Auvailable online at http://scik.org
Commun. Math. Biol. Neurosci. 2023, 2023:94
https://doi.org/10.28919/cmbn/8157

ISSN: 2052-2541

A PONTRYAGIN PRINCIPLE AND OPTIMAL CONTROL OF SPREADING
COVID-19 WITH VACCINATION AND QUARANTINE SUBTYPE

LUKMAN HAKIM*
Department of Computer Science, Faculty of Technology and Design, Institute of Technology and Business Asia,

Malang, East Java, Indonesia

Copyright © 2023 the author(s). This is an open-access article distributed under the Creative Commons Attribution License, which permits

unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Abstract: Amathematical model is a beautiful and powerful way to depict the condition of epidemiological disease
transmission. In this work, we used a nonlinear differential equation to construct a mathematical model of COVID-
19. Nonlinear differential equation illustrates the spread of COVID-19 disease incorporating the vaccinated and
quarantined subpopulations. A compartment of a model of COVID-19 disease was carried out involving several
control variables and several biological assumptions. Applying the control variables to a mathematical model is
the prevention of direct contact between infected and susceptible subpopulations, a vaccination control process,
and an intensive handling of infected and quarantined populations. In the next section, an investigation of the
positivity and boundedness of the solution COVID-19 disease, and an analysis of the existence and uniqueness of
the solution was carried out. Then, the existence of the control variables involved in the mathematical model that
has been designed is demonstrated. Furthermore, by applying the Pontryagin Principle to determine the optimal
conditions and best values for each control variable that holds on. On the other hand, in addition to the mathematical
analysis result, provides numerical simulations using MATLAB software as one of the steps in describing the

behavior of the dynamical solution or the phase portrait. Finally, the last section shows that the optimal control
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condition carried out is able to reduce the density of infected and quarantined subpopulations, respectively. Hence,
it is in line with the functional objective that has been constructed.
Keywords: epidemiological model; COVID-19; vaccination; quarantined; optimal control; pontryagin principle.
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1. INTRODUCTION

A specific destructive disease has been shocked humans around the world near the end of 2019
i.e. COVID-19 disease, and it is an illness caused by the SARS-CoV-2 virus that primarily touches
the human pulmonary chronic infection [1], [2]. In general, the cases are spread by droplets on an
object or individual between one and two meters away, as well as through coughing and sneezing
[3]. In most incidences, the virus induces relatively minor to serious respiratory transmittal, such
as influenza, and clears up on its own. On the other hand, the virus causes serious respiratory
disorders such as lung disease (pneumonia) and potentially death [4]. In addition, this illness
affects the public health care mechanism, and human mobilizations, and slows the growth of
developing country economies [5].

The Biggest Health Organization in the world reports that the Coronavirus or COVID-19
disease was found in China (Wuhan) on 31 December 2019. Furthermore, on March 11, 2020, the
Health Organization revealed that COVID-19 had infected around 118,000 people worldwide,
spanning across 114 countries [6]. Then, on October 5, 2021, the total number of confirmed
positive cases was seriously around 4.221.610 people, including 142.338 deaths. The mortality
rate for COVID-19 is around 3.37% [7]. On the other side, on March 2, 2020, the Indonesian
government recognized the first incidence of COVID-19, involving two Indonesians who tested
positive for Coronavirus [6]. Unfortunately, the illness will continue to spread over the whole
world, as in influenza, cancer, and hepatitis, etc. Further, WHO has categorized COVID-19 as a
global disease.

COVID-19 has placed a tremendous strain on nations all around the world, and many countries

are looking for ways to manage and safeguard their humans while maintaining the economic
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stability. Various western ways, traditional ways, and home treatments may ease or diminish

COVID-19 symptoms, and especially result from research no particular drug or medicine has been
suggested to prevent COVID-19 [7]. Despite the fact, by recalling Indonesian government, several
strategies for managing the transmission of COVID-19 in Indonesia are being implemented, such
as wearing masks, washing hands periodically, staying away from crowds, keeping a distance, and
limiting contact and mobility [6], [8]. With respect to Wuhan, the government has proposed an
isolation strategy or quarantine for infected persons, perhaps to reduce interaction between the
infected subtype and the people public [9]. Many countries all across the world, adopt quarantine
regulations [10], [11]. Several clinical studies on both Western and traditional techniques are now
underway. Health organizations in the world maintain to coordinate several vaccine developments
works for COVID-19 and to offer the goal. Several COVID-19 vaccines have been produced and
tested by some companies, such as Sinovac, Moderna, AstraZeneca, Pfizer, and Janssen [12], [13].

