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Abstract. We examine two prey and one predator models with Holling type I functional behaviours in this paper.
To demonstrate the system’s permanence and boundedness, we used a discrete-time delay. Through the use of
traditional mathematical techniques, the effects of random variations in the environment and time delay on the
model’s stability are analytically examined. The stability and Hopf-Bifurcation for the competition model are also
described and shown. A few numerical computations are provided to demonstrate the efficacy of the theoretical
findings.
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1. INTRODUCTION

Mathematics plays a major role in biology with the help of a biological models [1] - [2]. All
areas of ecology have seen a significant increase in mathematical developments in population
biology, which have a long history of being created by mathematics research into the dynamical
characteristics of population developments. Based on the existence and significance of predators
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and prey in nature, numerous authors have created mathematical models of the relationship
between the two [3], [4]. The predator-prey interaction model is the main focus of this work.
Predator-prey competition is based on interactions between two species and how they affect
one another [5]. During the prey predator competition, there are various types of interactions
between the species. Numerous mathematical models have been constructed to represent the
dynamics of prey-predator systems as a result of substantial research. The functional response,
which describes how the predator’s feeding rate changes with regard to the prey density, is
a crucial component of these models. The Holling Type I functional response is a prevalent
and well-known type of functional response among the several functional response types. In
our work, we study Holling type I functional response [6] to bring two prey and one predator
into the conflict. A mathematical model with Holling type 1 functional response describes
the connection between a predator’s prey density and consumption rate. Assuming that the
predator’s consumption rate is directly proportional to the prey density up to a certain saturation
point, it is one of the most fundamental functional response models. After this, even if the prey
density rises further, the predator’s consumption rate stays constant.

In population ecology, dynamics of predator-prey systems is crucial [7]. It establishes how
various species are distributed within the environment and, in some cases, forecasts whether
a particular species will flourish or go extinct. Time delay, in addition to functional response,
has a considerable impact on the dynamics of prey-predator systems. Time lags can occur as
a result of a variety of biological and environmental conditions, such as the time it takes the
predator to seek for and capture prey after encountering it. These delays inject memory effects
into the system, resulting in complicated dynamics that differ markedly from those reported
in delay-free models. In order to represent and take into account the necessary reaction time,
gestation period, feeding time, etc., delay differential equation DDEs have a long history of
modelling prey-predator systems [8] [9], [10]. By considering multiple delays, Kundu and
Maitra [11] developed a three-species predator-prey system with cooperation among the prey.
They investigated how time delays affected the system and used time delays as the bifurcation

parameters to derive the necessary conditions for the existence of Hopf bifurcation.



PREY PREDATOR MODELS WITH HOLLING TYPE I FUNCTIONAL RESPONSES 3

As aresult, the mathematical analysis of prey-predator models with Holling Type I functional
responses and time delay is the subject of this work. We intend to research the effect of time de-
lay on the system’s stability and bifurcation behaviour, as well as how it effects the coexistence
or extinction of predator and prey populations. We aim to gain insights into the complicated
dynamics shown by these models by using mathematical tools such as stability analysis, bifurca-
tion theory, and numerical simulations. Understanding the behaviour of prey-predator systems
with Holling Type I functional responses and time delay is of theoretical interest, but it also
has practical relevance in ecology and conservation biology. It can help us better understand
the repercussions of predator-prey interactions and contribute in the development of effective
management and conservation measures. Overall, this study lays the foundation for further
research into the mathematical properties and ecological implications of prey-predator models
with Holling Type I functional responses and time delay, thereby improving our understanding
of the dynamics of complex ecological systems and their conservation.

In this work, we investigate the dynamics of a two-prey one-predator delay differential model
with Holling type I functional response. In section 3 and 4, we discuss about the positivity and
boundedness of the model. We discuss about stability analysis without delay in section 5. Sim-
ilary we discuss about stability analysis with delay in section 6. Finally, numerical simulations
were performed to determine how the population of the species that competed changed dramat-

ically in section 7.

