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Abstract. In this paper, the multistrain SVEIR model is considered which represents the evolution of susceptible, 

vaccinated, exposed, infected, and recovered individuals. Based on this model, the stability properties of the disease-

free equilibrium is obtained. Furthermore, the model was expanded by applying optimal control theory with limited 

vaccination and treatment capacity presented in four strategies. We used COVID-19 a case study, based on the order 

of the first and second strains representing milder and more severe symptoms. Numerical results show that the fourth 

strategy produces endemic spike peaks that occur much lower, which means this strategy is capable and quite effective. 

However, based on cost effectiveness analysis using the Average Cost Effectiveness Ratio (ACER) and Incremental 

Cost Effectiveness Ratio (ICER) methods in decision making, the first strategy is optimal and cost effective. 
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1. INTRODUCTION  

Infectious diseases arise due to disharmonious interactions between the host and infectious 

agents, which are microorganisms in the form of fungi, viruses, bacteria, or parasites that spread 
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diseases that enter the body. The results of this interaction can ultimately cause individuals to 

contract an infection, which can be transferred to other individuals directly or through 

intermediaries [1]. 

Infectious agents in the form of viruses are known to undergo mutations, resulting from an 

error when the virus reproduces and produces a virus different from the parental strain or a virus 

variant. When the results of a modification show evident physical characteristics and are different 

from the original virus, this can be called a strain [2]. Several infectious diseases are caused by 

more than one strain, such as influenza, Neisseria gonorrhoeae, dangue fever, and COVID-19. 

Until the Indonesian government revoked the status of the COVID-19 pandemic in June 2023, the 

last two years have devastated the fabric of social life by claiming many lives and harming various 

sectors, namely health, economics, social, and education globally [3]. 

Due to the many detrimental global impacts, infectious diseases are a significant challenge 

for the world community. The emergency committee states that the transmission of infectious 

diseases can be minimized or even stopped with several preventive measures, such as vaccination 

and treatment [4, 5]. The official United Nations website expalined that the global vaccine 

distribution process is considered to be uneven due to limited supply. Apart from that, the problem 

of a lack of individual awareness about vaccinating can be caused by doubts and speculation, as 

well as concerns about the side effects caused by vaccines [6, 7].  Only some individuals can afford 

vaccination, ultimately indicated by the explanation above. 

Based on the situations and problems arising from the infectious diseases described above, 

scientists from various scientific disciplines work together to research and discuss problems to find 

responsive solutions to urgent situations stated by WHO disturbing the global community. To 

achieve this goal, the field of mathematics through mathematical modeling plays an essential role 

in efforts that focus on predicting, estimating, and controlling the potential for infectious diseases 

[8]. Mathematical modeling can provide an understanding of infectious disease transmission 

patterns and detection parameters to reduce infected individuals in a population [9]. 
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MULTISTRAIN INFECTIOUS DISEASE 

This scientific work discusses the dynamics of the spread of multistrain infectious diseases 

using mathematical modeling explicitly. The uncontrolled multistrain SEIR model by Khyar and 

Allali [10] will upgrade to a model that considers controls in the form of vaccination and treatment, 

then we also investigate the stability of equilibrium points. Apart from that, implementing optimal 

control theory also plays a role in identifying optimal control strategies to minimize the number of 

exposed and infected individuals by considering cases of limited vaccine supplies. 

This paper is organized into six parts. After the introductory section and research 

background in Section 1, we present in Section 2 a development of the model and assumptions. In 

section 3, dynamic properties are discussed which include the stability of the disease-free 

equilibrium point based on the basic reproduction number. In section 4, models with optimal 

control are discussed. Section 5 is devoted to numerical simulations. Conclusions and directions 

for future research are presented in Section 6. 

 

2. MODEL FORMULATION 

In this section, we introduce the multistrain SVEIR model by dividing the human 

population into seven classes, namely susceptible human population (S), exposed to the first strain 

(E1), exposed to the second strain (E2), infected with mild symptoms (I1), infected with severe 

symptoms (I2), recovered human population (R), and human population who are vaccinated (V). 

