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Abstract. In this paper, a two patch-model for animal African trypanosomiasis (AAT) disease transmission that

incorporates seasonal variation, livestock, wild animals and tsetse flies is proposed and studied. The main assump-

tion in the formulated model is that seasonal variation is associated with migration of both hosts and vectors from

one patch to another. From model analysis, we computed the basic reproduction number in a periodic environment.

We noted that the disease can be eliminated in the population whenever the basic reproduction number is less than

unity and exist whenever greater than one. We performed the numerical simulation of the model considering two

scenarios: symmetrical and asymmetrical movement of hosts and vectors. Overall, we noted that migration of

hosts and vectors have influence on the spread of disease in the population. Additionally, we observed that solution

profile of all infected species is associated with periodic oscillations caused by the seasonal variations.
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1. INTRODUCTION

Animal African Trypanosomiasis (AAT) is a devastating infection that is caused by protozoa
of the Trypanosmoma genus. It is primarily transmitted by tsetse flies of the Glossina spp.
to almost all domestic mammals and various wild mammal species [51]. The species of Try-
panosmoma that can cause AAT include T. brucei congolense, T. brucei vivax, and T. brucei
rhodesiense [52]. Although both animals and humans can be infected by T. brucei, the most
affected are cattle because of the feeding preferences of tsetse flies [53].

Trypanosomiasis is one of the most important livestock diseases with devastating economic
losses in Africa. In Sub-Saharan Africa (SSA), the direct and indirect impacts of the disease
are estimated to approach 5 billion US dollars annually [54, 55]. The high mortality rates of
livestock from this disease can cause up to a 50% annual reduction of milk and meat production
in SSA [56]. According to Deveze [57], the AAT disease has pushed about half a million
farmers in remote Africa to poverty. Apart from domestic cattle, the disease can also affect
domestic swine, camels, goats, and sheep [58]. The infection of susceptible animals causes
chronic or acute symptoms which are characterized by recurrent fever, diarrhea, anemia, and
even death.

Substantial efforts have been made to study and control AAT but the disease persists in many
parts of SSA [59]. Like other endemic diseases in SSA, mathematical models are among the
efforts which have been explored to understand the dynamics of AAT in the region. Otieno et
al. [60] assessed AAT dynamics in a cattle population and included wild animals as substitute
tsetse fly feeding sources. The model showed that the disease was accelerated in the cattle
population by the wild animals. Further analysis also demonstrated that the rates of vector bit-
ing and survival are significant parameters in the disease control strategies that aim to reduce
contact between vector and cattle populations. Another model was developed by Kajunguri et
al. [61] to include insecticide-treated cattle and the use of insecticides in the control of tsetse
flies in a multi-host population. The authors established that the use of insecticides on cattle
alongside the treatment of infected cattle and humans effectively decreased the prevalence of
trypanosomes. Meisner et al. [62] modeled trypanocide treatment of cattle and demonstrated

that as the number of trypanocide-treated cattle increased, the disease prevalence decreased.
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Very recently, Lord et al. [63] assessed the effects of insecticide-treated cattle on the abundance
of tsetse flies and trypanosome transmission at the livestock-wildlife interface in Serengeti,
Tanzania, and estimated close to 30% increased tsetse fly mortality which explained the com-
paratively low prevalence of T. brucei in cattle. Ndondo et al. [14] also developed an AAT
model but considered only treatment as a control strategy while excluding the contribution of
host and vector migration and seasonal variations on the transmission of the disease.
Although numerous studies have been conducted to model the dynamics and control AAT, the
infection still persists and affects animal production, and continues to threaten livelihoods and
economic development in Africa. Most of the AAT models have not included seasonality as a
factor that influences the transmission dynamics. Seasonal variations can change the rates of
vector development, thus can influence the disease transmission dynamics [23]. The present
paper aimed to incorporate the aspects of seasonal variations of vector and host migration in
modelling the transmission of AAT to address the question “How do seasonal variations and
migration of vector and host populations affect AAT transmission dynamics?” The paper is
organized as follows: In Section 2, the model is formulated, and in Section 2.1, we compute the
basic reproduction number and investigate the stability of the models’ equilibria. In section 2.2,
we perform the numerical simulations to verify the theoretical results and in Section 3, we have

the concluding remarks concerning the formulated model.

2. MODEL FORMULATION

In this section, a two-patch model for the animal African trypanosomiasis (AAT) that incor-
porates seasonal variations, livestock, wild animals and tsetse flies is proposed and studied.
Throughout the document we have used the subscripts L , W and V to denote the livestock,
wild animals and vector respectively; the subscripts i and j represent the first and second
patch for species with i, j = 1,2. The total population of livestock in patch i is denoted by
Ni(t) with i = 1,2 which is sub-divided into four compartments: the susceptible Sz;(z), ex-
posed Ep;(t), infected I1;(¢) and recovered Ry;() classes. Thus, the total population for live-
stock is given by Np;(t) = Sri(t) + Eri(t) + ILi(t) + Ri(t). The total population of wild an-
imals in patch i is also sub-divided into susceptible Sw;(r), exposed Ew;(t), infected Iy;(t)

and recovered Ry;(t) classes. Therefore, the total population of wild animals is given by
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Nwi(t) = Swi(t) + Ewi(t) + Iwi(t) + Rwi(t). Further more; the population of vectors in patch
i is sub-divided into three compartments: susceptible Sy;(¢), exposed Ey;(¢) and infected Iy;(t).
Thus, the total population of vectors is given by Ny;(t) = Sy;(t) + Ey;(t) 4+ Iyi(t). Both the
livestock and wild animals acquire the AAT infection through contact with infected tsetse flies.
On the other-hand, susceptible tsetse flies acquire infection through bites of an infected hosts
(either livestock or wild animals). Therefore, the force of infection for livestock, wild animals

and vectors in patch i are respectively denoted by Az;, Aw; and Ay; defined as:

