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Abstract. In this paper, we propose a new delayed fractional-order model that describes the dynamics of human
immunodeficiency virus (HIV). The proposed model incorporates three transmission modes, two types of infected
cells, the adaptive immunity exerted by antibodies and CTL cells, two delays, one in viral production and the
other in the activation time of antibodies, as well as four therapeutic parameters to represent different aspects
of the therapy and the effect of memory described by Caputo fractional derivative. Additionally, we determine
the equilibrium points and analyze their global stability with respect to specific threshold parameters. Moreover,
we explore the existence of the Hopf bifurcation, demonstrating that the immune delay is the primary factor
responsible for its occurrence.
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1. INTRODUCTION

Human immunodeficiency virus (HIV) is a virus that attacks the body’s immune system. In
spite of the progress of medicine around the world, the HIV infection remains a major global
public health concern because, without treatment, it can progress to acquired immunodeficiency
syndrome (AIDS). According to the World Health Organization (WHO) [1], HIV infection
caused approximately 42.3 million deaths to date. As of the end of 2023, an estimated 39.9
million people were living with HIV, with about 65% of them residing in the WHO African
region. In the same year, around 1.3 million people acquired HIV, and approximately 630 000
died from HIV-related causes. HIV is transmitted through the exchange of infected body fluids
such as blood, semen, vaginal secretions, and breast milk. Additionally, it can be passed from
mother to child during pregnancy, childbirth, or breastfeeding. However, casual contact, such
as hugging or kissing, does not transmit HIV. Early stages of infection are often asymptomatic
or present with mild flu-like symptoms, making early diagnosis difficult but critical.

Although there is no cure for HIV, it can be treated and prevented with antiretroviral therapy
(ART). Untreated, it can progress to AIDS, often after many years. ART includes different
classes of drugs, most notably reverse transcriptase inhibitors (RTIs) and protease inhibitors
(PIs). RTIs prevent the conversion of viral RNA into DNA, which block the activity of reverse
transcriptase and stop cell-to-cell transmission. Pls, on the other hand, block the protease en-
zyme that is crucial for the final maturation of new viral particles, which prevents infected cells
from producing HIV virions. However, their introduction causes infected cells to produce non-
infectious virions. However, HIV virions that were produced before the initiation of treatment
remain infectious. Thus, there are two types of viral particles: those unaffected by protease
inhibitors, which are still infectious, and those formed under the influence of the drugs, which
are noninfectious.

The HIV weakens the immune system by targeting CD4 " T cells, which activates the body’s
adaptive immune response, playing a crucial role in fighting this infection. This response in-
volves two primary forms of immunity: humoral immunity, which involves the production of
antibodies by B cells that identify and bind specific viral antigens in order to neutralize the virus

and prevent its entry into host cells and cellular immunity, which is mediated by cytotoxic T
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lymphocytes (CTLs) that target and eliminate HIV-infected cells by recognizing viral peptides
presented on the surface of these cells. This response plays an essential role in controlling vi-
ral replication, particularly in the early stages of infection. Both types of adaptive immunity,
humoral and cellular, are characterized by specificity and immunological memory, allowing the
immune system to respond more effectively when it encounters the virus again.

Recently, modeling the propagation and progression of HIV in the human population has at-
tracted the attention of many researchers. Several studies have explored this infection dynamics
using classical integer-order differential equations. Cai et al. [2] analyzed the effect of treat-
ment delays on stability and showed the occurrence of Hopf bifurcations. Hattaf and Yousfi
[3] investigated a mathematical model with delay to describe HIV infection of CD4 " T-cells
during therapy. The model incorporates both therapy and delay, providing new insights into the
dynamics of HIV infection under treatment. Later in 2018 [4], they proposed a mathematical
model of HIV infection that incorporates both virus-to-cell and cell-to-cell transmission modes,
while accounting for adaptive immunity. The study emphasized the importance of these modes
in determining the stability of the disease dynamics. Ali et al. [5] modeled HIV/AIDS-TB
co-infection with media awareness and studied the stability of multiple equilibria.