The other point of view, scientists and epidemiologists support to find a strategy by using a
mathematical model approach. Several researchers have developed some models to examine the
dynamic behavior and COVID-19 transmission, which could be useful in predicting to next disease
or disease prevention. In fact, 1927, Kermack and McKendrick proposed the first epidemic model,
the SIR compartment model [14]. This model is the basic conceptual model to establish of COVID-
19 mathematical model, as deep research by Li et al [15], Awasthi [16], Mandal et al [17], Yang
et al [18]. Additionally, some mathematical models have been established by Hag et al [5], Musafir
etal [11], Egaetal [19], Alietal [20], Khan et al [21] depend on isolation and quarantine strategies.
To reduce the COVID-19 outbreak, the mathematical dynamic was specifically redesigned by
including the usage of masks. The farther a systematical behavior model of COVID-19 with a
vaccine effort in a compartment provides as a further resource[3], [5], [22]-[24].

As far as we can see from previously mentioned, the optimal control problem needs to be
pursued to conduct some control. Utilizing optimal control principles to control the Ebola disease

[25], [26], Malaria disease [27], Diabetes Meletus [28], Tuberculosis and HIV [29]-[31], and
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Cervical Cancer Model [32]. Furthermore, optimal control was implemented in the control of
Measles illness [33], [34], Type B of Hepatitis [35], Cholera disease [36], SARS-Cov-2 (COVID-
19) [6], [37]-[39]. Based on earlier research, the optimal control theorem was used as an infection
control tool. The objective of this study is to construct a modified model for predicting the
dynamics of the COVID-19 epidemic with a control variable in a previous model [5], taking into
consideration a variety of intervention scenarios that may offer insight into the best way to proceed
to reduce the threat spread. This work's sections have been laid out as follows: The background
and research introduction declared in Section 1, and Section 2 deal with some biological
assumptions and construction models involving the control variable. The properties of the model
are discussed in section 3, with part 3.1 about the nonnegativity and boundedness, then existence
and uniqueness in part 3.2, respectively. Section 4 covers the characterization of the optimal
control condition. This part is broken into two sub-chapters i.e. objective function, and the
Hamiltonian function. Section 5, on the other hand, examines a numerical and its interpretation of

the model. Finally, the last Section 6 we offer about final remarks and conclusion.

2. ASSUMPTIONS AND CONSTRUCTION OF THE EPIDEMIC MODEL WITH CONTROL
According to the biological assumptions, we formulated a compartment model of

COVID-19 by recalling the model of COVID-19 given by Haq et al [5]. Then, for

controlling the COVID-19 disease, we reconstruction the model that developed by Haq

et al [5] with several control variables, namely:

1. Control variable u,;(t) is the education and effort of direct control between
susceptible populations with infected and exposed subpopulations.

2. Control variable u, (t) is a vaccination effort into susceptible subpopulations S(t).

3. Control variable u;(t) is a treatment for exposed subpopulations E(t) by giving
extra medicine, vitamins, and food to prevent exposed subpopulations from becoming

infected subpopulations.
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4. Control variable u, (t) is a treatment effort into infected subpopulations I(t) by using
extra medicine, vitamins, and food to speed up healing an infection process.
Based on the descriptions and assumptions of the control variable above, we have the

deterministic system model with some controls given by

ds
d_(tt) =(1-8)t—(+0)S® - (1-w,®)BSO(E® + (1)) —ux (DS
dI;_Et) =0t +6S(t) — (y +wV(t) +uy,(t)S(t)
dE(t)

—— = (1 - w(®)BSO(E®) +1(®) +yV(6) = (u+ @+ ME®) — uz(DE(®)

1

dI(t) ?
— =nE(t) — (w + w)I(t) —u (t)I(t)
d
% = aE(t) + wI(t) — (n + wQ(t)
dR

dit) =7nQ(t) — uR(t) + uzs(DE() + uy, (DI (D),

the total populations N(t) = S(t) + V(t) + E(t) + I1(t) + Q(t) + R(t), and the control
variables in domain U = {u;: 0 < u; < 1,i = 1,2,3,4}. The variable S(t) describes the
density of the susceptible subpopulation in time and this class who are at risk of infection.
Variable E(t) interpret the density of the vaccinated subpopulation. E(t) is a
subpopulation that has been infected by the COVID-19 virus but does not seem a
hazardous infection and is well-known by exposed populations. I(t) figure the density of
the infected subpopulation, i.e. humans who have the hazardous infection and symptoms
of the disease. Variable Q(t) and R(t) represent the size of the quarantine subpopulation,
and the last variable is declared as a subpopulation that is fully healthy and recovered
from COVID-19 infection respectively. The positive parameters of systems (1) are

explained in the Table 1.
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Table 1. Parameters Interpretation

