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1. INTRODUCTION

In mathematical modelling, many systems used to model the evolution phenomena in science
and industry do not only depend on the present state but also on the past ones. Stochastic
delay differential equations (SDDEs) have been widely used to model such systems (see e.g.
[1, 2, 3]). In particular, differential equations with delay have been used in epidemiology to
model the incubation period in the disease transmission process (see e.g. [4, 5, 6]).

The SIRS epidemic model is one of the basic models introduced in [7] by Kermack and McK-
endrick to describe endemic infections, in which any infected individual may recover and be-
come temporarily immune. Since its introduction in 1933 this model has been studied by many
authors. It is based on the law of mass action which is not realistic. So there is a need to
modify the classical linear incidence rate to capture the essential feature of the transmission
process of communicable diseases. Nonlinear incidence rates have played an important role
in ensuring that the model can give a reasonable quantitative description for disease dynamics
such as saturation of the number of effective contact between infective individuals and suscep-
tible individuals at high infective levels due to crowding of infective individuals or due to the
protection measures by the susceptible individuals (see e.g. [8, 9, 10, 11, 12]). For example,
in [6] a delayed SIRS epidemic model is considered. The authors deal with a class of non-
linear incidence rate of the form BS(r) / ' f(t)G(I(t —7))dr, where S(t), I(t) and R(¢) denote
respectively, the fractions of susceptible? infective and recovered individuals at time t and G is
a nonlinear function checking some assumptions. This kind of incidence rate is used to model
a disease spread in which transmission of the infection is through vectors which have an incu-
bation time to become infectious. According to [13, 14], the vectors can be omitted from the
equations by including a delay in the force of infection. More precisely, the model is described

by the following ordinary differential system with distributed delays,

90 _ Ay s(r) - BS(r / F(T)G((t —7))dT+ VR(t),
(1) a0 _ Bs(r) /f (It —7))dT — (2 + V)I(1),
RO = y1(t) — (w3 + VIR(),

with the initial condition,
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S(8)=¢1(0), 1(6)=¢(0), R(6)=3(0);
$:(0) >0, ¢ €% ([—h,0;RT) for i=1,2,3.

2

The meaning of the parameters is:

e A represents the birth rate of the population and p;,7 = 1,2, 3 stand respectively for the
death rate of susceptible ”’S”, infected ”I”” and recovered ”R” individuals with the natural
assumption y; < min{p, us}.

e [ is the contact rate between susceptible and infective individuals

e vy represents the recovery rate of infectives

e Vv denotes the rate at which recovered individuals lose immunity and return to suscepti-
ble class

e /1 is a superior limit of incubation times in the vector population.

These parameters are assumed to be nonnegative.

The functions G and f satisfy the following conditions:

(3) (Hy) G is continuous and monotone increasing on [0,0), with G(0)=0.
(Hy) x/G(x) is monotone increasing on [0, +oo), with lim,_0x/G(x) = 1.
(H3) G is Lipschitz continuous on [0, +o0) and satisfies 0 < G(x) < x, Vx > 0.

(Hs) f is a nonnegative continuous function with support [0, %] such that f(? f(s)ds=1.

The nonnegative continuous function f represents the incubation period distribution of the in-
fection in the vector population, that is f(7) denotes the fraction of vector population in which
the time taken to become infectious is 7.
The reproduction number of the system (1) is
Ry = —ﬁ A .
(2 +7)

It is a threshold quantity which determines whether the disease will persist and prevail in a
population or the disease simply dies out. It is proved in [6] that system (1) always has a
disease-free equilibrium E° = (s, io, 79) = (%,0, 0) and for Ry > 1, the system (1) has a unique

endemic equilibrium point E* = (s*,i*,r"). By using a Lyapunov functional techniques, it is

also proved that the disease-free equilibrium E° is globally asymptotically stable for Ry < 1,
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that is the disease dies out, and the endemic equilibrium E* is globally asymptotically stable for
Ro > 1 and pys* — vr* > 0, means that the disease persist in the population.

In this paper, we use the same argument of parameter perturbation used in [15] to derive from
deterministic model (1), a stochastic model (see system (4)) which is a generalization of the
stochastic SIR (Susceptible-Infective-Recovered) epidemic model studied in [5] where G(x) =
x, U1 = Uy = u3 = A, v =0 and the noise intensity at each time is assumed to be a positive real
o. In this case it is proved that 0 < B < min{y+ u — %62, 2} is a sufficient condition for the
stochastic stability of the disease-free equilibrium. Assuming the above conditions on the death
rates and function G but with v > 0, the stochastic stability of the disease-free equilibrium is
proved in [16] provided that 2; > max{y—v,B+Vv}and B < up +7— %62. We note that in
these cases the positivity of the model is not discussed. Recently many authors have studied a
stochastic delayed epidemic models with perturbed parameter (see e.g. [4, 17, 18, 19, 20, 21,
22,23, 24, 25]). But in these papers the random perturbations do not concern the contact rate
B.

In this paper, first of all we show the existence of a unique global positive solution of
our model. Then, by using a stochastic Lyapunov functional technique, we prove that
if 2u; > max{y—v,B —v} and %ﬁ <Up+y— %cz(%y, the disease-free equilibrium is almost
surely exponentially stable for some class of initial conditions. In particular, if G(x) < 1 we
can replace the previous second assumption with % B<m+y—% (o‘ % )2, Also, by combining
Lyapunov technique, the well-known variation of constants approach and stochastic analysis,
we establish that the DFE is almost surely stable under the condition 28 < y+u - ;0> ( %)4 and
in the case where G(x) < 1 this condition can be replaced with % B<m+y—% (6%)2.

The rest of the paper is organized as follows. In section 2, we introduce the model and some
preliminary definitions and results. In section 3, we investigate the existence of a unique global
positive solution of our stochastic model. Section 4 deals with the stability of the unique DFE
E°. The asymptotic behaviour of the stochastic model around the endemic equilibrium point

E* of the deterministic model (1) when Ry > 1 is considered in section 5. Finally, in section 6,

we conclude and give some numerical simulations to support our theoretical results.
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2. STOCHASTIC MODEL DERIVATION AND PRELIMINARY RESULTS

2.1. Stochastic model derivation. Throughout this paper, we let (Q,.%,{.%}:>0,P) be a
complete probability space with a filtration {.%; },>¢ satisfying the usual conditions (i.e. it is
right continuous and .%; contains all P-null set and .%; | =(,-,#5) on which are defined all the
random variables considered. In the following, we consider the deterministic model described
by the system (1) where we introduce in the contact rate 3, an additive stochastic perturbation.
Indeed, the contact process are inevitably affected by random perturbations due to stochastic
environmental factors that can be modeled by a random variable B with average value 8 and
variance 2. In view of the well-known Central Limit Theorem, the potential infectious contacts
Bdt made by each infected individual with each susceptible in the small time interval [z, 4 dt]

is approximately given by (see e.g. [2, 15, 26])
Bdt = Bdt + 9dW (1),

where W is a standard brownian motion. Moreover, in the real world the increase in the number
of infectious occur with some spatial dispersion of these infectious that increases the variability
in the contact process due to environmental variations. To take into account this situation,
here we assume that the noise intensity at time 7, depends on infectious population size I(t).
Therefore we replace Bdr in system (1) with Bdr = Bdt + o1(t)dW (¢), where & is a positive

real. Doing so, we obtain the stochastic model

(

h
ds(r) = (A — wS(r) — BS@t) /0 F(OGU(t —1))dT+ vR(t))dt
—as1(r) /0 G — 7))t ) aw (),
(4) di(t) = (BS(I) /0 " HOGU (- T))do— (a+ y)l(t))dt

