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Abstract. In this paper, we propose a mathematical model for the dynamics of COVID-19 to assess the impact of

placing healthy individuals in quarantine and isolating infected ones on the number of hospitalization and intensive

care unit cases. The proposed model is fully analyzed, The analysis includes positivity of solutions, local and global

stability of the disease-free equilibrium and derivation of the basic and control reproduction numbers of the model.

Oman COVID-19 data is used to calibrate the model and estimate the parameters. In particular, the published data

for the year 2020 is used, when two waves of the disease hit the country. Moreover, this period of time is chosen

when no vaccine had been introduced, but the non-pharmaceutical intervention (NPI) strategies were the only

effective methods to control the spread of the disease and, consequently, control the hospitalization cases to avoid

pressuring the health system. Based on the estimated parameters, the reproduction numbers and the contribution

of different transmission routes are approximated numerically. Sensitivity analysis is also performed to identify

the significant parameters in spreading the disease. Numerical simulation is carried out to demonstrate the effects

of quarantine and isolation on the number of hospitalized cases.
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1. INTRODUCTION

Many existing studies focus on the impact of quarantine or isolation of exposed and infectious

individuals on COVID-19 dynamics [1, 2, 3]. Isolation is the separation of ill people with con-

tagious diseases from non-infected individuals to protect non-infected individuals. Quarantine

is one of the oldest and most effective tools for controlling communicable disease outbreaks. It

involves restriction, to the home or a designated facility, of individuals presumed to have been

exposed to a contagious disease but are not ill, either because they did not become infected or

because they are still in the incubation period. It may be applied at the individual or group levels

and may be voluntary or mandatory [4].

Calistus N. Ngonghala et al. [5] developed a mathematical model for studying the transmission

dynamics and control of the COVID-19 pandemic in the state of New York, US. The model

takes the form of a Kermack McKendrick, compartmental, deterministic system of non-linear

differential equations [6]. It incorporates features pertinent to COVID-19 transmission dynam-

ics and control, such as the quarantine of suspected cases and the isolation/hospitalization of

confirmed COVID-19 cases. The model is parametrized using available COVID-19 mortality

data to assess the population-level impact of the main intervention strategies being implemented

in the state (in particular, quarantine, isolation, contact tracing, social distancing and the use of

face masks in public). Their study shows that wide-scale implementation of quarantine inter-

vention may not be very effective (in minimizing the burden of COVID-19) if the strategy of

isolating confirmed cases is effective. In other words, their study suggests that if isolation can

be implemented effectively (high efficacy and coverage), then quarantine of people suspected

of contracting COVID-19 may not be necessary. The study emphasizes the vital role social dis-

tancing plays in curtailing the burden of COVID-19. Using face masks in public is very useful

in minimizing community transmission, and the burden of COVID-19 provided their coverage

level is high.

Renquan Zhang, Yu Wang, Zheng Lv and Sen Pei [7] developed a mathematical model to esti-

mate the effect of quarantine on suppressing COVID-19 spread in four cities: Wuhan in China,

New York City in the US, Milan in Italy and London in the UK. They incorporated a component
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of quarantine into a classical susceptible-exposed-infected-removed (SEIR) model, and cali-

brated the model to confirmed cases in each city during the early phase of the pandemic using

a data assimilation method. They estimated key epidemiological parameters before lockdown

in each city, and evaluated the impact of the quarantine rates of susceptible, exposed and un-

detected infected populations on disease transmission. Particularly, they estimated the required

minimal quarantine rates of those populations to reduce the effective reproductive number be-

low one at the beginning of lockdown.

There are few studies involving mathematical models to study the COVID-19 situation in Oman.

Abraham Varghese et al.[8] developed a mathematical model to analyze the pandemic’s nature

using Oman’s data. The model is an extension of SEIR where they expanded the infected com-

partments into mild, moderate, severe and critical, based on the clinical stages of infection.

The parameters were estimated by fitting the data of Oman to the model differential equations.

They justified the estimated parameter values with the effective actions taken by the govern-

ment to lessen the spread of the disease. More studies about COVID-19 in Oman are found in

[9, 10, 11, 12].

The increasing number of infections, especially with severe symptoms that require medical care

and hospitalization, undoubtedly whelms the health systems. It may result in increased death

cases not only directly because of COVID-19, but also because persons with other medical con-

ditions may not get the needed care of hospitalization or follow-up when the health systems

become over pressured. Moreover, when many cases need hospitalization, it becomes difficult

to find designated places to isolate them without affecting other workers. Therefore, the risk of

transmission from this group and infecting the front-liners become higher. Hence, when many

of health workers get infected and, accordingly, isolated, this situation will impact the quality

of the medical care with the reduced number of caregivers.

This current study suggests an epidemic mathematical model to investigate and explore the

relationship between the quarantine rate of healthy people and the isolation rate of infectious

population from one side and the registered hospitalized cases in Oman from the other side. It

is important to explore such relations to limit and reduce COVID-19 cases that require medi-

cal aid so that other patients suffering from other illnesses still get the same level and chance
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of the needed medical care and will not become affected by COVID-19’s high demands. This

paper is organized as follows. The model formulation is given in the next section. Section

3 is devoted for model analysis including non-negativity of solution, stability analysis and re-

production number. Fitting of the model and numerical simulation are presented in Section 4

to illustrate the effects of parameters related to quarantine and isolation to health care system.

Finally, the conclusion is given in Section 5.