Parameter Description Value Source

T A recruitment rate of susceptible 1,5 Assumed
subpopulation

o) Proportions of recruitment rate 1/40 [40]

U The natural mortality rate 0,0991 [40]

7] The vaccination rate 0,4 [5]

B The contact rate of susceptible with infected or 0,25 Assumed
exposed subpopulation

y A vaccination subpopulation rate becomes | 0,3002 [40]
exposed

a The quarantine rate of exposed subpopulation 0,2 [40]

T An infected rate 0,1 Assumed

W The quarantine rate of infected subpopulation 0,05 Assumed

n Recovery rate 1/14 [41]

3. PROPERTIES OF THE MATHEMATICAL MODEL WITH CONTROL VARIABLE

3.1 Positivity and Boundedness Condition Of Solution

In this passage, we will indicate the non-negativity and boundedness of the solutions toward the

model (1), and for declaring that the model is most impactfully.

Theorem 1. The set W is the invariant manifold of model (1), and is ultimately bounded.

Proof.

satisfying

dN(D) _dS(®)  dv() dE@R) dI(t) dQ() dR()

dt dt dt dt dt dt

Then, by substituting equations (1) in equation (2) gives

dt

The total populations N(t) =S(t) + V() +E(@) +1(t) +Q(t) + R(t), and it is

)
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dN(t)
dt

1=8)1—(U+0)SEt) — (1 —u,®)BSEO(E®) + 1)) — uz(D)S()
+ 6T +0S(t) — (v + V(L) + uy (1)S(t)
+ (1= w (D)BSO(E® +1(0) + V() — (4 + a + mE®) @)
—uz(OE() + wE(t) — (w + w)I(t) — us (0)I(t) + aE(t) + wiI(t)
— M+ wQ®) +nQ(t) — uR(t) + uz(E ) + uy(DI(D).
By operating simple algebra, we have

AN (¢)
dt

Since S(t) +V(t) + E(t) + I1(t) + Q(t) + R(t) = N(t), we obtain

=1—pu(SO+VO +E® +1(t) + Q) + R(D)). (4)

AN (t)

5 T KN (2). )

After rearranging equation (5), we get the first-order linear ordinary differential equation i.e.

dN(t)
dt

+ uN(t) = . (6)
It is obvious to solve equation (6), through integrating factors we have the solution form as
T
N(t) = —+ Ke ™, (7
U
where K is constant, and by taking t = 0, we have N(0) = % + K. Therefore,
K = N(0) —— 8
" ®)
Applying the value of K into equation (7), the solutions of equation (6) with the initial condition
IS
T T
N =+ (N(O) _ —) et )
7 7
It is clear that lim N(t) = % and thus N (t) is bounded with value % Then we can conclude that

all solutions in equation (1) are in line with the field

T
w={V.ELQR ERGO <N <]
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with S(0), V(0), E(0),1(0), R(0) € W. o

Theorem 2. If the initial conditions S(0),V(0), E(0),1(0),R(0) = 0 € W, the general solutions
of the equation (1) are positive values.

Proof. It is obvious to represent that all solutions of the equation (1) are non-negative values

as® =(1-8)Tt>0, v () =61+ (60 +u(0))S@®) >0
dt 5=0 V=0

E I

dE(©) =(1-w,®)BI®) +yV () =0, d—(t) =nE(t) =0
dt |._, dt |,_,

dQ(t) dR(t)
1t =aE(t) + wI(t) =0, Tt =nQ(t) + us(E() + u,(O)I(t) =0,
Q=0 R=0
which summarizes all of the results as positive values. ]

3.2 Uniqueness and Existence Of Solution
In this passage, we present about the existence properties and uniqueness properties of the

equation system (1). By recalling the equation (1) in the form other as

fstP)=A-8)t—(u+0+A—-u)BE+I)+u,)S

fr@&Y) =6t = +wV+ (0 +uy)S

fet ) =A—u)BSI+yV + (1 —u)BS—pu—a—n—u3)E

fiit, ) =nE — (0 + p+uy)l

fo@) = ak + wl — (n + 1@

frt,¥) =nQ — uR + uzE +uyl,

where y = (S,V,E,1,Q,R).

