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Abstract. Coronavirus and its associated comorbidities have been the drivers of many deaths across the globe
in recent times. Individuals with underlying medical conditions are at higher risk of becoming critically ill and
developing complications if they are infected with the Coronavirus. In this paper, a Caputo-Fabrizio fractional-
order model of coronavirus disease with comorbidity is formulated to access the impact of comorbidity diseases
on COVID-19 transmission using both a fractional-order as well as a stochastic approach. Exponential law is
utilized to present the existence and uniqueness of solutions using the fixed-point theory. The fractional stochastic
approach is adopted to examine the same model to explore the random effect. Numerical simulations are used to
support the theoretical results and the simulation results suggest that the increase of comorbidity development and
the fractional-order derivative factor simultaneously increases the prevalence of the infection and the spread of the
disease. The fractional stochastic numerical results suggest that the prediction of infection rate is more stochastic
than deterministic.
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1. INTRODUCTION

The deadly Coronavirus disease (COVID-19) which was first reported in the city of Wuhan
in china [1] is one of the most deadly epidemics the world has ever experienced. From Wuhan,
it rapidly spread throughout the globe, that on the 11" of March 2020, it was declared a
global pandemic by the World Health Organization (WHO) [2]. It is still spreading to date
and has infected over 183 million and killed over 3.9 million people the world over. Infected
individuals have symptoms like high fever, fatigue, muscle pains, loss or change of taste or

smell, shortness of breath, dry cough, and sore throat.

The disease can be contracted by susceptible individuals when they come in contact with
respiratory droplets from infected individuals and through direct contact with contaminated
surfaces [3]. As of June 2021, there is no cure for COVID-19, affected nations only rely on
protective measures such as wearing face masks in public places, social distancing, maintaining
proper hygiene and ventilation, quarantine, contact tracing, and vaccination to control the
disease spread. Optimal supportive care in hospitals includes oxygen for severely ill patients
and those who are at risk of severe disease and more advanced respiratory support such as
ventilation for patients who are critically ill. Corticosteroids like dexamethasone, prednisone,
and methylprednisolone are also used to help reduce the length of time on a ventilator and save

lives of patients with severe and critical illness [4].

Recently studies have revealed that individuals infected with diseases like diabetes, lung
disease and heart disease, HIV/AIDS, hypertension have a compromised immune system and
thus are at higher risk of contracting COVID-19 and an increased risk of severe illness upon
infection [5]. Comorbidity is defined as a disease or medical condition unrelated in etiology or
causality to the principal diagnosis that coexists with the disease of interest [6]. According to
a research study in China which monitored 344 COVID-19 patients in the ICU. The majority
of those that died from the disease had at least one comorbidity, about 144 of them having
hypertension [7]. Another study conducted in China showed that 247 out of 633 COVID-19
patients had at least one comorbidity [7]. In the USA, the Centers for Disease Control and
Prevention (CDC) used COVID-NET in 14 states to monitor the demographics of COVID-19
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patients who were hospitalized [8]. The results obtained from March 1 to 30, 2020, showed
that, out of the 180 patients on COVID-NET, 89.3% of them had an underlying comorbidity.
The most common comorbidities found were obesity, hypertension, and diabetes mellitus [8].
These results, therefore, point towards the need to investigate the dynamics of COVID-19 and

comorbidity co-infections.

Mathematical modelling has played a major role in controlling many epidemics on the
globe because, in the absence of real data, models provide both qualitative and quantitative
information that help in minimizing the spread of many diseases. Recently, several integer
order mathematical models on COVID-19 and comorbidities have been developed to analyse
the impact of various comorbidities on COVID-19 transmission [9, 10, 11, 12, 13]. However,
integer-order models have a major setback: the lack of hereditary memory effect for accurate
predictions. Fractional-order derivatives on the other hand have become a powerful tool
in modeling in the recent times because of their characterization. These operators possess
memory effect crossover property and have statistical interpretation which makes the operators
efficient [14]. There are several different fractional-order derivatives but the most common one
is the Caputo derivative which is just a power law with a local singular kernel. We also have the
Caputo-Fabrizio (CF) fractional order derivative with non-singular Kernel proposed by Caputo
and Fabrizio [15]. Further properties of the CF operators were later developed by Losada and
Nieto [16]. The effectiveness of the CF operator has been illustrated in many fractional-order

models [17, 21, 20, 19, 18, 22, 23].

