Available online at http://scik.org

Commun. Math. Biol. Neurosci. 2020, 2020:38
https://doi.org/10.28919/cmbn/4677

ISSN: 2052-2541

GLOBAL STABILITY OF A FRACTIONAL ORDER SIR EPIDEMIC MODEL
WITH DOUBLE EPIDEMIC HYPOTHESIS AND NONLINEAR INCIDENCE RATE

MOUHCINE NAIM'*, FOUAD LAHMIDI!, ABDELWAHED NAMIR?

Laboratory of Analysis, Modeling and Simulation (LAMS), Faculty of Sciences Ben M’sik, Hassan II
University, P.O. Box 7955, Sidi Othman, Casablanca, Morocco

2Laboratory of Information Technologies and Modeling (LITM), Faculty of Sciences Ben M’sik, Hassan II

University, P.O. Box 7955, Sidi Othman, Casablanca, Morocco

Copyright © 2020 the author(s). This is an open access article distributed under the Creative Commons Attribution License, which permits

unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Abstract. In this paper, we consider a fractional order SIR epidemic model with double epidemic hypothesis and
specific functional response, where the fractional derivative is defined in the Caputo sense. The nonnegativity and
boundedness of solutions in this system are proved. The basic reproduction number is obtained. Qualitative results
show that the model has four equilibria: one disease-free equilibrium and three endemic equilibrium points. Local
and global stability analysis of the equilibria are established.

Keywords: fractional order SIR epidemic model; local stability; global stability.

2010 AMS Subject Classification: 34A08, 92D30, 93D20.

1. INTRODUCTION

Fractional calculus is the field of mathematical analysis aiming at the investigation of inte-
grals and derivatives of arbitrary (non integer) orders. In recent years, with the continuous de-
velopment of fractional calculus theory, fractional differential equations are increasingly used
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to modeling many phenomena in different fields see, e.g., [1, 2, 3, 4]. The importance of model-
ing real phenomena using the fractional differential equations is due to these fractional systems
naturally include both memory and nonlocality effects [S]. These effects are quite relevant to
epidemic spread. Therefore, large numbers of researchers have started to study the epidemic
models using the fractional differential equations, see, e.g., [6, 7, 8,9, 10, 11]. Mouaouine et al.

[10] proposed the following fractional order SIR epidemic model with nonlinear incidence rate

( _ BS()1(t)
DS(t) = A—uS() - Tasmrminrasony 20

S(0)1
(1 D®I(1) = 1+oc1S(t)focg)(tgt—i)—%s(t)l(t) —(U+d+n)I(),

| DOR(t) = rI(t) — uR(2),

where D% is the Caputo fractional derivative of order a € (0, 1] defined for a function f €

C'(R,,R) as follows [12]

DA = g ) =97 9

I'l—a)Jo

where I' is the Gamma function defined by the integral

I(a) = / 1“le7lds.
0

In system (1), S(z), I(¢), and R(¢) represent the numbers of susceptible, infective, and recov-
ered individuals at time ¢, respectively. A is the recruitment rate of the population, u is the
natural death rate, d is the death rate due to disease and r is the recovery rate of the infective
individuals. The incidence rate of disease in model (1) is modeled by the specific functional
response BSI/(1+ oS+ ol + a3SI), where B is the infection rate and o, 0, 03 are satura-
tion factors measuring the psychological or inhibitory effect. This specific functional response
was introduced by Hattaf et al. [13], and here it becomes to be, a bilinear incidence rate if
o) = oy = o3 = 0, a saturated incidence rate if &) = o3 = 0 or op = a3 = 0, a Beddington-
DeAngelis functional response [14, 15] if a3 = 0, and a Crowley-Martin functional response
[16] if o;or = 3. According to the theory in [10], the basic reproduction number of model (1)

isRy=BA/ [(U+ a1A) (1 +d+r)]. Moreover, if Ryg < 1, model (1) has only the disease-free
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equilibrium Ey = (ﬁ,0,0) which is globally asymptotical stable, and if Ry > 1, Ey becomes
unstable and system (1) has an endemic equilibrium which is globally asymptotically stable.