The model made was the addition of a compartment 𝑉, which represents the number of individuals 

who have been vaccinated (vaccinated) with parameters 𝑢1(𝑡) as the rate of susceptible individuals 

who receive the first dose of vaccination, 𝑢2(𝑡) represents the rate of vaccinated individuals who 

receive the second dose of vaccination, and 𝑢3( 𝑡) states the rate of treatment from individuals 

infected with strain two to recovery. In this model, there are several assumptions below:  

1. Each individual in the population has the same probability of being infected [11].  

2. Individuals who have recovered have immunity to the virus and will not return to the 

susceptible (𝑆) subpopulation [12]. 
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3. Individuals infected by strain one are not infected by strain two. 

4. Individuals who have been vaccinated do not necessarily become immune to COVID-19 but 

only reduce symptoms when infected; therefore, there can be a transition from vaccinated (𝑉) 

to subpopulations exposed to each strain (𝐸1 𝑜𝑟 𝐸2 ), which occurs due to interactions between 

individuals who have been vaccinated with infected individuals [13]. 

5. Due to vaccine imperfections, there is a transition from 𝑉 to 𝑆 within a certain period, meaning 

that vaccination is carried out more than once to strengthen the previously formed immune 

response [13]. 

Based on the assumptions above, the dynamics of the spread of COVID-19 can be 

illustrated in the compartment diagram in Figure 1. 

 

Figure 1. Multistrain SVEIR Model Compartment Diagram for COVID-19 

From the schematic diagram in Figure 1, we derive the equations of motion of the model, 

which capture the dynamics of the spread of COVID-19. The SVEIR model can then be 

represented by the following set of ordinary nonlinear differential equations as follows: 

𝑑𝑆

𝑑𝑡
= Λ + (1 − 𝑢2)𝛼𝑉 − (𝑢1 + 𝛽𝐼1 + 𝛽𝐼2 + 𝛿)𝑆, 

𝑑𝑉

𝑑𝑡
= 𝑢1𝑆 − ((1 − 𝑢2)𝛼 + (1 − 휀𝐴)𝛽𝐼1 + (1 − 휀𝐵)𝛽𝐼2 + 𝛿)𝑉, 

𝑑𝐸1
𝑑𝑡

= 𝛽𝐼1𝑆 + (1 − 휀𝐴)𝛽𝐼1𝑉 − (𝛾1 + 𝛿)𝐸1, 

𝑑𝐸2
𝑑𝑡

= 𝛽𝐼2𝑆 + (1 − 휀𝐵)𝛽𝐼2𝑉 − (𝛾2 + 𝛿)𝐸2, 
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𝑑𝐼1
𝑑𝑡
= 𝛾1𝐸1 − (𝜇 + 𝛿 + 𝜂1)𝐼1, 

𝑑𝐼2
𝑑𝑡
= 𝛾2𝐸2 − (𝑢3 + 𝛿 + 𝜂2)𝐼2, 

𝑑𝑅

𝑑𝑡
= 𝜇𝐼1 + 𝑢3𝐼2 − 𝛿𝑅, 

 

(1) 

with the initial conditions are 𝑆(0) = 𝑆0 , 𝑉(0) = 𝑉0,  𝐸1(0) = 𝐸10, 𝐸2(0) = 𝐸20,  𝐼1(0) = 𝐼10, 

𝐼2(0) = 𝐼20,  𝑅(0) = 𝑅0. The description of several parameters in equation (1) is stated in Table 

1. 

TABLE 1. The description and numerical values for the model parameters. 

Parameter Description Values Source 

Λ Birth rate 
5000

70 × 365
 Assumed 

𝛿 Natural death rate 
5000

70 × 365
 Assumed 

𝛽 COVID-19 transmission rate 0.000131 [14] 

𝛾1 The first strain latency rate 0.07142854 [15] 

𝛾2 The second strain latency rate 0.05882353 [15] 

𝜂1 Disease-induced death rate strain 1 6.83 × 10−5 [16] 

𝜂2 Disease-induced death rate strain 2 6.83 × 10−5 [16] 

𝜇 Recovery rate for the first strain 0.15 [10] 

휀𝐴 
Vaccine effectiveness against the first 

strain where 0 ≤ 휀𝐴 ≤ 1 

0.87 
[17] 

휀𝐵 
Vaccine effectiveness against the first 

strain where 0 ≤ 휀𝐵 ≤ 1 

0.87 
[17] 

𝛼 
The rate of decline in vaccine 

effectiveness after the first dose 

0.5 
[18] 
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3. DYNAMICAL PROPERTIES 