The aim of this work is to analyse a fractional-order model of COVID-19 with comor-
bidity as well as a corresponding stochastic model of COVID-19 with comorbidity. The study
further presents the numerical scheme for the fractional coronavirus model with comorbidity in
global derivatives via exponential decay kernel, and use these schemes to simulate the model

and make relevant conclusions from our results, to help curb the spread of the disease.
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2. MATHEMATICAL MODEL FORMULATION

The total human population at time 7 is given by Ny, () and partitioned into the following; sus-
ceptible humans Sy, (1), comorbidity susceptible humans S, (¢), humans infected with COVID-
19 I, (¢), humans recovered from COVID-19 R, (t), humans co-infected with comorbidity and
coronavirus 1,,, (t), humans recovered from comorbidity disease Ry (¢). Susceptible humans
are recruited at a rate is A, and they get infected with COVID-19 at arate 3., = B (Iey + Scmlym) ,
where 0., is the modification parameter for infectiousness of the co-infected humans. The natu-
ral mortality rate is denoted by ;, and susceptible humans contract the comorbidity disease at a
rate ¢,;,. The comorbidity humans get infect with COVID-19 at a rate @, f3.,, where @, > 1.
The COVID-19 induced mortality rate is r and the rate of recovery of humans infected with
COVID is ;. The rate at which recovered humans become infected again is 1; 3.,. The rate of
recovery of co-infected humans from comorbidity is &, and 1,3, is the rate at which recovered
comorbidity humans get co-infected again.

The model system of equations is as follows:

% =Ap— ,BcvSh - (‘Pcm +.uh)Sh

dScm —

= QemSp — Wcmﬁcchm - .uhScm7

CV = ﬁcvSh (51 + .uh) Iy + rlchchv,

(1) dgtcv = O11ey — UWnRey — M1 BevRe,

dcljvtm = WemBevSem — (62 + Hh) L + UZBcchm,

dRcm = 621vm I«Lthm - nZBcchm.,

Bcv - B (Icv + Scmlvm) 5

with the initial conditions S,(0) = {1, Sem(0) = &, 1.,(0) = &3, R, (0) = &4, Ln(0) = Cs,
em(0) = Co-
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3. ANALYSIS OF THE FRACTIONAL COVID-19 MODEL

3.1. Mathematical Preliminaries. We give the following definitions that will be applied for
proofs of the existence, uniqueness and positivity of the Caputo-Fabrizio (CF) model analysed

in this work.

Definition 1. [15] Assume y(t) € 7' (01,4,), for £y > {1, p € [0,1]. Then the CF fractional

operator is given as

6o, _ 0
d%@)/zwﬂwe[meKLO<p<L

Phy©) = o |

2)

_dv

— -1
dt?p )

where . (p) represents a normality that satisfies the condition 4 (0) = . (1) = 1.

Definition 2. The integral operator of fractional order corresponding to the CF fractional de-

rivative defined in [16] states that

2(1-p)

3 Ly = CEEYAD]

2p !
l[/(l)+m/o l[/(T)d‘C., pE [0, 1], t>0

Definition 3. The Laplace transform of (¥ D w(t), k) is represented as follows

KW (x, K) — Yo(x)

@) L0 DI w(n), K] = =2 =S

where (x, k) is the Laplace transform L(y(x,1),k) of w(x,1).

Classical models have been noticed not to be effective capturing complex phenomena. Non-
integer order models have the capability of capturing the memory effect for accurate prediction.
Currently, Caputo-Fabrizio operator characterized by no singularity which has a capability of
crossover properties. In natural occurring circumstances the exponential decay which is Ca-

puto—Fabrizio is common.

3.2. The Caputo-Fabrizio model. The Caputo-Fabrizio fractional-order model of COVID-

19 disease with comorbidity is given as follows.
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OCFD;[Sh = Ah - BcvSh - (d’cm + .uh) Sh7

()CFD;[Scm = QemSh — Wcmﬁcvscm - .uhScm.,

()CFD?ICV = BcvSh - (61 + .uh) Icv + nlﬁcchv,

(5) OCFD;IRCV = 611CV — .uhRCV — rllBCVRCV,

()CFD;IIvm = Wcchchm - (62 + .uh) Ivm + rl2Bcchm,

()CFD;IRcm = 621vm - .uthm - n2ﬁcchm,

Bcv = B (Icv + 5cmlvm> )
with the following initial conditions Sj,(0) = {1,S¢n(0) = &,1.,(0) = &3,R:,(0) = 84,1, (0) =
CS?Rcm(O) = C6-
3.3. Model steady states and basic reproduction number. In this section, the equilibrium

states of the fractional coronavirus with comorbidity model (5) are investigated and their stabil-

ities anlyzed. The coronavirus with comorbidity free state of the system (1) is given by

A A
B = (5 St R B R = (8B 0,0.0,0)
cm cm

while the endemic equilibrium point is

E"= (S;;?Sjmij?ij?Ijva:m)?
where
A
Sf=— "
(pcm + ﬁcv + Hp
(PcmAh

* —_—
Scm -

(chwcm + .uh) ((pcm + Bcv + Ivlh) ’
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o BevAn (M1 Bev+ pn)
v Up (¢cm+ﬁcv+.uh) (rllﬁcv+.uh+6l),
R* — Glﬁchh

v Uy ((pcm + Bcv + .uh) (nlﬁcv + Mty + 51) ,
If = wcm‘Pcmﬁchh (TIZﬁcv + .uh)
o Up (ﬁcmwcm+uh) (¢cm+ﬁcv+ﬂh> (712ﬁcv+l-ih‘|‘52)7
R — 02 W ¢cm ﬁchh
o Ly (ﬁcmwcm+ﬂh) (¢cm+Bcv+.uh) (nZBcv‘i‘.uh‘i‘SZ).