In classical epidemic models, there exists only one epidemic disease caused by one virus.
In fact, there might be two epidemic diseases caused by two different viruses. Recently, many
authors studied the epidemic models with double epidemic hypothesis, see, e.g., [17, 18, 19, 20,
21, 22,23, 24, 25, 26]. In this paper, we propose the fractional epidemic model (1) with double
epidemic hypothesis written as follows

(

B BLS()L (1) BaS()s(1)
DES(1) = A—pS(t) ~ asmyinh 0+pSORG ~ TFaSO-ph()+pSOLD”

B BiS()L (1)
DL(1) = trgsmrenhmpsonm — B+ A)L(),

2)

_ BoS()10)
DEh(t) = Taswpno+psonn — (M2t A2)h(),

DUR(t) = MLi(t)+Ah(t) — uR(t),

\

where S(7) is the number of susceptible individuals at time ¢, I;(r) and I;(¢) are the numbers
of infected individuals with virus V; and V, at time ¢, respectively, and R(¢) is the number of
individuals who have recovered, f; is the transmission coefficients between S and I;, i = 1,2.
o, % and p; are saturation factors, r; is the disease related death rate caused by virus V;, A; is the
recovery rate of the disease caused by virus V;. As in model (1), a € (0, 1] is the order of the
fractional derivative, A is the recruitment rate of susceptible individuals, u is the natural death
rate of the population. All parameters in model (2) are positive constants.

Since the three first equations in system (2) are independent of the four equation, system (2)

can be reduced to the following equivalent system

( _ BiS(O) (1) BS(1)h (1)
DUS(t) = A= pS(1) — Gas@on 0+ o SOIT ~ TFaST+ph()pSORE”

S(1)1
() D)= wrasiripn i smnm — (#0200 (0),

_ BaS(r)I
| DB(1) = trgsmpnispsmrm — (12T A)h(0).
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The rest of this paper is organized as follows. In the next section, the existence of equilibria
and the well-posedness of the model including existence, nonnegativity and boundedness of
the solutions are established. In Section 3, we discuss the local stability of the equilibria of
model (3). By constructing suitable Lyapunov functionals, the global stability of the equilibria

is investigated in Section 4. A conclusion is given in Section 5.

2. WELL-POSEDNESS AND EQUILIBRIA

Theorem 2.1. For any nonnegative initial condition, system (3) has a unique solution. More-
over, this solution remains nonnegative and bounded.

Proof. By using Theorem 3.1 and Remark 3.2 in [27], it is easy to prove that system (3) has a
unique solution (8,11, ) with any nonnegative initial condition. Now, we show the nonnegativ-

ity of this solution. From (3), one has

D*S|g_o=A>0 foralll;,I, >0,
DO‘11|11:0 =0 forall S,I, > 0,
DO‘12|12:0 =0 forall S,I, > 0.
By Lemma 2.1 and Corollary 2.1 in [28], one can deduce that the solution of the fractional
order system (3) is nonnegative. Next, we prove the boundedness of solution. Summing all the
equations of system (3) we find that the total population size N (t) = S (¢t)+1, (t) + I, (t) satisfies

the inequality
DON(t)=A—uN(t)—(ri+A)L(@) — (rn+ )L (1) <A—uN(1).
By Lemma 3 in [29], we have

N({t) < (N (0)— %) o (—put®)+ %

where Eq(z) = Y, F(#kﬂ) is the Mittag-Leffler function of parameter o [30]. Therefore,
k=0

limsupN (1) <

f—o0

=|>

which implies that S(t), I1(t) and I,(t) are bounded.
It is obvious that model (3) always has a disease-free equilibrium Ey = (Sp,0,0), where

So = %, that 1s, there is no infection present in the population and all individuals are susceptible.
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By applying the next generation matrix approach provided by van den Driessche and Watmough