However, the above cited models are based on classical derivatives, which are local operators
and cannot capture memory effects. This limitation has led researchers to turn to fractional
differential equations (FDEs), which better reflect the memory and hereditary properties of bi-
ological processes. For example, Hajhouji et al. [6] developed a fractional HIV-1 model under
Highly active antiretroviral therapy (HAART), incorporating humoral immunity and immuno-
logical memory, showing the relevance of fractional modeling in capturing long-term immune
responses and treatment dynamics. Similarly, Phukan and Dutta [7], Rajivganthi and Rihan [8],
developed a Caputo fractional-order model, where infection occurs through various modes, em-
phasizing the importance of fractional derivatives in capturing memory effects and providing a
more accurate description of viral infections dynamics.

Motivated by the above biological and mathematical results, we propose a new mathematical
model that describes the dynamics of HIV infection with therapy, delays and adaptive immu-

nity. This paper is organized as follows. In Sect 2, the formulation of the developed model is
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detailed. Continuing with Sect 3, we define the threshold parameters and determine the equili-
birium points of our model. Sect 4 focuses on examining the global stability of the equilibria,
while Sect 5 demonstrates that the second delay can induce periodic oscillations through Hopf

bifurcations. Finally, the paper ends with a conclusion and some directions of future research.

2. MODEL FORMULATION AND ITS SPECIAL CASES

In medicine, it is known that the introduction of PIs in HIV infection leads to the emer-
gence of two types of viruses: infectious and noninfectious viruses. Therefore, we propose the

following model formulated by fractional delay differential equations (FDDEs):

C.@“S(t) —A—ds(t)— (I—e)B1S@)Vi(r)  (1=&)BaS(t)A(r)  (1—€3)B3S(t)L(z)

I+a1 Vi (t) 1+0pA(r) 1+osL(t)
CooL = n (A + R+ SRR — (e L),
Coeaw) = (1 —m) (RN + R + ) + 0

—aA(t) — p1A(1)C (1),
CPVi(t) = (1 —eg)ke ™M A(t — 1) — pVi(1) — pVi(O)W (1),
CPn(t) = eske ™ MA(t — T1) — UV (1),
CDW (1) = gVi(t — )W (t — T2) — hW (1),
CP%C(t) = 6A(1)C(t) —d.C(2),

oY)

\
where S(t),L(t),A(t),Vi(t),Vni(t),W(t) and C(t) represent respectively the concentrations of
susceptible cells, non-productive infected cells, productive infected cells, infectious virus, non-
infectious virus, antibodies and CTL cells. Susceptible host cells are produced at a constant rate

A, die at a rate dS, and become infected either by free infectious viruses or through direct con-

tact with infected cells. The total infection rate is given by (l_fﬂzgifﬁ(g;ﬁ ) + (1—3)521?((?)/4(1) +
(1—&3)B3S(1)L(1)

Trall) where B, B2, and B3 represent the infection rates for virus-to-cell transmis-

sion, cell-to-cell transmission by productive infected cells, and cell-to-cell transmission by
non-productive infected cells, respectively. The parameters €1, &, and &3 denote the efficacy
of RTTs in blocking infection through the corresponding modes of transmission. Once infected,
a susceptible cell becomes either a non-productive infected cell with probability 1 € (0,1) or
a productive infected cell with probability 1 —711. Non-productive infected cells die at rate eL

and can transition into productive infected cells at rate rL. Productive infected cells die at rate
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aA and are eliminated by CTLs at rate pjAC. These productive cells are responsible for the
generation of viral particles at rate k, which are either cleared at rate ¢ or neutralized by anti-
bodies at rate pV;W. Antibodies are activated in response to the infectious virus at rate gV;W
and decay at rate AW . CTL cells are stimulated by productive infected cells at rate cAC and die
at rate d.C. Furthermore, the parameter € denotes the efficacy of PIs that reduce the produc-
tion of infectious virus, with 7| representing the intracellular delay required for newly produced
viral particles to mature and become infectious. Additionally, 7, captures the time delay in the
activation of antibodies following viral presence.