In this section, we discuss the dynamical properties of the SVEIR model. We identify the 

existence of equilibrium points of the system and investigate their stability. We also provide the 

basic reproduction number of the model for analyzing the stability. System (1) has disease-free 

equilibrium points representing a condition that the disease, in this case the infectious disease is 

no longer infects the population. This results in the exposed (𝐸1 and 𝐸2), infected (𝐼1 and 𝐼2), and 

recovered (𝑅) populations no longer existing. In the other words, this equilibrium point will 

contain the condition 𝐼1 = 𝐼2 = 0. The disease-free equilibrium point of the system (1) can be 

obtained as follows 

𝑇𝑜 (𝑆, 𝑉, 𝐸1, 𝐸2, 𝐼1, 𝐼2, 𝑅) = 𝑇
𝑜 (𝑆𝑜, 𝑉𝑜 , 0,0,0,0,0), 

where 𝑆𝑜 =
𝛬

𝑢1+𝛿
, and 𝑉𝑜 =

𝑢1𝛬

𝛿(𝑢1+𝛿)
. Using the next generation matrix method [19], the infection 

term and the remaining transfer terms are respectively given below: 

ℱ =

(

 
 
 
 
0 0

𝛽𝛬(𝑢1(1 − 휀𝐴) + 𝛿)

𝛿(𝑢1 + 𝛿)
0

0 0 0
𝛽𝛬(𝑢1(1 − 휀𝐵) + 𝛿)

𝛿(𝑢1 + 𝛿)
0 0 0 0
0 0 0 0 )

 
 
 
 

, 

 

𝒱 = (

𝛾1 + 𝛿 0 0 0
0 𝛾2 + 𝛿 0 0
−𝛾1 0 𝑣1 0
0 −𝛾2 0 𝑣2

), 

with 𝑣1 = 𝛿 + 𝜂1 + 𝜇 , and 𝑣2 = 𝑢3 + 𝛿 + 𝜂2.  Next, ℛ0  can be determined according to the 

formula  ℛ0 = 𝜌(ℱ𝒱
−1) where ρ called the largest non-negative or dominant eigenvalue of the 

product ℱ𝒱−1.  So, we obtain the basic reproduction number: 

ℛ0 = max{ℛ0
1, ℛ0

2} 

with  

ℛ0
1 =

𝛽𝛬𝛾1((1− 𝐴)𝑢1+𝛿)

𝛿(𝑢1+𝛿)(𝛾1+𝛿)(𝛿+𝜂1+𝜇)
 and   ℛ0

2 =
𝛽𝛬𝛾2((1− 𝐵)𝑢1+𝛿)

𝛿(𝑢1+𝛿)(𝛾2+𝛿)(𝑢3+𝛿+𝜂2)
.  

The basic reproduction number can be interpreted as the average number of susceptible 

individuals infected directly by other infected individuals and enter a still entirely susceptible 
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subpopulation. This number is symbolized by ℛ0, which functions as a parameter to determine a 

disease's spread level.  

Theorem 1. The disease-free equilibrium point 𝑇0 is locally asymptotically stable when it 

satisfies ℛ0 < 1.  

Proof. Stability analysis of the disease-free equilibrium point for multistrain SVEIR model will 

be carried out by substituting the equilibrium point 𝑇0 into the Jacobian matrix, so that we obtain 

𝐽𝑇0 

𝐽𝑇0 =

(

 
 
 
 
 

𝐽𝑇011 0 0 0 𝐽𝑇015 𝐽𝑇016 0

𝐽𝑇021 𝐽𝑇022 0 0 𝐽𝑇025 𝐽𝑇026 0

0 0 𝐽𝑇033 0 𝐽𝑇035 0 0

0 0 0 𝐽𝑇044 0 𝐽𝑇046 0

0 0 𝐽𝑇053 0 𝐽𝑇055 0 0

0 0 0 𝐽𝑇064 0 𝐽𝑇066 0

0 0 0 0 𝐽𝑇075 𝐽𝑇076 𝐽𝑇077)

 
 
 
 
 

, (2)  

with the following: 𝐽𝑇011 = −𝑢1 − 𝛿, 𝐽𝑇015 = −
𝛽𝛬

𝑢1+𝛿
, 𝐽𝑇016 = −

𝛽𝛬

𝑢1+𝛿
, 𝐽𝑇021 = 𝑢1, 𝐽𝑇022 = −𝛿, 

𝐽𝑇025 = −
𝛽𝛬𝑢1(1− 𝐴)