Furthermore, the basic reproduction number Ry of the model (5) in a susceptible population
is expressed as:

B (30m58mwcm.uh + 61 5cmngwcm + ,uhS;(: + 5252)

(6) Ry = = Roev +Ro
(L =+ 01) (U + 62) oo
_ BSO _ ﬁ‘scmsgmwcm
where Ry, = uh—JrhSl and Ry,,, = =

Theorem 1. The steady state E° is locally asymptotically stable if all of the eigenvalues ¢; of
J(E®) satisfy;

% larg(97)] > %,i: 1,2,3.4.5,6.

Proof. The Jacobian matrix J(E®) of the model (5) evaluated at the coronavirus with comorbid-

ity free state E° is given by the following

()
(A Om) O P 0 ~ 0
s = B =
J(EY) 0 0 o —(m+8) 0 — 0
0 0 81 — Uy 0 0
00 gmlel 0 Sl (m+&) 0
0 0 0 0 (o) —Hp

It is obvious that four of the eigenvalues are negatives which are —,, —, —tn, — (Gem + Wn)

and the other two eigenvalues are be obtained from the 2 x 2 matrix given by:

ﬁAh — _ 5c'mBAh
©) g = | o~ Hat31) L
Dcm B Gemy DemOemPBPemn
1 (Kt @em) oy — (Un+8)
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The other eigenvalues are the roots of the following equation

(10) A+ ad+a, =0,
where
ap = (Up+61) [1 _ROCV} + (Un + 62) [1 _R0vm]
Zﬁ 2A121 Wcrp 6cm (pcm

az

.uh(.uh'i'(z)cm)z +(Iih+51)(.uh+52) [I_RO}

Using the Routh-Hurwitz criterion, the eigenvalues are either negative or have negative real
parts if only if ay,a; > 0. The coefficient a; > 0 if Ry, < 1 and Ry,,, < 1 are satisfied. Note
that we have Ry, < Ro and Ry,,, < Ro, while a, > 0 if Ry < 1. The argument of the roots of Eq.

(10) are all greater than % if Ry < 1. Hence EY is locally asymptotically whenever Ry < 1. [

3.4. Existence and Uniqueness of Solutions. It is vital to examine the existence and unique-
ness of the solutions of the COVID-19 model (5) in the light of exponential decay law. The
existence of a solution of the COVID-19 model is investigated here using the fixed point theory.

The fractional integral (2) is applied to (5) to obtain
Sh(t) - Sh(o) = OCFItq{Ah - BcvSh - (¢cm + uh) Sh}7

Scm (t) - Scm (O) = ()CFItq{(pcmSh - Wcmﬁcchm - .uhScm}a

ICV(I) - ICV (O) = OCFItq{ﬁCVSh - (51 + .uh) Icv + nlBCVRCV}7
(11)
Rey(t) =R (0) = ()CFItq{611cv — WiRey — M BevRev },
IVm (t) - Ivm (O) = OCFItq{wcmﬁc\’Sc'm - (52 + .uh) Ivm =+ TIZﬁcchm}a

Rcm (t) - Rcm<0) — OCFItq{621vm - ,uthm - nZBcchm}-
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(12)
St) =Su(0) = ot A — Bev(1)Su(1) = (Gom + 1a) Si(1)}
et [ (M Bo(e)S(e) - 0on-+ 1)) ) e,
Son(t) = Sen(0) = 45500y { BemSh(t) = wenBeo () S (1) = HnSean (1)}
+ bty | {0mS() = o (€)Son(€) = S (£) e,
ICV(t) - ICV(O) = (22,(;)_113261) {ﬁCV(I)Sh(t) - (51 + /Jh) ICV(t) + nIBcchv, (t>}
+(2612)—qu/0 {ﬁcv(s)sh(g) - (61 ‘l’.uh)lcv(g) + nlﬁcv(E)Rcv,(g)}dev
Ro(t) =Ro(0) = 2o { 8ilen(t) = iRoo(t) = 1 B ()R (1)}
+(2_612)—qu/0 {Sllcv(g) - /*Lthv(S) - nlﬁcv(S)Rcv(S)}d87
Ln(t) =han(0) = 2epsit=s {WemPey (6)Sam (1) = (82 4+ 1) (1) + M2 (1) Rem (1)}

+ ol | (onBes(€)Sen(€) = (8274 1) Ln(€) + MaBin(€)Rem()

Rem(t) —Rem(0) = %{&Ivm@) — UpRem(t) — M2Bev(t)Rem (1) }
+(2—q2% /{52]1,,"(8) - .uthm(g) - nZBcv(S)Rcm(s)}de'

We use the following notation for the sake of simplicity.
D, (taSh) = Ah - BcvSh - (¢cm + .uh) Sha
CI)Z (ta Scm) — ¢cmSh - Wcmﬁcchm - .uhScmv
(13)

CI)3 (talcv) = Bcvsh - (61 + .uh) Icv + nlﬁcchva

CI)4 (taRcv) = 6] Icv - .uthv —m Bcchva
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(DS (tylvm) — Wcmﬁcchm - (52 + .uh> Ivm + n2ﬁcchm7

q)6 (taRcm) - 621vm - ,uthm - nZﬁcchm-

Theorem 2. The kernels ®, ©,, Pz, P4, O5, and g satisfy the lipschitz condition if

(14) 0< ﬁ(ll + 66m12) + (uu + (Pcm) <L
Proof.