Obviously, none of the equations of system (1) depend on the variable Vy;. Then, model (1)

can be rewritten by the following reduced system:

( C.@“S(t) = A —dS(t)— (I—e)BiSVi(t) — (1-&)BS(t)A(t)  (1—&3)BsS(t)L(t)

140 V(1) 1+A(t) +oL(t)
CooL(t) = n (ULt o (oelBetdld) | (el SULD ) — (e 4 1)L (),
CTuA) = (1-m) (U-papied o ) o (oplBt0) 1)
@) —aA(t) — pIA(1)C(0),

CPUYy() = (1 — £3)ke ™MA(t — 71) — LVi(£) — pVi(6)W (1),
CPW(t) =gVi(t — )W (t — 12) — hW (¢),
CP%C(t) = 6A(1)C(t) —d.C(2).

\

In this study, we consider system (2) with the following initial conditions:
S(8) =¢1(0) >0, L(6) =¢2(6) =0, A(6) =¢3(0) >0, V;(6) = 4(6) =0,

W(8) = 5(8) >0, C(8) =¢s(6) >0, 0€[-7,0], T=max{t|,1}.

Here, € 2% is the Caputo fractional derivative of order & (0 < o < 1) [9], defined for an arbitrary

function f by

1 ! —a g
(- /O (1 —5)%F'(s)ds.

It is important to note that our proposed model includes numerous special cases available in the

“9%f(1) =

litterature. For example,

e Whena=1,1=0,8,=03=0,17 =17 =0, & = & = 0, latently infected cells and

adaptive immunity are neglected, we obtain the model described in [10].
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e Whena=1,5,=8=0,71=10=0, g =& = & = & = 0 and adaptive immunity
is ignored, we get the model in [11].

e When x =1, g =& =& =& = 0,71 = 7» = 0 and adaptive immunity is neglected,
we obtain the simplified version of the Hattaf and Dutta model [12].

e Whenoyy = =1, 3=0, ¢ =& =€ =& =0, 7p = 0 and cellular immunity is
excluded, we recover the Rajivganthi and Rihan model [8].

e Whenn =1, g =& =86 =¢€ =0, 11 = 7»p = 0 and adaptive immunity is neglected,
the system corresponds to the fractional model introduced in [7] for HIV dynamics is

obtained.

3. EQUILIBRIA AND THRESHOLD PARAMETERS

It is evident that our model (2) always possesses a unique equilibrium point Ey =
(S0,0,0,0,0,0), where Sy = %. Then we define the basic reproduction number % of our system

as follows

3) By = (0((1 —e4)ke ™M (1 —&1)B1+u(l —&)B2) +aun(l - 83)[33)507
Ha(e+r)

where 6 =r+ (1 —n)e.
The other equilibrium points of the model (2) satisfy the following system

[ _gs_ U=e0BisVi _ (1—e)BSA _ (1—e)BsSL _

I4-ouVy I+mA I+l —
1—)B1SV; | (1—&)BxSA | (1—&3)B3SL
n (Ul 4 Uit o (LelBSt) — (ot ryL =0,
(1—-e)B1SV; | (1-&)BSA | (1—&)BsSL B
@ < (1—n)< 1+10‘1‘1/1 o+ 1+20525\ + 1+30c3z >+”L—aA—p1AC_07

(1 —&4)ke ™A —uVy— pViW =0,
gViW — hW =0,

0AC —d.C =0.
\

By using the last two equations of the system (4), we obtain W = 0 or V; = g and C =0 or

A= %. Then we discuss four cases.

oIf W =0 and C = 0, we get L = 1348 4 _ (H(1-me)d=ds) y, _

e+r
(1—&)k(r+(1—m)e)e "1 (A—dS)
ap(e+r)

and
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(1—&1)BiS(1 —&)k(r+ (1 —n)e)e " N (1-&)BS(r+(1—n)e)u

(1+ 0 f(S)) (1+ 0pg(S))
(1—&)BsSnua B
(+ao() —Hetn=0
with f(8) = (U g(8) = (T and 0(8) = 10

Since L > 0, we have § < %. This implies that there is no biological equilibrium when
A
$>%.

