT, 1_2 l_f(Tlvllavl) _qnf(, L,V B_B,
dt T; f(T,I],V]) ckliB1B

V f(T,I,V)V f(T7117V1)
A (_ - vt f(T.n,vi)vi - f(T,1V) )

+g(Tl7ll)Il<_l_£+ f(Tl,IhV])g(T7I)I f(T,I],V[)g(T],I]))

I f(T,0,V)eg(T, )L f(Ty, 1, Vh)g(T, 1)

y(1-p) f(T, 1, V) f(T,11,V1)
peranin o (St ) vo(GET )

)
f(T I, V VL| I1L A
q)(f(Tl,h Vi)VIL >+CD(1L1) +¢(11_V)}

(y+0)p f(T, 5, V) f(1,1,V)
Topry [TV Vl{q)<fT11,V1))+ ( <T1,v>)
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f(T,I,V)VIl IV
cID(f('fl,h,vl)vll) M’(h_\/)}
Y(l_ T I |: T17117V1 ) q)(f(T Ilvvl)g(Tlall))
Sp+y o ! f(T, 1, V) f(T,1,V1)g(T, 1)

(Geavy
fb(:&f,z’iz) *(ii, )|

(Geravy

(1-

(?’+5) { (Th,11,V1) ) (f(T J1,V1)g (Tl,ll)) (g(TJ) )]
Sp+y ® f(1,1,,V) e f(n,n,V)g(T,I) e g, L)) |
)( (T1,11,V1)) <0
(T,1;,V1)
By (H4), we obtain

V. f(TLVV TV (1_ f(T,1,V) )(f(TJl,VO _ V) <0

v T renvwn T rany) -\ R w)

By (H;), we deduce that

f(T717V) Vl
and

i_ f(T17117V1>g(T7[)I f(T,Il,Vl)g(Tl,]l)
I f(T,h,V)g(Ty, )y~ f(T1,,V1)g(T,I)
_ (1_ (T, L,V )g(T ) ) (f(T,Il,Vl)g(Tl,Il) 1) <0

f(Ta[bVl)g(Tl?Il) f(TbIlaVl)g(T?I) _1_1

S

i aw . o .
Since ®(x) > 0, we have s <0 withequality ifandonly if T =Ty, L=Ly,I =1;,V =V and
B = B;. From LaSalle’s invariance principle, we conclude that the chronic infection equilibrium

E| is globally asymptotically stable when Ry > 1.

4. APPLICATION AND NUMERICAL SIMULATIONS

In this section, we first apply our main results to the following model

7 o—=a_ar_ PV BZTI,
1—|—OC1V 14+ ol

: :(1—p>( Birv_ BT )—(5+y>L,

1+oV  14+apl
, TV TI
(8) i :p( P + 22 >+yL—al,

1+0qV 14+ ol
Vv =kl —uV —qBV,

B =mn+cBV—hB,
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Parameter Value Parameter Value

A 1.826 a 0.4441
d 0.7979 k 2.02

p 0.5 I 0.4418
o 0.01 q 0.5946
o 0.01 n 1.402
B 0.5 ¢ 1.2129
¥ 0.1 h 1.251

Bi Varied 633 Varied

TABLE 1. Parameter values of model (8).

which is a special case of model (1) by letting f(T,1,V) = 5 f'aTlV and g(T,1) = lﬁzoi ;- Clearly,

the assumptions (Hy)-(H3) hold. In addition, we have

(1_ S(T,1,V) ><f(T,11,v1) v) - —a(V-W)?
Vi

Y <0
f(Tvllvvl) f(T7IaV) Vi 1—|—OC1V>(1—|—(11V1) N

and

(1_ ST, 1, V)g(T, D) ) (f(TJl,Vl)g(TlJl) 1) - —o(I 1)’
1

F(T.0,V)g(TL,h) )\ fF(T L )g(T D) I I+ ol)(1+o0h) —

Then the assumption (Hy) is satisfied. By applying Theorems 3.1 and 3.2, we have the following
result.

Corollary 4.1.

(i) If Ry < 1, then the infection-free equilibrium Ey of model (8) is globally asymptotically
stable.
(ii) If Ry > 1, then the infection-free equilibrium Ey becomes unstable and the chronic in-

fection equilibrium E| of model (8) is globally asymptotically stable.

For the numerical simulations, we consider B; and 3, as free parameters and the other pa-

rameter values are given in Table 1.
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FIGURE 1. Dynamics of the model (8) when Ry = 0.7582 < 1.
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FIGURE 2. Dynamics of the model (8) when Ry = 7.5819 > 1.
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Firstly, we choose B; = 0.05 and 3, = 0.04. By a simple calculation, we have Ry = 0.7582 <
1. Hence, model (8) has an infection-free equilibrium E(2.2885,0,0,0,1.1207). From Corol-
lary 4.1 (i), we know that Ej is globally asymptotically stable. Figure 1 demonstrates this result.
Secondly, we choose fB; = 0.5 and B, = 0.3. In this case, we have Ry =
7.5819 > 1. It follows from Corollary 4.1 (ii) that the chronic infection equilibrium
E1(0.9116,0.9102,1.4419,0.8313,5.1502) is globally asymptotically stable (see Figure 2).

5. CONCLUSIONS

In this work, we have presented a within-host CHIKV infection model with humoral im-
munity, two modes of transmission and two classes of infected monocytes that are actively
infected monocytes and latently infected monocytes. We have investigated the well-posedness
of the model by studying the existence, positivity and boundedness of solutions. By construct-
ing suitable Lyapunov functionals, we found sufficient conditions for the global stability of
equilibria. Our study showed that the global dynamics of the model is completely determined
by the basic reproduction number Ry. More particularly, if Ry < 1 the infection-free equilibrium
is globally asymptotically stable, which leads to the removal of virus in the host. When Ry > 1,
the infection-free equilibrium loses its stability and a unique chronic infection equilibrium ap-
pears and it is globally asymptotically stable, which means that the CHIKYV persists in the host.

Furthermore, the more recent works presented in [12, 18, 19] are extended and generalized.
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