+o50)10)( Oh FOGU(t —1))dt ) aw (o),

| dr(1) = (y](r) — (3 + V)R(t))dt.
The description of the parameters are the same as in the deterministic model (1) with the same

assumptions.
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The initial condition is given by
S(0)=¢1(0), 1(6)=¢2(0), R(O)=¢3(0), 6¢c[—h,0],
0i(0)>0, i=123 ¢=(p,¢2,¢3) € ),

where 7" (I) is the set of .#y-measurable & ([—h,0];)-valued random variables, where I is

&)

a compact and connected subset of R? = {(xj,...,x,) € R": \x; > 0,...,x, > 0} such that

E(||@||?) < oo, where ||¢@|| = Supge[_p0 |9(0)] and | . | stands for the Euclidean norm on R”.

2.2. Definitions and preliminary results. Let a: ¢ ([—h,0];1) — R" and b: € ([—h,0];1) —
Muxm(R) be respectively a n-dimensional functional and n X m — matrix-valued functional.
Let B = (B(t));>0 be a m-dimensional Brownian motion process. Consider the following n-

dimensional stochastic system with time delay:

dX(t) = a(X;)dt +b(X;)dB(t),
Xo=¢ "),

(6)

where X; = {X(t+0), 6 ¢&[—h,0]}isviewed as a €' ([—h,0];R".) — valued stochastic process
with X;(0) = X (¢). Let {X(z,¢) : t > 0} the solution of the stochastic system (6) with initial

condition Xo = ¢.

Definition 1. Let x* € R". A solution X (r) = x* of the stochastic system (6) with initial condi-

tion Xy = x™ is called a stationary solution if

The real number x* is called a equilibrium point of the stochastic system (6). If x* = 0, the

stationary solution is said to be the trivial solution.

The stability analysis of a equilibrum point x* of the stochastic system (6) can be reduced to the
stability analysis of trivial solution of the stochastic system obtained from the transformation
Y(t,0) = X(t,¢) — x*. For this reason, the following definitions and preliminary results are

given with respect to the trivial solution.

Definition 2. Assume that for every initial value ¢ € J#"(I), the system (6) admits a unique
global solution which is denoted by {X (¢, ¢) : ¢t > 0}. The trivial solution of system is said to
be
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(1): almost surely asymptotically stable in 52" (I) if for all ¢ € 2" (1),
limy e [X(2,0)| =0 a.s.
(ii): almost surely exponentially stable in 7" (1), if for all ¢ € 77" (1), there exists @ > 0
such that limsup,_,., tIn|X(t,9)| < —a, a.s.
(iii): exponentially mean-square stable in 77" (1), if for all ¢ € 7" (1), there exists @ > 0

such that lim,, 1 T INE(IX (1,9) ) < —@, a.s.

One of the important properties in population dynamics is the persistence which means every
species will never become extinct. More often, in many stochastic epidemic models obtained
from a deterministic model by adding white noise to the dynamics, do not have an endemic
equilibrium. Analyzing the persistence of this disease in the population helps in particular to

determine the conditions under which a disease introduced into a community becomes endemic.

Definition 3. The solution of the system (6) is said to be persistent with probability one if, for

every initial value ¢ € .7"(I), the solution {X (¢, ¢) : # > 0} has the property that
lilmianl-(t, ®)>0 asforalll <i<n.
—>00

Let V : [0,00) x 5#"(I) — R be a functional. The generating operator .# of the system (6) is
defined (see e.g. [2, 3, 27]) by the formula

ZLV(t, )= lim E(V({+AXa)Xe = @) = V(2 (p).
A—0 A

Suppose that the functional V can be written in the form

VU?‘P) = V*(t7(P<0>7(p)

where V* is a R-valued functional defined on [0,00) x R" x 52" (I).

For any (¢,x) € [— T,0) x R"” and any ¢ € 7" (I) such that ¢(0) = x, we put
V(P(trx) :V*(t7x7 (P)

where x = ¢(0) = X(r) and ¢ = X;.
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Let D be the class of all functionals V for which function V(,x) has two continuous derivatives
with respect to x and one bounded derivative with respect to ¢ for almost all # > 0. For functionals

in D, the generating operator .’ of system (6) becomes

(7
2v(t.0) = 2Vy(1.x(0) = 2O L 9yTe o(0))ap) + Liracels” (9)2Vy (1. 0(0)b(0)]

AV (t,x IV (tx %V (t,x
where VV(t,x) = < 3)51 ),..~, :;p)E” ))’ VzV‘P(tvx) = ( ax%(xj))nxn.
The following theorem which is a corollary of Theorems 3 in [28], gives a sufficient condition

for the stability of the trivial solution.

Theorem 1. Assume that both a and b satisfy the local Lipschitz condition and suppose that

there exists a functional V (t, @) € D such that
cilp(O) <V(t,9) <cllol* and 2V(p,1) < —a|e(0)

where c1, ¢p, and o are all positive constants. Then for all ¢ € 7" (I), there exists a positive

constant q such that the solution of system (6) satisfies

hmlln(|X( 1) <—q as.

t—oo f

That is the trivial solution of the system (6) is almost surely exponentially stable.

Remark 1. The stochastic model (4) with the initial condition (5) can be written in the form of
(6), with B(t) = (W (t),W;(t),W,(t)) a three-dimensional Brownian motion process and for any
¢ € €([-h,0:RY)
0
A= p191(0) ~ B91(0) / £(=8)G(6:(8))d8 — v (0)
a9)= | Boi(0) [ F(-0)G(6:(0))d0 — (12 + 1020 ,
7$2(0) — (3 + V) 93(0)

—601(0 /f (6))d6 0 0
b(0)= | 56:(0)6:(0) / S-0)G(g:(0))d8 0 0
0 00

Note that E? is also the disease-free equilibrium position of the stochastic model (4).
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3. GLOBAL EXISTENCE AND POSITIVITY

Under assumptions (H3) and (Hy), the coefficients of the system (4) are locally Lipschitz con-
tinuous, but do not satisfy the linear growth condition. So we only have the existence and
uniqueness of a local solution, that is for any initial condition ¢ € 7#>(I) there is a unique
local solution (S(¢),1(¢),R(t)) of the system (4) on ¢ € [0,7,), where 7, denotes the explosion
time (see e.g. [2] Theorem 2.8 page 154). In order to prove that this solution is global we
will establish the positivity and the no-explosion in a finite time of the solution for any initial
condition.

Letusset A= {(x,y,2) €ER?/ x>0,y>0,z>0, x+y+z< %} and .7#3(A) be the class
of .Zy-measurable & ([—h,0];A)-valued random variables.

Let N(t) = S(t) +1(t) + R(t) denotes the whole population size at time t € [—h, T,).