Let F be a function defined on the closed interval |0, %] as follows

_(—e)BiSU —ek(r+ (1 —m)e}e™™ | (1-&)BS(r+(1-n)e)n

F§ = T+ o f(S) (1 + 55 (S)
(1—&)BsnSua
TraoE) Hetr)

We have F(0) = —ap(e+r) < O,F(%) = pa(e+r)(%y—1) and

(1—€)Bi(1 —e)k(r+(1—n)e)e ™

F(8) = T+ )
o (1 — 81)[31(1 — 84)2](2672””' (I’-l— (1 — Tl)e)zﬂ«
pae+r)(1+4 a1 f(S))?
L U=8)Bu(r+ (A =nejale+r)+(1—&)fu(r+{1 —1n)e)* ol
a(e+r)(1+g(S))?
L (I =es)Bspan(etr) + (1 —&3)B3o3npal o

(e+r)(1+030(5))?

Then the equation F(S) = 0 has a unique solution S; € (0 —) if %o > 1. There-
fore, the model (2) has a unique equilibrium point without immune response

El(Sl,Ll,Al,Vll,0,0) when Ry > 1.

o If W+#0and C=0, then V; = g. Based on the system (4), we get L = n(A—ds) A =

e+r
(r+(1—1n)e)(A—dS) W= g(1—e)k(r+(1—nm)e)e " 1 (A —dS)—pah(e+r)
a(e+r) ’ aph(e+r)

and
(1—e)BiShle+r)  (1=e)BaS(r+(1-me)(h—dS) _(1—e)BsnS(A—ds)

g+oqh a(l—l—OQu(S)) 1—|—OC3V(S)
—(e+r)(A—dS)=0,

where u(S) = (H(l;?e)j)r()lids) and v(S) = n(i;l J
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Since W > 0, we have S < % — T f?lh Eer;r)z))e,m] . This implies that there is no equi-
o 2 uah(e+r) A pah(e+r)
tibrium when § > G = e ktr-(1-njere ™ O d ~ dgegk(rr(-mee =0
A Uah(e+r)

Let’s consider s* = i —w; and G the function defined on the closed

dg(1—g4)k(r+(1-n)e)e
interval [0, s*| as follows

(1 —€)B1Sh(e+r) N (1—&)BS(r+(1—m)e)(A —dS)
g+ onh a(l+ apu(S))
(1—¢&)B3nS(A —dS)
1+ o3v(S)

G(S) =

_|_

—(e+r)(A —dS).
We have G(0) = —A(e+r) <0, and

Gi(s) L E0Bikletr) | (1= en)alr+ (1 -m)e)(2 ~ds)

g+ah a(l+ opu(S))
~ (1=&)BS(r+ (1—n)e)(A —dS)opu'(S) | (1 —&5)B3(A —dS)
a(l+ opu(S))? 1+ a3v(S)
(1 —&)B3S(A —dS)osv'(S) (1—&)BS(r+(1—1n)e)
- (1+ 03v(S))? +d (e“_ a(1+ opu(s))
_a —83)l33n5>
1+o3v(S) )

Since /(S) = W <0,V(S)= %”r’ < 0and

et r— (1-2)BSr+(-me) (1-&)BnS _(1—e)BiShlet+r)
a(l+au(S)) 1+a3v(S)  (g+ouh)(A—dS) ~

then G'(S) > 0.
When the humoral immune response has not been established, we have gV;, —h <
0. Hence, we define another threshold parameter called the reproduction number for

humoral immunity as follows

14%i
ZV =81
! h

where % is the average life span of antibodies and V] is the quantity of viruses at the
steady state E7. So, the number ,%YV can biologically determine the average number of

antibodies activated by virus.