𝛿(𝑢1+𝛿)
, 𝐽𝑇026 = −

𝛽Λ𝑢1(1− 𝐵)

𝛿(𝑢1+𝛿)
, 𝐽𝑇033 = −𝛾1 − 𝛿, 𝐽𝑇035 =

𝛽𝛬(𝑢1(1− 𝐴)+𝛿)

𝛿(𝑢1+𝛿)
, 𝐽𝑇044 =

−𝛾2 − 𝛿, 𝐽𝑇046 =
𝛽𝛬(𝑢1(1− 𝐵)+𝛿)

𝛿(𝑢1+𝛿)
, 𝐽𝑇053 = 𝛾1, 𝐽𝑇055 = −𝛿 − 𝜂1 − 𝜇, 𝐽𝑇064 = 𝛾2. 

The eigenvalues of the matrix 𝐽𝑇0 can be obtained by applying the following formula |𝜆𝐼 − 𝐽𝑇0| =

0. Next, we will obtain the characteristic equation from the above operations to investigate the 

following eigenvalues: 

𝜆1 = 𝐽𝑇011 = −𝑢1−; 𝜆2 = 𝐽𝑇022 = −𝛿; 𝜆3 = 𝐽𝑇077 = −𝛿. 

Furthermore, it can be concluded that 𝜆1, 𝜆2, 𝜆3 < 0  because all parameters are positive. We 

determine 𝜆4, 𝜆5, 𝜆6, and 𝜆7with the Routh-Hurwitz Criterion [20] by the characteristic equation 

below 

𝜆4 + 𝑎1𝜆
3 + 𝑎2𝜆

2 + 𝑎3𝜆 + 𝑎4 = 0, 

where 

𝑎1 = (𝑢3 + 𝜂2 + 𝛾2 + 2𝛿) + (𝜇 + 𝜂1 + 𝛾1 + 2𝛿 ), 
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𝑎2 = (𝜇 + 𝜂1 + 𝛾1 + 2𝛿 )(𝑢3 + 𝜂2 + 𝛾2 + 2𝛿) + (𝛾1 + 𝛿)(𝛿 + 𝜂1 + 𝜇)(1 − ℛ0
1) 

+(γ2 + 𝛿)(δ + η2 + 𝑢3)(1 − ℛ0
2), 

𝑎3 = (𝛾1 + 𝛿)(𝛿 + 𝜂1 + 𝜇)(𝑢3 + 𝜂2 + 𝛾2 + 2𝛿)(1 − ℛ0
1) + (𝛾2 + 𝛿)(𝛿 + 𝜂2 + 𝑢3) 

(𝜇 + 𝜂1 + 𝛾1 + 2𝛿)(1 − ℛ0
2), 

𝑎4 = (𝛾1 + 𝛿)(𝛿 + 𝜂1 + 𝜇)(𝛾2 + 𝛿) + (𝑢3 + 𝛿 + 𝜂2)(1 − ℛ0
1)(1 − ℛ0

2). 

Based on the conditions of the Routh-Hurwitz Criterion in determining the stability of disease-free 

equilibrium point when 𝑅0
1 < 1 and  ℛ0

2 < 1 , the following conditions are satisfying: (i) 

𝑎1, 𝑎2, 𝑎3, 𝑎4 > 0. (ii) 𝑎1𝑎2 − 𝑎3 > 0. (iii) 𝑎1𝑎2𝑎3 − 𝑎1
2𝑎4 − 𝑎3

2 > 0 . This proof concludes that 

the disease-free equilibrium point 𝑇0 is locally asymptotically stable. ∎ 

 

4. OPTIMAL CONTROL ANALYSIS 

In previous sections, we describe the dynamics of infectious disease transmission on a 

multistrain SVEIR model. Thus, we investigate the optimization problem that aims to minimize 

the exposed subpopulation (𝐸1 and 𝐸2) and infected subpopulation (𝐼1 dan 𝐼2) with a minimum 

cost function [21]. The controls applied to this problem are vaccination and treatment. The cost 

function will be a nonlinear model, while the control function that will be chosen is the quadratic 

function 𝑢𝑖
2 (𝑖 = 1, 2, 3). The objective function for the model with control in this research will be 

defined in the following form: 