1 D1(2,8) = @1, Sp)ll = |1 = Bev(Sh = Su1) = (@em + pn) (Sp — Sp)

< (Pem + )| (Sn— Sn)|| = 1Bev(Sn — Sn1) ||
(15)

< (¢cm+,uh) +B||Icv+5cmlvm||||(sh_Shl)H

< B+ 8eml2) + (1 A+ Pem)|[(Sh — Sn1) |-
Let @) = B(l1 + Ocmba) + (1 + @), where [} = I, and I, = Oyl are bounded functions, then
we obtain
|[@1(2,85) — P1(2,Sm)[| < D[(Sh — Sn1)|-
Therefore the lipschitz condition is satisfied for @;. Also, if 0 < B(I} + Semlz) + (1 + Pem) < 1,
then ®; is a contraction.
Similarly,

Dy, O3, By, O5, D¢ fulfil the lipschitz conditions
||q)2(t7Scm) - Cpl(tascml)H < @H(Scm _Scm1)||~
||q)3(t71cv)_q)3(talcvl)|| < @H(]cv_lcvl)H
(16)

||q)4(taRcv)_q)4(taRcvl)|| < 664H(RCV_RC\11)||

||q)5(talvm)_q)5(talvml)|| < a~)5H(Ivm_Ivml)||
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Hq)é(tyRcm) _q)6(t;Rcml)H < C66H(Rvm_Rvml)H-

Taking into consideration the above mentioned kernels, (12) yeilds
S(t) = Sh(0) + Ul 1 (1,84) + /cpl €,5,)d

t
Sonlt) = Sen(0) + A5 Pa(0.Sem) + =iy | (e, Sl

t
Iot) = 1a(0) + Ut s (1 0e) + s /0 ®s (e, 1, )de
(17)

t
Rcv(t) = RCV(O)+%¢4(I Rcv (2_‘12)—qM(q)/0 @4(8,Rcv)d8

t
1) = Lun(0) + G2t @s(t.Fn) + =iy | s(e. )

Rcm(t) = Rcm(o) + %@6(1‘,]30"1) + %/¢6(87Rcm)d8

Now, the recursive formula is presented based on aforesaid kernels, and equation (17) trans-

formed to the following:

t
2(1— 2
S (1) = (2(q)Aggq)q)l(t>Sh(n—l))+W%4(q)/()¢1(87Sh(n—1))d8

t
2(1— 2
Scm(n)(t) = (Z(Q)Aqu)q)Z(tchm(n1))"{_%/0 @2(8,50,"(",1))({8,

t
2(1— 2
(18) Icv(n)(t) = (2_(q)1\/‘[]2q)¢3(t71cv(n1))+W3\4(q)/0 @3(8,]0‘,(",1))618,
2(1

_ ) 2 t
Rcv(n)(t) = mqh(t Rcv(n 1))+(2—q—)3\/1(q)/0 ¢4(87Rcv(n71))d87

_ _20-q) 2 !
Ivm(n)(t) - WCDS()f Ivm(n 1) +W?w(q)/0 (D5(87Ivm(n—1))d8
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Romn)(t) = (1, R )+ b | ®g(e,R )de.
cm(n) 2—q)M(q) ~0\"»tem(n—1) 2—¢)M(q) 6\¢) Nem(n—1)

The associated initial conditions are presented as follows:
ShO(t> = Sh<0>7 ScmO(t) = Scm(O)a Ich(t) = Icv(o)a Rcv0<t) = Rcv(0)7 Iva(t) = Ivm(o)a
Remo(t) = Rem(0).

The difference between the successive terms are presented as follow:

(19)
En(t) = i) = Sh-1)(t) = o [cbl (1, Sh(w) — 1 <z,sh<n1)>}
) t
+W3‘4((])/0 [‘pl (&:Sh(n)) — P1 (saSh(n—l))] de,
Fn(t) = Scm(n) (t) - Scm(nfl)(t) = (22—(611)_1;[12(]) [CI)Q(I,SCm(n)) - q)Z(taScm(nl)):|
t
2
+W‘5‘4((1)/0 [q)z(gascm(n)) - q)z(g?Scm(n—l))}dS’
Gn(t) = Icv(n) (t) - Icv(n—l) (t) = % [(1)3 (t7lcv(n)) — D3 (talcv(n—l))]
t
2
+(2,q—)3\/[(q) /O [CDS (galcv(n)) - q)3(ealcv(n—l))} de,
H, (t) = Rcv(n) (t) _Rcv(n—l) (t) = (22,([11)—_11/‘[12@ [q)4(t7Rcv(n)) - q)4(taRcv(n—l))}
t
2
+W%(Q)/O [(I)4(85Rcv(n)) - CI)4(87Rcv(n—l))]d87
In(t) = Ivm(n) (t) _Ivm(nfl) (t) = (227(21)—_11/‘[12@ [CDS (I7Ivm(n)) — D5 (t7lvm(n1))}