[31], the basic reproduction number of model (3) is defined as follows
Ro = max {Ro1,Ro2},

where

A A
B and Ry — B

Ro1 = .
01 (W+aA)(u+r+4) (L+A) (L+r+L)

Now, if Rg; > 1, then system (3) has the endemic equilibrium E} = (S},1},0), where

A—oO I
§; = — L
u
P 2(u + a1 A)(Ro1 — 1)
1

Bi— o +yiu+piA+VA

with @ :/,L-l-l”l—l-ﬂ,l and

Al = [Bi—ou®i+yiu+piAl* —4p; [BIA— (L + o A) By

= [Bi— @ + 1 —p1AP +4p u (@ +NiA).

Further, if Rop2 > 1, then system (3) has the endemic equilibrium E; = (S5,0,15), where

A— 5
S; = -2
U
P 2(1+ 0pA)(Ro2 — 1)
2

B2 — 0@y + B+ prA+ VA

with@, = u+nr + A and

Ay = [Br— 0@+ P+ prAl* — 42 [BaA — (L + 0 A) @)

= [Br— 0@+ Pt — P2A* +Apopi(@a + PA).

Now, we investigate the existence of the positive endemic equilibrium E, = (S,,I},1?). For

this, we rearranged system (3) to get I} and I3 as follows

no (5Ro1+ a1 (Ro1 — 1)) S — 1
. % + P15« ’
2o (AR 4+ a2(Rop — 1)) S — 1

* P + P2S.
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In addition, S, is given by the following cubic equation
4) CoS3 +C157 4GS, — C3 =0,
where

Co = upip2>0,
Ci = ump2+mnp1)—Apip2+pi(Br— @)+ p2(fi — oumy),
C = unp—Anmp2+1p1)+nBr—wd)—p1®+ 7(fi — o @) — p@,

G = Anp+no+pop>0.

With the help of Descartes’ rule of signs [32], Eq. (4) has a unique positive real root S if any

one of the following holds

(i) C; >0,C, >0.
(ii) C; >0, < 0.
(iii) C; <0, < 0.

Hence the positive endemic equilibrium E, exists when Ry; > 1, Ry, > 1, one of the condi-

tions (i), (if) and (iii) hold true and S, > }n%{m}

3. LOCAL STABILITY

In this section, we discuss the local stability of the equilibria of system (3).

Lemma 3.1. [33]. Consider the fractional order system

where o € (0,1], x(t) € R" and f : R" — R" is a nonlinear function. An equilibrium point
of the above system is locally asymptotically stable if all the eigenvalues §; (j=1,2,...,n) of
the Jacobian matrix J = g—f evaluated at the equilibrium satisfy ‘arg(é ])} > %%, and unstable if

there exist an eigenvalue &; such that |arg(&;)| < %~
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The Jacobian matrix of system (3) at the equilibrium Ej is as follows

—Uu —piA —BA
n+og A U+ A
= 0 Pl (utr+i) 0
0 0 ”5202/\_<u—|—72+12)

The three eigenvalues of Jg, are §; = —u <0, & = (u+r1+A1) (Ror — 1) and &3 = (u +
r2+A2) (Ro2 — 1) . So that all eigenvalues &; (j = 1,2,3) of Jg, satisfy ‘arg(ﬁj)| =7 > %% for
all o € (0,1]if Ry < 1. Further, |arg(&)] =0 < &F for all o € (0,1] if Ro; > 1 and |arg(&3)| =
0< % for all a € (0,1] if Ro, > 1. Consequently, by Lemma 3.1, we have the following result.
Theorem 3.1. If Ry < 1, then the disease-free equilibrium Ey is locally asymptotically stable.
Eo unstable if Ry > 1.

The Jacobian matrix of system (3) at the equilibrium E is determined by

—mj —nmy —ms3
JE;FI mg Mo —ms 0 )
0 0 ms3 — Mg
where
mo= et puli(1+nii)
(1 4—06151‘-{—’}’1[?< +P15T[?‘)2
S ﬁ1ST(1+061ST)
? (1+ oSt +nlf +piSiI)*
. — B2S7
. 1—|—(XQST’
(1 I
my = Bi 1( +N 1)

(1+ o S;+nlf +piSiI)*
ms = [Ari+A,

mg = U+r+i.