min 𝐽(𝑢) = ∫ (𝐶1𝐸1 + 𝐶2𝐸2 + 𝐶3𝐼1 + 𝐶4𝐼2 +
1

2
∑𝐵𝑖𝑢𝑖

2

3

𝑖=1

)
𝑇

𝑡0

 𝑑𝑡, (3) 

where 𝑡0 is the initial time, 𝑇 represents the final time, 𝐵1 represents the cost weight for the first 

dose of vaccination, 𝐵2  represents the cost weight for the second dose of vaccination, so 𝐵3 

represents the cost weight for treatment, and 𝐶𝑗 (𝑗 = 1, 2, 3, 4) is the positive weight to showing 

the relative importance among for each 𝐸1, 𝐸2, 𝐼1, and 𝐼2. System (1) is constraint for equation (3) 

and we want to get the control for this problem with the form 𝑢∗ = [𝑢1
∗, 𝑢2

∗ , 𝑢3
∗]𝑇, such that: 
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𝐽(𝑢∗) = min 𝐽(𝑢). (4) 

The optimal control 𝑢𝑖   will be dynamic and can change over time due to selecting the best control 

rate to produce the maximum performance index and system settings (1) from a fixed initial to a 

free terminal time state below 

𝑆(𝑇), 𝑉(𝑇), 𝐸1(𝑇), 𝐸2(𝑇), 𝐼1(𝑇), 𝐼2(𝑇), 𝑅(𝑇) are free. (5) 

Furthermore, the Hamiltonian function formulated below for the necessary conditions for 

optimality using the Pontryagin’s maximum principle. For the underlying control problem, the 

Hamiltonian ℋ is given on equation (6) below 

ℋ = 𝐶1𝐸1 + 𝐶2𝐸2 + 𝐶3𝐼1 + 𝐶4𝐼2 +
1

2
[𝐵1𝑢1

2 + 𝐵2𝑢2
2 + 𝐵3𝑢3

2] +∑𝑝𝑖𝐴𝑖

7

𝑖=1

, (6) 

with 𝑝𝑖 ≠ 0 called adjoint of time 𝑡 corresponding to state variable or Lagrange multipliers, then 

𝐴𝑖  is the right-hand side of system (1). In dynamic optimization problems, 𝑝𝑖  as the adjoint 

function is the shadow price (the marginal value of the vector or state variable 𝑥) that shows the 

performance index (3) rate of change (increase/decrease). The optimality conditions for the 

problems in the function above can be obtained by fulfilling the necessary condition for optimality 

following Pontryagin's maximum principle below 

   
𝜕ℋ

𝜕𝑢𝑖
= 0;       𝑖 = 1, 2, 3, (7) 

𝑥�̇�(𝑡) =
𝜕ℋ

𝜕𝑝
;  𝑗 = 1, 2, … , 7;  𝑥 ∈ {𝑆, 𝑉, 𝐸1, 𝐸2, 𝐼1, 𝐼2, 𝑅}, (8) 

𝑝�̇�(𝑡) = −
𝜕ℋ

𝜕𝑥
;  𝑗 = 1, 2, … , 7;  𝑥 ∈ {𝑆, 𝑉, 𝐸1, 𝐸2, 𝐼1, 𝐼2, 𝑅}. (9) 

We called (7) as the optimal control of this problem, corresponding to (8), which found in the 

equation of the multistrain SVEIR model itself, and (9) produced an adjoint system. The optimal 

control 𝑢1
∗ , 𝑢2

∗ , and 𝑢3
∗  that satisfy (7) are given by 

𝒖𝟏
∗ = 𝐦𝐢𝐧 {𝒖𝟏𝒎𝒂𝒙 ,𝐦𝐚𝐱 (𝟎,

𝑺(𝒑𝟏 − 𝒑𝟐)

𝑩𝟏
)}, (10) 
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𝑢2
∗ = min {𝑢2𝑚𝑎𝑥 , max (0,

𝛼𝑉(𝑝1 − 𝑝2)

𝐵2
)}, (11) 

𝑢3
∗ = min {𝑢3𝑚𝑎𝑥 , max (0,

𝐼2(𝑝6 − 𝑝7)

𝐵3
)}. (12) 

Each control variables has the following boundary 0.001 ≤ 𝑢1 ≤ 𝑢1𝑚𝑎𝑥 ≤ 0.15, 0 ≤ 𝑢2 ≤