2 t
+WC§VI(Q)/O |:q)5(871vm(n))_q)S(gvlvm(n—l))} de,

In (t) = Rcm(n) <t> - Rcm(n—l) (t) = (2%(;);1;12q) |:CI)6 (ta Rcm(n)) — D (ta Rcm(n—l) ):|

+%/ |:CD6(8chm(n))_CD6(87Rcm(n1))} de.

Note that

Sh(n) (t) = Z?Ei(t)a Scm(n) (t) = Z?E(l‘),
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Icv(n) (t) = Z:l Gi(t)a Rcv(n) (t) = Z:l Hi(t)7

Ivm(n)(t) :Z?Ii(t)v Rvm(n)(t) :Z?Ji(t)'

On the other hand,
011 = 1)~ Sw O = || 5o 1 S50) ~ 0. 51)
2q !
+m/o [CIDI(S,S;,("))—<I>1(8,Sh(n_1))}d8
2(1—
< % {%(I,Sh(n)) -, (tvsh(nl)):|
2q !
+WH/O {q%(g?sh(n))_q)l(gush(n1))]‘18
2(1— ~
< G S )1~ S0
2q - [
+mwl/o Shn—1)(€) = Sn(n—2)(€)||dE.
Therefore,

2(l—¢q) . 2q ~/’
[Ea(0)] 2= (q) 1 En—1(2)]] 2= Jo 1(€)
In a similar manner, we obtain the following:
2l—q) .~ 2q <!
IR0 < &g @O+ G e /0 Fooi()||de,
00 1G] = @GO+ s [||Gu (o) de
n = 2-qM(q) n=l C—qM(q) > Jo | ! ’
< 2049 Gy 2___g, ['n d
[Ha(2)]] < (z_q)M(q)w4|| nﬂ(ﬂ”‘*‘mah 0 n—1(€)||de,
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2(l—q) .~ 2q e

1.0 < M—M@wSHIn—l(f)HﬂLm%/o I,—1(€)||de,
2l—q) .~ 2q <[

@)l < W%“J”I(I)'Hm%/o Ju-1(€) | de.

We thus have the following theorem

Theorem 3. Fractional COVID-19 model (13) possesses a system of solutions if there exist t

such that

2(1—q) 2

q
D 2-om@® T2 on

ot < 1.

Proof. Consider the following bounded functions: Sy, (¢), Sepm (), Loy (2), Rey(t), Lym, Rym(t). Fur-
ther, we have shown that the kernels satisfy the Lipschitz condition. using the results of equa-

tions (19) and (20) respectively and adopting the recursive method, we obtain the following

relations:
D < 150|251+ By ]
RO < ISom O | 2t + =]
GO < 1m0V | iy s + =y |
(22) n

O < RO ity 0+ oy ]

O] < (O] 2ty 5+ B

O < WRemn O] 258+ 2= O] -
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Thus, the system (17) exists and is smooth. In order to demonstrate that the above functions

constitute the solutions of the system equation (5), we make the assumption that

Su(t) =Su(0) = Swu(t) —La(t),
Scm(t) Scm(()) = Scmn (t) Mn(t)>
Icv(t) Icv(o) = Icvn(t) Nn(t)7
(23)
Rcv (t) Rcv(o) - Rcvn (t) On (l),
Ivm(t) Ivm(o) == Ivmn(t) Pn(t)a
Rcm (t) Rcm (0) == Rvmn (t) Qn (l‘),
where
(24)

2(1—gq)
@T)]M(q)t (O (t,Sh) — Py (tash(n—l))}
29

L] = [185(6) — Sy (®)] H
+(2q)M(q)/0 q)1(875h)_q)l<875h(n1)):|d8

< [ (1, S) — @1 (¢, Shu))|
t
+(2_qz)—qM(q) /O [@1(8,5}0—@1(8,Sh(n_1)):|d8
S 2(1—q)

gt D1 1Sh = Sl

t.

2 -
+ =gt D || Sh = Shin-1)

Carrying out this process recursively we have

2( D G+ 9 ailt} & k.

(25) ILON< | = gmu@® T a=gmie

(
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Taking limits as n — oo, we have ||L,(7)|| — 0. Similarly, we obtain

(26) HMn(t) Ny (1) — 0, |[P(t)]| — 0.

— 0, ‘

O

Now we show that the model has a unique solution. Assume that the system has another

solution Sy (¢), S, (¢), I5,(t), R%, (1), Ly, (1), R%,(2).