(10)

Theorem 3. Suppose that f(t, ) holds the Lipschitz condition
|f (&, 1) — f(& )] < Kl — 2],
with the pair (t,1,) and (¢t,,) belong to the feasible region W, where K is a positive constant,

such that exactly one solution (uniqueness).
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Proof. Now, we provided the Lipschitz condition in system (1). Let, we start with the susceptible

subpopulation of the system (10), and continue to other population classes.
|f(t'¢51) _f(t'l.bsz)l =|(u+0+ A —-u)BE+1)+uy)(S; — Sl
=lp+0+ A —u)BE+1)+uyllS; — S|

< (el +161 + 11 = u)BE + (1 = u)BI| + |uzDIS; = S

< <H + 0+ (1 —uy)p supl|E| + (1 —uy)B supll| +u2> |S; — S|

teDg teDg
S@+0+ A —u)BMg+ (1 —u)BM; +uy)|S; — Sl
< Ks|S; — Sal,
where Ks = (u+ 60 + (1 —uy) Mg + (1 — uy) BM; + u,). Furthermore, analogous to the same
way in the susceptible subtype, we describe the Lipchitz condition to other subpopulations, as
below:
|f(tr¢V1) - f(trlsz)l = |y +w (V= V)|
= ly +ullVa = V4l
S +wiVi =1yl
< Ky|V; — V5|
where K, = (y + ).
F(t,) = )| =[((L—w)BS —pu—a—m—us)(E — E)
=|(1—u)pS —u—a—n—us||E; — E|

< (1A = u)BS| + |l + lal + 7| + [uz)IEy — E|

< ((1—u1)ﬁsup|5|+u+a+n+u3>|E1—E2|

teDE
<(Q—u)BMs+pu+a+m+us)lE — Bl
< Kp|E: — E;|,

where Ky = (1 — w)BMs + u + a + T + ug).
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|f(t;¢11) _f(t'l.blz)l = [(w+p+u)U; — 1)l
=l +p+uylll; — L
S (@+u+u)ll — Ll
< Kil$1 — S|,

where K; = (w + 1+ uy).

IF(t.90,) = FtWe,)| =1+ 1w (Q, — Qo)

=+ mwllQz — Q4|
<+ wlQ; — Q]
< KolQ1 — Q2],

where K, = (n + ).

[f(tr,) = FtYr)| = lu(Ry = RY)
< ulR; — Ry|
< Kr|R1 — Ryl,
where K = u. Therefore, system (1) holds on to the Lipchitz conditions, and thus model admits a
unique solution.
Theorem 4. Suppose that f(t, ) has a continuous partial derivative and satisfies a Lipschitz

condition such that there exists a solution of the system that is bounded.

Proof. By taking the right side of the system (10), then obvious that 2—1’; is continuous and |% <
J J

oo, with the seti,j =S,V,E,I,Q,R. From the susceptible class equation, we have the partial

derivate as follows,

O 4 0) = (1= u)B(E + 1)y, then

|afs

o] = 1=+ ) ~ L= u)BE + 1)~ ] < oo,
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afV _ afV _
=G +mthen |2 = |-¢+ 0l <o
0
a—f;: (1 —ul)BI— (l,l+a+77.') —u3,then
0
_GI;E =|(1—-u)Bl—(u+a+mn) —uz| < oo.
d d
i: —(w + u + uy), then i‘ = |=(w+ p +uy)| < oo
0l al
dfo dfo| _ fg Ofr| _
0 —(n + u),then _6Q| = |-+ w)| < oo, 3R - —u, then 3R~ |—u| < oo.

Then, analogous to the above in susceptible subpopulations, we obtain that all systems (10) are

continuous and bounded.