𝑢2𝑚𝑎𝑥 ≤ 0.009, and 0 ≤ 𝑢3 ≤ 𝑢3𝑚𝑎𝑥 ≤ 0.05. ). It means that if 𝑢𝑖 < 0  for some interval of 𝑡, 

then we set the value of 𝑢𝑖 = 0 in that interval. Similarly, if 𝑢𝑖 is greater than the upper bound of 

each control, then 𝑢𝑖 = 1 for some 𝑡. These expressions will be beneficial when determining a 

numerical solution for the problem. By (7) there exists  𝑢1
∗, 𝑢2

∗ , and 𝑢3
∗  and corresponding optimal 

state �̇�, �̇�, 𝐸1̇, 𝐸2̇, 𝐼1̇, 𝐼2̇, and �̇� by (8) that satisfies (4). Furthermore, there exist adjoint functions 

𝑝𝑗  (𝑗 = 1, 2, … ,7) by (9), such that: 

𝑝1̇ = −
𝜕ℋ

𝜕𝑆
= 𝑝1(𝑢1 + 𝛽𝐼1 + 𝛽𝐼2 + 𝛿) − 𝑝2𝑢1 − 𝑝3 𝛽𝐼1 − 𝑝4 𝛽𝐼2, 

(13) 

𝑝2̇ = −
𝜕ℋ

𝜕𝑉
= −𝑝1(1 − 𝑢2)𝛼 + 𝑝2[(1 − 𝑢2)𝛼 + (1 − 휀𝐴)𝛽𝐼1 + (1 − 휀𝐵)𝛽𝐼2 + 𝛿)]

− 𝑝3(1 − 휀𝐴)𝛽𝐼1, 

𝑝3̇ = −
𝜕ℋ

𝜕𝐸1
= −𝐶1 + 𝑝3[𝛾1 + 𝛿] − 𝑝5𝛾1, 

𝑝4̇ = −
𝜕ℋ

𝜕𝐸2
= −𝐶2 + 𝑝4[𝛾2 + 𝛿] − 𝑝6𝛾2, 

𝑝5̇ = −
𝜕ℋ

𝜕𝐼1
= −𝐶3 + 𝑝1𝑆𝛽 + 𝑝2(1 − 휀𝐴)𝛽𝑉 − 𝑝3(𝛽𝑆 + 𝛽𝑉(1 − 휀𝐴)) + 𝑝5[𝜇 + 𝛿

+ 𝜂1] − 𝑝7𝜇, 

𝑝6̇ = −
𝜕ℋ

𝜕𝐼2
= −𝐶4 + 𝑝1𝛽𝑆 + 𝑝2(1 − 휀𝐵)𝛽𝑉 − 𝑝4(𝛽𝑆 + 𝛽𝑉(1 − 휀𝐵))

+ 𝑝6[𝑢3 + 𝛿 + 𝜂2] − 𝑝7𝑢3, 

𝑝7̇ = −
𝜕ℋ

𝜕𝑅
= 𝑝7𝛿. 

The transversality condition should be fulfilled below, 

𝑝𝑗(𝑇) = 0; 𝑗 = 1, 2, … , 7. (14) 
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5. NUMERICAL SIMULATIONS 

5.1.The Dynamic of Model with Constant Control 

The stability of equation (1) and the effectiveness of the strategy can be verified by carrying 

out numerical simulations with the following  initial values for each population  𝑆(0) =

4825, 𝑉(0) = 150, 𝐸1(0) = 9, 𝐸2(0) = 6, 𝐼1(0) = 4, 𝐼2(0) = 5, and 𝑅(0) = 1. Considering the 

parameters on the Table 1, the following is a numerical simulation for the model with constant 

control and a model with optimum control. 

Numerical solutions have been obtained in the form of graphs for the dynamics of each 

subpopulation for endemic conditions by considering the parameters in Table 1 and the initial 

values of the subpopulations for the respective models explained above. Thus, simulations of the 

multistrain SVEIR model will also consider variations in constant control parameters for 

vaccination rates with a rate of 0.06 and treatment with rates of 0.1 and 0.05. 

 
 

 

FIGURE 2. The dynamics of population for Model with constant control when ℛ0 = 1.7056 >

1. 
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Based on the graph above illustrate that the susceptible subpopulation decreased over time and 

then stabilized towards its equilibrium point. The vaccinated subpopulation experienced an 

increase from the initial value and then decreased until it reached the equilibrium point. The 

exposed (𝐸1 and 𝐸2) and infected (𝐼1 and 𝐼2) subpopulations experienced an increase from the 

initial value. These four subpopulations reached the endemic peak and decreased over time, then 

appeared to stabilize towards their respective equilibrium points. 