2. MATHEMATICAL MODEL

Consider the following model,

/ I/l%
up=my (U —— | —wiujuy — Ajuyv,
K

2
(D Uy =myp (uz — ﬁ) —Wouquy — AupV,
K>
V =g Auy (1= T)v(t —T) + Gdoun (t — T) v (t — T) — Sv— {V2,

with initial conditions

(2) u1(0) > 0,u2(0) > 0,v(0) > 0,



4 N.B. SHARMILA, C. GUNASUNDARI

where u(t), up(t) and v(¢) represent the density of prey 1, prey 2 and predator populations. m
and m; are the intrinsic growth rates of prey 1 and prey 2; The carrying capacities of prey 1 and
prey 2 are represented by K and K>; w; denote the competition coefficient of prey 2 on 1 and
wy denote the competition coefficient of prey 1 on 2; A1, A; are rate of predation on prey 1 and
prey 2; 6 denote the death rate of predator; { denotes the predator’s decreased rate as a result of

intra-specific competition. Throughout this work, the time delay parameter is represented by 7.

3. POSITIVITY

Theorem 1. For every solution of (1) with initial conditions (2) exists in [0,00) ¥t > 0.

Proof. Using the initial conditions (2), for t > 0, we have

ull > uy ((1—[”(—11> ml—Wluz—MV),
i (1) > Ml(o)exp{/ot (ml (1 - u}g?) —wita(s) —MV(S)dS) }

Thus, u;(¢) >0V ¢ > 0. Similarly, we can prove uy(t) >0, v(t) >0V > 0. 0

3)

4. BOUNDEDNESS

Theorem 2. All the solutions of system (1) with positive initial values are bounded.

Proof. Let
4) A'(t) = uy(t) +ub(t) +V/(¢), > 0 a constant.

Then,

A )+ QA =u(t) +ub(t) +V (1) + QA,

ml”l2 mZMZ2

—wiuguy — AUy + usmo —
ki ko

A/(l‘)—f—QA =uymj — — wauiuy — Apupv+
o Auy (1 —T)W(t —T) 4+ 0 Aaun (t — T)v(t — T) — 8v — §v> + Q(uy +up +v)

2 2

mou
—wluluz—llulv-i-(mz-l-ﬂ)uz— ?{ 2
2

miuq
ki

:(ml-l-Q)ul—

—wouuy — Apusv -+ (Xlﬂ,lul(l‘ — T)v(t — T) + (Xzﬂ,zuz(l‘ — T)v(t — T)

+(Q—-8)v— {2
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If ll > oy and AQ > 0y,
2 2

miuq mau3
A —wluluz—llulv%—(mz—I—Q)uz— 2
1 2

A/(t)+QA < (m1 —|—Q)u1 —

—woutuy — Aupv+ (L —9)v

- Q)\? Q)\?
<My —161—(m1 Q)N m Mz—kz—(m2+ )
kq 2m 2my

ki (m1 —|—.Q.)2 i kz(mz —l—.Q)2

+(Q—6)v—w1u1u2—wzu1u2—Cv2+ 61 6>

Let p = min(wy,w;) and so

2 2
—my (m +Q) my (my+ Q)
Alt)+0A< — —kj——) —— —ky———
( )+ - Kk (ul ! 2my ) ko <I/t2 2 2my

k Q)2 & Q)2
N 1 (my + )Jr 2(my+ Q)

+(Q—08)v—2pujuy

5) 6m 6m>
- ki (my + Q)2 N ky (my + Q)?
6m, 6my
=P

The solution of (5) is A = % +ce ¥,

When 1 =0, we get A (u1(0),u2(0)) = 5 4 ¢ and then ¢ = A (11 (0),u»(0)) — §.