2. MODEL FORMULATION

The proposed model is formulated based on sub-dividing the human population, N(t), into ten

compartments of susceptible S(t), exposed E(t), quarantined Q(t), asymptomatically-infectious

A(t), pre-symptomatically-infectious P(t), symptomatically-infectious I(t), isolated J(t), hos-

pitalized H(t), hospitalized in the intensive care unit (ICU) C(t) and recovered R(t), so that

N(t) = S(t)+E(t)+Q(t)+A(t)+P(t)+ I(t)+ J(t)+H(t)+C(t)+R(t)

2.1. Model Assumptions and Description. Here, we give the assumptions and description

of the model. We assume that S(t) are the susceptible individuals who are at risk of getting

infected by the COVID-19 virus. They become infected with COVID-19 by effective contact

with asymptomatic, presymptomatic, symptomatic, isolated or hospitalized individuals at rates

of βA, βP, βI , βJ and βH , respectively. It is assumed that transmission from individuals in the

ICU is negligible due to the complete isolation of this group. Moreover, it is assumed that the

commitment level of people in the isolation class varies. Therefore, a portion εJ of non-adherent

isolated individuals accounts for transmitting the disease.

Some susceptible individuals are put under quarantine, Q(t), at a rate of ρS and leave the class

by returning to the susceptible class at a rate of ρQ. People usually practice quarantine due

to either personal behaviours of awareness/fear or compliance to governmental intervention

measures. These measures include lockdown strategy, closures of schools and non-essential

businesses, and cancelling large public and social gathering events. We assume total protection

of individuals in this class, and no infection can occur.

All newly infected individuals enter the exposed class E(t). People in this class are considered
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infected but not yet infectious during their latent period. After this period, they become in-

fectious at different rates of λA,λP and λI as asymptomatic, presymptomatic and symptomatic,

respectively.

Asymptomatic individuals, A(t), are infectious and contagious but do not show symptoms until

they recover at a rate of γA. People show no clinical symptoms because the viral load in their

bodies is very small. Consequently, the transmission rate from this class is very low compared

to others with apparent symptoms.

Presymptomatic infectees, P(t), currently have no symptoms but will eventually show symp-

toms after some time. They stay in their class until they develop symptoms at a rate of σ and

move to the symptomatic class. This means that, on average, an infected individual takes
1
σ

days from being infectious to developing symptoms and moving to the next stage of the dis-

ease.

Individuals in the symptomatic class, I(t), are those with mild COVID-19 symptoms. Depend-

ing on their identification and symptoms severity, some become isolated at rate of ε and some

move to hospitals for medical care at a rate of ψI . The remaining stay in the symptomatic class

until they recover at a rate of γI . No disease-related deaths occur in this class.

The infected isolated group, J(t), contains confirmed cases of COVID-19 who are ordered to

isolate themselves at home or institutionally. Some leave this class at a rate of ψJ for medical

care when their health status becomes more severe, while others stay at their class until they

recover at a rate of γJ . We assume that a portion of εJ of isolated people, especially at home

isolation, is not fully adherent to isolation measures and spreads the disease.

Patients in the hospitalized class, H(t), are those with severe COVID-19 symptoms. If their

symptoms become even more severe, they are transferred to the ICU at a rate of ψH . Otherwise,

they stay until they recover at a rate of γH .

The ICU patients, C(t), have the worst symptoms. When the medical intensive care is success-

ful, some will recover and are discharged at a rate of γC. However, some patients do not respond

even with intensive care and die due to the disease at a rate of δC.

We assume that there are no human demographic processes of births, immigration or deaths
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caused by other means than COVID-19. Such disease transmission models are called epidemic

models [6].

2.2. Model Equations. Based on the above description, the proposed mathematical model is

given by the following system of non-linear differential equations:

dS
dt

= ρQQ−
[

βAA+βPP+βII + εJβJJ+βHH
N

]
S−ρSS,

dE
dt

=

[
βAA+βPP+βII + εJβJJ+βHH

N

]
S− (λA +λP +λI)E,

dQ
dt

= ρSS−ρQQ,

dA
dt

= λAE− γAA,

dP
dt

= λPE−σP,(1)

dI
dt

= λIE +σP− (ε +ψI + γI)I,

dJ
dt

= εI− (ψJ + γJ)J,

dH
dt

= ψII +ψJJ− (ψH + γH)H,

dC
dt

= ψHH− (γC +δC)C,

dR
dt

= γAA+ γII + γJJ+ γHH + γCC,

where, N′(t) =−δCC(t).

A flow diagram of the model is shown in Fig. 1. Parameters of the model are described in Table

1.

S
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FIGURE 1. Model (1) compartments flow chart.
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TABLE 1. Parameters used in the model (1).

Parameter Description

βA Transmission rate from asymptomatic individuals.

βP Transmission rate from presymptomatic individuals.

βI Transmission rate from symptomatic individuals.

βJ Transmission rate from isolated individuals.

βH Transmission rate from hospitalized individuals.

εJ Portion of isolated who transmit the disease.

ρS Quarantine rate of susceptible.

ρQ Rate of leaving quarantine class.

λA Rate at which exposed becomes asymptomatic.

λP Rate at which exposed becomes presymptomatic.

λI Rate at which exposed becomes infected with symptoms.

σ Rate at which presymptomatic develops symptoms.

ε Rate of isolation of symptomatic individuals.

ψI Hospitalization rate of symptomatic patients.

ψJ Hospitalization rate of isolated individuals.

ψH Rate at which hospitalized individual is transferred to the ICU.

γA Recovery rate of asymptomatic.

γI Recovery rate of symptomatic.

γJ Recovery rate of isolated.

γH Discharge rate of hospitalized patients.