We consider the following stopping times:
ti=h = inf{r € [0,00),min{S(r),1(r),R(1)} ¢ (0,00)},
T = inf{t €[0,e0), min{S(r),1(:).R(t)} & (0,3},
7 = inf{t € [0,00), min{S(¢),(t),R(t)} ¢ (4, %)}, for all integers k > ko,
where ko € N* is such that min{S(0),7(0),R(0)} € (%, ﬁ), with the convention inf@ = oo.
Lemma 1. Let us assume that the initial condition ¢ of (4) belongs to 5>(A). Then
G: 1 >1, as.

(i):  sup;c[_p ) N(1) < % a.s. Moreover 19 =t} =1, a.s.

(iii): The sequence of stopping times (Ty)x>k, converges Ty a.s.

Proof. In view of Itd’s formula for all € [—h,7{~}) we have

S(s,)
+/Ot [B%/Ohf(r)G(l( - ))dr—(uz+y)—72(S(s)/ohf(r)(;(l(s—r))drﬂds
+ t [y% (V) — %2 (I(s) Oh F)GU(s— r))dr) 2} ds
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/ /f I(s—7 )dT>dW / / f(O)GU(s—7 )dr)dW(s)

Obviously, for all t € [—h,7{7}), min{S(¢),1(¢),R(¢)} > 0. It follows that

In[S(2)1(2))R(1)] — In[@1 (0)92(0) @3 (0)]
o}

2/0m [ (M1 + M2+ Y+ 13+ V) ﬁ/ G(I(s —T))df}ds

2

-z 0’”{ } (P(s)+55)) ( /O " H)6 (s - r))dr) s

©) +o /Om{} / 1t )df)dW() J(t).

Assume that P({t{~} < 1,}) > 0. By continuity of the solution of the system (4), we have on
the event {{~} < 7.}
S(T{_})I(T{_})R(T{_}) —

Hence

) lim In[S(t)I(1)R(t)] = —oo.

t—ri-}
Combining (8) and (9), we have on the event {t{~} < 7.} that —eo > J(7{-}).
Therefore
{7 <1} c {—eo > u(zt )}
Since J(7{7}) is finite on {7{~} < 7.}, we have a contradiction. So necessarily
P({t{} < 7,}) =0and (i) is proved.
For any initial condition @ € J#>(A), the total size of the population N(z) at time ¢ € [—h, T,)

is described by the equation

dN(1) = (A— i S(1) — ual (t) — H3R(1))dt
N(0) = ¢1(0) + 92(0) + ¢3(0).
In view of (i), for any r € [—h, T,), we see that min{S(¢),1(r),R(t)} > 0 ass.
Since p; < min{, U3}, we get
dN(1) = [A=(t2—wm)I(r) — (U3 — u1)R(t) — N (1)]dr

= [=®(1) + (A— N(2)))dr,
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where ®() = (12 — pu )I(t) + (1 — w1)R(z) > 0.

Therefore, by virtue of a comparison theorem, we obtain that for any 7 € [0, 7,),

N(t) < (N(0)— A)e_“lt—I—A a.s. where N(0) € (O,A) :
M1 M1 M1

It follows that sup N(t) < which leads to i} < 1, as.  since

A
1€[0,7,) o8
A
max{S(t),1(t),R(t)} < m a.s.
1
Hence the solution might explode only toward —eo which implies that 7y = i =1, as.
Therefore we have (ii).

For k > ko, let set Ay = )- (Ai)i=k, is increasing and converges to Uy, Ax = (0 A

(k7[.1,1 7#1)'

Therefore the sequence of stopping time (T )x>, is increasing and there exists 7., € [0,0) such

that limy_,. Ty = Tw. Since for any k > ko, Ay C (0 we have 7., < 79. So, if T, = o then

7'u )
Too = T = ©°.
Now, let us assume that 7., < oo and put Y (¢) = min{S(z),1(z),R(¢)}, for any ¢ € [0, T,). Since

for all k > ko, Y (1) ¢ Ar and Y (1) — Y (7). It follows that Y (7w.) ¢ (O Hence 7. = 7

7‘u)

wich gives (iii). O

Theorem 2. For any initial condition ¢ = (@1, @2, Q3) € 73 (A), the system (4) admits a unique

solution (S(t),1(t),R(t)) ont > 0, and this solution remains in A with probability 1.

Proof. In view of the Lemma 1, for any initial condition ¢ € s#3(A) the system (4) has a unique
local positive solution (S(¢),1(¢),R(t)) ont € [0, 7.) and limy_,« Ty = T,. In order to establish the
existence and uniqueness of a global positive solution it is enough to prove that limy_., T = oo.
Let ko € N* such that min{¢; (0), ¢2(0), ¢3(0)} > % Consider the function V{y defined for any

vector x = (x1,x2,x3) € R3 by

Hix; Hixo Hix3
= (50 m(50) (%),
Vo(x) n{ = A A
By virtue of It6’s formula, we get that for any ¢t € [—h,,) and X (¢t) = (S(¢),1(t),R(t))

dVo(X (1))

A R(1) h 2
—%ﬂq—v%w/o f(f)G(I(t—r))d"c+—( /f ’C))d’c) ]dt
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2
[ ﬁf((tt))/ohf I(t—71))dt+ (U2 +7) +—< /f )}dt
1t) ar+oso)( [ FmGu dt ) aw,
#| vy e aso [ rocue—o)a,
—oI(r) ( /0 " G- r))dr) aw (1).

Since for any s € [—h,t A 1), we see that S(s),1(s),R(s) € ( ,%) a.s.

el

For any k > kg, we obtain that

W(X(AT) < Vox(0)+ [ o [m Hotyps v [ )G (s — T))dr] ds

2
2 AT
+ [ e8P ( [ 6w r))dr) ds

o [ s s ( / f(z dr) AW (s).

Let us put K(z) = f(s —z) for all z € [s — h,s]. Then in view of (H3) and (Hs), for any s €

[0, A 7;) we have

(10) /Ohf(f)G(](s —1))dt = /Sihf(s —2)G(I(z))dz < % SihK(z)dz = % a.s.
So, we get
(1) Vo(X(tA 1)) < VO(X(O))+CotATk+G/Wk / f(r 7))dtdW (s),

4
where Cy =31+ y+Vv +ﬁ;% + 02 (ﬁ) and I = max{uy, U3 }.

On the other hand we have

E /mk ( / (e )dW(s)} —0.

Since, one sees from (10) that for every s € [0, A ),

—1(s)) /0 " {06 (s — 7))t < (%)2 as.

It follows that for any r > 0

(12) EVo(X (t A )] < Cot AT+ Vo(X(0)) < Cot + Vo (X(0)).
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Now, since S(¢ A7), I(¢ A7), R(t A 7.) are in (7, ‘%), we have Vo(X (r A 1)) > 0.
Therefore, we get
EVo(X(tAw))] = EMX{EAT) gy +EMo(XEAT)) 1550
> E[UX((tA™)) I{Tkgt}]'

In view of Lemma 1, for all ¢ € 73 (A), we see that min{S(t A 1), I[(t A Tt),R(t A7)} < L%

It follows that min{S(7), (), R(7%)} = 1 on {7 <t} which implies that

UX(%)) > —In (Ak)

Hence
(13) E[Vo(X (1 A )] > EVo(X(t AT 5,0] = —In (55 ) Pz <1).

