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Abstract. In this work, we present a fractional SEIT mathematical model for Tuberculosis (TB) spread in a human
population under the influence of vaccination and investigate the stability of the endemic and disease-free equilib-
rium points of the model. In addition, we also study the effect of vaccination on the basic reproduction number
and the number of infected individuals. It was shown that the stability of disease-free and endemic equilibrium
points depends on the basic reproduction number. The analysis reveals that as vaccination increases, both the basic
reproduction number and the number of infected individuals decrease.
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1. INTRODUCTION

Epidemics of tuberculosis (TB) have had a significant effect on the human population. De-
spite several decades of study, the widespread availability of a vaccine, and a clear WHO drive
to support a coordinated worldwide TB control plan, tuberculosis remains a major cause of
infectious disease-related mortality [1, 2].
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Numerous researchers have used mathematical models in the form of nonlinear differential
equations to study the spread of tuberculosis (TB) disease, see [3, 4, 5, 6, 7, 8, 9]. It has been
demonstrated that mathematical modeling plays a significant role in assessing the efficacy of
different control and preventative measures as well as in better understanding the dynamics of
tuberculosis transmission.

One of the much-explored models of tuberculosis transmission in the form of non-linear
differential equations is the SEIT model [10, 11, 12]. In their model, the observed human
population at time 7 (N(¢)) is divided into fourth epidemiological sub-compartments, that are
susceptible S(z), exposed during the latent period E(¢), TB active (infected) I(¢), undergoing
treatment 7 (7). In general, a simple compartment diagram for SEIT model is given in the Figure
1, where the parameter A denotes the birth rate, i is the natural death rate, 3 is the contact rate
betwen susceptible and infected, 7 is the rate of moving from exposed to infected, and 7y is the

rate of moving from infected to treated.
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FIGURE 1. Simple Compartment diagram of SEIT model

Based on Figure 1, various variations of the SEIT model in the form of non-linear differential
equations with usual derivatives have been developed as given in [10, 11, 12, 13].

In this paper, we modify these existing model SEIT by replacing the usual derivative with a
fractional derivative and providing vaccination to susceptible individuals. It is known that the
use of fractional derivatives in epidemic models is currently widely explored, because fractional
derivatives are trusted as a generalization of integer order derivatives, so modeling using frac-
tional differential equations is a powerful method for studying the overall spread of the disease

see [14, 15, 16]. The SEIT model to be studied in this paper is given as follows:
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P0)S =A— (u+¢€)S—(1— s)ﬁS%,
(1) PO =(1 - £)BS s~ (u+ N)E,
P2 =nE — (u+a+7)l,

29T =yl + &S — uR.

where € is percentage of susceptible population vaccinated, 2(°) is the Caputo fractional de-
rivative operator of oder o with 0 < ¢ < 1. The development of the model (1) is subject to
assumptions that all the newborns are in the susceptible. After one unit time, a susceptible in-
dividual can be infected through contacting with the infectious individuals and enter the latent
class or is still in the susceptible class or dies. A latent individual may become infectious and
enter the infectious class or still stay in the latent class or die. An infectious individual may be
treated and enter the treated/recovery class or stay in the infectious class or die. For a treated
individual, he (or she) may recover by effective treatment. The treated individuals are assumed
to have recovered or died, so the T and R compartments can be combined. Figure 2 shows the

relationship between the four variables of their SEIT model.
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FIGURE 2. Compartment diagram of SE/T model

We examine the stability of the endemic and disease-free equilibriums of the model (1) as a
new SEIT model. In addition, we also study the effect of vaccination on the basic reproduction

number and the number of infected individuals. As far as the authors know, there is still no
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solution to this problem. As a result, the findings of this study represent both a novel and a
fresh advancement in the field of fractional-order epidemic dynamics.

The paper is organized as follows: Section 2 presents some mathematical concepts needed
to analyze the stability of fractional order dynamical systems. The main result of this article is

presented in the section 3. Section 4 concludes the paper.