) TCy ’vm

Then, exploring the properties of norm in equation (16) gives
(27)

Sp(r)—Sy(1) = 21 =4

(2—q)M(q)

Cpl(l,Sh)—q)l(l,S}kl)} +(2—62]%/0[ [@1(€,Sh)—¢1(8,52):| de

and utilizing the Lipschitz condition, we have

2(1—q)

* D * 26] D [
(28) [|Sh(t) =S;(1)]| < mleSh—Sh(t)Herm/o

Sn(e)—S;,(¢e)||de,

which leads to

(29) 1S4(1) = S50 {pﬂ(ﬁl_ 2

q N
(2—q)M(q) 2=9M(q wlt] <0.

Theorem 4. The fractional order model system (13) has a unique solution provided that

* 2(1 _Q) ~ Zq ~
Proof. Following equation (31),
* 2(1 _q) ~ 2q ~
@D 1500 =80l [1- D - 2 <0,
, and from equation (31),
* 2(1 _q) ~ 2q ~
2 140 -0~ 2 i~ g ™) O

with [|S;(¢) — S5 (¢)|| = 0. Therefore, S,(t) = S (¢). Similarly, S¢,, (1) = S, (¢), I (t) = 15,(1),
Rey(t) = R:v(t)7 Lim(t) = I:<m<t)7 and Rep, (1) = R:m(t>' O
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4. THE STOCHASTIC CORONAVIRUS MODEL WITH COMORBIDITY

In this section, the coronavirus model with comorbidity is expressed in global derivative with

a stochastic component. The stochastic aspect is introduced in the global derivative model (13)

as follows:
t
Su(t) = Sh(0)+/0E1(G,Sh)dG—FLl(G,Sh)dA](G)
t
Somlt) = Sem(0) + / Ex(6, Sem)d0 + Lo (6, Sen)dA2(6)
0
t
() =  I.(0)+ / E3(6,1,,)d0 + L3 (6, I.,)dA3(0)
0
(33) '
Ralt) = Ral0)+ [ Ea(6.Ra)d0+Lu(6.Re)dAs(6)
0
t
L) = Ivm(0)+/E5(6,Ivm)d9+L5(9,Ivm)dA5(6)
0
t
Remlt) = Rcm(O)—i—/E6(6,Rcm)d6—i—L(,(G,Rcm)dAé(G),
0
where
E((0,S,) = H(0)(An—BevSh— (@em + 1n) Sh),
EZ(eaScm) = h,(e)(q)cmSh*Wcchchm*uhScm)a
E3(6710v) = h,(e)(ﬁcvsh - (51 +.uh)lcv + nlﬁcchv)a
(34)
E4(6aRcv) - h/(e)(allcv_.uthv_nlﬁcchv)a
ES(eaIvm) = h,(e)(wcmﬁcvscm - (62 "’.uh)lvm + n2ﬁcchm)a

EG(eaRcm) - h,(e)(&lvm_uthm_TIZﬁcchm)‘
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5. NUMERICAL SCHEME FOR CORONAVIRUS WITH COMORBIDITY MODEL

This section presents the numerical scheme for the coronavirus model (5) with comorbidity

in global derivatives via exponential decay Kernel.

By making the assumption that Cy, C,, C3, Cy4, Cs, Cg, C; are differentiable, and substituting

the functions by Newton Polynomial interpolation we have the following scheme.

(35)

Sh(tes1) =

it

$u() + 3 | M0 (A B ISt 4 Bt}
S

~ (Gom-+ 1) z“) _ hl—hlyy)) (Ah Bt 4 BEnIS St — (G + 1) SE

) {<Cl<tk+1>—cl<rk>>wa (141,557 — (€1 (10)

It

—Ci (1)) M p g, S]Z)}

+ir {% (Ah — BIE 28 + BOemdl 282
— (@em + Up) S]fl_z) X (h(fk—l - h(tk—z)))
—4 (Ah —BIE S+ Bl Sy

— (Pem + ) Slf,_l) X (h(fk - h(lk—l)))
+3 (A BIL St + Bl

— (@em + up) S’Z) X (h(lk+1 - h(fk))ﬂ

+itta) {%Pl (t—2, Sy H)h(ty—1 — h(tx—2)) (C1 (tx—1) — C1 (tx—2))
—3P1 (1,8 At —h(te1) (Cr () — Ci(5x-1))
BP0 8] (1 — (1)) (€1 1)~ Ca 1)
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(36)
Sem(ter1) = Sem(ty) + 1\142;) {h(rm;h(tk)) <¢Cm52+1 — WemBIKISE 4 8w BTN

vm

_Uhsléil) - h(lk_—}glz(tkil)) <¢cmsl;§ - Wcmﬁlé{vslém + Scmwcmﬁlxlfm - .uhS]ccm)}

+1\% {(Cz(fkﬂ) - Cz(fk))wﬁ(tk“,s’g,‘;l) —(C1 ()

—Ca(ty_y)) M) py (7, K )