_ 0yi(1 —w;)Byrilyi

1 A )=

) Li(1) Nri+ Nwi
oviBvwilyi

2 A i) = —

2) wil) Nii+ Nwi

Cyi(1 —u; A, Oy w;
(3) Avl'(l) _ vz( ul)ﬁLVl Li VlﬁWVl Wi
Np;i + Nw; Np;i + Ny,

The parameter By, with k = L, W represents the probability of disease transmission from infec-
tious tsetse fly to susceptible hosts (either livestock or wild animal), oy;(¢) represents a periodic
function that accounts for vector biting rates and u; represents the rate of spraying the livestock
with insecticides to prevent contact with tsetse flies in patch i. Since most of the studies in liter-
ature (see,[5, 36]) show that seasonal variations influence the tsetse flies biting rates, we define

the vector bite rates oy; in patch i by:
(4) ovi(t) = o[l + oy cos(0t + 7)]

Where 0'& represents the average vector biting rate in the absence of seasonality, G‘}i 1s a maxi-
mum amplitude of seasonal variations with 0 < G‘}i <1,0= % define a one-year period and
T denotes the phase shift to capture the seasonality.

Following successive contact rates between hosts and vectors in patch i, the host becomes ex-
posed and spend aLki days in the incubation period. We have also assumed that infectious ki hosts
in patch i recover from the infection with permanent immunity through treatment or naturally
after % days of infection. In addition, the parameters by; and Li;; represent the birth and natural
mortality rates of k hosts in patch i; By, and Byw, denote the probability of disease transmission

from an infectious vector to susceptible livestock and wild animals in patch i; The change of
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seasonality affects the life span of adult tsetse flies, and therefore, vectors may die while still in
the incubation period. Therefore, we have assumed that upon infection, vectors progress to an

infectious state at rate:
(5) ayi(t) = o1 + o4 cos (07 + T)]

where a‘(}i denotes the average incubation rate in the absence of seasonal variations, O‘xl/i repre-
sents the maximum amplitude of seasonality with 0 < &); < 1. In addition, by;(t) and py;(t)

represent the vector birth and natural mortality rates respectively which both follow the seasonal

variations:
(6) byi(t) = bY;[1 + by cos(01 + 7)]
7 pyi(t) = (1 + py;cos(01 +7)]

Where u‘gi and b?,i denote the average natural mortality and birth rates, respectively, and ,u‘(}l-(O <
ug,. < 1) and b?,i(O < b?,l- < 1) represent the maximum amplitudes of seasonal variations. In
vector-borne diseases the abundance and distribution of both hosts and vectors, therefore, we
have assumed that seasonality is associated with the migration of hosts and vectors from one
patch to another. Let the migration of susceptible, exposed, and recovered livestock from patch i

to j be denoted by p;;(¢), while the migration of infectious livestock from patch i to j by m;;(z):

(8) pij(t) = plj[1+ pljcos (0t +7)]

) mij(t) = m{j[1+mj;cos(0t +7)]

Where p?j, ml-lj denote the average movement rates in the absence of seasonal variations, pl-lj(O <
pl-lj < 1) and m}j(O < milj < 1) are the amplitudes of seasonal variations. The migration rate of
susceptible, exposed and recovered wild animals in patch i to j is denoted by g;;(¢), and that of

infectious wild animals by A;;(¢) which both follow the seasonal variations shown in (10) and

(11):

(10) qij(t) = q\i[1 + g cos(6t + T)]

(11) hij(t) = h;[1+h};cos(0t +7)]



6 MLYASHIMBI HELIKUMI, JACOB ISMAIL IRUNDE

Where q?j, }j denotes the average movement rates of wild animals in the absence of seasonal
variations, q}j(O < q}j <1)and h}j(O < h}j < 1) represent the maximum amplitudes of season-
ality. Furthermore, n;;(¢) is migration rate of susceptible and exposed vectors and r;;(t) the
migration rate of infectious vectors. Therefore we define the movement rates for susceptible,

exposed and infectious vectors from patch i to j by:

rij(t) = r?j[l + rl-lj cos(0t + 1)

where n?j, rilj represents the average migration rates in the absence of seasonal variations while
ni;(0 <nj; < 1) and r};(0 < rl; < 1) represent the maximum amplitude of seasonality. Based
on the above assumptions, we have the following flow chart and nonlinear ordinary differential

equations (fori # j = 1,2):

Patch 1 host and vector migration patch 2

braNp

FIGURE 1. Flow chart of host and vector interactions
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(12)

2.1. The basic reproduction number. In this section, we compute the disease-free equilib-
rium followed by the threshold quantity Ry which determines the power of the disease to invade

the population. Therefore, by direct calculation, we have that the model system (12) is always

¢

S1i()

Ep(1)
Ip,(1)

Ry,(t)
Swi(t)

Eyy;(t)
Ly (t)
Ryi(1)
Sy;(t)

Ey,(t)

Iy (1)