Combining (12) and (13), for any # > 0,we get that
Cot +Vo(X(0))

in (4)

By letting k — oo, we obtain for any ¢ > 0, P(1y <t) = 0. Consequently P(7p = o) = 1. Now,

]P)(Tk < l‘) <

since T, = Ty a.S., we obtain that T, = oo a.s. O

4. STABILITY ANALYSIS AND ASYMPTOTIC BEHAVIOUR

In this section, we study the stability of the disease-free equilibrium E? = (% ,0,0) of the model
(4) which can also be reduced to the stability analysis of the trivial solution yo = (0,0,0) of a
new system. Indeed, let put y;(t) = S(¢) — so, y2(t) = I(t), y3(t) = R(¢), Vt > 0 with s9 = ﬁ
Then by virtue of 1t6’s formula, we get the following system

i) = [~ B3 @) [ FEG0s0 Dz Bso [ FRG0a( - D)+ vy ()]
—ona (1) (1 (1) +5°) /0 F(E)G0a(t = ))de)aw (o)
(19 3 ) = [0 Ohf<r>c<yz<r—r>>dr+ﬁso [ F©60ate - D)~ (-4 )]
+oya0)0n@) +30) ([ FDG0al - )ae)aw o),

dys(r) = [12(0) = (s +V)ya(e) e,

with initial condition

y1(0) =wy1(6), »2(0)=v2(6), y3(6)=ys3(6),
wi(0) >0, i=1,23; w=(y,p,w)ecx3I),
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where 773 (T') is the .%y-measurable % ([—h,0];T")-valued random variable such that,
vy e 2°(), E(||lylP) <

A
where F:{(x,y,z)E]R3/—u—<x§0, 0<y, 0<z,andx+y—|—z§0}.
1

Remark 2. The assertion ¢ € J#>(A) is equivalent to ¥ = ¢ — E? € #3(I") and the assertion
X(t)=(S(¢),1(t),R(t)) € Ais equivalent to y(t) = X (t) — E° € ', t > 0. So by virtue of Theorem
2, for any initial condition W = (w1, ¥, y3) € 53(T'), the system (14) admits a unique solution

{(r1(2),y2(¢),y3(¢)) : t > 0}, and this solution remains in I" with probability one.

Theorem 3. For any initial condition v = (w1, v, y3) € H#3(T), the trivial solution yy =

(0,0,0) of the system (14) is almost surely exponentially stable in 7> (T') under the assumptions

1
(15) (i) 2uy >max{y—v,soB+v}, (i) sof <pp+7y— 56253.

In particular, if G(x) < 1 for all x € [0,00), the trivial solution yy = (0,0,0) remains almost
surely exponentially stable in 3 () by replacing the assumption (ii) with sof < ty + 7 —

%(S()G)Z.

Proof. In view of Remark 2, for any ¥ = (W1, v, y3) € 7#°(T), we see that
A A A
I I I

Let us consider the Lyapunov functional V € D, defined by

V: [0700) X %30—‘) — Ry, (tal//) '_>V(t711”) :Vl(W)+V2(t7W) with

Vi(y) = wi(0)2+A1y2(0)* + w3(0)?,
h 0
V) = A /0 oy GA(yals))dds,

where A and A, are tow positive constants and y(0) = y;(0) =y(t+6),0 € [—h,0].
h t
Otherwise  Vi(y) =y1(1)*+Aaya(t)> +y3(1)%, Va(t,y) =7Lz/0 f(o) [ G*(va(w))drdu.

—7T

By using (7), we get

ZLVi(v)
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2
= 2Bson(0) [ OG0~ Dz -2B30) [ 160 D) 2030

+2vyi(t)y3(1) + 241 Bsoya (1) /0 ()G (y2(t —7))dT+ 21 By1 (1)y2(1) /Ohf(T)G(Zz(t —1))dt
=201 (k2 + ¥)y3() + 29v2(1)y3 (1) = 2(p3 + V)3 (1)

1+ a0+ 0 ([ 106026~ 2)ae)’

By virtue of (H) and Hélder’s inequality, we have
L) < Bood)+Bso [ ARG 0nlr - D)t 200) + VR0 30 + B3
o /hfTGz(yz(t—T))df—2/h(uz+y)y%(t)+w%(t)+w§(t)—2(u3+V)y§(t)
2830 [ FG0alt - D)+ 2 Bri(Orale) [ F(G 00— D)z
H1+ SO0 50 [ FG0ale - )t
By virtue of (16), (H3) and (H4) we have
(0320 /Ohf(f)G(yz(t—T))dT = YOO [ 7(-0)G(W:(0)da0 <0
2230 [ F@G0at DT = 2B [ [(-0)G(:(0)d0 <0
RO+ = Y30y (0)+50) < 5,
Therefore
ZV(Y) < (Bro—2u1-+ VRO +((Bso— 20~ 29 + 730 - (20— 7+ VE(D)
a7 4508+ 52021+ 4) [ DG 0ale — D)

4721 +02s]
Let us put A = (1+21)so(B + 02s3) and Ay = 2By 20T 2B We have

2y) = (4 B+ [G0:0) - [ OG- )ar]

s < (1 am(B+ ") 30 - [ 9162 0a - 0)ae]

Now, it follows from (17) and (18) that

LV(y) < —(2u1—ﬁs0—v)y%(t)+[(2/3s0_2u2_2y+aso)zl+y+ﬁs0+c }yg(t)
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- <2u3 —7+ v)y%(t)
< (21— 50B —V)(0) — (v 11— 5078 —s0B )33(0) ~ (215~ 7+ V)30
Finally, we have
LV (1, ) < —Cily(0)],
where
C) =min{2u; — v —soB, Mo+7y— %stg —s0B, 2u3—y+Vv}.
On the other hand
cil(0)? <V (1, 9) < ellolf,

with c; =min{l, A1, so(B+0%s3)}and c; =max{l, A, so(B+0%3)(1+M)}
Now, if (15) is satisfied, then by Theorem 1, the trivial solution yy = (0,0,0) of the system (14)
is almost surely exponentially stable in 73 (T).

In particular, if G(x) < 1 for all x € [0,00), then in view of (16) we have

(14 AT 01(0) + 07 [ FEIG (02— )T < (14 2)s3023()

Therefore, in this case the relation (17) becomes
ZV(y) < - (2H1 — 5o — V>y%(l) + ((Soﬁ — 24y =2y +s5°0) i+ v+ S302>Y%(l)
h

(19) — (213 = 7+ V) 3(0) + (1+ 41 )soB /O F(O)G(3a(t — 7))d.

Now, by taking A, = (1+ A;)so, we obtain that
2 g 2

2Vaty) = (14 M)soB[G02(0) — [ F(9)G (320 ))de]

2 " 2

0) < (1 M)soB[30)— [ #0162 0ali—)ae].

By combining (19) and (20), we get

2V(w) < —(2m = Bso— v )y(0) + ((2Bso — 202 = 27+ 5367 M + 7+ 508 + 530 ) 3 (1)

- <2u3 —7+ v)y%(t)

< — (21— 508 = V)R~ (v+ 12— 5(500)° 508 )33(0) — (205 = v+ V) 3(0).
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Therefore
2LV (1.y) < =G|y (0),
where
Cy=min{2u; —v—s0B, W+y— %(500)2 —soB, 2u3—7y+v}.
Hence, if assumptions (15) with condition (if) replaced with so8 < ur +7y— %(S()G)z is satisfied,
then the almost sure exponential stability in .7 (I") of the trivial solution yo = (0,0,0) of the

system (14) follows from Theorem 1 ]

Since the stability of the disease-free equilibrium E¥ = ( %,0,0) of the model (4) is equivalent
to the stability of the trivial solution yy = (0,0,0) of the system (14), we get the following

corollary.