γC Discharge rate of ICU patients.

δC COVID-19 related death rate of the ICU class.
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For analysis purposes, we consider the equation for the rate of change of the deceased indi-

viduals given by

dD
dt

= δCC(t).

Specifically, this equation will be used in fitting the model equations to the reported death data.

The population size, N(t), is not constant, and we assume it is decreasing due to the COVID-

19-related deaths.

3. MODEL ANALYSIS

3.1. Positivity of Solutions. The analysis of the model is carried out in the feasible region:

Ω =
{
(S,E,Q,A,P, I,J,H,C,R) ∈ R10

+ : S+E +Q+A+P+ I + J+H +C+R≤ N(0)
}

where N(0) is the initial total population size.

Theorem 1. The region Ω is positively-invariant and attracts all solutions of the model (1) for

all t > 0.

Proof Let U(0) = (S(0),E(0),Q(0),A(0),P(0), I(0),J(0),H(0),C(0),R(0)) be the initial con-

dition of the system (1). We need to prove that solutions starting in Ω , with initial conditions

U(0)≥ 0 remain in Ω for all t > 0. Let t1 = sup(t > 0 | U(t)> 0) and consider the first equation

of model (1):
dS
dt

= ρQQ−
[

βAA+βPP+βII + εJβJJ+βHH
N

]
S−ρSS,

and rewrite the force of infection term in the form[
βAA+βPP+βII + εJβJJ+βHH

N

]
S = β (t)S.

Then, we have
dS
dt

+(β (t)+ρS)S = ρQQ.

Multiplying by the integrating factor e

∫ t

0
β (v)dv+ρSt

, and integrating both sides over (0, t1)

gives

S(t1)e

∫ t1

0
β (v)dv+ρSt1

−S(0) = ρQ

∫ t1

0
Q(t)e

∫ t

0
β (v)dv+ρSt

dt.
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Hence,

S(t1) =

S(0)+ρQ

∫ t1

0
Q(t)e

∫ t

0
β (v)dv+ρSt

dt

 e
−
∫ t1

0
β (v)dv+ρSt1

> 0.

Similarly, one can establish that other components are positive at t = t1. Hence, using continuity

of solutions and U(0)≥ 0, t1 cannot be a supremum. Therefore, all the solutions remain positive

for all time t > 0.

3.2. Stability Analysis of Continuum of Disease Free Equilibria and Reproduction Num-

ber. The Model has a continuum of disease-free equilibria (DFE), given by

E0 = (S∗,E∗,Q∗,A∗,P∗, I∗,J∗,H∗,C∗,R∗) = (S∗,0,Q∗,0,0,0,0,0,0,R∗) ,

where S∗+Q∗+R∗=N∗ is the total population size at the disease free state. Moreover, from the

first and third equations of the model (1), at the DFE, Q∗=
ρS

ρQ
S∗, and S∗+Q∗=

(
ρQ +ρS

ρQ

)
S∗.

Therefore, the continuum of the DFE can be written in the form

E0 =

(
ρQ

ρQ +ρS
(N∗−R∗) ,0,

ρS

ρQ +ρS
(N∗−R∗) ,0,0,0,0,0,0,R∗

)
.

The next generation method, described in [13], is used to derive the reproduction number. The

matrix of new infections is

F =



(βAA+βPP+βII + εJβJJ+βHH)S
N

0

0

0

0

0

0



,
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and the transition matrix is

V =



(λA +λP +λI)E

−λAE + γAA

−λPE +σ P

−λIE−σ P+(ε +ψI + γI) I

−ε I +(ψJ + γJ)J

−ψII−ψJJ+(ψH + γH)H

−ψHH +(γC +δC)C



.

The Jacobian of the matrix of infection evaluated at the DFE is

F =



0
βAS∗

N∗
βPS∗

N∗
βIS∗

N∗
εJβJS∗

N∗
βHS∗

N∗
0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0



,
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and the Jacobian of the transition matrix is

V =



λA +λP +λI 0 0 0 0 0 0

−λA γA 0 0 0 0 0

−λP 0 σ 0 0 0 0

−λI 0 −σ ε +ψI + γI 0 0 0

0 0 0 −ε ψJ + γS 0 0

0 0 0 −ψI −ψJ ψH + γH 0

0 0 0 0 0 −ψH γC +δC



.

The next generation matrix (NGM) is

FV−1 =



RC
βAS∗

γAN∗
a13 a14 a15

βHS∗

(ψH + γH)N∗
0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0



,

where

a13 =

[
βP

σ
+

βI

(ε +ψI + γI)
+

εJβJε

(ψJ + γJ)(ε +ψI + γI)
+

βH (ψI (ψJ + γJ)+ψJε)

(ψJ + γJ)(ε +ψI + γI)(ψH + γH)

]
S∗

N∗
,

a14 =

[
βI

(ε +ψI + γI)
+

εJβJε

(ψJ + γJ)(ε +ψI + γI)
+

βH (ψI (ψJ + γJ)+ψJε)

(ψJ + γJ)(ε +ψI + γI)(ψH + γH)

]
S∗

N∗
,

a15 =

[
εJβJ

(ψJ + γJ)
+

βHψJ

(ψJ + γJ)(ψH + γH)

]
S∗

N∗
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and RC = ρ
(
FV−1)= RA +RP +RI +RJ +RH with

RA =
βAλAS∗

(λA +λP +λI)γAN∗
, RP =

βPλPS∗

(λA +λP +λI)σN∗
, RI =

βI (λI +λP)S∗

(λA +λP +λI)(ε +ψI + γI)N∗
,

RJ =
εJβJε (λI +λP)S∗

(λA +λP +λI)(ε +ψI + γI)(ψJ + γJ)N∗
,

RH =
βH (λI +λP)(ψI (ψJ + γJ)+ψJε)S∗

(λA +λP +λI)(ε +ψI + γI)(ψJ + γJ)(ψH + γH)N∗
.