\

briNpi(t) — Api(t)SLi(t) — pLiSLi(t)

+p;iSej(t) — pijSi(t),

Api(t)SLi(t) — (Uri + 0w )ELi(t) + pjiELj(t) — pijELi(t),
oLiELi(t) — (Upi + Yei)ILi(t) +midpj(t) — mijli(t),

Yeilri(t) — WLiRei(t) + pjiRej(t) — pijRei(t),

bwilNwi(t) — Awi(t)Swi(t) — twiSwi(t)

+4;i(1)Sq; (1) — qij()Sqi(t),

Awi(t)Swi(t) — (Hwi + awi) Ewi(r) + q;i(t)Ew (1) — qij(t) Ewi(1),
owiEwi(t) — (Hwi =+ owi)wi(t) + hji(t)Iw (1) — hij (1) Iwi(t),
Wilwi(t) — UwiRwi(t) + q;jiRw (1) — qijRwi(t),

byi(t)Nvi(t) — Avi(t)Svi(r) — (tvi(t) + bvi(t))Svi

Avi(t)Svi(t) — (owi(t) + pvi(t) + 6vi(t) ) Evi(t)
+n;i(t)Ey j(t) — nij(t)Evi(t),
ay;i(t)Evi(t) — (uvi(t) + Svi(t))Iyi(t) +rji(t) v j(t) — rij(¢)Ivi(t),

has a disease-free equilibrium given by:

EO

Let Np(t) = ):,2:1 Nri, Nw(t) = 21-2:1 Nwi, and Ny (t) = Z%ZINW. Therefore, one can show that

= (5£,,0,0,0,5},,,0,0,0,5,,0,0,57,,0,0,0,5y,,,0,0,0,5),.,0,0,)

= (NLl7070707O7NW17070;07NV1;0707NL2707070707NW27070705NV27070) .

the domain of biological interest of the model system (12) given by:

Ny (1) Np(t) < Npi+Npa,
Nw(t) | €RZ| Nw(r) < Nwi+Nwa, ¢
Ny (1) Ny (t) < Nyi+Nya
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is positively invariant and attracts all orbits with respect to the model system (12), by the same
approach as in Bacaér and Guernaoui [21] and the general calculation procedure in Wang and
Zhao [22]. Therefore, we can similarly introduce the next-generation matrices F () and V()

(evaluated at the disease-free equilibrium) as:

Fi(t) 0 Vii(t) Vot
(13) F(t) = 1( ) , and V(t) _ 11( ) 21( )
0 B Via(t) V()
where
_ o .
0 0 0 0 0 Ovi (t) ( ul)ﬁVLlNLz
Npi + Nwi
0 0 0 0 0 0
it Nwi
0 0 0 0 0 GV( )BVW Wi
Fi(t) = Np; + Nwi ,
0 0 0 0 0 0
ovi(t)(1 —u;) BryiNvi 0 ovi(t) BwiNyi 0
NLi+ Nwi Nri + Nyi
0 0 0 0 0 0

V1 0 0 0 0 0
-0 y2 0 0 0 0
Vin(t) = R ! ! :
0 0 —awi ya O 0
0 0 0 0 Vs 0
| 0 0 0 0 —oyi(t) ye
[y, 0 0 0 0 0]
—ap x» 0 0 0 0
0 0 X3 0 0 0
Va(t) = :
0 0 —awr x4 0 0
0 0 0 0 X5 0
[0 0 0 0 —an() x

yi = Hpi+oap+pn(t), X1 = M2+ oo+ par (1),
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Y2 = ppr+ Y +mia(t), X2 = fro + Y2 +mar(t),

y3i o= pwit+owr+qua(t),  x3= w2+ ow2+qal(t),

ya = Pwi+Ywithia(),  xa= w2+ w2 +ha(t),

ys = pyvi(t) +avi(t)+0vi+tnia(t),  xs=Uya(t)+vi+oyi(t) +na(t),
Yo = Myi(t)+0vi+riat),  xe=pva(r)+bv2+ra(t),

and
-_P12 0 0 0 0 0 |
0 —mi2 0 0 0 0
0 0 —qlz(t) 0 0 0
Via(t) = :
0 0 0 —h12(t) 0 0
0 0 0 0 —nlz(l‘) 0
0 0 0 0 0 —rn()
_—le 0 0 0 0 0 |
0 —my| 0 0 0 0
0 0 —qzl(l‘) 0 0 0
V21(t): )
0 0 0 —hp@) 0 0
0 0 0 0 —nzl(l‘) 0
| 0 0 0 0 0 —1”21(1‘)

In order to define the basic reproduction number of this non-autonomous model, we follow
the work of Wang and Zhao [22] who introduced the next-infection operator L for a model in

periodic environments by

(14) (L0)(1) = [ Z(e,1=5)F(t=5)0(e ~s)ds,

where Z(t,s),t > s, is the evolution operator of the linear @-periodic system dz/dt = —V (t)z and
y(t), while the initial distribution of infectious individuals is @-periodic and nonnegative. The

basic reproduction number is then defined as the spectral radius of the next-infection operator:

(15) Ry=p(L).
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For our model (12), the evolution operator can be determined by solving the system of dif-
ferential equations dz/dt = —V(t)z with the initial condition Z(s,s) = I12x12. It can be eas-
ily verified that all entries of matrices Vi(7) and V;;(¢) are zero. Further, we can simply
dz/dt = —V (t)z by considering Vi (¢) and V»,(z) separately. Let Z;(z,s) represent the outcome
form dz/dt = —Vj;(t)z. Thus, we obtain:

yu(ts) 0 0 0 0 0
u(t,s) ynlts) 0 0 0 0
Zi(ts) = 0 0 y33(t,s) 0 0 0
0 0 va3(t,s) yaa(t,s) 0 0
0 0 0 0 yss(t,s) 0
L 0 0 0 0 yes(t,s) yeo(t,s)]

where:

2p% p! 2] (6
yii(t,s) = exp—{(aLl+ML1+p?2)(t—s)+%cos(E(t—l—s) sm(z(t—s) ,

t
yu(t,s) = (6_“““"‘7’“""”12(’))51’)/e(“L1+O‘L1+m12(x))OCL1(x)yll(x,s)dx,

ynl(t,s) = exp—9 (Vo1 + e +miy) ([t —s) + 2m12m12 ( )sm (%t—s))}
yi3(t,s) = exp—{(ocm + w1 +q%)(t —s)+ %2‘]12 (— t+s ) sin (g(t—s)> },

t
ya3(t,s) = (e—.f(ﬂW1+YW1+h12(l))df>/ (w1 +yw1+hia(x %m(xy33(x s)dx,

210 Kl 0 0
vaa(t,s) = exp—{(vm + w1 +h,)(t —s) + %COS (5(I+S)> sin (5(t —s)) }

2049 My 0 (6
yss(t,s) = exp—{(,u‘(}]+a81+n?2+5v1)(t—s)+mcos(5(1‘4—5) sm(z(t—s)

0
200, 0y 0 . [0
+T cos E(t +5) | sin 5 (t—5)

nO nl
+m cos (g(t—f—s)) sin (g(l _S)> }7

Y

I\)IQ>

I\JCD

0

. f
es(t,s) = e~ J (1 (@) +nia(t)+dy1)dt / e(”‘”(x)+n12(x)+5‘”)06v1(x)y55(x,s)dx,

N
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2 0 1
yooltrs) = exp—{u&(t—s) 4 L oo (%m)) sin (go-@)

0 .1
+ria(t =) + %COS (g(t+s)> sin (g(t—s)> +5v1(t—s)},

and:
xn(ns) 0 0 0 0 0 |
X21(I,S> )sz(t,s) 0 0 0 0
0 0 X33(Z‘,S) 0 0 0
Zzz(l‘,S)Z
0 0 x43(t,8)  xa4(t,s) 0 0
0 0 0 0 x55(t,s) 0
| 0 0 0 0 x65(,5)  Xo6(,5) |
where:

2p9, ) 6 6
x11(t,s) = exp—{(aLZ—i—[,LLz—i—pgl)(t—s)+%cos(E(t—i—s))sin(E(t—s) ,

t
x1(t,s) = (ef(ﬂL2+7L2+m2l([))dt>/e(”L2+aL2+m21(x))(xLz(x)xll(x’s)dx7

2m9 m} 0 0

xn(t,s) = exp—{(}/L2+,uL2+mgl)(t—s) + %cos (E(H—S>> sin (E(t —) ,
24%, g} 2] 2]

x(t,s) = exp— (aW2+uW2+q81)(t—s)+%cos <§(t+s) sin<§<r—s) ,

N

t
x3(t,s) = (ef(ﬂwz+7’wz+h21(t))dt> / elHw2 M2t () (x)xs3 (x, 5)dx,

219 Kl 0 )
xaa(t,s) = eXP—{(YWZﬂLHWﬁhg])(f—S)ﬂL%Z]COS <§(f+s)> sin (E(f—3)> },

0 2

206‘92(sz 0 . 0
+TCOS E(t—ks) sin E(t—s)

2n3,n] 6 6
+Mcos<—(t+s)>sin E(t—s) ,

0 0 , 0 2y iy 6 . (©
x55(¢,8) = exp—< (Uy,+ Oy +ny +6yv2)(t—s)+ —=—=cos | =(t+s) | sin E(t—s)

0 2
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1
Xes(t,s) = (ef(#vz(f)+n21(f)+5vz)dl>/e(ﬂvz(x)+"21(x)+5vz)avz(x)XSS(xas)dxa

2 0,1
xe6(t,s) = exp—{ugz(t—s) —1—%005 (g(r—l—s)) sin (g(r—@)

+rgl(t—s)+%cos (g(t+s)> sin (g(t—s)> +5v2(t—s)},

In what follows, we use the same approach as in Helikumi at el. [23] to analyze the thresh-
old parameter defined in Equation (15). We use lemma 1 to demonstrate that the threshold

parameter Ro; is the local stability for the disease-free equilibrium E°.

Lemma 1. (Theorem 2.2 in Wang and Zhao [22]). Suppose that Z(t) = (Ej;(t),1i(t)), with
i=1,2and j=L,W,V denote the species of all infected classes for the model system (12), such

that its linearization at disease-free equilibrium E° is:
(16) Z(t) = (Fi(t) = Vii(t))z(1),

where Fi(t) and V;;(t) represent the matrix for singular (14). Furthermore, let ¢p, ) _v, () and
P (9, —v,(&) be the monodromy matrix of system (16) and the spectral radius of ¢r,—v;(&), re-
spectively. Then we have following statements:

() Roi = 1, if and only if p(9r; v, (E)) = 1

(i) Ro; > 1, if and only if p(¢r,—v,(§)) > 1;

(i) Ro; < 1, if and only if p(9r—v,(S)) < 1.