wah(e+r)
Tg(T—enke ™1 (+{1-1))

we will subsequently demonstrate that G(s*) > 0. And thus the equation G(S) =0

Note that when %}}V > 1, we have V;, > g and S| < % — so that
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A uah(e+r) )
' d dg(1—&4)ke 1 (r4+-(1—1)e)

fore, the model (2) has a unique infection equilibrium with only humoral immunity

if #" > 1. There-

admits a unique solution S € (0

E2(SQ,L2,A2,V[2,W2,O) when %YV > 1.

IfW=0and C#0, then A = %. Based on the system (4), we get L = M,VI =

e+r
(1—g4)ke ""1d, C— (r+(1-n)e)o(A—dS)—ad.(e+r)
o C= depr(e+7)

and

(1 — 81)[315(1 — 84)ke_’”1dc(e+r) (1 — 82)ﬁ25dc(e—|—r>

wo +ay(l—g)kem0d, o+ hd,
(1—&3)BnS(A —dS)
— A—dS)=0
T aan(s) (e+r)(A-dS)=0,
_ N(A-dS)
where A(S) = S5
Since C > 0, we have S < % — %. This implies that there is no equilib-

ad.(e+r) A adc(e+r)

’ i — A _
m or E—W SO Let’s consider S1 =7

rium when S > % —

% and H the function defined on the closed interval [0, s;] as follows
H(S) = (1—&)BiS(1 —eg)ke ""dc(e+r) (1—&)BrSdc(e+r)
1o+ ap(1—e)kem0d, o+ hd,
(1 —&)B3nS(A —dS)

_|_

I+ 0sh(S) —(e+r)(A—dS).

We have H(0) = —A(e+r) <0, and

H/(S) :(1—81)ﬁ1(1—84)ke_mrldc(€—|—r) (1—82)B2dc(e+r) (1—83)[337](2,—6115)
uo +a(l—&)kem0d, o+ ohd, 1+ a3h(S)
(1 —&)B3nS(A —dS)osh'(S) (1—&)BsnS
N (1+ ash(S))? Fdletr =)

e+r

(6)

Since /' (S) = ;—i’} < 0and

B (1—¢&)B3nS B (1—¢&)B1S(1 —&q)ke ™Md (e+) n (1—&)BSd.(e+7r) <0
1+o3h(S)  (uo+ay(l—eg)kemnd. ) (A —dS) (6+opd)(A—dS)

then H'(S) > 0. When the cellular immune response has not been established, we have
0A| —d. < 0. Hence, we define another threshold parameter called the reproduction

number for cellular immunity as follows

GA1
K =
1 d Y

c
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which represents the average numbre of the activated CTL cells by the productive in-
fected cells during the period of infection when the humoral immunity have not been
started.

When %¢ > 0, we have Ay > %C and S| < %— % so that we obtain H(sy) > 0.

Hence, when %IC > 1, there exists a unique infection equilibrium with only cellular

immunity E3 (S3 ,L3,A3,Vy,, 0, C3).

o IfW+#0and C+#0, thenV; = g and A = %. From the system (4), we obtain L = n(A—ds)

e+r
W — 80k (1-mele (L-dS)“pah(etr) ~_ (r+(1-n)e)o(d—dS)-adc(etr)
aph(e+r) ’ depi(e+r)

and

(1 —81)ﬁ1Sh(e—l—r) n (1 —82)ﬁ25dc(€+r) + (1 —83)ﬁ31‘]S(7L _dS) . (e—i—r)(?t —dS) =0,

g+ orh o+ ond, 1—|—OC3R(S)
_ n(A—ds)
where R(S) = -5
Since C > 0, we have § < % — %. This implies that there is no equi-
ad.(e+r) A ad.(e+r)

. A
librium whenS>3—m O 4 = Sirr(1=n)e)d

and M the function defined on the closed interval [0, s;] as follows

< 0. Let’s consider s, =

A __adeletr)

d  o(r+(1-n)e)d

(1—€)B1Sh(e+r) (1—&)BaSd.(e+7r) (1—&)BsnS(A—dS)
g+ oh o+ ood, 1—|-O£3R(S)

M(S)= —(e+r)(A—dS).