The quantity RC is called the control reproduction number of the model (1). It measures the av-

erage number of new infected cases when an infectious individual is introduced to a population

where a control strategy is adopted. In our current proposed model, quarantine and isolation are

the adopted control strategies. RC is the sum of the five constituent reproduction numbers as-

sociated with the number of new cases produced by asymptomatic (RA), presymptomatic (RP),

symptomatic (RI), isolated (RJ) and hospitalized (RH) individuals.

The upper bound of the reproductive number occurs when R∗ = 0. In this case, the total popu-

lation at the equilibrium state, N∗, becomes: N∗ = S∗+Q∗ =
(

ρQ +ρS

ρQ

)
S∗, and RC becomes

RC =
ρQ

(ρQ +ρS)(λA +λP +λI)

[
βAλA

γA
+

βPλP

σ
+

βI (λI +λP)

(ε +ψI + γI)

+
ε εJβJ (λI +λP)

(ε +ψI + γI)(ψJ + γJ)

βH (λI +λP)(ψI (ψJ + γJ)+ψJε)

(ε +ψI + γI)(ψJ + γJ)(ψH + γH)

]
.(2)

The result below follows from theorem 2 of [14].

Theorem 2. The continuum of the disease free equilibria (E0) is locally asymptotically stable

if RC < 1. If RC > 1, the epidemic rises to a peak and then eventually declines to zero.

From an epidemiological sense, Theorem 2 implies that a few cases of COVID-19 will not re-

sult in an outbreak in the community if RC < 1. This means that the disease will die out rapidly

when RC < 1 if the initial number of infected individuals is in the basin of attraction of the con-

tinuum of the DFE. In fact, for epidemic models with no demographic dynamics, the condition

RC < 1 is sufficient but not necessary for eliminating the epidemic. Even when RC > 1, the

epidemic eventually dies out with time due to many factors such as control measures [15, 16].

The above theorem requires that the initial size of the sub-populations have to be within the
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basin of attraction of the DFE to eliminate the disease when RC < 1. Therefore, for the dis-

ease elimination to be independent of the initial size, we must show that the DFE is globally-

asymptotically stable.

Theorem 3. The continuum of the disease free equilibria (E0) of the model (1) is globally-

asymptotically stable in Ω if RC ≤ 1.

Proof. The proof is based on using Lyapunov function theory. Consider the model (1) with

the following Lyapunov function:

L = E +g1A+g2P+g3I +g4J+g5H,

where,

g1 =
βA

γA
, g2 = g3 +

βP

σ
, g3 =

1
(ε +ψI + γI)

[βI +g4ε +g5ψI] ,

g4 =
1

(ψJ + γJ)
(g5ψJ + εJβJ) , g5 =

βH

(ψH + γH)
.

It follows that the Lyapunov derivative is given by

L̇ = Ė +g1Ȧ+g2Ṗ+g3İ +g4J̇+g5Ḣ

=

[
(βAA+βPP+βII + εJβJJ+βHH)

S
N
− (λA +λP +λI)E

]
+g1 [λAE− γAA]+g2 [λPE−σP]+g3 [λIE +σP− (ε +ψI + γI)I]

+g4 [εI− (ψJ + γJ)J]+g5 [ψII +ψJJ− (ψH + γH)H] ,

which can be simplified to

L̇ =

(
βA

S
N
−g1γA

)
A+

(
βP

S
N
+g3σ −g2σ

)
P

+

(
βI

S
N
+g4ε +g5ψI−g3(ε +ψI + γI)

)
I +
(

εJβJ
S
N
+g5ψJ−g4 (ψJ + γJ)

)
J

+

(
βH

S
N
−g5 (ψH + γH)

)
H +(g1λA +g2λP +g3λI)E− (λA +λP +λI)E,

= βA

(
S
N
−1
)

A+βP

(
S
N
−1
)

P+βI

(
S
N
−1
)

I + εJβJ

(
S
N
−1
)

J

+βH

(
S
N
−1
)

H +(g1λA +g2λP +g3λI)E− (λA +λP +λI)E.
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Noting that
S
N
≤ 1 and letting λAPI = λA +λP +λI , we then have

L̇ ≤ (g1λA +g2λP +g3λI)E−λPE = λAPI

[
1

λAPI
(g1λA +g2λP +g3λI)−1

]
E

= λAPI

[
1

λAPI

(
βAλA

γA
+

βPλP

σ
+g3 (λI +λP)

)
−1
]

E

=
(ρQ +ρS)λAPI

ρQ

[
ρQ

(ρQ +ρS)λAPI

(
βAλA

γA
+

βPλP

σ
+

βI (λI +λP)

(ε +ψI + γI)
+

ε εJβJ (λI +λP)

(ε +ψI + γI)(ψJ + γJ)

+
βH (λI +λP)(ψI (ψJ + γJ)+ψJε)

(ε +ψI + γI)(ψJ + γJ)(ψH + γH)

)
−1
]

E =
(ρQ +ρS)λAPI

ρQ
[RC−1]E.