Therefore, the disease-free equilibrium E° of the model system (12) is locally asymptotically

stable if Ro; < 1 and unstable if Ro; > 1.

In what follows, we have to show that the threshold quantity Ry; which determines the ability
of AAT to invade the population is an important threshold parameter for disease extinction and
persistence. In particular, we have to demonstrate that when Ry; < 1, the model system (12)

admits a globally asymptotically stable disease-free equilibrium E°, and if Ry; > 1, the disease
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persists and we use the same approach as in [46]. First of all we stare and prove the theorem

2.1):

Theorem 2.1. If Ry; < 1 with i = 1,2, then the disease-free equilibrium E° of system (12) is

globally asymptotically stable in Q.

Proof. According to Lemma 1, if Ry; < 1, then the disease-free equilibrium E° of the model
system (12) is locally asymptotically stable. Therefore, we demonstrate that for Ry < 1, the
disease-free equilibrium is the global attractor. Assume that Ry < 1, again from Lemma 1, we

have, p(Ep_v(9)) < 1. By considering the infected classes, we have the following outcome for

i£j=1,2:

[ B < (GVA(,?E:):;V)f ‘EIL;IW)Sgi_(NLi+OCLi)ELi(t)‘f‘PjiELj(f)_PijELi(f)a
Ii(t) = opEri(t) — (Mei+ Yoo ILi(t) +mpdp () — milL(t),
Bun() < (AP S s+ i) B )+ (0B () = g (B
byi(t) = owiEwi(t) — (twi + owi)wi(t) + hji (0w (t) — hij () wi(t),
+n;i(t)Ey j(t) —nij(t)Evi(t),
| i(t) = ai(t)Evi(t) — (uvi(t) + 8vi(0))Ivi(t) +rji(t) v j(t) — rij () Bvi(t).

for t > 0. Consider the following auxiliary system:

Eun() = (GV}\(IZ E:);D;EZL;IV’> S — (MLi+ o) ELi(t) + pjiEL;(t) — pijELi(t),
?Li(t) = opEri(t) — (e + Yo ILi(e) +midpj(2) — myIi(e),
Ewl'(f) = (%) SWi — (twi + owi) Ewi(t) + qi(t) Ew (1) — qi;(t) Ewi(t),

| i wilt) = owilwi(t) — (wi+ otwi)Twi(t) + hji(t)Iw j(t) — hij (£)Iwi(¢),
~ . ovi(t)(1 —Mi)ﬁLViTLi le'(l)ﬁwvjwl’ . . -
Eyi(t) = ( Nui(0) + N Nui(t) + N > Syi+ (awilt) + tyi(t) + Svi(t)) Evit)
‘ —I—nji(l)gvj(l‘)—nij(t)g\/i(t)a

| i) = owi()Evi(t) — (1vi(e) + Syi(e))vile) + rji(0)v (1) = rij () vi(e).
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By Lemma 1 and the standard comparison principle, there exists a positive w—periodic function
Z(t) such that z(¢) <Z(t)e, where Z(r) = (Eij(t), Lij(t),Rij) T, fori = L,W,V, j= 1,2, k=L, W,

and p=~1Inp (q)(F,V)(.)(é)) < 0. Thus, we conclude that y(r) — 0 as r — oo, that is:

limEl’j(l‘)ZO, limlij(t):O, and limRkj(t)ZO, i=L W j=12k=LW.

t—>o0 t—ro0 t—oo

Hence it follows that:

lim (1) = S? and lim N;;(1) = N i=LW)V, j=1,2.

t—voo L’ f—— I

Thus, we conclude that the disease-free equilibrium E° of system (12) is globally asymptotically

stable. O

Theorem 2.2. If Ry > 1, then system (12) is uniformly persistent, i.e., there exists a positive
constant 1, such that for all initial values of (S;;(0),E;;(0),1;;(0),R(0))R. x Int(R4)®, (i =
LWV, j=1,2, k= L,W), the solution of model (12) satisfies:

liminfS;;(r) > n, liminfE;;(r) >n, liminfl;;(r) >n, liminfR(z)>n.

t—voo t—voo t—o0 t—voo

Proof. Let consider the following:
Z=RZ%  Zy=RE xInt(R)®; 0Zy =Y \Zp.

Let P: Z —> Z be the Poincaré map associated with our model (12), such that P(zo) = u(®,zo)
Vzo € Z , where u(t,zo) denotes the unique solution of the system with u(0,z0) = zo. Therefore,
we fist show that P is uniformly persistent with respect to (Zy,dZy). From model (12), Z and Z,
are positively invariant. Moreover, dZj is a relatively closed set in Z. It follows from Theorem
2.2 that solutions of model (12) are uniformly and ultimately bounded. Thus the semiflow P
is point dissipative on R!!, and P : RE — RE is compact. By Theorem 3.4.8 in [47] it then
follows that P admits a global attractor which attracts every bounded set in Rﬂ.

Define:

Ny ={(8(0),Ei;(0),1;;(0), R (0)) € Yy : P"(S;;(0),E;;(0),1;(0),Ri(0)) € 9Yp, Ym > 0},
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fori=L,W,V, j=12 k=L,W.