We have M(0) = —A(e+r), and

e (L=€)Bih(e+r)  (1—&)Bade(e+r)  (1—&)Bsn(A—dS)
M(S) = g+ oh + o + apd, 1+ o3R(S)
(1 —&)B3nS(A —dS)osR'(S) (1—&)B3nS

_ (Lt 0s(5))? +d(e+r_—1—|—(x3h(S) ) > 0.

Now, in addition to ﬁlc, we define the reproduction number for cellular immunity in

competition by

A
%) 75 =222,
d.

which represents the average number of the activates CTL cells by productive infected

cells during the period of infection in the presence of humoral immunity. If e@zc > 1,

then S, > % — % so that we get M(s2) > 0. Hence, the equation M(S) =0
has a unique solution S € (O,% - %). By the system (4), we obtain W =
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g(l—&q)ke "1 d.—uho
pho

. As W > 0, In addition to %YV, we define the reproduction number

for humoral immunity in competition as

V
®) @y = &0,

wich represents the the average number of the activates antibodies by virus during the
period of infection when the cellular immunity is established. Then we conclude that
when %XV > 1 and %g > 1 there exists a unique infection equilibrium with both humoral

and cellular immunity E4 = (S4,L4,A4,Vy,,Wa,Cy).

Theorem 1. Let %, e%’lw , ,%IC Q?ZC and 9?;‘/ defined respectively in (3), (5), (6), (7) and (8).

(1) If Zy < 1, then model (2) has a unique infection-free equilibrium Ey = (So,0,0,0,0,0),

where Sy = %.
(2) If Zy > 1, then model (2) has a unique immune-free infection equilibrium E, =

(S1,L1,A1,V1,,0,0) besides Ey, where Sy € (0, %),Ll = %71‘11 — (r+(1—arzzi)£;1—dsl)

and

1—eg)k(r+(1—m)e)e ™1 (A—dS
v, = (elr 1=l " sy

(3) If K@YV > 1, then model (2) has a unique infection equilibrium with only

humoral —immunity E; = (S2,Lp,A2,V;,,W2,0) besides Ey and E;, where

A wah(e+r)
S2 € (07 d ~ dg(1—e)k(r+(1—n)e)e " )’
G o= bl o W, e g o
g(1—eg)k(r+(1—n)e)e " 1 (A—dS,)—uah(e+r)
aph(e+r) :

(4) If ,%IC > 1, then model (2) has a unique infection equilibrium with only cellular immunity

E3 = (83,L3,A3,Vp,0,C3) besides Ey, E| and E where S3 € (0, % - d%&% Ly =

(rt(1-n)e)o
N(A—dS3) _ (1—g&g)ke ™14, _ (r+(1-m)e)o(A—dS3)—ad.(e+r)
U5,y (o M gy - (IOt o)

(5) If %;’V > 1 and %’g > 1, then model (2) has a unique infection equilibrium with

both humoral and cellular immunity E4 = (Sa,L4,A4,Vi,,Wa,C4) besides Ey, Ey, E»
(e+r A— A . o
and E3 where S4 € (O,% — %), L4 = %, A4 = %, V14 = g, W4 =

g(1—g4)ke ™" d,—the _o(r+(1-m)e)(A—dS4)—ad.(e+r)
DI and Cy = D 1de(etr) .
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4. GLOBAL STABILITY

Theorem 2. If %y < 1, then the infection-free equilibrium E is globally asymptotically stable

for any delays t1,7, > 0.