Corollary 1. Under the assumptions (15) of Theorem 3, the disease-free equilibrium E° of
the model (4) is almost surely exponentially stable for any initial condition @ = (@1, @2, @3) €
H3(A). In particular, if G(x) < 1 for all x € [0,0), the trivial solution yy = (0,0,0) remains

almost surely exponentially stable in 3(F) by replacing the assumption (ii) with so < U +

Y— %(S()G)z.

Remark 3. In Figure 2, without condition (i) of Theorem 3, we draw three sample paths of
the stochastic model (4) for three different values of 6(0.03,0.044,0.052). This figure suggest
that only the assumption (i) of Theorem 3 is sufficient to ensure the asymptotic stability of the

disease-free equilibrium E 0 of the stochastic model (4).

Now, we establish a stability result for the disease-free equilibrium E° of the model (4) in
accordance with the observation of Remark 2. This is done by combining a stochastic Lyapunov

technique, variation of constants approach and martingale convergence theory (see [29, 30]).

Theorem 4. Let soff < U + 7y — %séaz

, then the disease-free equilibrium E° = (ﬁ,0,0)
of model (4) is globally asymptotically almost surely stable for any initial condition ¢ =
(@1, 02, 03) € H3(A). Moreover, if G(x) < 1 for all x € [0,%), the disease-free equilib-
rium of the system (4) is globally asymptotically almost surely stable under the condition

soB < o +7— 1(s00)>%.
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The proof of this Theorem requires the useful nonnegative semimartingale convergence result

established in Lipster and Shiryayev ([31] Theorem 7, p.139).

Lemma 2. Let A| and A, be two continuous adapted increasing processes ont > 0 with A1(0) =
A2(0) =0 a.s. Let M be a real-valued continuous local martingale with M(0) = 0 a.s. Let Z be

a nonnegative measurable random variable such that E(Z) < co. Define
X(t)=Z+A(t)—Ax(t)+M(t) fort>O0.
If X is nonnegative, then

{ limA(¢) < oo} C { lim X (1) < oo} N { lim A, (1) < oo} a.s.,

t—yo00 t—>o0 [—ro0

where E C F a.s., means P(ENF€¢) = 0.

In particular, if lim; A1 (t) < oo a.s., then

lim X (7) < oo, limAp(t) <oo and lim |[M(t)|<o a.s
t—oo t—>o0 [—>o0

That is, all of the processes X, Ay, and M converge to finite random variables.

Proof of Theorem 4. We will first prove separately the asymptotic stability for every compo-
nent of the solution (I(¢),R(¢),S(¢)),t > 0 of the system (4) and then conclude.

For any (x1,x2,x3) € R3, let us put Pry(x1,x2,x3) = x2. So, Pry0 @ = @,. Since we can rewrite
S(t) =N(t)—R(t) —I(t) = H(t,I(t)) as a continuous function of 7 and /(¢) which is bounded
by so = A according to Theorem 2. It follows that the infectious size 1(t) of the model (4) is

H
described by the following equation

h
are) = (BH.I0) | £(2)G(—)dr—(1+9I(0))ds
1) +oH (1, 1(1)(1) /0 G — 7))ddW (7).

with initial condition Pry 0 @ = @, for any @ = (@1, @2, @3) € H#3(A).

Let us consider the functional V (Pry 0 @) = Vi(Pry o @) +V5(t,Pryo @), for all ¢ € J3(A),
) . 0

where V1 (92) = |92(0)[%, Va(t, ¢2) = /l/hf(—e)G(qu(@))de and ,(6) =I(1+6).
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In view of Theorem 2, for any ¢, bounded by % on [—h,0], we get that

LV(g) = 2BH(I) / FR)GU( = )T =2+ VI (0)?
+o?( / f(z ’L'))df)z.
By virtue of (H,) and Holder’s inequality, we obtain
L) < 2Bsol) [ FOGUG D)2 4710 +si0?( [ G-z’
< Bsol 0+ Bso [ FEG(0 - D) 2(ps + D10 + o /O R -)dr
< (B2 + )10 + (Bso+sie?) [ r0G200 )t

Letus put A = so( + 0%s3). In view of (H3), we have

Lr(t,92) = so(B+0%3) |G (1(1)) /Ohﬂr)cﬂ(l(r—r))dr}

< s(B+o[107~ [ 26t - )ar]
Finally, we get
LV(9) < (2Bso—2(+7) + 5802 1(1)?
< —2((w2+7)— 30358~ Bso) lga(0)

Moreover, if G(x) < 1 for all x € [0,0), by using the same approach as in the proof of Theorem

3, we get

LV (t,¢) < —2<(H2 +7) - %(500)2 — BS0> [92(0)]>.

Then, by virtue of Theorem 1, when sof8 < tp +7y— %stg orsoff < r+7vy— %(soo)2 and if
G(x) < 1 for any x € [0,e0), we have limHoo%ln(I (1)) < —p, where p is a positive constant.

That is, there exists two positive constants p; and p, such that
(22) I(t) < pyexp(—pyt) for any r > 0.

Now, consider the third equation of the model (4). From the well-know variation of constants

approach, we obtain
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t
R(;) = R(Q)e—(ﬂ3+v)t + 7,/ I(s)e(“3+")(“—’)ds_
0

In view of (22), we get for all € > 0, there exists T (&) > 0 such that for any r > T'(¢), I(t) <

us+v
8—37/
t
R(t) = R(o)e—(u3+V)t+y/I(S)e(uerv)(s—t)ds
0
23 < (RO)—g)e” ™ e,

By letting &€ — 0, we have lim, e R(f) < lim; oo R(0)e ™ (H3V)",

Hence

limR(1) =0 a.s

t—ro0

Let us now prove that lim;_,c (ﬁ ) (t)) = 0. From the first equation of the model (4), we get

% _S() = % _S(0)+ B /0 'S(s) /0 )G (s — 7))drds — /O t [ (% ~5(5)) + VR(s)] s

‘o /0 'S()1(s) ( /0 " )G (s ©))dt)dW(s).

In view of Theorem 2, Holder inequality and (22), we obtain

t h t s
tim B | 5(s) /0 F(T)G(I(s—1))dtds < limp /O S(s) /  f(s=wl(wduds

t—>o0 f—ro0

< limhﬁ/otS(s)x sup I(u)ds

f=ee u€ls—h,s|
1
< hplﬁsoexp(pzh)(tli_)m/ exp(—Czs)ds) < oo,
/o
Therefore, by virtue of Lemma 2, we get

. (A ! A
th_glo (m —S(t)) < oo and tl1_>n3° ; [/,Ll <E —S(s)) + vR(s)]ds <o a.s.
In accordance with Theorem 2, R(¢) and % — S(s) are positives forll all # > 0, we get
tr A ©r A
(24) lim (— - S(s))ds - / (- - S(s))ds < oo,
t=re2 Jo \ 0

Assume that l% — S(s) does not converge almost surely to 0. Then there is a set Q; C Q with

P(Q) > 0 such that for all w € Q,
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liminf, ... (& (1, 0) ) = (©) >0,
Then, there exists a T > 0 such that % —S(t,») > 1t(o) forall t > T. It follows that

Jim t(ﬁ—S(S (D))ds = /OT(%—SSCO ds—l— ——S ))ds

> /:(% —S(s, w))ds = oo,

©r A

Therefore, Q| C Qp, where Q) = {a),/ (“— — S(s7a))>ds = oo}. Hence P(£2;) > 0, which
T \Hi

contradicts (24). So, we have

lim (% - S(t)) 0 as.