Therefore, L̇ ≤ 0 if RC ≤ 1, and L̇ = 0 if and only if E(t) = 0. Substituting E(t) = 0 in the

model (1) shows that the solution

(S(t),E(t),Q(t),A(t),P(t), I(t),J(t),H(t),C(t),R(t)) approaches (S∗,0,Q∗,0,0,0,0,0,0,R∗) ,

as t→ ∞. Moreover, it can be shown that the largest compact invariant set in

{
(S(t),E(t),Q(t),A(t),P(t), I(t),J(t),H(t),C(t),R(t)) ∈Ω : L̇ = 0

}
is the continuum of disease free equilibria (E0). Thus, by LaSalle’s Invariance Principle [17],

the disease free equilibria of the model (1) is globally-asymptotically stable in Ω whenever

RC ≤ 1.

The Basic reproduction number: When no control strategy is adopted, especially at the begin-

ning of the pandemic, the quantity used to measure the new cases generated by a single infected

case in a completely susceptible population is called the basic reproduction number[13] R0. In

this sense, R0 is the measure of the worst-case scenario of the disease when no health control or

intervention measures are implemented in the community. In our model, quarantine and isola-

tion are the proposed control methods. Therefore, model (1) reduces to the below form without

control.

dS
dt

= −
[

βAA+βPP+βII +βHH
N

]
S,

dE
dt

=

[
βAA+βPP+βII +βHH

N

]
S− (λA +λP +λI)E,

dA
dt

= λAE− γAA,
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dP
dt

= λPE−σP,(3)

dI
dt

= λIE +σP− (ψI + γI)I,

dH
dt

= ψII− (ψH + γH)H,

dC
dt

= ψHH− (γC +δC)C,

dR
dt

= γAA+ γII + γHH + γCC.

The basic reproduction number for the above system (3) is given by

(4) R0 =
1

(λA +λP +λI)

[
βAλA

γA
+

βPλP

σ
+

βI (λI +λP)

(ψI + γI)
+

βHψI (λI +λP)

(ψI + γI)(ψH + γH)

]

Note that the above expression of R0 can be calculated from the expression of RC (2) by putting

the control parameters, ρS and ε , equal to zero.

For comparison purposes between different control strategies, we also calculated the reproduc-

tive number when only one control of either isolation or quarantine is used, RCJ and RCQ, and

found to be

RCJ =
1

(λA +λP +λI)

[
βAλA

γA
+

βPλP

σ
+

βI (λI +λP)

(ε +ψI + γI)

+
ε εJβJ (λI +λP)

(ε +ψI + γI)(ψJ + γJ)
+

βH (λI +λP)(ψI (ψJ + γJ)+ψJε)

(ε +ψI + γI)(ψJ + γJ)(ψH + γH)

]
(5)

and

(6) RCQ =
ρQ

(ρQ +ρS)(λA +λP +λI)

[
βAλA

γA
+

βPλP

σ
+

βI (λI +λP)

(ψI + γI)
+

βH (λI +λP)ψI

(ψI + γI)(ψH + γH)

]

Formula 5 can also be derived by setting the quarantine parameter ρS = 0 in the RC expression

(2). Similarly, one can get formula 6 by putting the isolation parameter ε = 0 in the expression

of RC. We shall use these expressions of R0, RCJ , RCQ and RC in latter sections to compare the

situation with and without control interventions.
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4. FITTING OF MODEL PARAMETERS AND NUMERICAL RESULTS

In this section, we use Oman data for estimating the 22 model parameters. Two data sets

are used, representing part of the first and second waves of the pandemic that hits Oman. On

February 24, 2020, the Oman Ministry of Health registered the first two COVID-19 cases for

Omani women coming from Iran [18]. Since then, the ministry of health started publishing

daily reports about new and cumulative cases, deaths and recoveries until July 30, 2020. After

that, no reports were published during public holidays and weekends. Starting from August

11, 2020, numbers of cumulative cases, deaths and recoveries were announced, but not the

daily new ones. No data about hospital and ICU admission cases were published before June

4, 2020. This variation in publishing data made the fitting process complicated until a good

fit was reached. As a result, comparing the dynamics of the two waves based on the estimated

parameters was challenging.

The chart in Fig. 2 depicts the daily reported new cases from April 19 to December 21 , 2020.

The method of averaging was used for the unreported data when producing this chart. The other

chart in Fig. 3 is produced using reported data only. The two waves are apparent in both charts.

FIGURE 2. Oman daily cases from April 19 to December 21, 2020, with aver-

aging data of unpublished days.

FIGURE 3. Oman daily cases from April 19 to December 21, 2020, without

averaging data of unpublished days.
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4.1. Data Fitting and Parameters’ Estimation. In this section, we estimate the model pa-

rameters by fitting Oman data to the model equations. Oman data are collected from reports

announced on the government’s official twitter accounts of the Ministry of Health [19] and the

efforts of countering COVID-19 [20]. Specifically, we used the data of hospitalization, intensive

care unit, death and isolation. For isolation data, it is not officially published. However, assum-

ing that all reported new cases are put in isolation by regulations, we computed the isolated

cases from the cumulative, recovered, hospitalization, ICU and death cases so that: isolation =

cumulative - (recovered + hospitalization+ICU+death).

We employed the non-linear least square curve fitting approach to fit the model by using the

Matlab optimization function fminsearchbnd. The graphs in Fig. 4 compare Oman reported

data with the model prediction for the period June 8 to July 30, 2020, within the first wave of

COVID-19 in Oman.

FIGURE 4. Model fitting vs reported cases in Oman for the first wave.
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The graphs in Fig. 5 display Oman COVID-19 data together with the model prediction for the

period September 3, 2020, to November 30, 2020, within the second wave of the pandemic in

Oman.