Thus, A (uy(t),u2(t)) = & (1—e™) + A (u1(0),u2(0)) e, where 0 < A(ui(r),ur(t)) <
B(1—e) +A(u1(0),ur(0)) e . As 1 — oo we get 0 < A(f) < &. Hence Proved. O

5. STABILITY ANALYSIS WITHOUT DELAY

5.1. Local Stability. The non - linear matrix of (1) which is evaluated at the interior equilib-

rium point is given by

2miu
mp — kll 1 —wluz—llv wilq /'Llul
2
(6) woup myp — % — Wiy — 7[.2\) —ﬂ,zuz
oA v oAV o AMuy + o Auy — 6 — ZCV

Characteristic equation of (6) is,

7 BAmAZ+mA+m3 =0
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where

2 2
m =u <% —l—Wz—OC]/h) +up <% +wq —OCz/lz) +v(M+A42+28)—mp—my+ 9,
1 2

Ny = MM + MyM3 + M M3 + ﬁxzzuzazv — /Ilzuloclv — WU Wollp,
n = M, (M2M3 + )QZMQOCQV) — WwWiug (M3W2u2 + lguzalllv) + 7Llu1 (quz(Xz/le — (Xl;LlVMz) .

Here M, M, and M3 are given by
M| =m —Zr';(—ll'“—wluz—lw
M, = ka_zzuz —wouy — Apv
Mz = o Auy + apdpuy — 6 — 28y
By Routh Hurwitz Criterion, the system is locally asymptotically stable, if n; > 0, n3 > 0

and 1112 — 13 > 0 are satisfied.

5.2. Global Stability. Consider the Lyapunov function [12] for demonstrating the global as-

ymptotic stable behaviour.
Y(uy,up) =u; —u1™ —u;*log a +ay |up —ur* —uy*log el
ur* ur*
* *l v
+ax|lv—v —vilog =
=up —uy" —uy loguy +uylogur” +ay[uy —uy™ —uy*loguy + ux*loguy |
+ap[v—v* —v*logv+ v logv’]
Let

dy 9Y duy N Y dus N aY dv
dt  Qu; dt  duy dt  dv dt

dY u—u’* i - :
E :l/tl ulul |:m1 (ul — Z—}> _Wlu1u2_xlu1v‘| +al%[m2 (uz_ Z_z) R

®)

*

[061),1141\/ + o Apupy — 6y — Cvz}

v _—
quluz)tzuzv] +ap

m m
:(“1 —ul*) {ml — k—llul —Wiup —11Vj| +a1(u2 —uz*) [mz — k—22u2 — Wali —lzv:|
+a2(v—v*)[oc1),1u1+0627Lzu2—5—§v]
—m m * *
— k1 ! (Lt] — ul*)Z — k_zzal (u2 — uz) —az(v— Vv )[06111 (u1 — ul*) + OCZ;LI (uz* — uz)]
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Ifa; =M% and gy = 122 then,

Wall o100
day —my b M MAy w10
o ™M w2 T2 T oy 4 *
o i (ug —uy™) o alaz(uz uy") Wzaz(v vl Ay (ur™ —up)

+ o (ur* —up)] < 0.
As aresult, (1) is globally asymptotically stable near E*(u;*,up*,v*).
6. STABILITY ANALYSIS WITH DELAY
The delayed model’s characteristic equation (1) examined at E* is
(10) V(A)+e MW (A)

where
V(A) = A3 —I—A2V1 + Avy +vs.
W(A) = A2W1 + Awy +ws.

2miuy 2mauy
vVi=—\|m — — Wity — A v+my —

a o —wzul—lzv—5—2Cv),

2
V) = (mz ”1222’42 —Wol] — lzv) <(0617Ll + OCz)Lz) e—lr —6— 2€v> — (azlze_/u> (—ﬂ,zuz)

2m ui

(ml — kll — Wiy — 7L1v> Otl)Ll + 06212) -6 — ZCV> — <(xlkle_/17> (_llul)

2m1u1
ki

2m1u1
v3=|m — . — Wiy — AV
1

{(mz — 2’/’;2”2 —Woll] — lzv) ((OC])M + OCz)Lz) eiM: —6— 2CV> + (Otzﬂqzuz) elr]
2