4. CHARACTERIZATION OF OPTIMAL CONTROL PROBLEMS
4.1 The Functional Objective

The goal of control characteristic is to be carried out with the best value criteria of the model
(1). Then the following section, we elaborate on an optimum control condition to figure out by

using the minimum functional objective, such that
J (1 (), u2(8), u5 (£), ua (1))

7 (12)
- J (ED) + 1(0) + Crd(©) + G2 (©) + G (6) + Cod(0))d.

to
Thus, functional objective equations were created to minimize the exposed and infected
subpopulation. While the parameters C;, C,, C5, and C, represent the weight of the effort required
to implement the control process. By recalling all nonnegative parameters in a functional objective,
we derive the best control uj (t), u5(t), us(t), and uy(t) such that:
J(i(®), w3 (0, w3 (), w3 () = min{J (ug (£), u2 (8), us (), (), ua (1))}, (12)
where the u;(t) € U,i = 1,2,3,4,t = [t,, t] and the regard domain is

U = {(w;(£)]0 < w;(t) < 1,i = 1,2,3,4}
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Therefore, we have an existence condition of control problem (3) in the system (1), provided by
the succeeding theorem.
Theorem 5. Suppose any control variable U = (ul(t),uz(t),u3(t), (t),u4(t)) exists in the
system (1), such that the following term is hold
min J (uy (£), 1z (£), u3 (1), (), ua(8)) = J (ui (0), w3 (0), w3.(0), w3 (1))

Proof. Based on the analysis in [42], [43], we determine that the optimal control will exist in the
system (1), if several conditions below are satisfied.
1. The control U is not an empty set.

It is obvious, that giving control can realize the objective function. By using the contradiction

proof, suppose we set the functional objective below

ty
max J(U) = j (E(6) +1(6) + Cuz (t) + CLud(6) + Csu3(t) + CLui(t))dt.

to
It means that the goal of the objective function is to maximize the exposed and infected
subpopulation. On the other side, we have that the range t = [¢, t] is bounded i.e. there is a
process to restrain disease. Then, the control variable must be a minimum form

tr
min /(W) = f (E@®) + 1) + Cu2(6) + Cu3(6) + Csu3(t) + CLui(t))de,

to
and proved that control is not an empty set.
2. The set of control U is convex and closed.
a. Letu € U, and v’ € U, will be shown thatz =0u + (1 —-0)u' € U, VO € [0,1]. Itis
clear, if bu <6 and (1 —6)u’' < (1 —80), then we obtain u+ (1—-0)u’' <6 +
(1 —06) = 1.Finally, obtained 0 < fu+ (1 — 0)u’' < 1,Vvu € U, and V6 € [0,1]. Then,
the set of control U is a convex set.
b. Suppose the anything of control u & [a, b], it means u < a or u > b. Now, if u < a, then

exist €, = [u — a| > 0, such that we have the intersection of the set and the neighborhood
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of control is an empty set, [a, b] N V.(u) = @. If u > ba, then exist €, = |u — b| > 0, such

that we get the intersection of the set and the neighborhood of control is an empty set,

[a, b] N V.(u) = @. So, the control u is a closed set, where u € U.

3. The right-hand equation of the systems (1) is bounded by some control design and linear

function.

Based on the system (1), we manipulate to matrix form, namely

dt
dv (t)
dt
dE(t)
dt
dI(t)
dt
dQ(t)
dt
dR(t)

(dS(t)T

BFTER

—(u+6)S—PBS(E+D) T w BS(E +1) — uyS 7
S — (y +wv u,S
BS(E+D+yV—-(u+a+n)E + —u,BS(E + 1) — uzE
nE — (w + W)l Uyl
aE + wl — (n+1)Q 0
nQ — uR UzE + uyl
0 (u+60)S+BS(E+D]  [uBSE+ 1)
6S y+wv u,S
BS(E+1)+yV (u+a+n)E 0
nE (w+ I Uyl
aE + wl (m+waQ 0
nQ UR L UuzE + uyl |
u,S '(1 - 5)‘['
U, S ot
_|wBS(E+1) +uzE " 0
0 0
0 0
0 0
0 u BSCE+ 1)1 (1 - 6)71]
6S u,S ot
BS(E+1)+yV 0 n 0
nE Uyl 0
aE + wl 0 0
nQ | Uz E + uyl | 0

(1 —6)1)

o O OO
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0 1 Uy SS(E + 1)1 (1 —6)1) M

6S U,S 5T M,
BS(E+1)+yV 0 0 = | M3

= nE + Uyl + 0 =M= M,
aE + wl 0 0 Ms

nQ WML wgE + uy,l | 0 LM

Obvious that the right-part side of the system (1) is bounded by some control design and linear
function.
4. The integrand of the functional objective is convex in region U
Take any variable u;, v; € U, with i,j = 1,2,3,4, and interval of 0 < 6 < 1. In this part,
will be shown that
J(A=0)u(t) +0v() < (1 —0)J(E®) + 0J(3(®)), (13)

with @ = (1 (£), u2(£), u3(£),u4 (1)), and & = (v,(£), v(1), v3(£), v4()) . Then, by
implementing the objective function (11) into equation (13), such that