Clearly, & = lfi{q — (1 +r2+ A7) is an eigenvalue of Jg-. Since S7 < ﬁ because A — 1] =

®I{ > 0 and the function g : x € R} — lffxxzx is increasing, then &; < g(%) —(U+nrn+d)=

u%o/c;/\ —(u+r+h) = (u+r+2A)(Rp—1). Hence § <0 if Rpy < 1, then [arg(&1)| =

m > %E for all a € (0,1] if Rop < 1. The other two eigenvalues of Jg; are determined by the
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following equation

EX+PE+PR =0,

where
Py = my+ms—my,
Py = my(ms—my)+mymy.
Since
s —my = PS4 PS)) ,

(1487 +nlf + pISTIf)Z
then P; > 0 and Py > 0. Thus the eigenvalues §; (j = 2,3) of JE; have negative real part, so that

}arg(éj)‘ > 2> % forall o € (0,1] if Rg; > 1. Hence, we have the following theorem.

Theorem 3.2. If Ry, < 1 < Ro1, then the equilibrium ET is locally asymptotically stable.
As in the stability analysis of previous case E} we have following result.

Theorem 3.3. If Ry1 < 1 < Rqp, then the equilibrium E7 is locally asymptotically stable.

The Jacobian matrix of system (3) at the positive equilibrium E is determined by
—pPr —P2 —D3
Je.=| ps p2—ps O ;
Ps 0  p3—p7

where
PR Bl (1+nl) BL2(1+ nl)
(1+0uSc +nIl +p1Sd)? (14 aS. + BI2+ paS.d2)?’
B BiS«(1+ oSy)
P U aS s nll+p S
_ BaS«(1+ 02Sy)
P U aS + pl2 1 poSa2)?
Bili(1+nl))
pa =

(I+ 1S+l +p1Sd})?’
ps = H+r+Ai,

Bl (14 pI2)
(14 Sy + 1l? + paSid?)?’

p1 = ptnt+i.

Ps =

Theorem 3.4. The positive endemic equilibrium E is locally asymptotically stable if it is exists.
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Proof. The characteristic equation of Jacobian matrix Jg, can be given as
(5) &+ 08+ 018+ 00 =0,
where
0, = pi+(ps—p2)+(p7—p3),
Q1 = pi(ps—p2+p1—p3)+(ps—p2)(p71—P3)+ P2pa+ paps,

Qo = pi(ps—p2)(p7—p3)+ p2pa(p7—P3) + P3ps(Ps — p2)-

Note that
BiS. I} (v + S,
Ps—p2 = Wl“ >12>O,
(I+ oS+l +p1S:y)
S 12 (75 + 12 S,
R BoSiI; (7> + H2Sy) =0

(1 +a25*+'}/213+p25*14%)2 7
then it is easy to show that Oy >0, Q1 > 0, Q¢ > 0 and Q,Q1 > Qo. Thus by the Routh-Hurwitz
criterion, all roots & (i = 1,2,3), of (5) have negative real part. Therefore, the equilibrium E,

of the system (3) is asymptotically stable.

4. GLOBAL STABILITY

In this section, we investigate the global stability of the four equilibria.
Theorem 4.1. If Ry < 1, then the disease-free equilibrium Ey is globally asymptotically stable.
Proof. Let Uy be the Lyapunov functional defined as

So S 1 1
— |+ I+ b,
(1+06150)(1+(X250)g<50) 14+ Sy : 14 0189 2

where g (x) =x— 1 —Inx, x > 0. According to Lemma 3.1 in [34], one gets

1 So
DU, < 1—°2) p%s D%l
0 = (1+a1S0)(1—i—(ngo)< S) T rws,” " iras,

Uo(t) =

D*I,

_ n (S—5S0)° 1 <1_So> BiSI
(14+0uSo) (1+0S) S (14 0uSo) (1+ 02S0) S ) 1+oaS+nh+piSh