Finally, we have proved that, when t — oo, (S(¢),1(¢),R(t)) — (%,0,0) a.s. O

5. PERSISTENCE AND ASYMPTOTIC BEHAVIOUR WHEN Ry >1

The stochastic model (4) obtained from the deterministic system (1) has a single equilibrium
position which is the disease-free equilibrium E°. However, even if the endemic equilibrium E*
of the deterministic model is not an equilibrium state of the stochastic model, it is interesting to
study the asymptotic behaviour of the solution of the stochastic model around this point. In the
following results, we discuss the persistence of the epidemic and the asymptotic behaviour of
the solution of the stochastic model (4) around the endemic equilibrium E* of the deterministic

model (1) when Ry > 1.

Theorem 5. If the disease-free equilibrium E° of the model (4) is unstable in 7> (A), then for
any initial condition ¢ € 3(A), the solution of the system (0) is persistent with probability

one, that is there exists a constant & € (0, ﬁ) such that,
.. S .. S .. SE
ll{l_l}glfS(t) > &, htrgglfl(t) > &, llln_1>glfR(t) > &

Proof. Le us assume that for any initiale condition ¢ € .%#3(A) the DFE E° of the system (4)
is unstable and the trivial solution of the equation (21) describing the infectious size I(t) with
initiale condition ¢, = Prp(@) is stable.

It follows that
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M3 +V

Ve >0,3n(e) >0and 3T (€) >0 such that |I(z)|| < € ,Vt>T(€)and | Pra(@) ||<n(e).

From (23) we obtain
R(t) < (R(0) — g)e” V) g

By letting &€ — 0, for any ¢ > 0, we have limy e, R(¢) < limy e, R(0)e ™ (K3 V)1,

Hence

(25) limR(t) =limI(t) =0 a.s.

o0 t—voo

Since p; < min{y, Uz}, the size of the whole population N(¢) in the model (4) verifies
t
N(t)=eH! (N(0)+/ e“'s(A—all(s)—i—OtzR(s))ds), where o = Uy — Uy and 0 = U3 — U;.
0

In view of (25) for any € > 0, there exists 7 (&) > 0 such that for any # > T'(¢), I(t) < € and

R(t) < €, we have

A—(a1+om)e (1 —e’“”).

N(t) > N(0)e ™" +
H1

By letting € — 0, we obtain

A
liminfN(t) > — a.s.Vt > T(¢)

fee M1

Since N(¢) = S(t) +1(t) + R(t), by virtue of Lemma 1 and (25), we have

A
limN(t)=— and limS(t)=— a.s.
t—5oo i t—poo Hi

So, the disease-free equilibrium EV is stable, which is a contradiction since by hypothesis the
disease-free equilibrium E° is assumed to be unstable. Therefore, the trivial solution of the
equation (21) describing the infectious size I(t) is unstable. Finally, there exists a constant

& > 0 such that

hgglfl(t) > €, htrgglfR(t) > & and htrgglfS(t) > E.
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Combining with the Theorem 2, the Lemma 3 means that there exists three positives constants

&, &i, &, such that inf, >0 S(u) = &, inf,>0I(u) = &, inf,>oR(u) = &, and for all t > 0,

S2(t) < (s0—&—&)? =p1, (1) < (s0— & —&)* = p and
(26) P(1)+82(1) < (50— &) 28, = ps.
Theorem 6. Let E* = (s*,i*,r*) be the endemic equilibrium of the deterministic model (1). If

Ro > 1 and pys* — vr* >0, then for any initial condition ¢ € 7> (A), the solution of the model

(4) under the assumption of the Theorem 5 has the property

1/t OoIM*
27 limsup — [(S(s)—s*)2+(1(s)—i*)2+(X3—r*)2]ds§ ° ,
t—eo 1J0 C
where
up
M+ +y+ 2 2v2
o > max{ “Zﬂ/, v , v }
A (M2+7)B B
2 2v. B V2
= min{ @A — ! , O~ —— ¢ and
¢ mm{ (“1+“2+7+u2+y) bty —p 0 M}an

M* = J(i*?py +5*cp2) if G(x) < ¢ for all x € [0,00), or M* = 3(i*p1p2 +5*p3) otherwise,

where c is a positive constant.
In order to investigate the proof of Theorem 6, we need the following lemma.

Lemma 3. Let X(t,Q) the solution of (4) for any ¢ € H>(A). Define in D the followings

functionals by

Vio(tx) = s'g(Sh)+ie( )+/Ohf(r)/l;g(G<G(p(zl£L)‘>)>dudr

* VvV %
Vip(t,x) = 2—(x3—r )?
* 1 e * - * 2
Vie(t,x) = QC[(M—S*H(XZ—!)+(X3—r)+“22u1(X3—r)} ,
* \4 * Lk * 2
V() = o[ =s)+ (o i)+ (=)

and

V(f;(tax) + Vf;(t7x) +Vf;(t7x>7 if either [y < mil’l{‘llz,,ll3}

(28) VE (1,x)=
(P E* E* E* .
VO,q)(t?x)+Vl,(p(tvx)+v3,(p(t7x)v if = Ho = Ha,
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_ s . _ _ vy
where x; = ¢;(0),i=1,2,3; g(x) =x—1—1In(x) > 0and C = T T GR

Let Ro > 1 and s* — vr* > 0, then we have
(29) LUE (1,X(1)) < —A(S(t) —s*)* = B(R(t) — r*)* + 0*M",

where

g o— V(= m)[y(ss =) + (o — ) (s +V)]()? | M3 +7+V)()?

(ks — ) + (p2 — ) (1 + i3 + V)]s ¥s* ’
A = IJISS——W if either Wy < min{y;, s} and
0
st —vr* v(rt)?
PR e *) (1 + V) if i = o = ;
S0 Ys

Proof of Lemma 3. Let us put for n* = s* +i* +r*

S(t) i,:l(t), rt:R(t) ym:G(I(t—r) _N(t)‘

St = ”
st i*

re
By virtue of (7), we get that for any ¢ € #3(A) and t € [0,0)

IVE (1,X(1)) &, IVE, (1,X(1)) 1 .
wat +§1 07¢8xi ai(h‘P)+Etmce[bT(fy<P)V2V0€¢(t’x(t))b(t’(p)]

LVopt.X(1) =

where b(t, @) and a(t, @) are defined as in the Remark 1.