Proof. Let u = (S,L,A,V;,W,C) be a solution of (2) and let’s construct a Lyapunov function in

Ey as follows

Hifu) = 56 (S0 + L.

Further, 7% (u) = 0 if and only if S(t) = So,L(t) =A(t) = Vi(t) = W(t) = C(¢)

Using the property of fractional derivatives referenced in [13], we obtain

0.

DY = %CD“ (S—S0)* +€DL,

< < (8= 80)“DS(1) + “DL(1),
( —81)[315‘/1 _ (1 —82)[32SA _ (1 —83)[33514)

<N

0
< is—sp) (/1 ds —
So

14+01V; 14+ mA 14+ o3l
1—¢ SV, 1—¢ SA 1—¢ SL

N (1-e)pisVi  (1—-&)p (1—8&)pBs (e+r)L
14+ 04V 14+ mA 14+ o3L

Utilizing the infection-free equilibrium condition of the model Sy = %, we get

n(d-e)pVi (1-&)pA (1-&)BL) . .
So( oy T TrwmAd T dxwl )T

(1—e)BiVi |, (1-&)BA  (1—&)BL
So — L
+n< oV T Troma T itar ) S etnb

n (I-e)pVi  (1-&)phA  (1-&)BL 2
<_ _
S (‘H TV | TtmA | Itosl (§=50)

o (<1 —e)Bike ™ (r+ (L=me)L | (1=&)Bo(r+ (=)L | —sgmzL) %

D> <_%’7(5 So)? —

Han an
—(e+r)L,

1 (d it l_fgffl‘[ “ (11_:22[ij + (11—+e;)311343L> (S—So)*+ (e+r) (%o —1)L.

<- S
Based on the assumptions %, < 1, we obtain CD%*#%)(t) < 0, with equality if and only if
S=58),L=0A=0,V;=0,W =0 and C = 0. Consequently, the largest invariant set of
{(S,L,A,V;,W,C) € RS : ED*3%(t) = 0} is the singleton {Ey}. Therefore, by the LaSalle’s

invariance principle [14], the equilibrium point Ey is globally asymptotically stable. UJ

Assume that %y > 1. We now state the following theorems under this condition.
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Theorem 3. If %YV <1 and QIC < 1 then the immune-free infection equilibrium E is globally

asymptotically stable for N = 1 and any delays 11,7, > 0.

Proof. Let u = (S,L,A,V;,W,C), to prove E; is globally asymptotically stable, construct the

following Lyapunov functional

S (u) =8, ® ( S > LD (£> 4L ((1 —e)pisivi, , (1 —82)[32S1A1>A1q) (i)

S_1 L rLy 1—|—(X1V[l 14+ A Al
(1—81)[3151‘/116"”1 . (L) n p(l—é‘l)ﬁlSlV[]emTl
(1—e)kAi(14+0qVy) "\ Vy, g(1—en)kA1(1+04Vy)

LM <(1_£1)ﬁ151Vh+(1_82)B251A1>C

orlLy 1+061V]1 14+ A,
1By (A=) | A=)
1+oyVy, ' Ay Ay

p(l —81)[31311‘/116””1
(1 —84)kA1(1 —|—O£1V]1)

+ “DLVi(t—o)W(t—o0),

where €D ¢ represents the fractional integral, ¢ € [0, 7] and ®(x) =x— 1 —In(x), forx > 0. Itis
clear that ®(x) > 0 for all x > 0, and ®(x) = 0 if and only if x = 1. Thus, 7 (S,L,A,V;,W,C) >
0 for all S,L,A,V;,W,C > 0 and J4 (Sy,L1,Ay,V;,,Wi,Cy) = 0.