_ L <1 B So) BaSh Lo Bish
(1+a180) (14 02Sp) S ) 1+S+ph+pShL 14+ 0So 1 +o1S+ylh+p1Sh
.U+F1+1111 1 BSh At
1+ S I+ a1So 1+ S+nh+pSh 1+ oSy
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- m (S—S0)2+u+r1+/11 <R 1+0S —1>1
(1+0u8o) (1+0Sy) S 1+mSy \ "1+ S+nh +piSh :
,u+r2+7tz< 1+ 0,8 )

Rz -1k
14+ 018 14+ 00S+pnh+paSh
u (S—S())2 w+r +A w+r+ A
DUy < - Roi— DL+ =222 (Rpy — 1) .
O S TUFaSo)(tmSy) S T 1tms (Ror =D+ 57705, Re—Dh

Therefore, Ry < 1 ensures that D*Uy < 0. Furthermore, it is easy to verify that the singleton
{Eo} is the largest compact invariant set in {(S,I;,1,) € R} : D*Uy =0}. By Lemma 4.6 in
[35], which generalized the integer order LaSalle’s invariance principle to fractional order
system, we conclude that Ey is globally asymptotically stable if Ry < 1.

Theorem 4.2. If Ry < 1 < Ro1, then the equilibrium EY is globally asymptotically stable.

Proof. Let Uy be the Lyapunov functional defined as

1 fl(oalik) * S 1 * I f1<0,1ik)
Ui(r) = Sig | w )+ g | 7 ) + ik
0= o st B\ st ) T N5 ) T s ™

where f1(S,11) = 1+ ouS+ y11 + p1SI;. We have

1 0,I* St 1 I 0,I*
DU, < f10.1) (1——1>D“s+—<1——1)1)“11+—f1( ! 1)0“12

'S Tt S A(S]I) S T+mSo \ I (ST
Using
. BiSiy o BiSih .
A= usSi+ e = (U A
VAL AL ( i
and
f1(0,47) (I—S—T) _ (1_S’ff1(571ik))
(ST, 17) S SHST.I) )
we obtain
—Ho fl(ovlr) (S_ST)z 1 *( STfl(Svlik)> ( Sllfl(Siﬁvll*)>
DU RPN POV (ol () Qe ARt R I O Rt ML Kt DA
DT TS filsi) S T ansy M AT gt ) S f1(S.1h)

1 f(0,67) (I_ST) B2Sh

1+ aSo fi(S]) S ) 1+ S+ ph+paSh
1 I\ [ SLASET) 11>
+ CreA)n (1= (2L
[t aps, BTt A ( 11> (Sfll*fl S5 I
S1(0,17) B2Sh _N(017)

(L+r+A)h

A T+ S+ ph+paSh fi(SLIT)
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—u A0, (S-S5 1 *< STAS ) Sfi( ’{,11*)>
+r+M)L | 2— —
1+ 08 fi(SLIT) S 1+a250(“ HAL SASLI)  SiASIT)
[0,17)  Bob ST+ aaSSo f1(0,17)

- +r+A)h.
[SHI) 1+ 00So 1+ S+ ph+p2Sh f1(S],1}) (H+r2+22) D

BiSihy

Since ST < 8o because A — uS7 = ASEAL then
—1 A0 (S-S5 1 < Sifi(S.17) Sfl(ST,Ii‘)>
DU, < + Fr+AG (2 -
LS Tt mSo AL S T+ aps, BT AL SASTI)  STAST)
f1(0,17) ( 1+ o,S )
o L (b 2) (R —1)1
Fi1(S7.17) (H+rth) 021+a2S+}'212+p2512 2
- M (01) (S-S (Um0 <2_S1‘f1(5,1i“)_Sfl(S’fJi‘)>
= 1+ mSo (SIS 1+ 08 ! SA(SLI)  StASI)
0,1
—|—M ([.L—{-rz—Fﬁ.z) (Roz—l)[z.

fl (S>1k7lf)

Using the arithmetic-geometric inequality, we have

CSTAGS ) SAST)

Therefore, Ry1 > 1 and Ry, < 1 ensures that D*Uy < 0. Furthermore, it is easy to verify

2 <0.

that the singleton {E7} is the largest compact invariant set in {(S,1;,1,) € R3 : D*U; = 0}.
By applying the LaSalle’s invariance principle, we conclude that EY is globally asymptotically
stable if Ryy < 1 < Ry .