FIGURE 5. Model fitting vs reported cases in Oman for the second wave.

Best data fitting was attempted by including more than a class of data of COVID-19 clinical

states in the non-linear least square curve fitting approach. Also, we avoided including that

data when cases of more than three successive days were not reported. Moreover, when using

the Matlab optimization function fminsearchbnd, we provided the initial value guess for the

22 fitted parameters from previous studies. We also set the upper and lower bounds for each

parameter by taking into consideration reasonable rates together with possible population por-

tions.

The obtained values for the estimated parameters with the best fit are listed in Table 2.
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TABLE 2. Fitted values for parameters in the model (1).

Parameter Fitted value Fitted value

wave 1 wave 2

βA 0.0015 0.0014

βP 0.2328 0.4394

βI 0.8967 0.8127

βJ 0.013 0.2476

βH 0.0018 0.0035

εJ 0.6656 0.629

ρS 0.0233 0.0272

ρQ 0.0226 0.0167

λA 0.0743 0.1787

λP 0.0659 0.0534

λI 0.0309 0.0348

σ 0.6052 0.2786

ε 0.1695 0.1343

ψI 0.0015 0.0207

ψJ 0.0025 0.0003

ψH 0.0389 0.0534

γA 0.0968 0.1998

γI 0.1535 0.1267

γJ 0.1171 0.0436

γH 0.083 0.0993

γC 0.0748 0.0898

δC 0.049 0.0484

One can observe from Table 2 that the transmission rate from individuals with clinical symp-

toms, βI , is the highest and thus accounts for the majority of the infections in both first and

second waves. The transmission from the isolated group, εJβJ , is higher in the second wave
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compared to the first one. This can be interpreted, maybe in light of regulation in the second

wave varied from that in the first one. For Oman, strict institutional isolation was implemented

in the first stage of the pandemic, and a positive tested individual had to be isolated at a place

provided by the government, mostly at hotels, for those who did not have a suitable place in

their accommodation. Those who had a suitable private place to isolate themselves at home

were tracked by electrical bracelets. On the opposite side, when the regulations were eased and

relaxed months later, fewer people were in institutional isolation, and the majority were isolated

at home. It is by common sense that in home isolation, more contact with others is expected and

hence more transmission results. This justifies the higher transmission rate from the isolation

class, βJ , in the second wave compared with the first.

To justify the above reasoning, we collected available data about the number of institutional

isolation centres and isolated people. Only data shown in Table 3 were officially announced.

TABLE 3. Number of active institutional isolation centres with isolated people.

date isolation centres people in isolation source

14 July, 2020 31 1525 [21]

18 July, 2020 26 1473 [22]

22 July, 2020 29 756 [23]

16 August, 2020 4 17 [24]

1 September, 2020 1 6 [25]

It is obvious from the above table how the number of active institutional centres and people

at them were more during the time of the first wave compared to the second wave. This finding

that home isolation is not as powerful as institutional isolation supports the study by BL Dickens

et al. [26] in that institutional, not home-based, isolation could contain the COVID-19 outbreak.

However, variation in the effectiveness of isolation, whether institutionally or at home, between

the two waves can also be due to other causes influencing the isolation process. The approach

in Wuhan and the nearby cities in Hubei Province was examined [27] and found that initial out-

break sizes with early detection and response were among the key determinants for the success

of isolation. It is also found that transmission by people with no or mild symptoms can dampen

the power of the isolation strategy because of the reduced likelihood of isolating all cases and
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tracing all contacts. Another significant challenge for the completeness in case isolation was

that nucleic acid testing, the primary tool for case identification, had a variable rate of false-

negative results, so even symptomatic cases could be set free, thus weakening the feasibility of

controlling COVID-19 outbreaks by isolation of cases and contacts.

Based on the estimated values of the 22 parameters in Table 2 and using formula 2 for approx-

imating the control reproduction number, RC, we computed the transmission contribution for

each route of RC for both waves, as shown in Table 4.

TABLE 4. Transmission routes’ contribution to RC.

RA RP RI RJ RH RC

Wave 1 0.00331 0.07295 0.76976 0.00613 0.00006 0.85221

Wave 2 0.00178 0.12004 0.36267 0.15816 0.00022 0.64287

For model (1), it is evident from Table 4 that the contribution from the symptomatic individ-

uals, RI , is the highest in both waves. This finding is reasonable as infectees in the class (I) are

not known or identified and, accordingly, are not isolated by authorities’ orders. Hence, they

can move freely and spread the infection to many others.

During the first wave, the contribution from the presymptomatic individuals, RP, is higher than

that of the isolated group, RJ . This result is also acceptable as infected people during the early

stage of the pandemic were more cautious and tended to isolate themselves to avoid infecting

other people. Conversely, during the second wave, the contribution from the isolated class, RJ ,

is slightly higher than the contribution from the presymptomatic class, RP, and the reason is, as

mentioned earlier, regarding human behaviour.

Contributions from asymptomatic, RA, and hospitalized, RH , classes are small during both

waves. This is because the viral load in asymptomatic individuals is low, and as a result, the

chance of successful transmission becomes low. Also, hospitalized patients are considered in

strict isolation and the transmission, if it occurs, is only to health workers.

To study the scenario if less or no control were implemented, we calculated the reproduction

number and transmission from each route, assuming there was no control at all (Table 5), isola-

tion was the only control measure (Table 6), and quarantine was the only control adopted (Table

7). The values in Tables 5, 6 and 7 are computed using formulas 4, 5 and 6, respectively.
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TABLE 5. Transmission routes’ contribution to R0 (without control).