E@®) + 1) + G (A — 0)uy (D) + 0v,(0) + C((1 — O)uy () + 0v,(0))”

+ Co((1 = Ous(t) + Ov5 (D) + C.((1— Ou, () + v, (D) i
<1 =-0)E® +1(0) + CLui(t) + CLud(t) + Csud(t) + Cui(t))
+ 0(E(6) +1(6) + Cuz (t) + Cud(t) + Csu3(t) + CLui(D)).
Next, by operating and arranging the equation (14) that we have the detail and equivalent
representation term
(1= 8)Cu2(t) + 0C,v2(t) — C;(1 — 0)2u?(t) — 2C,(1 — 8)Bu, (t)v,(t) — C,6%v?
+ (1 = 8)Cu(t) + 6C,v2(t) — C,(1 — 6)2uz(t)
—2C,(1 = 0)0u, (D), (1) — C,0%v2 + (1 — 8)C3u3(t) + 0C3v2(t)
— C3(1 = 0)2us(t) — 2C5(1 — 8)Ous(H)v5(t) — C302%vF + (1 — 6)Cuui(t)

+ 0C,v2(t) — C,(1 — 0)2u2(t) — 2C4(1 — 8)Bu, (H)v,(t) — C,0%v2 = 0,
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Cui(O)((1—60)— (1—6)?) + C10vZ()(1 — ) — 26, (1 — 0)0uy (D)vy(t)
+ Cui(t)((1—0) — (1 —6)2) + C,0v(t)(1—0)
— 2C,(1 — 0)0u, (D) v, () + Caui(0)((1—0) — (1 — 6)?)
+ C30v3(t)(1 — ) — 2C3(1 — 8)Buz () v5(t)
+ Cui(t)((1—0) — (1 —0)2) + C,0vZ(t)(1—0)
— 2C,(1 — 0)Buy () vy (t) = 0,
C,10((1 = )i (1) — 2(1 — Ouy (v, (1) + (1 — O)vE(L))
+ C,0((1— 0)ud(t) — 2(1 — Ouy DV, (6) + (1 — ) vi (1))
+ C30((1 — 0)ud(6) — 2(1 — Ous(Dvs () + (1 — H)vi(1))

+C,0((1— 0)u2(t) — 2(1 — Ou(Dv (D) + (1 — 0)vZ()) = 0,

60 (VA= 00 - JT=0m®) + 60 (VA= a0 = /A= 0)wz(0))
2
+ 60 (VT = 0us (0) = T = O3 (0))
+C,0 (\/(1 0wy (t) — V(1 = 9)1]4,(1:))2 > 0.

Therefore, the integrand value of the functional objective is convexity.
5. The integrand of functional objectives is bounded
If there are parameters &, > Cy, &, > C,, & > C3, &4 > C,, and variable E(t), I(t) bounded
by the interval [¢,.t;], such that we have the size of exposed population E(t) < E(tf), and
I(t) < I(tf). Hence, the objective function (11),
E(t) +I(t) + Ciuz(t) + Cus(t) + C3ud(t) + CLui(b)
< E(ty) +1(tp) + &3 () + &ui(®) + &ud(©) + &u(0)
< E(ty) +1(tr) + & ufl(® + & 1100 + & ludl©) + Eluil () = M.
Then, obvious that the objective function bounded by the M = E(t;) + I(t;) + & [u?|(t) +

& uf (@) + &ludl(®) + &4lufl (@),
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4.2 The Hamiltonian Function
Pontryagin Minimum Principle leads to an optimal control condition, that the minimum
principle brings out the system (1), (11), and (12), into a Hamiltonian model, as shown below:

H=E@®) + 1) + Ciuf(t) + Cus(t) + Czus(t) + Cuui(t)
+25 (1= )7 = (u+ 0)S() — (1 — wy (©)BS(V(E(®) + 1(2))
- uz(t)S(t)) + (6T + 6S() — (¥ + V(L) + u(0)S())
+ 25 (1= w@O)BSWO(E@® + 1) +yV () — (u+ a +ME®X)  (19)
—uz(DE®)) + 4,(TE(®) = (@ + )I(6) — w,(DI(D))
+ A (aE (1) + wI(t) — (n + wQ())
+ Ar(MQ (1) — HR(t) + uz(E(®) + us(OI(D)),

and some costate (adjoint) variables denoted by As, Ay, Ag, 41, 49, Ag. Hence, the optimal control
theorem is figured by using Pontryagin's Minimum Principle, which is denoted by the following
theorem.