Theorem 4.3. If Ryt < 1 < R, then the equilibrium E3 is globally asymptotically stable.
Proof. It is analogue to the previous proof.

Theorem 4.4. The endemic equilibrium E, is globally asymptotically stable if it is exists.
Proof. Consider the Lyapunov functional

_ fl(O,Ii)fz(OJf))S*g<S>+ £0.12) (1_1>+ fl(O,Ij)Ifg(lz)

e AW YA S. Ir) " (S, I o\

s.) " s ) e

where f>(S,h) = 1+ S+ b + p2Sh. By Lemma 3.1 in [34], we have

e ROIAOR) [ S\ e HO2) (DN o AOL) [P\ .
AN YA (“s)D AW <1‘A>D ht s (1‘12>D b
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Using
BIS*L: ﬁZS*If BlS*Ii 1 ﬁZ * f 2
A=uS,+ , =(U+rn+1)I, +r+A)IL,
US s T R By fi(s.an - WAk pis ey =t )L
and

£1(0,4) (1_%) B (1_S*f1<s,li)> £(0,13) (1_§) B <1_S*f2(SJf))
fi(S,11) s) SH(SI) )" f2(Se 1) s) SH(S12))’

we obtain

D%V <

A0, (0,12) (S—S.)°
fi(Se, I fo(Ss,12) S
£0,12) SRS SIy 1 (., 1))
s, ) WAL <1 " Sh (S*,m) (1 - S*Gfl(&ﬁ))
£1(0,1}) ) S f2(S, 1) Shf>(Ss,17)
Ty Hrr TRl (1 - sz<s*,12>> (1 "5 ﬂfz(s,zz))

£(0,17) ! SLfi(S.I) I
s (-0 (Sin 1)

£(0,11) 2 Shf(S«,12) b
T,y AL (1‘1) <1f(SI)_1>

fl(Ovli)fQ(Ovlf) (S_S*) f2(0713) 1 S*f1<S,I,£) Sfl(S*7I>:)
TSN AGLE) S AL AL <2‘ Ao Sf <s,1:>)
f1(0,1}) ) S (S, 17)  Sfa(S.I7)
TS W)L (2_ ShH(S.12) S*fz(S,1$)> '

Using the arithmetic-geometric inequality, we have

Hence,

7 S*fl(SIl) Sfl(S*7 ) 0
SASeID)  SA(SI) — 7
5 S fz(SI) SfZ(S*J) 0
SH(SuE)  Sh(S,) ~

D*V < 0. Further, the largest invariant set of {(S,Il,lz) € Ri : D%V = 0} is the

singleton {E.}. By applying the LaSalle’s invariance principle, we can obtain that the endemic

equilibrium E, of model (3) is globally asymptotically stable.

5. CONCLUSION

This paper presents a mathematical study on the dynamical behavior of a fractional order SIR

epidemic model with double epidemic hypothesis and specific functional response. First, we
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have proved the existence, nonnegativity and boundedness of the solution for any nonnegative
initial value. It also identified four equilibria, viz, an disease-free equilibrium-free Ey, disease-
free equilibrium for I, E{, disease-free equilibrium for /1, E5 and both-endemic equilibrium E,.
We have derived sufficient conditions for local asymptotic stability of the equilibria. Next, we
have established the global asymptotic stability of the equilibria. Finally, from our theoretical
analysis, it can be concluded that the fractional order parameter ¢ has no effect on the stability

of the equilibria.
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