1t

37t {% ( <¢cmS’;2 —WemBIs 2 Sem” + SemWemPBLi* — uhS’é#) >

X (h(lk—l — h(¢k—2))> —3 ((%mS’;l_l —WemBI5 IS 4 W BI !
_‘uhSlczl) ) X (h(tk - h(tkl))> + % ((‘Pcme, - Wcmﬁlcl‘(vslc(m + 5cchmﬁI1lfm
—Hhslém)> X (h(lk+1 _h(tk)))}

+iita) 5P (12,85, h(tx—1 — h(t—2))(Ca(tx—1) — Ca(tx—2))

—3Pa (651, Sk Ytk — (1)) (Ca (1) — Ca 8 1))
2 By (1, S (111 — R(1)) (Caltin) cm))} |

(37)
Ieo(tir1) = Too(t) + 3 [h“k“”h(’k” (ﬁzﬁjlsﬁ“—5@1315,;:1+<61+uh>1£;“Rﬁv“

MBI MBS ) — M (Bt - 5l (B ) R
+Thl31§v - n1B66v15m>:|
+1\% (C3(tk+1) _ C3(tk))h(tk+1;h(tk))P3(tk+1,Iéc‘;o—l) - (C3(l‘k>

—Cs(tr-1)) h([k*,(tk”))% (%, Ig)}

Tl |12 (515525’2‘2 =~ 8ot + (BIE S} — S,
(B ) I RIS Bty ) x (i h(n2)) )
-3 (Blé‘;lSi“ — 8o BIE, 4 (81 + ) IS RES T+ my B — mﬁ&vlfnzl)

% (h(rk - h(m))) 42 (ﬁlfvS’Z GBI, + (8 + ) IS RE,
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+nll31§v—nll35cvlfm) X <h(fk+1 —h(fk)))]

+iitg) {%% (tk—2, I8 ) (tr—1 — h(1x—2)) (C3(tx—1) — C3(tx—2))
—3P3 (11, 185 Yh(te — (1)) (C3(1) — C3(1x-1))

B It~ () Ca 1)~ Ca)

(38)
Rcv(tk—i—l) = Rcv(fk) + Al/Iz(;I) |:h(tk+1;h(lk)) (Sllgj—l _ uthé;ﬁ—l _ nlBIfj—lRlcc‘—)i-l

h(ty—h(t—
_nlscvﬁl\]f;;:lRlccj—l> - M (6115\/ - .uthgv - nlﬁlﬁlec(v - nl6cvﬁ1\]melccv):|

+A% (Caltip1) = Ca(a)) M 2 Py g REFT) — (Ca(te)

—cAm»)WPAzk,R’;v)]

Tl | 2 (&Ickvz — WRE 2 —mPISPRE 2 —m 6cvﬁlé‘m2R§V2)
x (h(r“ —h(m))) 4 (611551 _uRA I TRE
_nlécvﬁlfmlRlccvl> X (h(tk - h(tk—l))) + % (Sllc]?v - uuhR]ccv - nlﬁlvalév

—n15cvﬁI§mR’§v> X (h(fk+1 —h(tk)%

+iita) [%P4(tk—2aRlccv2)h(tk—l —h(tx—2))(Ca(tr—1) — Ca(tx—2))
— 3Pt 1, RE (e — h(5-1)) (Ca(tx) — Ca (1))
BP0 RE (1 — (1)) (Cal1) — Ca)

Lin(tie1) = L(te) + A]/Iz(;]) |:h(lk+1;h(tk)) (Wcmﬁlécjlslg;zl . Wc‘m60mBI\]/<r—r’z_lslc<1—nH
+ (824 ) It + MBI R + nzﬁlé‘#R’é#)
(39)
h(te—h(ty_
_M (Wcmﬁlfvslgm - Wcm‘scmﬁlxlfmslccm + (82 + wp) Ifm

+n2BI§vR]c<m + WZBlmelfm) }
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1— [ h —h
3 | (Cste1) — Cs (1)) 2D Py 1y 1Y) — (Cs (1)

It

—c5<tk1>>wps<rk,zfm>]

+itg _15—2 (wcmﬁlf-;zSé‘;z — WemOemPBIy 2852 + (82 + ) 15,2

+mPBIL 2R+ 772[515"7213]2;2) —3 (wcmﬁlfv_ls’ggl — W OemBIE- 1K1
+ (S ) I + MBI IR + oI, 1Ri‘-m1) ) <h(fk — h(ty— )>)
+5 (Wcmﬁlé‘vS’ém — WemOemBIE Sk, + (8 + ) 1%, + MBI RE,,
+nzl315mRI§m) X (h(fk+1 - h(tk)))}

+iita) [15_2})5 (tk—2, 152 (ti—1 — h(tx—2)) (Cs(tx—1) — Cs(tx—2))

—5Ps (11,25 (6 — h(ti—1)) (Cs (k) — Cs (1))
B Ps(tr, I8 )t — h(t) ) (Cs (tgr) — C5(tk))] :