Theorem 6. If any control uj(t),u;(t), uz(t), us(t), us(t) exist, and the well solution of
S*(t),V*(t),E*(t),I"(t), Q*(t), R*(t) holds on the autonomous system (1), that reduces
J(uy (8), u, (1), u3(t), ug(t)) in U. Therefore, the adjoint (costate) variables Ag, Ay, Ag, 41, Ag, Ag

exist and all the variables satisfy the equations system,

d
d—ts = As(u+ 0+ (1 —u (O)B(EE) + 1)) + up(8)) — Ay (6 + u, (D))

— 2 (1 = w@)B(E@®) +1(1)))
dA
d_tV =My + 1) — Agy (16)
A

—L =14+ 25(1 - w(©)BS®) = 2 (1~ w(©)BSO) = (1 + @ + 1) —u5(0))

- AIT[ - AQ(Z - ARug(t)
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di,

- = = =14+ A(1 = u (0)BS(E) = 26(1 —uy (0)BS(E) + A (@ + p + us(£)) — Ay
— Aguy(t)

dg

g;—idn+m ART

da

d_tR = Apu.

Incorporate the transversality condition As(tr) = Ay (tr) = 2e(t) = 4(t) = 29(tr) =
AR (tf) = 0, such that the best value of control sets uj (t), u5(t), uz(t) and uy (t) are provided by

(Ag —A)BSW)(E@®) + 1 (t))) }
2C,

u;(t) = min {max (0, (s — AV)S(Q) 1}

uj(t) = min {max 0,

(17)

(Ag — AR)E(t)> 1}

u3(t) = min {max 0,

(4 = AR)I(D) 1
2Cy ) }

uz(t) = min {max (
Proof: According to the convexity theorem of functional objective | (ul(t),u2 (t),us (t),u4(t))
and involved into Lipschitz criteria of the state autonomous system. Working through Pontryagin's
Minimum Principle, we can examine for the existence condition of an optimum control. The
costate variables are achieved by differentiating the Hamiltonian function toward the state variable,

and the autonomous system is directly identified below.

da

d—ts = As(u+ 6+ (1 = u (0)B(E®) + 1(D) + uz(t)) — A, (6 + uz (D))
— 25 (1~ w (O)B(E® +1(1)))

di

Ef=h@+m—hy

di

= =1+ 45(1 = w(0)BS©® = A (1~ mO)BS® = (u + a + 1) —us(©)) = Aym

— Aga — Agus(t)
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di,

- = = =14+ A(1 = u (0)BS(E) = 26(1 —uy (0)BS(E) + A (@ + p + us(£)) — Ay
— Aguy(t)

dg

d—t =2oMm+u) — Agn

da

d_tR = Apu.

with the condition transfer As(t;) = Ay(¢) = 2e(tr) = 4(tr) = 29(tr) = 2R(ts) =0 .
Further step is an optimal control can be shown by differentiating of Hamiltonian toward the

control variables, and calculating the outcome to be zero, such that

oH
G 2C,uy () + ABS@)(E(@®) + 1)) — 2BS(t)(E(t) +1(8)) = 0
OH i
du,(0) 2C,u,(t) — AgS(t) + Ay S(t) =0
OH . ) i
T~ 23us() — A5E(D) + AE(®) = 0
L 2 Al A1(t) =
@)~ 2O =4I + Apl(6) = 0.

Consequently, it is clear that an optimization problem gives

(Ag —A)BSW)(E@®) + 1 (t))) }
2C;

uj(t) = min {max (

us(t) = min {max (0, (s — AV)S(Q) , 1}

u3(t) = min {max (0, (e - AR)E(O) , 1}

uy(t) = min {max (0, 4 — AR)I(t)), 1}.
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5. NUMERICAL SIMULATIONS

To back up and confirm the analytical works of the optimum control theorem previously.
Using the MATLAB program, we show a numerical of a system (2). In this passage, we perform
the weight value for the functional objective are C; = C, = C3 = C, = 0,75 and some initial
condition values are S(0) = 10, V(0) = 2, E(0) = 2, 1(0) = Q(0) = R(0) = 1. According to
the parameter value in Table 1, we get the number of reproductions R, = 653,81 > 1, which
indicates the spreading of COVID-19 will persist in a population. Hence, implementing an optimal
control to reduce COVID-19 disease must be carried out to minimize the disease, and will be

shown in some figures below by using the Runge Kutha method.