2mouy
+ ( my —wilp — A1y (mz— —woup — AV | —wiwaug iy,

+wiuy [—quz (((Xlll + OCz)Lz) e—lr -6 — ZCV) + (Xllllzuze_;”}

2m2 us
ko

+ (—QL1M1> {—quzaz)uze_lr — (aﬂtw‘“) (m2) —WwWou| — AQV:| ,

wi = — (A + piy),

2
Wy = (m2 _ i wWol| — ).2\/) <(O£17Ll + 062/12) eilf) —I-AQZMQOCze*M:

2
— <m1 _ i — Wiy — l]V) <(OC1/11 + 062),2)6_/“-) +/112u1a1e_’”,
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2miuy
w3 = | mp— —wluz—llv

ki

{(mz - 2’7;”2 —Wou| — ﬂQV) <((X1)ul + (Xz/lz) e_M) — (Xz)lgzuze_'“}

—wiuq [quze_/’” (06111 + Olz)tz) + Oﬂllllzuze_)”]

2
+ (Mul) {—quzaz)tze_lr - (Otllle_)w) (mz - n]’l:zuz —wWou| — 5)} .

Consider A = i to be a root of (10), where ® is a real number. Substitute A = i@ in (10) and

separate real and imaginary terms. We get,

(11) 53— 5] = (a)zrl —13)CcOSOT — O SInMT.

(12) S0 — @ = (r3—r a)z)sinw‘r — WrcosMT.
Squaring and adding (11) and (12), we obtain,
(13) 0%+ 07+ 0?2y + 73 =0,

where
Zi :S12—2S2—6012 >0

Zr = s22 — 283851 +2r1r3 — r22

Z3 = S32 - 1’32.

According to Descartes’ rule, if Z3 = 0, then (13) has a unique positive root 0)3 and (10) has a
pair of imaginary roots iwg.

From (11) and (12), we get
3 COSQ) — (S3 — (1)251)(1’3 — 602)

(r3 — (1)2}’1)2 + ((1)7’2)2

w Q)
(14) cosor = 272

Then 7, corresponding to @ = @y is given by

3 2 2
Or(®° — wsy) — (53 — o —no 2k
_ [or( 52) 2(832 Sl)(? re’) T k=0,1,2,...
(rs — @) )2+ (0r2) @

1
(15) Ty = —COS
T o

(1) is stable around E* for T < 7 according to Buttler’s lemma.
Now, differentiate (10) with respect to 7,

(16) S/(A)%JreAfR’(A)% +R(A)e M (—A—1—) =0.
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Hence,

dA\"" S(A) LR o

dt)  —AS(A) AR(A) A

(%)1 _(1)02(3(1)()4+(2S12—4S2)0)02+S22—ZS1S3)
an /)| e (00" —s200)> + (s300 — fran?)?
2?‘17‘3(002 — 27‘12(004 — r220)02 B T
(rwo?)? + (3w —r1an®)?> iy

Using (13) we obtain,

(18) R KdA)_l] 3an® —2n oy’ + (2017 + 21173 — 2 — As2) O’ +52° ~ 29153
el — —
2
A=iwy X
where, 7% = (@p* — 5200%)* + (s300 —s10°)* = (nen®) + (r3ep — r1p*)?

If 2r 2 an* < 0 then Re [(%) _1} piar 0. Hence, L (Re(A)) > 0. Thus, the Hopf-bifurcation
condition is satisfied, and the system exhibits periodic oscillations at T > 1.

Solution
8F

—_— Pre'y 1 Predator i

= TR - SN - ;)

— Prey 2

Time
40 60 80 100 — Predator

(A) (B)
Solution P——

12
10 ol

B —

6 — Prey1  rmreewer

4

2 — Prey2

ST Time
10 20 30 40 50 — Predator 1

(©) (D)

FIGURE 1. Time evolution of all the population for the model (1) with T = 0.
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Solution
2.5

2.0}
1.5 -
1.0 — Prey 1

0.5 — Prey2
. Time
20 40 60 80 100 — Predator

* (B)
Solution
0.6 .
0.4
0 3iﬁ e Prey 1 Predator l..5 '.':
e — Prey 2 0_5’-.,17 ;

o TiMe
20 40 60 80 100 — Predator

(©) (D)

FIGURE 2. Left panel demonstrates the deterministic system’s time series evaluation
with T =0.01. Right panel demonstrates the dynamics of the prey 1, prey 2, and predator

space-phase delay.