Next, we claim that Ny = {(S£;(0),0,0,Rz;(0),Sw;(0),0,0,Rw ;(0),Sy;(0),0,0) : S;; > 0, Ry >
0}. Clearly, N = {(S1;(0),0,0,Ry.;(0), Sw(0),0,0, Ry ;(0),Sy;(0),0,0) : S; > 0,R¢ > 0} C N,
Now, for any (S;;(0), E;;(0), 1;;(0),Ri(0)) € dZo\N; if Er;(0) = I1j(0) = 0, it follows that
Sij(0) >0, R;(0) >0, Ew;(0) >0, Iy;(0) > 0, Rw;(0) >0, Ey;(0) > 0, Iy j(0) > 0, E;(0) =
AL;(0)S.;(0) >0, and iy (0) = 0. If Ey ;(0) = Iy j(0) = 0, it follows that S;;(0) > 0, EL;(0) > 0,
1.;(0) > 0, R;(0) > 0, Ry ;(0) = 0, Ey;(0) > 0, I j(0) > 0, Ew;(0) = Aw;(0)Sw;(0) > 0,
and Iy ;(0) = 0. If Ey;(0) = 1,V j(0) = 0, it follows that S;;(0) > 0, E.;(0) =0, I;(0) = 0,
R1;j(0) >0, Ew;(0) =0, Iy ;j(0) = 0, Rw;(0) = 0, Ey;(0) = 0, and Iy ;(0) = 0. Thus, we have
(8i;(0),E;(0),1;;(0),Ri(0)) ¢ 9Zy for 0 <t < 1. By the positive invariance of Zj, we know
that P (5,5(0), E55(0), 1(0), Re(0)) ¢ 07 for n > 1, hence (5;(0), Ei5(0), (), Re(0) ¢ Ny,
and thus, N = {(S.;(0),0,0,R.;(0),Sw;(0),0,0,Rw ;(0),Sy;(0),0,0) : S;; > 0,R, > O}

Now consider the fixed point: Ny = (ng,0,0,jo,S%,j,O, 0, O,S?,j,0,0) of the Poincaré map P,
and define W5(Ny) = {z0 : P"*(z0) — No,n — > }. We show that:

(17) WS (No)Nzo = 0.

Based on the continuity of solutions with respect to the initial conditions, for any € > 0,
there exists 0 > 0 small enough such that for all (S;;(0),E;;(0),1;;(0),Ri(0)) € Zy with
11(S:1j(0),E:(0),14;(0),R(0)) — No|| < &, we have:

||f<t7 (Slj(o)ﬂElj«))?Ilj(o)ka(O)) _f(t7N0)|| <Eg, Vit € [07 (D]
To obtain (17), we claim that:

limjgp|IP”(Si(O%Eij(O)Jij(O),Rk(O)) —Nol| =6, V(8i5(0),E;(0),1;(0), R (0)) € Y.

We prove this claim by contradiction; that is, we suppose

limsup"Pn(Sij(O),Eij(O),]ij(O),Rk(O)) —N()H < & for some (S,‘j(O),Eij(O),Iij(O),Rk(O)) €Y.
m—soo

Without loss of generality, we assume that ||P"(S;;(0), E;;(0),;;(0),Ri(0)) —No|| < 0, Vm > 0.
Thus,

| £ (2, P"(S;;(0),E;;(0),1;;(0),Re (0)) — £(2,No)|| < &, Vt€[0,E] and n> 0.
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Moreover, for any ¢ > 0, we write t = fo + ¢& with p € [0,& and g = [é], the greatest integer

t .
less than or equal to —. Then we obtain:

g
|1/ (2, (8i(0), Eij(0), 1;;(0), Ri (0)) — f (2, No) || = ||.f (20, P"(Sij(0), Ei(0),1;(0), Re(0)) — f (10, No) || < €
for any r > 0. Let (Sij(l),E,'j(l‘),Iij(t),Rk(l)) Zf(l, (Sij(O),Eij(O),Iij(O),Rk(O)). It follows that
Nioj —&<8i(t) < Nioj +¢&, 0<E;t) <€ 0<Ij(t) <&, and 0 < Ri(t) < €. By considering
infected classes only, we have the following relations:

dEy; GV'(Z)(I — u')BVL'IV’SL'
71 = — NL,-+1NWI~I — — (i + o) ELi(t) + pjiErj(t) — pijELi(t),

ovi(t)(1 — u;) ByLilvi(Ng; — €)

= (N0 &)+ (NO +¢) — (Mzi + o) ELi(t) + pjiELj(t) — pijELi(t),
Li Wi

_ £
(Gw(f)(l - ”i)BVLiNg) (1 NN,
NP+ Ny,
pjiEL;(t) — pijELi(t).

A) )IVi — (Mei+ owi) Epi(t)+

For clinically infected humans we have:
Ii(t) = auELi(t) — (Uei + Yi)Iei(t) +mjidp(t) —mgli(t).