In view of the (26) we obtain that
1 1 ?
Etrace[bT(t, (p)VzV(f;(t,X(t))b(t, ) = 562 (s*l2 +i*S%(1) / f(r 7))d ’c)
1 ok *
< 502(1 p1p2+5"p3).
Moreover, if G(x) < ¢ for all x € [0,0), we have

o2 (i*cp1 +c*s"pa).

| =

%trace[bT(t,Q)Vzv(f;(t7x(t))b(t’(P)] <

It follows that

. n
LVt X(1) = <1—(t))<b—ﬂ15(t)+[3$(t)/ f(T)G(I(s—T))dT—I—VR(s))

I(t BS /f (uz+7)1(t))

h
* / )56 - 8Gi)dr + oM
0
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5" S(t) R(t)
= (1-5) (- G- 1) v (52 -1))
( s )\ U -

*

+ﬁs*G(i*)/ohf(T)(1_ s )(1—S(,f) G(1<Sff>)>d

S(t) s G(i*) !
h i §—
By G / 1) (1) (LD - e
+/ f(t g(.z))dt + o*M*

— s (1 _ sl,> (51— 1)+ vr* (1 _ sl) (ri—1) —i—/ohf(r)(g()?t) — gGre))dr + M

—|—ﬁs*G(i*)/0hf(T) {(1 - sl,> (1 si3, r)d7+ (1 - 11,) (St)’t T lt>]d77

On the other hand, we observe that,

(1= ) —sade+ (1-3) (s —ir) =—¢(5 ) —(*2%) ~ (e(i) — ¢(300)

Sorve g -
LVENLX(1) = —uls*(s’;l)z+w*(1—s—lt>(rt—1)
60) ~B5'60) [ 10 () 8 (22 + (gl — g5t
Similarly, the calculation of £VE (1,X (1)), is given by
LV, X (1) = %(R(f)—”*)[ﬂ(f)—(li2+V)R(f)]
= %(R(f)—r)[Y(N(f)—S(f)—R(f)) (M2 +V)R(1)]
= y:*(R(f)—r*)[Y(N(l)—”*)—Y(S(’)—S*)—(N2+7’+V)(R(f)—r*)]
31) — V;:*"*(r,—1)(n,—1)—vr*(r,—1)(s,—1)—V(r*)z(‘;ij”+v>(r,—1)2.

The calculation of .& VZE;(t?X (1)) is obtained under the assumption p; < min{uy, U3} by

2VEX() = ) —n)+ BB R0 -]

%
x |b—wiS(t) — pal (1) — PR (1) + “2;“1 (Vl(t)—(u3+v)R(t)>]
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= clw BB (r@)-r)]

x [b BN (E) = (ko = )1 (0) = (315 — 0 )R(0) + 22 (1) = (s V)R(D) )
= clw BB (r)-r)]

X{b N() ( — M)+ (“2_“1;(HS+V))R(f)}-

By the definition of the endemic equilibrium E* of (1), we remark that

(uz—m)(uﬁwr*
Y

=

+ (U3 — p)r* + uyn”

Therefore, we obtain

PV X (0) = C[N()—n)+ B R 1)
<[ ) =)~ (= )+ LI iy )
_ _‘ulc(n*)Z(nl_I)Z_n*r*c<(‘u3_‘u1)+(u2_u1)(/~;1+.u3+v)>( —1)(r—1)
(r)*C(p2 — 1) (H2 — ) (M3 +V)
_+(([J3—,ﬂ1)+ 2 1’}/ 3 )(}’}—1)2
L piyv(n*)? YT
a [Y(.LL3—.U1)+(H2—H1)(#1+N3+v)]s*( ) =Dl
(32) _V(Hz—Hl)[(m—lil)?”r(Nz—ﬂl)(#3+")](r*)2(r Ly
Yv(us — wr) + (U2 — pr) (U1 + p3 + v)]s* !
For iy = Uy = U3, fo;(t,X(t)) is given by
. v v oo v()?
(3 LVX(W) = (VO =) b N () = (N =) = = 1)

Therefore, by combining (30), (31) and (32) for p; < min{, u3}, we get

LVE(6,X(1) = —[.Lls*(st;l)z+vr*(1—slt)(r,—l)
1 1) v s 1) = SOV
B wyv(n*)? _ Z—Mn— .
s — )+ ) G g vy T T e D
VU = ) [(ps = )Y+ (2 = )W+ VN)
YIy(us — pr) + (M2 — py) (Ug + p3 + v)]s* !
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_/Ohf(r) [g(sl,> _|_g(stft,1:) +g(i,)—g()7t)}d‘r+0'2M*

t

On other hand, using the convexity of the function g(x) and a simple calculation, we have

. v GU()—-G@*) s I(z) i*
8 =500 == (Guwy ~ 5) 2°
(1 - S%)(’”; - 1) - (i”t - 1)<St - 1) = (SI ; 1)2 (l’t - 1)
Therefore we get
LVE (t,X(1))
= (s +vri(rn—1)) (=D _ H8Y(N")* (n, —1)?

5t Yy(us — ) + (M2 — ) (1 + 3 + v)]s*

3 {5(uz — 1) Y(p3 — ) + (2 — ) (g3 + 8) () LWy v)(r*)z} (r— 1)
Y{y(us — ) + (M2 — 1) (1 + 3+ v) }s* ys* !

—/Ohf(f) [g(slt) +g(stf"f) +8(ir) —g() [dT+ 0> M"

t

_ [V(Hz — ) {y(s — ) + (2 — ) (U3 + v) } (r*)? LNty VW‘)Z} (R(t) —r*)?
YIy(us — ) + (M2 — 1) (11 + p3 + v)]s* ¥s*
_uls* —vr*

(S(1) —5*)* + o°M*
p1

Combining (30), (31) and (33) for u; = up = u3, we get

* % % s;—1 2 \% % ]V))< 2
EEX@) = s v )T Y )
1
h 1 Stf’t,r
- r@fs() e (57 Jam
%\ 2
_V(l’*) (H+V>(Ft—1)2—|—GZM*
Ys
K ay *\2
< BV gy s Y vk - 4 02
pi vs
and the proof is now complete. 0

Proof of Theorem 6. For any (x1,x2,x3) € R3, let us put H(x1,x2,x3) = (X1 — 8, x2 — i*, x3 —
r*) and z(t) = H(X(t)), where X (1) = (S(¢),1(¢),R(2)).

By using 1t6’s formula, we have

dz(t) = a(z; + E¥)dt + b(z, + E*)dB(t),



28 BOUBACAR SIDIKI KOUYATE, MODESTE N’ZI
where a, b and the three-dimensional brownian motion B(¢) are defined by the Remark 1.
Let put I = {(x1,x2,x2) € R?/ —s* < x| < 59— 8%, —i* <xp < s09—i",—r* <x3 <s9—r*}and

define for all (x1,xp,x3) € I, the function
W (x) = (x1 +x2)* +¢‘DU{PE* (t,x+E™), where ,@ € (0,00).
It is clear that Wy (x) > 0. By (7) we have
LW (t,2)
= 2(a1(t) +220)) [~ (21(6) +5%) = (2 +7)(22() +i°) + V(23 (t) + )] + BLUS (t,2(t) + E¥)

= 2(z1(t) +22(1)) [~z — (U2 +¥)za(t) +vz3(1)]

+2(21 (1) +22(0)) [(—pus™ = Bs*G(i*) +vr*) + (Bs"G(i") — (b2 +1)i")| + BLU, (1,2(t) +E°).