RA RP RI RJ RH R0

Wave 1 0.00673 0.14816 3.27296 0 0.00008 3.42793

Wave 2 0.00469 0.31555 1.82202 0 0.00106 2.14332

TABLE 6. Transmission routes’ contribution to RCJ (with isolation only).

RA RP RI RJ RH RCJ

Wave 1 0.00673 0.14816 1.56336 0.01246 0.00013 1.73083

Wave 2 0.00469 0.31555 0.95337 0.41576 0.00058 1.68996

TABLE 7. Transmission routes’ contribution to RCQ (with quarantine only).

RA RP RI RJ RH RCQ

Wave 1 0.00331 0.07294 1.61152 0 0.00003 1.68782

Wave 2 0.00178 0.12004 0.69311 0 0.0004 0.81534

It is clear from Table 5 how the situation could be worse if no control measures were imposed

with the basic reproduction number R0 ≈ 3.42793 and R0 ≈ 2.14332 in the first and second

wave, respectively. If isolation alone was implemented, the reproduction number might have

decreased to RCJ ≈ 1.73083 and RCJ ≈ 1.68996 for the first and second wave, respectively.

Hence, isolation alone as a mitigation strategy would not contain the spread. If quarantine only

were to be introduced, then the estimated reproduction number would reduce to RCQ ≈ 1.68782

and RCQ ≈ 0.81534 for the first and second wave, respectively. Therefore, quarantine alone

would be sufficient to eliminate the disease during the second wave but not the first. According

to Oman data and since both isolation and quarantine were implemented, the estimated repro-

duction number RC ≈ 0.85221 and RC ≈ 0.64287 in the first and second wave, respectively,

which led to the temporary elimination of the disease after each wave.

One can also conclude from the tables above that introducing isolation alone did not affect the

transmission from asymptomatic and presymptomatic classes, as it is clear from the values of

RA and RP in Tables 5 and 6. However, isolation helped decreasing the transmission from the

symptomatic class by almost half its contribution without any control, as shown by the values
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of RI in Tables 5 and 6.

In contrast, using quarantine alone as a control measure could reduce the transmission from the

asymptomatic and presymptomatic classes by more than two times, as given by the values of

RA and RP in Tables 5 and 7.

4.2. Sensitivity Analysis. This section uses sensitivity analysis to study the influence of dif-

ferent models’ parameters on the spread of COVID-19. The sensitivity index [28] of RC with

respect to a parameter ϕ is
∂RC

∂ϕ
. The normalized sensitivity index (also known as the elasticity

index) measures the relative change of RC with respect to ϕ , denoted by ϒ
RC
ϕ , and is defined as

ϒ
RC
ϕ =

∂RC

∂ϕ

ϕ

RC
.

Using the expression of RC in (2), we computed the elasticity index for each parameter and

evaluated at the two sets of estimated parameters in Table 2. The resulted elasticity index

values for each parameter for both waves are listed in Table 8. A chart view of the elasticity

indices is also provided in Fig. 6. The positive/negative sign of the elasticity indicates that RC

increases/decreases with the increase of the parameter, whereas the magnitude determines the

relative impact of the parameter. These indices are essential in deciding which control strategies

to implement by indicating the most influencing parameters to target.

(a) First wave (b) Second wave

FIGURE 6. Sensitivity chart for the first and second waves.

In both waves, it is clear that RC is more positively sensitive to small changes in the transmis-

sion rate of symptomatic individuals βI , rate of leaving quarantine, ρQ, and the rate at which

exposed become pre-symptomatically and symptomatically infectious, λP and λI , respectively.
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For the second wave, RC is more positively sensitive to parameters related to transmission from

the isolated group, εJ and βJ , compared to the first wave.

RC is more negatively sensitive to the quarantine rate ρS, the rate at which exposed individu-

als become asymptomatically infectious λA and the recovery rate of symptomatic individuals

γI . During the first wave, RC is more negatively sensitive to the isolation rate of symptomatic

infectees ε compared to the second wave. During the second wave, RC is more negatively

sensitive to the recovery rate of isolated people γJ compared to the first wave.

TABLE 8. Sensitivity analysis of model (1).

Parameter (ϕ) ϒ
Rc
ϕ (wave1) ϒ

Rc
ϕ (wave2)

βA 0.003888 0.002776

βP 0.085598 0.186722

βI 0.903243 0.564141

βJ 0.007196 0.246017

βH 0.000075 0.000344

ρS -0.507625 -0.61959

ρQ 0.507625 0.61959

εJ 0.007196 0.246017

λA -0.429057 -0.624574

λP 0.321465 0.489966

λI 0.111353 0.221481

σ -0.085598 -0.186722

ε -0.468351 -0.140373

ψI -0.004187 -0.059228

ψJ -0.000099 -0.001667

ψH -0.000024 -0.00012

γA -0.003888 -0.002776

γI -0.434466 -0.451412

γJ -0.007097 -0.244351

γH -0.000051 -0.000224
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4.3. Numerical Simulation. This section presents some numerical simulations of model (1)

using the fitted values of parameters in Table 2. The simulations assess the impact of quarantine

and isolation on the number of hospitalized cases. We observed the same dynamics when using

ICU cases. Therefore, we provided only graphs that represent the effects on hospitalization.

In each graph, the black curve is the baseline of the estimation, whereas the others are used

for comparing the effects and predicting the scenario when the estimated baseline parameter is

varied. For reasonable comparison, we varied most of the baseline parameters by a factor of 2.