2. PREREQUISITES

The requirements and fundamental ideas used throughout this paper are covered in this part.
The Caputo fractional derivative of order o with o € (j— 1, j), j € N for the integrable vector

function x : [0,00) — R", is defined by
1 t
) 2)x(1) = T—o0) / (1=~ 9Vx(r)dr
0

where I'(.) is the Euler Gamma function [17], and 2(/)x(.) is the usual j th derivative of func-
tion x(.).

Let us consider the fractional-order nonlinear system involving Caputo derivative
(3) 2'9x(t) = g(t,x(1))

with suitable initial conditions x(0) = xg, where x(¢) € R”" is the state vector of the system (3),

g:[0,00) x R" — R". Specifically, the system (3) can be written as
“) 7'9x(1) = Ax(1)),

where A € R if g is linear. The point x* is said the equilibrium point of the system (3) if

f(r,x*) =0.

Theorem 2.1. [18] If |arg(A;)| > %for each eigenvalues Aj, j=1,2,--- ,n of the matrix A,

then the fractional-order linear system (4) with ¢ € (0, 1) is asymptotically stable

Theorem 2.2. [18] Let x = X* is an equilibrium of the the fractional-order system (3) with
o € (0,1). The equilibrium point x = X* is asymptotically stable if

) Jarg(2)| > =7,
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for all roots A of the equation
(6) [ —AI| =0
where Jy+ is the Jacobian matrix of system (3) at the equilibrium xX*.

3. MATHEMATICAL ANALYSIS OF THE SYSTEM
3.1. Existence of Equilibria and Basic Reproduction Number. By setting

(7) 205 = 9O = 991 = g T =,

the model system (1) gives two equilibria: the TB free-equilibrium, denoted as &p, and the

TB endemic equilibrium, denoted as &;. By setting / = 0, one gets the TB free-equilibrium

A Aeg

&y = ( , 0,0, —) . This TB free-equilibrium is used to determine the basic re-
p+e p(p+e)

production number.

It is well known that the basic reproduction number, denoted as Ry, is a measure of the po-
tential for disease spread in a population. The basic reproduction number is the total number of
secondary infections that a single primary infection can cause in a fully susceptible population.
The basic reproduction number can be calculated using the Next-Generation Matrix technique
[19]. The matrix .% dan ¥ for our model are as follows:

S (=g [ wemE

0 —NE+(u+a+y)l

The Jacobian of the above matrices evaluated at the TB-free equilibrium point are given by

(1-)BA
F = 0 (ute)N and V = aa 0
0 0 -n ut+toa+y

The spectral radius of the matrix FV ~! gives the basic reproduction number R and it is given

by

Ry — n(l—¢g)pA
(L+n)(n+o+7y)(u+e)N’

®)

Next, by setting I, > 0, one gets the TB endemic equilibrium & = (Se, Ee, I, 1), where
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S—LE—LQ_L) - An (1_i)
© Ro(u+e) T u+n Ro) ™ (w+n)(u+a+y) Ro )’

y(u+€)N eA

e TV ey

3.2. Stability Analysis. To conduct the stability analysis, we first obtain the system’s Jaco-

bian (1), as follows:

[ _u—(-eBl-e 0 —(1-gBS 0 |
e (1-e)By  —u-n (1-gpy 0
0 n —-u—a—y 0

_ e 0 v u

The Jacobian at around the TB free-equilibrium is given by the following matrix:

[ _(1-gBA ]
Hoe 0 (u+€)N
(1—¢)BA
©) Ss = O~ e
0 n —u—a—y 0
£ 0 Y —u

Based on the Jacobian (9) one gets the following characteristic polynomial:
(10) (—p=2A) (= —2) (A*+ (a+b)A + (1 —Rg)ab) = 0,

where a = 1 +1 dan b = p + ot +y. The Jacobian matrix _Z possesses the four eigenvalues

that given by Ay = —u — 0,4, = —u, and A3 and A4 are the roots of the equation:

(11) A*+(a+b)A+(1—Ro)ab =0

or
It is obvious that eigenvalues A;, for i = 1,2, are negative, thus they satisfy |arg(A;)| > —

oT OT
whereas |arg(A34)| > - if Rp < 1, and it implies |arg(A34)] < > when Ry > 1. Hence,
based on the Theorem 2.2, & is asymptotically stable if Ry < 1 and becomes unstable if Ry > 1.