10 ‘ I
\ = \\/ithout control
9 \ With control ul,u2,u3,u4 ||
8 \ = \\/ith control ul
. \ m—— \\/ith control u3
a 4l With control u4
2 A\
ie) \
g 6
= \
Q.
(@]
a
Q
e
S
(0]
(&)
[0}
>
n
0°f : . -
0 5 10 15 20 25
Time (Days)

Figure 1. Dynamical solution of susceptible subpopulation (S) without control and with control
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w

Figure 2. Dynamical solution of vaccination subpopulation (V) without control and with control

Figure 1 demonstrates the dynamical solutions of susceptible subpopulations without control and
with some controls. We have seen in Figure 1 that the dynamical solution of susceptible without
control has decreased from the beginning. Hence, the part of the susceptible subpopulation has
changed into the exposed or infected population. On the other hand, applying the control u, (t),
u,(t), uz(t), uy(t) and their combination can prevent the size of susceptible subpopulations.
From the simulation, we know that the best control to prevent the susceptible is control u, (t) rates,
namely the effort to handle the direct interaction between susceptible with the exposed and infected
subpopulation is impactfully. Figure 2 illustrates the size transformation of the vaccinated
subpopulation, according to the simulation, all of the controls can keep the density of the
vaccinated subpopulation without applying control, and the best strategy was combining the all of

control variables.
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Figure 3. Dynamical solution of exposed subpopulation (E') without control and with control
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Figure 4. Dynamical solution of infected subpopulation (1) without control and with control
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In this part and based on Figure 3, we describe that the control variable seems good to reduce the
size number of the exposed population from the start in implementing all controls. In fact, a control
u,(t) is not enough good to manage the exposed subpopulation, since it works slowly, and
additionally, the control u, (t), us(t) works better than other controls. Further, the best strategy is
to apply the combination of all of the controls to reduce the density of the exposed subpopulation.
Building upon Figure 4, it is shown that the control u, (t), u,(t), us(t), and u,(t) are working
together to reduce the infected subpopulation. This simulation brings out that the control variable

is used suitably with the functional objective constructed.

55 r -
M
45
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2 4r
=]
8
[e)
[a /
T 3 Without control
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§ 25 With control ul
g m— \N\/ith control u3
2l / With control u4
| g™
1.5+
1 L L 1
0 5 10 15 20 25
Time (Days)

Figure 5. Dynamical solution of quarantined subpopulation (Q) without control and with control
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Figure 6. Dynamical solution of recovered subpopulation (R) without control and with control
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The simulation results in Figure 5 provide an understanding that the application of control variables
has been able to reduce the density of quarantined. All of the controls have been used through an
intensive handling process intended for quarantined subpopulations. As a result, it will mitigate
the size of the quarantined subpopulation by recovering from Covid-19 infection. Figure 6 shows
that the recovered population has increased very sharply due to several controls. This gives a
conclusion that the combination of all controls can increase the total of recovered populations.
Figure 7 illustrates the dynamics of the solution for each control assignment in system (1). Based
on the simulation, it can be seen that the weight that correlates with the effort to give and apply
control u3(t) is greater than the other control variables, then the largest weight lies in the control
uy (t) and u4 (t). The application of control u, (t) looks so significant because, for the 5th time,
it can control the system (1). However, based on all the simulations that have been carried out, in
order to realize an optimal objective function (11), the control variables must be carried out

together.

6. CONCLUSION

This work, we develop a mathematical system of COVID-19 by adding control variables to
diminish the spread of COVID-19 disease. Several biological assumptions are used as controls,
namely efforts to provide education and understanding that COVID-19 transmission can be
through direct interaction. Other control variables used include vaccine strategy, as well as
intensive prevention and management of infected and quarantined subpopulations. In addition, the
constructed optimal control problem is examined about non-negativity properties, boundedness,
existence condition, and uniqueness criteria of the behavior’s solution. Then, by applying the
Pontryagin Principle, the characteristics of optimal control problem are obtained, i.e. the existence
of control variable, and the existence of adjoint equations that hold on the autonomous system.
Finally, the confirmation is carried out with numerical simulations to support the results of the

previous investigation. Simulation results suggest that implementing the optimal control problem
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can decrease the infected and quarantine subpopulations. On the other hand, it follows and does

not conflict with the functional objective previously that has been formulated.
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