5.2.The Dynamic of Model with Optimal Control 

 In this section, we discuss the numerical simulation results of the multistrain SVEIR model 

by applying optimal control. In this simulation, we assume that 𝐵1 = 30, 𝐵2 = 20, 𝐶1 = 1, 𝐶2 =

2, 𝐶3 = 1, and 𝐶4 = 2. This problem numerically solved by well-known The 4th Order Runge-

Kutta then we combine it with the Forward-Backward Sweep Method. This problem has four 

strategies with three control instruments listed in Table 2. 

TABLE 2. Control Strategies. 

 𝑢1 𝑢2 𝑢3 

Constant Control 0.001 0.0005 0.003 

1st Strategy      [0.001, 0.006] 0 [0.001, 0.05] 

2nd Strategy [0.001, 0.01] [0, 0.007] [0.001, 0.05] 

3rd Strategy [0.001, 0.09] [0, 0.03] [0.001, 0.05] 

4th Strategy [0.001, 0.15] [0, 0.09] [0.001, 0.05] 

 

 The dynamics of 𝑆, 𝑉, 𝐸1, 𝐸2, 𝐼1, 𝐼2, and 𝑅 in the model with optimal control by considering 

the intervals of each control 𝑢1, 𝑢2, and 𝑢3 for 400 days are illustrated in Figure 3. 
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FIGURE 3. The dynamics of 𝑆 and 𝑉 subpopulation for mathematical model with optimal 

control 

 

Figure 3 illustrate the size of the 𝑆  subpopulation for 400 days. The first and second 

strategies shows a slight increase from the initial value and require a longer time than constant 

control, third strategy, and fourth strategy for the 𝑆  subpopulation to experience a decline. 

Meanwhile, constant control experienced an increase and was assessed as requiring a longer time 

to experience a significant decrease compared to the fourth and third strategies. However, there 

was a very significant decrease compared to other strategies the following day. Based on the graph, 

the fourth strategy is an effective strategy to reduce the 𝑆 subpopulation. 

For the vaccinated subpopulation, the fourth strategy, there has been an increase in 

subpopulation 𝑉. Providing complete vaccination in the third strategy is also considered quite good 

in increasing the size of subpopulation 𝑉. As for constant control. The first and second strategies 

have also increased but not significantly compared to the third and fourth strategies. Therefore, the 

fourth strategy is the most effective for increasing subpopulation 𝑉. 
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FIGURE 4. The dynamics of 𝐸1, 𝐸2, 𝐼1, and 𝐼2 subpopulation for mathematical model with 

optimal control 

Figure 4 illustrate that the application of optimal control affects controlling COVID-19. 

Modeling with constant control applies the same control from initial to final conditions and, if 

displayed on a graph, will form a constant function. In this case, the application of constant 

control tends to increase towards a higher and faster endemic peak when compared to models 

that apply optimal control to the other four strategies. Modeling with the application of optimal 

control has a dynamic control form where each control function will choose the optimal rate or, 

in this case, what control rate (𝑢1
∗, 𝑢2

∗ , and 𝑢3
∗) is best and has optimal results. The graphs in 
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Figure 4 show that the fourth strategy is the most effective in reducing the number and delaying 

the spike in cases from the exposed and infected subpopulations for both strains. 

 

FIGURE 5. The dynamics of 𝑅 subpopulation for mathematical model with optimal control 

Figure 5 shows the 𝑅 subpopulation increases over time due to the movement of other 

recovered subpopulations. The fourth strategy has a higher number of recoveries when compared 

to others. 

One of the main objectives of this study is to find strategies that have optimal results for 

minimizing the performance index (𝐽) under four different intervention strategies. 

 

(a) 1st strategy (b) 2nd strategy 
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FIGURE 6. Graph of four control strategies for 400 days 

Figure 6 illustrate whenever applicable, treatment should be fully applied almost all the 

time. It indicates the importance of the treatment even then the effectiveness of the control strategy 

is relatively low. Figure 6(a) shows that in the 1st strategy, a maximum effort is made to vaccinate 

the first dose for 270 days and treatment at a maximum rate per day of 0.05 of the population for 

365. In 2nd strategy in Figure 6(b), control is carried out at a maximum rate for the first vaccination 

dose for 250 days, the second dose for 60 days, and the maximum treatment rate for 365 days. 