The equations of the exposed animal populations become:

dEw; ovi(t)BvwilviSwi
dtl = lNWi—I—IlVWl,- * — (uwi + owi) Ewi(t) + qjiEw j(t) — qijEwi(t),
ovi(t) Bywilyi(Ny, — €)
- i+ owi ) Ewi(t) +qjiEwj(t) — qijEwi(t),
(N‘(;)Vi+8)+(Ng/i+8) (.uWL Wl) Wl() qji Wj() qij Wl()
e Niv;
ovi(t)BywiNg; \ (| NEi+NSVi(1+N3Vf) I
5 5 vi— (Hwi + owi) Ewi(t)+

qjiEw j(t) — qijEwi(t)-
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For infectious animals, we have the following outcome:
byi(t) = owiEwi(t) — (bwi+ owi)lwi(t) + hji(e)Iw (1) — hij () wi(t).-

The equations for the exposed vectors are given by:

dEy; - ovi(t) (1 — ) Brvili(N; — €)  ovi(t) Bwvilwi(ND, — €)
e~ (NP, +€)+ (NY; +¢) (NY; +€) + (N, +€)

—(awi(t) + pvi(t) + 6vi) Evi(t) +nji(t)Ev j(t) —nij(t) Evi(t),

e Niyi
_ (GVi(f)(l - ui)ﬁVLiNgi) (1 NIANY, (1+ N ) >1V.
- l

NO 1+ NO . 14+ —2€ _
Lzt Wi Npi Ny

e (14 Mu
O-Vi(t)BVWiNX())Vi ! NP ANy, (1 + N‘())Vi)
+ ly;

Nyi+Nigi I+ i
Wi Wi Nyi+Nyi

—(awi(t) + kyi(t) + Ovi(1))Evi(t) +n;i(t)Ev j(t) — nij(1) Evi(z).
Finally, the equations for infected vectors are given by:

lyi(t) = avi(t)Evi(t) — (yi(t) + Svi(0))lvi(t) + rji(t) Iy j(t) — rij(0) Iyi(r).

Fori=1,2, let
_ N .
£ 1 Wi
0 0 0 0 0 ( L AL (2 o) )
1+N(L)i+Nl9Vi
0 0 0 0 0 0
e Myi
. 0 0 0 0 0 (Ngf”g” <2+N9V ) )
M‘é - 1+N¥9Vi+Nl(/)Vi
0 0 0 0 0 0
e Myi £ Myi
0 ( NP N (21+NVZO,) ) 0 < NP N (21+N§;) ) 0 0
1+N25+N‘9w 1+N‘9Vi+Nl9Vi
0 0 0 0 0 0

17
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such that:
[Eri, I, Ewi, dwi, Evi, Ivi|' >[F—V—M][EL, Iwi, Ewi, Iwi, Evi, Ii]"

Again based on [22, Theorem 2.2], we know that if p(®p_y(w)) > 1, then we can
choose € small enough such that p(Pr_y_p, (®)) > 1. Again by [22, Theorem 2.2] and
the standard comparison principle, there exists a positive @— periodic function v(¢) such
that z(r) > Z)(r)e, where Zi(r) = (ELji(r),Iji(2))T, for j = W,L,V, i = 1,2 and p; =

éln P (9r—v—_m,)(§)) > 0 which implies that:

lim E;(t) = oo, and lim/;(t) =, j=L,W,V.

[—roo [—>o0
which is a contradiction in N, since Ny converges to Ny and Ny is acyclic in Ny. By [49, Theo-
rem 1.3.1], for a stronger repelling property of dZy, we conclude that P is uniformly persistent
with respect to (Zy, dZp), which implies the uniform persistence of the solutions of system (12)

with respect to (Zy,dZp) [49, Theorem 3.1.1]. O

3. NUMERICAL RESULTS

The following assumed initial population levels for each patch will be considered: S;; = 10000,
Eri =40, Ir; = 20, R;; = 0, Sw; = 10000, Ew; = 40, Iy; = 20, Ry; = 0, Sy; = 20000, Ey; = 20,
Iy; = 10. Furthermore, the rest of the parameter values used were taken from Table 1, a majority
of which values were adopted from the works of Moore et al. [S] and Ndondo et al. [14], while
a few were assumed within realistic ranges due to their unavailability. The total number of new
infections generated per patch over a time period ¢ € [0,7] for human and cattle populations

were determined by the following formulas respectively:

’ - /Off (GVi(t)(l —“i)ﬁVLiIVi(t)> dt,

NL,'(Z‘) —|—NWi(t>

[ (ovi(t) Bywilvi(t)
Cwi = /0 (NLi(l‘)—f-NWi(t))dt’

and:
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TABLE 1. Description of model parameters of system (12), indicating baseline,

ranges and references.

Symbol Description Value Unit Source
Np1,Npo Total livestock animal population size 1000 Livestock [5]
Nwi,Nw>  Total wild animals size 2000 Animals [5]
Nyi1,Nyy  Total tsetse population size 6000 Tsetse flies [5]
T Phase-shifting parameter 50 Days Assumed
bwi,bw;  Birth rate for the hosts ﬁ, m Day ! [14]
bY,; Average birth rate of the vectors = Day~! [14]
,ugi Average mortality rate of the vectors % Day~! [14]
Hwi, ULi Natural mortality rate for the hosts ﬁ, m Day 1 [14]
KQ; Average incubation rate for the vectors 5s(% —35)  Day! [14]
Kwi, KLi Incubation rate for the hosts %(% — ﬁ) Day~! [14]
o); Average vector biting rate %(lio — %) Day~! [14]
Qwi, O Recovery rate of the infectious host 21—5, % Day_1 [14]
n Relative tsetse preference for animal hosts 25 [5]
Wi, Yii Immunity waning rate for the recovered host 7%, % Day~! [14]
Bvwi, Bvri Probability of infection from an infectious

vector to a susceptible host given that a

contact between the two occurs 0.62 [14]
Bwvi, Brvi  Probability that a vector becomes infected

after biting an infectious animal or human 0.01 [14]
Dij Migration rate of un-infected livestock

from patch j to i varied Day~!
mjj Migration rate of infected livestock

from patch j to i varied Day~!
a4 Migration rate of un-infected wild animals

from patch j to i varied Day~!
h?j Migration rate of infected wild animals

from patch j to i varied Day~!
n?j Average migration rate of vectors

from patch j to i varied Day~!