7. RANDOM FLUCTATION ANALYSIS USING WHITE NOISE

We permit stochastic perturbations of the variables u;, up, and v around E* in this section
if it is locally asymptotically stable. We consider white noise stochastic perturbations that are
proportional to uy, up, and v distances from uj, u3, and v* . As a result, the stochastically
perturbed system with ¢ is given by

2

u

duy = (m1 <u1 — ?1) —W1M1M2—7Llulv) dt +v1 (uy _I"T)d'(tl’
1

2
(19) dur, = (m2 <u2 - %) — Wollj Uy — quzv) dt + vy (uy — uﬁ)dk,z,
2

/

V= (alllulv—f— 0 Aury — OV — Cvz) dt+v3(v— v*)dKE’.

where v;,i = 1,2,3 are real constant and K,i ,i = 1,2,3 are standard Wiener processes that are

independent.
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We consider the linear system of (19) around E* in order to conduct the following analysis

on E* stochastic stability:
(20) dx(t)=a(x(t))dt+b(x(t))dx (1),

where
x(t)=col (x1(t),x(t),x3(1)),
a(x(t)) = Jx(t),

V1X1 0 0
bx)=1 0 wvxp, 0 |:dk(t)=col(ki(t),x2(t)), X1 =uy—uj,xo=up—u3,x3=0u3—

0 0 V3X3

*
u3-

Let X = {(t >t)) x R",tp € R" } and Y € C9 (X). We have,

X X 2 X
21 LY (t,x) = %m%)%%ﬂ (b%@%bm)

ay _ dY dY
where o Col (a_xl’ a_xz) 5

X¥(tx) _ Y(tx) . . .
preanl T Al 1,2 and T denotes transposition.

Theorem 3. [f there is a function Y € Cg (X) that satisfies the subsequent criteria,
(22) K1|x|q <Y (I,X) < K2|X|q;LY (tvx) < _K3|x|q7Ki > an > 0.
fort > 0 the trivial solution of 20 is exponentially p-stable.

The trivial solution of 20 is globally asymptotically stable if p = 2 in (22). The proof is

similar to the theorem in [13].

Theorem 4. If(mlgt‘ - %vf) >0, <m12{32 - %v%) > 0 and (Cv* - —%v%) then the zero solution

of (20) is asymptotically mean square stable.

Proof. Consider the Lyapunov function

1
(23) Y(x)= 3 (nlx% + nox3 +n3x§) ,n>0€R
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For p = 2 inequalities in (22) are true.

*
LY (x) =m ((—m;;l > x| —wiu Xy — Ay u]k)g)

24) +ny ((—%> Xy — wzu§x1 — /lzuéXg,)
K>
* * * 1 T aZY
“+n3 (Oclﬂ,lxlv + 0 Aaxv* — CV X3)XQ+ ETI’ b (X)Wb(x) .
ni 0 0
It is clear that ‘?927}2/ =10 nm O
0 0 ns.
l’ll‘l)lle 0 0
2 .
Hence bT(x)%Tgb(x) = 0 naV3x; 0 with
0 0 n3U§X3.
25 1T bT azyb _ 1 2.2 2.2 2.2
(25) S I OC)W (x)| = 5 [ V7x] + 2 03x5 + n3 V33

In (24), choose njAjuj = n30uv*, npAyus = n3opv*.

From (25), we have

— muyp 1,22 mus 1.2 ,2 x_ 1,2),2

By Theorem 3, the proof is complete.
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A
Solution i
1.2 Ho.5
H
1.0 Eo.-—;
0.8 {
u B P 1 LI!D-SPI'E-C':ITOI‘
i - FTe
0.4 y ;7
0.2 { — Prey2 ?o 2
e TimE e o e )
20 40 60 80 100 — Predator °-° °z . ol 2
(A) (B)

FIGURE 3. Time evolution of all the population for the model (1) with T = 0.04.