Furthermore, in Figure 6(c), it can be seen that the first vaccination was implemented maximally 

for 180 days, the second vaccination of 0.03 of the total population in units per day was carried 

out for 60 days, the maximum treatment was carried out within 370 days, and after the application 

of the rate in total maximum in each control after which the rate can be reduced. The fourth strategy 

in Figure 6(d) shows the implementation of control in the form of first-dose vaccination, second-

dose vaccination, and maximum treatment sequentially for 160 days, 80 days, and 370 days. 

5.3.Cost-effectiveness Analysis 

Cost-effectiveness analysis is an analysis technique in the economic realm that compares 

two or more options  available for health interventions by considering the ratio of the difference 

in costs and outcomes of each option. In simple terms, cost-effectiveness analysis is carried out to 

(c) 3rd  strategy (d) 4th  strategy 
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assist in decision-making and policies so that the option with the best cost-effectiveness is selected, 

especially in the health domain [22, 23]. In this cost-effectiveness analysis, Average Cost 

Effectiveness Ratio (ACER) and Incremental Cost Effectiveness Ratio (ICER) were implemented. 

ACER represents the average cost used per unit of health benefit. ICER shows the   determination 

of additional costs that must be incurred per unit. This section will bring us to the best strategy 

with optimal result and cost-effective with the following formula: 

ACER (𝑗) =
Total cost of intervention

The number of infections avoided
 

where the total cost of the intervention can be determined by calculating 

𝑊𝑗 = ∫
1

2

𝑇

0

(𝐵1𝑢1,𝑗
2 + 𝐵2𝑢2,𝑗

2 + 𝐵3𝑢3,𝑗
2 )𝑑𝑡. 

𝑢1, 𝑢2, and 𝑢3 are the optimal control for 𝑇 period and obtained in 𝑗th strategy with 𝑗 = 1,2,3,4. 

Then, the total number of infections avoided calculated as  

𝑀𝑗 = 𝑍
𝑗(𝑇) − 𝑍(𝑇), 

where 𝑍𝑗(𝑇) = ∫ 𝐸1,𝑗 + 𝐸2,𝑗 + 𝐼1,𝑗 + 𝐼2,𝑗  𝑑𝑡
𝑇

0
 for each strategy and 𝑍(𝑇)  is the  number of 

infections with no control. ICER calculated as 

𝐼𝐶𝐸𝑅(𝑗) =
𝑊𝑗+1 −𝑊𝑗

𝑀𝑗+1 −𝑀𝑗
. 

For this work, we got the result of ACER and ICER for  this problem in Table 3.  

TABLE 3. Calculation of ACER and ICER. 

Strategy Benefit Cost ACER ICER 

4th  Strategy 135197.54 66.551592 0.0004923 D 

3rd  Strategy 139731.87 21.410577 0.0001532 D 

2nd Strategy 144645.23 1.3317139 0.0000092 D 

1st  Strategy 144846.31 1.1013760 0.0000076 0.0000076 

 

Based on the identification results above, the first strategy is considered the most cost-effective. 
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6. CONCLUSION 

This multistrain SVEIR model has disease-free and endemic equilibrium points. Analysis 

of the stability of disease-free equilibrium points and endemic equilibrium points carried out for 

research data can be considered locally asymptotically stable. 

Numerical simulations were carried out on four control strategies. The simulation graphs 

obtained were then analyzed to determine the effect of the four control strategies. The application 

of optimal control in the four strategies is considered to provide a positive response to suppress 

exposed and infected individuals compared to the application of constant control. By numerical 

simulations, the fourth strategy is considered the best to be implemented to suppress exposed and 

infected subpopulations. However, according to the cost-effectiveness analysis, it was found that 

the first strategy was cost-effective with optimal results. 

As the booster vaccine has been developed, the future researchers will be able to involve 

the rate of the first and second booster vaccinations as well as being equipped with a sensitivity 

analysis of vaccination and considering the vaccination capacity at the interval (0, M] with M 

being the number of susceptible populations who can be vaccinated up to time T based on estimates 

of public awareness or WHO targets, thereby implementing optimal control problems with integral 

constraints or what are known as isoperimetric constraints. 
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