19
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FIGURE 2. Numerical simulations showing the effect of seasonality on the dynamics
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3.0.1. Scenario 1-asymmetrical movement of the livestock, wild animals and tsetse flies.
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In Fig. 2, we simulated the model system (12) to show the effects of seasonality with asym-
metrical migration for both hosts and vectors. We assumed that the migration rate of live-
stock, wild animals, and vectors in patch 2 is higher than in patch 1. We used the value of
parameters in Table 1 to simulate the model and migration rates in patch 1 and 2 was set to
be mjp = 0.1, my; = 0.2, n;p = 0.1, ny; =0.13, p12 =0.1, po; =0.3, g12 =0.1, g1 = 0.3,
h1p = 0.1, hp; = 0.13. From the numerical simulations, we observed that the number of new
infections for the livestock in patch 1 and 2 are 3.7993 x 10% and 958.5724 respectively. Addi-
tionally, we observed that the solution profile of all infected species is associated with periodic

oscillations caused by change of seasonality.
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In Fig. 3, we performed the numerical simulations for the model system (12) to demonstrate
the effects of migration of livestock, wild animals and vectors on the spread of African try-
panosomiasis disease transmission. We have assumed that the rate of movement of livestock,
wild animals, and vectors in patch 2 is higher than in patch 1. We used the value of parameters
in Table 1 to simulate the model and set m, = 0.1,my; = 0.2, n1o =0.1, np; =0.13, p; =0.1,
p21=0.3,912=0.1, g21 =0.3, hip = 0.1, hp; =0.13. Overall, we noted that new infections for
the livestock population in patches 1 and 2 are 3.7758 x 103 and 952.6599 respectively. On the
other hand, the total number of new infections for wild animal in both patches is 3.7513 x 103.
The results has an implication that migration rate of livestock, wild animals and vectors from

one patch to another influence the spread of disease in the populations.
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In Fig. 4, we simulated the model system (12) to show the effect of insecticides on spread of
animal trypanosomiasis. We assumed the same rate of treating the livestock in both patches,
that is u; = up = 0.2 and compared the results with those in Fig. 3. Overall, one can note that
the number of new infections generated in patches 1 and 2 is 1.0432 x 10* and 264 respectively,
which is low compared to the number of infections in Fig. 3. Additionally, the number of new
infections generated for wild animals in both patches is 1.2926 x 103, which is less compared to
the number of infections in Fig. 3. This demonstrate that treating the livestock with insecticides

in both patches have the potential to reduce the spread of disease in the populations.
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FIGURE 5. Numerical simulation showing the effect of treating the livestock with in-

secticide spray, with #; = 0.2 in patch 1 and u, = 0 in patch 2

3.0.2. Scenario 2-symmetrical movement of the livestock, wild animals and tsetse flies.
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In Fig. 5, we simulated the model system (12) to show the impact of treating livestock with
insecticides spray. We assumed the same rates of animal migration in both patches. We assigned
the control in patch 1 to be u; = 0.2 and that of patch 2 to be u; = 0. we observed that, the
number of new infections generated in patch 1 was low compared to patch 2. In particular,
we observed that the number of new infections in patch 1 was 723 and that of patch 2 was
3.5946 x 103. On the other hand, the number of new infection for wild animals in both patches
was 895. From the results one can note that treating the livestock with insecticide spray reduce

the spread of disease in the populations.
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FIGURE 6. Numerical simulations showing the effects of host and vector migrations

with u; = up, = 0.

In Fig. 6, shows the effect of symmetric movement for both hosts and vectors in the dynamics of
animal African trypanosomiasis disease. We assumed the same rate of host and vector migration

in both patches. We set the control in patch 1 and 2 to be u; = up = 0. Overall, we noted that the
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number of new infections generated for livestock and wild animals in both patches are the same,
that is 1.4014 x 103. From these results, one can note that there is no significant difference on
spread of animal African Trypanosomiasis disease when the rate of migrations are the same in

both patches.

3.1. Concluding remarks. In this work, a two-patch model that inter-plays between two hosts
(Livestock and wild animals) and tsetse flies migration in seasonal variation has been proposed
and systematically analyzed to assess the effect of host and vector movements in the dynam-
ics of Animal trypanosomiasis transmission. The effect of treating livestock through spraying
insecticides is incorporated in the model and its impact in reducing the spread of disease in
the population has been investigated. In model analysis, the basic reproduction number R that
govern the spread of disease is computed in the periodic environment. Overall, we observed
that it is possible to eradicate the animal African trypanosomiasis disease whenever the basic
reproduction number Ry is less than unity. We performed the numerical simulation of the model
considering two scenarios: that is symmetrical and asymmetrical movement of both hosts and
vectors. We observed that the solution profile of the model system for infected species is as-
sociated with the periodic oscillations which is caused by seasonal variation and migration of
host and vectors. We have also noted that whenever the migration of hosts and vectors is asym-
metrical, the number of infected species in both patches are not the same. In addition, we noted

that treating the livestock with insecticides minimize the spread of disease in the population.
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