Furthermore, the Jacobian at around the TB endemic equilibrium &; is given by
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I, S,
_u—(l—e)ﬁﬁ—e 0 _(1_£)BN 0
1, S,
(12) Fe = (1-e)B —u-n (1-e)py 0
0 n —u—a—-y 0
E 0 Y —u

Based on the Jacobian (12) one gets the following characteristic polynomial:
(13) A+ aid @A +azd +as =0,
where

ar = 2Uu+u+e)(Ro—1)+e+(u+n)+H+o+y),

ap = ppu+@p+e)Ro—1)+e+u+n)+Hm+aty))
+u+ut+e)Fo—1)+e)(u+n)(u+a+y),

a3 = p(u+E+e)(FRo-D+e)((L+n)+u+a+y))
Hu+m(u+a+y)(ut+e)(Ro—1),

ag = pp+mp+a+y)(n+e)(Ro—1).

Using the Routh-Hurwitz’s criteria, the eigenvalues A;, i = 1,2,3,4 of the matrix _#Z, are nega-

tive if a; > 0,a1a, —a3 > 0, (aja; —az)az — a%a4 > 0 and a4 > 0 and this is satisfied if Ry > 1.
om

This implies |arg(A;)| > - fori =1,2,3,4 when Rp > 1. Hence, based on the Theorem 2.2,

& is asymptotically stable if R > 1 and becomes unstable if Ry < 1.

3.3. Numerical Simulation. In order to show the validity of the results, in the following
we present a numerical simulation. For the model (1), let ¢ = 0.05, =0.3,1 =04, a =
0.003,7 = 0.2 and N = 10°. The initial conditions are S(0) = 997999, E(0) = 1800,(0) = 151
and T(0) = 50. Based on these parameter values, we find that the TB-free equilibrium point
is & = (4.3478 x 10°,0,0,5.6522 x 105) and Ry = 0.4285 for € = 0,065. This shows that the
TB-free equilibrium point & is asymptotic stable due to Ry < 1. Graphs of the susceptible
subpopulation, exposed subpopulation, infected subpopulation, and treated subpopulation for

several fractional order are given in Figure 3.
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FIGURE 3. The curves of susceptible, exposed, infected and treated for TB-

free equilibrium with € = 0.065

Next, for the above parameters value, if the value of 8 is replaced with f = 0.75 we find that

i. Ro =2.6350 and & = (3.795 x 10°,6.8944 x 10* 1.09 x 10°,4.3601 x 10°) if € = 0.
ii. Ro=1.598 and & = (3.912 x 10°,4.156 x 10*,6.570 x 10*,4.976 x 10°) if € = 0,03.
ii. Ro=1.0712and &, = (4.059 x 10°,7.386 x 10°,1.168 x 10*,5.744 x 10°) if € = 0,065.
One can see that the TB-endemic equilibrium &, is asymptotic stable due to Ry > 1. It can
also see that the basic reproduction number and the number of infected individuals decrease
as vaccination increases. Graphs of the susceptible subpopulation, exposed subpopulation, in-

fected subpopulation, and treated subpopulation for several fractional order are given in Figure

4, Figure 5, and Figure 6, respectively.
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FIGURE 4. The curves of susceptible, exposed, infected and treated for € =0
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FIGURE 5. The curves of susceptible, exposed, infected and treated for € = 0.03
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FIGURE 6. The curves of susceptible, exposed, infected and treated for € = 0.065

4. CONCLUSION

We have examine the stability of the endemic and disease-free equilibriums of the new SEIT
model (1). In addition, we also studied the effect of vaccination on the number of infected in-
dividuals. The analysis shows that the basic reproduction number and the number of infected

individuals decrease as vaccination increases, so that the SEIT model give the adequate infor-
mation about spread of tuberculosis.
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