Now, in view of the Lemma 3 and the fact that the endemic equilibrium E* = (s*,i*,r*) of the
deterministic model (1) is such that —p;s* — Bs*G(i*) +vr* =0, Bs*G(i*) — (U2 +7y)i* =0,
and yi* — (u3 +v)r* =0, we get

LWo(t,z) < 2z (t) +22(0) [tz (1) = (2 +1)22(1) + vz3()] + BLU (2(t) +E7)

< 2z (n) = 2(te + )7 (1) = 2(th + 2 + 1)z ()22 (1)
+2vz1(£)z3(t) +2v2za(1)23(t) + @ (—Az — Bz + 6> M*)
< —(@A+ )R~ (i + 10 - 8530 ~ (1) (2ae) +E T )

GO 0) I OB 30)

2 @B
(W +w+7)7?*, 2(v)? , v, 20 g
— oo’M

17 z(t) + o zz+u1z3(t)+ c

Therefore

(11 + 2 +7)? )]Z%() (

(1+7) o ) 30

<
LWo(t,z) < —|@A- ( —

(ar _E>Z3 (t) + @o*M*

< ~[oa- (motmrye 2|80 - (- 25)30)

B V2 2
w———>z +oo"M*.
~(@3 )30
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2

oY+ o
By setting @ > max { = 2T, 22 204 we obtain that
O =@A— (1 +1m+7+ i )>0, @r=m+y 2 o es—a? Voo
1= 0A— i+ , Oy=l+y-—>0, O3=05—-—>0.
o +Yy OB 2 m

Hence, we have
LWo(t,z) < —®1z%(t) — G)zz% — ®3z%(t) + CD'stg.
< —min{@®;,0,,03}|z(1)]* + @M.
By virtue of 1t6’s formula, we derive
Wo(1,) ~Wole(0)) = [ £Wola(s))ds+M ().
It follows that
(34) Wol(t,2) — Wy (2(0)) < —(:/Ot|z(t) 2ds + @c*Dt +M(t)

where { = min{@,0,,03} and .
M) =06 [ (2(6)(a1(5) +5) + 21 (9) () +1)) [ F(EIG(als — 1) +i7)draw(s)

In view of Theorem 2, |z(z)| = |X(¢) — E*| is bounded, hence the quadratic variation of the

martingale M is locally bounded. So, by the strong law of large number for local martingales

(see e.g. [2]) we have lim;_c Mt(s) = 0. By virtue of (34), we have

1 t
liminf — [mcth - C/ |z(t)|2ds] ds > 0.
t—oo f 0

Therefore

0o*M*

1 t
limsup — [ |z(s)[*ds <
t—oo 1 J0O

where |2(s)|? = z1(¢)% + 22(£)> +23(t)? = (S(t) — s*)? + (I(t) — i*)? + (R(¢) — r*)%. In view of

the Lemma 3 we conclude.
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6. CONCLUSION AND NUMERICAL SIMULATION

In this paper, we have considered a stochastic delayed differential equation standing for a sto-
chastic model of a deterministic SIRS epidemic model with delay. Firstly, we have proved the
global positivity of the solution (see Theorem 2) and the almost sure exponential stability of
the disease-free equilibrium E° of the stochastic model (4) (see Theorem 3). Then, we have
investigated the almost sure asymptotic stability under a suitable condition ( see Theorem 4).
Finally, in Theorem 6, under the condition Ry > 1 and the unstability of the disease-free equi-
librium E°, we have studied the asymptotic behaviour of the solution of the stochastic model
around the endemic equilibrium state E* of the deterministic model. We have showed that the
solution will oscillate around this endemic equilibrium position £* and the amplitudes of this

fluctuation increase with o.

Susceptible Recovered
25 3
c 20 c 2
2 =
k] B
S ]
s s
o 15 a1
10 0
0 20 40 G0 a0 100 0 20 40 G0 80 100
t t
Infectious
1D T T T T T T T T
8 - -
c
2 B -
=
E]
Y .
o
2 - -
| ! ! ! ! . ! !
10 i} 10 20 30 40 50 60 70 80 a0 100

FIGURE 1. Sample paths of the stochastic SIRS epidemic models (4) with G(x) = x/(1 +x). The initial values
are: S(6) =15, 1(0) =38, R(0) =0 for 6 € [—5,0]. The values of the parameters are given by: h=5, A =5, u; =
=02, w =03 p=0016, y=04, 0=0.03, v=0.06. The conditions of the theorem 3 are checked

2p1 = 0.6 > max{y—v,soB + v} =0.46 and 5o = 0.4 < i + y— 1 (500)? = 0.419.

We give an illustration of the stability result by numerical simulation. We use Euler-Maruyama
method (see e.g. [32]) to simulate the path of the model (4) with G(x)=x/(14x) (i.e G(x) < 1)
for all x € [0,e0) and f(s) = 1/h for all s € [0, 4] and null otherwise. We see that the numerical

simulations agree with the analytical results of Theorem 3 (see Figure 1). Nevertheless, we
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notice that the disease-free equilibrium E° seems to be asymptotic stable without condition (i)

of Theorem 3, as shown in the numerical simulation Figure 2.

Susceptible o = 0.03 Infectious & = 0.03 Recovered o= 0.03
25 10 4
c
220
]
= 4 2
S 15
o
10 0 0
0 20 40 0 20 40 0 20 40
t t t
Susceptible o = 0.044 Infectious o = 0.044 Recovered o = 0.044
25 10 4

Population
— ]
o o

(i)
(o8]

0 20 40 0 20 40 0 20 40
t t t
Recovered o = 0.03 Infectious o = 0.052 Recovered o = 0.052
25 10 3
Ew 2
= 5
s 15 1
[
10 0 0
0 20 40 1} 20 40 0 20 40

t t t

FIGURE 2. Three (3) sample paths of the stochastic SIRS epidemic models (4) with three different values of o,
v = 0.3 and the remainder parameters are as in the Figure. (1). The condition (i) of the theorem 3 is not checked
2u; = 0.6 < max{y—Vv,sof + v} = 0.7, and the condition (i) sof =0.4 < tr +y— %(S()G)z = 0.419 is checked only
for 0 = 0.03.

Theorem 6 suggests that if Ry > 1 and the disease-free equilibrium E° of the model (4) is
unstable, the solution of the stochastic model (4) oscillates around the endemic equilibrium E*
of the deterministic model and the amplitude of this oscillations increases with the intensity of
the noise level. The following numerical simulation with G(x)=x/(1+x) shown in the Figure 3
clearly support this result. Let us note that when G(x)=x/(1+x), the endemic equilibrium E* is
given by

%k

o (o +7)(1+1") # w1 (s +0) (U2 +7)(Ro— 1) s Y

B ’ (+y)(u3+8)(B+m)—Bys” ~  w+o
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Susceptible o = 0.22 Infectious o= 0.22 Recovered o= 0.22
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- .
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: L T
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FIGURE 3. Three (3) sample paths of the stochastic SIRS epidemic models (4) with three different
values of ¢. The initial values are: S(0) =15, 1(0) =5, R(8)=0 for 6 € [-5,0]. The values of the

parameters are given by: h=5,A=5, u; =u3=0.2, u =021, =02, y=0.1, v=0.0l.
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