1— h —h
Rcm(tkH) = Rcm(tk) + M(;) (tk+]g, (i) (5215;21 - NhR]gf_;l - WZBIQHRIC(;I

—MBIsH R | — M) (Szli‘m — 1RE,, — mPILRE, — nzﬁli‘mR’ém)]
| (Coltan) = o)) S50 RS~ (Coln)

—Co(tk—1 ))wpﬁ(l/w]e]ém)}

+31ta3 {% (8215# — MRS, — mBIE PRE,? — nzﬁlfrzzRﬁnf)

(s ) ) = 4 (Bt~ )~ el RS
By ') ¢ (o)) + 5 (Bot — s~ moBIARE,
“maBli Ry ) x (it (1))

+itta) {%Pé(fk—zaRfaz)h(fk—l —h(ti—2))(Ce(ti—1) — Co(tx—2))
—5Ps(tx—1, RS, Yh(ti — h(ti1)) (Co (1) — Co(15—1))

B3 Pal Rl — H(1) Col1) — o)
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6. NUMERICAL SIMULATION AND DISCUSSIONS

In this section we present the numerical simulation of the coronavirus with comorbiidity
model (5) hinged on the exponential law. The Adams—Bashforth scheme as extensively pre-
sented in [24] was utilized in solving the model (5). The step size used for this study is
0.001 with time interval [0,120]. The following parameter values used for the simulations
are A, = 0.8, By = 0.5, ¢ = 0.6, 1, = 0.0001, we,, = 0.04, 6 = 0.05, n; = 0.04, 5, = 0.6,
M2 =0.5, 8, =0.6.

Figure 1(a) captures the dynamics of the susceptible individuals S, (7) and as the fractional
order derivative increases the number of susceptible individuals decreases. This is reduction of
virgin population which is common to many epidemiological models. Figure 1(b) depicts the
susceptible individuals with comorbidity S, (¢) in the community. The number of individuals
in this class decreases as the fractional order derivative increases. In Figure 1(c) the number of
individuals infected with coronavirus I, (¢) increases as the fractional derivative also increases.
Figure 1(d) shows the number of individuals recovered from coronavirus and they increase as
the fractional order derivative increases. Figure 1(e) represents the co-infected individuals with
coronavirus and comorbidity I,,,(¢) and the number individuals in this class increases as the
fractional order increases from 0.75 to 1. Figure 1(f) shows the number of individuals recovered
from comorbidity R, (¢) and they increase as the fractional order increases. This result predicts
that humans with such complications are taking the right health decisions.

Figure 2(a) is the susceptible humans Sy () and as the fractional-order derivative increases the
number of susceptible humans decreases. The result is similar to that of Figure 1(a), however,
the random effect can be observed in this situation. Figure 2(b) shows the susceptible humans
with comorbidity S, (¢) in the community. The number of comorbidity susceptible humans
decreases as the fractional-order derivative increases. Figure 2(c) represents the number of
individuals infected with coronavirus I, (z) and it increases as the fractional derivative also
increases. The random-effects suggest that the daily infection is not constant. This rise of
infection perceived in Figure 2(c) is mostly characterized by epidemiological models of this
nature. Figure 2(d) indicates the number of individuals recovered from coronavirus R, () and

the number of individuals increases as the fractional-order derivative increases. Figure 2(e)
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shows the dynamics of the co-infected humans with coronavirus and comorbidity 1,,(¢) and
the number of individuals move up as the fractional-order derivatives increase from 0.75 to 1.
Figure 2(f) represents that the number of individuals recovered from comorbidity R, () and

increases as the fractional order increases. This may suggest that individuals with comorbidity

are undertaking the appropriate health decisions within the community.
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Figure 1. Simulation results for model (5),

1,0.9,0.80,0.75

exponential law at g =
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7. CONCLUSION

In this work, we examined the dynamics of coronavirus with comorbidity in a community.
The steady states of the model were established and reproduction number was also determined.
Exponential law was applied to study the dynamics of the coronavirus with comorbidity by es-
tablishing the existence and uniqueness of solutions of the model using fixed point theory. A
fractional stochastic approach in the light of exponential decay law was employed to analyse
the same model. The numerical simulation results suggested that fractional-order derivative and
parameter values have a serious impact on the dynamics of the fractional coronavirus with a co-
morbidity model. Similar results were obtained for the stochastic model, However, unlike the
fractional-order model, the stochastic model exhibits some random effect. From an epidemio-
logical viewpoint, comorbidity individuals acquire more re-infection due to lack of surveillance
and precautions like wearing masks, social. Also, the increase of comorbidity development and
the fractional- order derivative factor simultaneously increases the prevalence of the infection
which can lead to a disaster situation. The disease can thus be controlled if comorbidity in-
dividuals observe all the above mentioned precautionary measures. The fractional stochastic
numerical simulation results show that the random nature of the infection is not fixed as in the
fractional deterministic model. It is recommended that complex phenomena be investigated us-
ing the fractional stochastic perspectives in order to present the randomness nature of the spread

of many diseases.
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