Preyz 2.0
185 TT—

Solution

25 |
2-0 P d

1l5 redator
10 — Prey 1

0.5H / — Prey 2

3

i T
20 40 60 80 100 — Predator

(A) (B)
Prey? ‘1/-}5,% (/[77”"”*7-7,,,, 3
Solution . “ |
1'5 r c:v.15l';.T IIII'
1.0 Predator, . '%II - IIII.
— PTBY 1 0.05 1 - -~ | /,"
0.5 oot |
’\ — Prey2 M | _#
b i THIE O aESesa,
20 40 60 80 100  — Predator Preyi Py
(©) (D)

FIGURE 4. Fig (a) depicts the time evolution of all the population in two dimension

when T = 1. Fig (c) shows the associated three-dimensional phase diagram.

13
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Solution 95 o

3.5
3.00
25
2.0 |||
1.5
100 it
0.5)|

1
| Predator
1

(A) (B)

A5 Prey1 Predator 4‘r

— Prey2
LS Time
20 40 60 80 100  — Predator

(©) (D)

FIGURE 5. Left panel shows the time series evaluation of the deterministic system with
random fluctuations when © = 1. Right panel shows the space phase delay dynamics

between preyl, prey2 and predator.

8. NUMERICAL ANALYSIS

By randomly choosing appropriate and suitable sets of parameters, we evaluated the condi-
tions, particularly the stability and impact of white noise, that were carried out in the preceding
sections. Here, we use Mathematica to run numerical simulations to validate our analytical
results for system (1).

Case 1: Simulation in the absence of delay
Here we considered (1) without time delay. Numerical simulations were performed to validate
the analytical results with T = 0. Choose m; = 0.0001, K; = 0.5, w; = 0.3, A = 1.1, mp = 0.5,
K, =11, wy; =05, 2 =023, oy =3, ap = 1.6, 6 = 1.5, { = 0.15 in appropriate units to

illustrate the results numerically.
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Upper panel depics that only the second prey and predator populations are alive, while the
first prey population has gone extinct. One can easily identify that the system of equations
which is free from the time delay terms is always stable which is shown in Lower panel.

Case 2: Simulation in the presence of delay

Here we considered (1) with time delay. When time delay increased to 0.01, Figure 2 a) shows
that only the first prey and predator populations are alive, whereas the second prey population
has gone extinct. In Figure 2 b) all three populations coexist simultaneously. Further when time
delay is increased to 0.04, a periodic solution occurs between prey 2 and the predator while
prey 1 remains at zero level and vanishes.

When 7 = 1, in Figure 4a), prey population will become extinct while a stable behaviour
exist between prey 2 and the predator. Similarly, the two prey populations exist in Figure 4 (b),
but the predator population has vanished. Figure 5 and Figure 6, exhibits a periodic solution

between all the three populations.

Solution

20]

15 s |
O —
05N — Prey?2

0 W 8 10 — Predator
(A) (B)

Solution _

35 - y
3.0¢ L
25} I
205

Predator

ﬂ!\/\fW\/\m — Prey1 2%

— Prey2 ol

|
—7z.0
1.5

| 71.0Preyz
jo.5

S Time
20 40 60 80 100  — Predator

(©) (D)

FIGURE 6. Time evolution of all the population for the model (1) with T = 1.
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9. CONCLUSION

The interaction of two prey and one predator in an ecosystem with a discrete-time delay and
a Holling type I functional response has been investigated. We examined the well-posedness of
the system, such as positive invariance and boundedness. The stability analysis was conducted
both locally and globally, with and without a time delay. Descartes’ rule and Buttler’s lemma
are also used to describe and prove the Hopf - bifurcation characteristics. Finally, numerical
simulations were run to determine how the population of the species that competed changed

dramatically.
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