4.3.1. Effects of Quarantine. The effects of quarantine are assessed by increasing or decreas-

ing the quarantine rate of susceptible individuals ρS and the rate of leaving quarantine ρQ. The

effect on the number of hospitalization during the first and second waves is shown in Fig. 7a

and 7b, respectively. In both waves, similar dynamics are obtained when increasing the base-

line estimated quarantine rate by a factor of 2 at each simulation. The favourable consequence

of increasing the quarantine rate is not only in reducing the number of hospitalization but also

in bringing the lower peak ahead in time; consequently, the elimination of the disease takes a

shorter time.

(a) Effect of ρS on the first wave (b) Effect of ρS on the second wave

FIGURE 7. Effects of quarantine rates on the number of hospitalization.

This conclusion is valid for our current epidemic model, where there is no recruitment in the

susceptible population. In endemic models, where the population is recruited, it is expected that

it may rise again after the elimination of the disease.
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(a) Effect of ρQ on the first wave (b) Effect of ρQ on the second wave

FIGURE 8. Effects of rates of leaving quarantine on the number of hospitalization.

The rate at which people leave their quarantine (ρQ) has an opposite effect, as can be con-

cluded from graphs of Fig. 8a and 8b. The faster the rate of leaving quarantine is the higher

number of admission results. Thus, it is helpful to encourage people to keep staying at home

when it is not necessary to leave it.

4.3.2. Effects of Isolation. The effects of isolation are examined by varying the baseline of

estimated parameters related to isolation. Namely, the fraction of non-adherence to isolation

parameter, εJ , and the rate at which symptomatic-infectious individuals are isolated, ε .

(a) Effect of εJ on the first wave (b) Effect of εJ on the second wave

FIGURE 9. Effects of adherence to isolation rules on the number of hospitalization.
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Fig. 9a and 9b illustrate the effects of varying the fraction of non-adherence to isolation (εJ)

during the first and second waves, respectively. In both cases, εJ is varied by a factor of 2.

However, the impact during the first wave is weak and much smaller compared with the con-

siderable and robust impact during the second wave. Numerical simulation has nothing to say

about this notable variation in the two waves as simulations agree with the theoretical analysis

provided earlier. To demonstrate such a difference, although the fitted approximations of εJ of

the two waves are close to each other, as given in Table 2, the estimated transmission rates from

the isolated group (βJ) are far from each other. One justification could be that the COVID-19

variant during the second wave was much stronger than that of the first wave. Hence, even with

the same level of isolation and adherence, the more potent variant causes more infections.

(a) Effect of ε on the first wave (b) Effect of ε on the second wave

FIGURE 10. Effects of isolation rates on the number of hospitalization. Param-

eters’ values are varied by a factor of 1.5.

The rate at which infected individuals are identified and put in isolation, ε , has similar dynam-

ics during the two waves, but with a stronger impact on the number of hospitalization during

the first wave. Graphs of Fig. 10a and 10b clarify how cases decreased significantly when the

baseline estimated values of ε are increased by a factor of 1.5. During the first wave, if the

isolation rate is increased by a factor of 3.375 (from 0.1695 to 0.5721), the hospitalized cases

drop from almost 600 to 100 on day 50. On the other hand, during the second wave, increasing

the isolation rate by the same factor (from 0.1343 to 0.4533) results in decreasing the number
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of cases in hospitals from almost 600 to 200 on day 30. Therefore, it is crucial to identify the

suspected infections by early testing to control the spread by isolating infectees.

To sum up, the above numerical simulation supports the importance of both quarantine and iso-

lation in reducing the number of infections. Certainly, putting part of the susceptible population

under quarantine by implementing partial or whole lockdown is very effective, as deduced from

Fig. 7 and 8. However, this intervention has economic and social consequences for individuals

and organizations. Therefore, it is more convenient to enhance isolation and minimize quaran-

tine. We found that to reduce the quarantine rate (ρS) to zero, the minimum isolation rate (ε)

must be above 0.45832 to eliminate the disease, which is the case when RC ≤ 1.

5. CONCLUSION

In this work, we presented a mathematical model for assessing the impact of quarantine and

isolation as NPI tools to control the spread of COVID-19. In particular, we analyzed their ef-

fects on the number of hospitalized and ICU cases in Oman. The positivity of solutions was

proved. The proposed model has a continuum of disease-free equilibria, E0. It was shown that

E0 is locally and globally asymptotically stable whenever the associated control reproduction

number (RC) is less than unity. For comparison purposes, we also derived the reproduction

number assuming there was no control strategy or only one control method was imposed. The

model has 22 parameters which were estimated by fitting model equations to Oman data. Two

sets of data representing two waves of the pandemic were used to generate two sets of estimated

parameters.

Based on the obtained fitted values of the parameters , the basic and control reproduction num-

bers, of different control-measures scenarios, were approximated. Moreover, the contribution

to the reproduction number from the different transmission routes were calculated.

Sensitivity analysis was carried out to gain insight into vital parameters that considerably in-

fluence the reproduction number. We found that the transmission rate from the isolated group

have a more significant impact on the reproduction number during the second wave than in the

first one. We interpreted this variation in light of the human behaviour and the type of isolation

(home vs institutional). We also found that the transmission from the symptomatic class was
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the highest, so identification of these individuals in earlier stages to isolate them is highly rec-

ommended.

Some numerical simulations were provided to evaluate the effects of quarantine and isolation

on the number of hospitalized cases. These simulations support the finding that using quaran-

tine and isolation together as control measures (which was the situation when using Oman data)

plays an important role to contain the disease. However, the isolation rate must be increased,

especially institutionally, if quarantine rate is needed to be reduced for social and economic

considerations.
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