By applying the property of fractional derivatives presented in [15], we get

‘DA < (1 — %) DYS(t) + (1 — %) DYL(t)

1 1-— 1— A A
A (A=e)BiSivi,  (1=&)BSiAr (A CpeA(r)
Ly 14+ o V]l 14+ A, A

(1—&)BiSiVye™ (1-&) CDV(r) + PL—e)BS VL™ cpay,
(1—84)kA1(1+(X1V11) Vi g(1—84)kA1(1—l—O£1V11)

P ((1 —e)BiSiVi,  (1—&)BaS1A; > Cpec()

orL; 1—|—(X1V[1 14+ A,
1—¢ S1Vy, (At At) A(t—7 Alt—7
L 1)ﬁ1111<()_ln()_ (t=7) Al 1))
1+ oV, Ay Ay Ay Aq

p(1—&)B1S Ve
(1 — 84)kA1 (1 + 061V11)

+ Vi)W () = Vit = )W (1 = 12)).

Now, by using equilibrium conditions, we have

—e)BiSiVi, (1—&)BSi1A1 (1 —&)B3S1L
1—|—OC]V[1 14+ A, 14+ o3l

).:dsl—F(l

Y
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1—¢ StV 1—¢ S1A 1—¢ S1L
(-e)piSivy,  (1-&)fSidr | (1-&)BsS L (et )L,

rL; = aAl,uVII = (1 —84)k€_mT1A1,

then we obtain

CD(X%
(1—&1)B1S1vy, <_1 Vi +(1+a1V]1)VI+ 1+061V1)
1+ 061V11 V]1 (1 + 061V1)V11 1+ 061V]1
(1—82 251A1 I—I—OQAl)A 1+(X2A)
14+ oA (1+O€2A)A| 1+ oA

(1 —&3)B3S1L, E (1+a3L1) N 1+oa3L>
§

14+ 0304 (1 + 063L)L1 14+ oL
(1—81 B]S]V]l S| P A(l‘—’L’)V]1
1+ o4V, K3 L1A AV

SViL; 1+O€1‘/]] 1+ o0V _(1—82)ﬁ251141 P ﬁ P ﬂ
S1Vi, L 1+061V] I+ a4V, 1+ mA; S LA

o SAL1 1—|—OC2A1 1—|—OC2A _(1—83)ﬁ3SlL1 o S1
SlAlL 1+(X2A 1+(X2A1 14+ ozl S

o (S(1+OC3L1)) —|—CI)( 14+ oL )} ph(l—el)ﬁlSlvlleml <gV[l B 1) W
51(1+OC3L) 1+ o3l g(1—£4)kA1(1—|—051V11) h

| pide <(1—£1)[3151V11 . (1—ez)ﬁzSIA1) <6A1 B 1) c

rLioc 14+ V[1 14+ A d,.
d(S—8)?— (1—&)B1S1Vy, o0 (Vi =V, )? e —&)BS1A100(A —Ay)?
(1+OC1V[)(1—|-061V11)2V]1 (1—|—O£2A)(1+OC2A1)2A1

(I—g)BsSiLiog(L—Li)*  (1—e)BiSiVy {q, (51) P (LAI)
(1+OC3L)(1—|—OC3L1)2L1 1—|—061V11 S LA

+(D(A(t—T1)V11)+q)(SV]L](1+OC]V]1)) (1—1—061‘/1)
1—|—061V11

S]V]lL(l —|-061V])

AVp }
1— A LA AL A 1 A
_=8)BSidi [ (51 | g (LA | o (SALI+ AN | o (1A
14+ A, S LlA SlAlL 1—|—(X2A 1—|—OC2A1
_(1—83)[3351[4 P ﬁ L d S(1+OC3L1) 1+(X3
1—|—OC3L1 S Sl(1+(X3L) 1—|—O£3L1

h(1—€1)B1S1Vie™m

14 ( l)ﬁl 1Vie (%W_l)W
g(1—£4)kA1(1+061V[1)

d 1—¢ SV, 1—¢ S1A
pde ((1—e)BisiVy | (1-&)hrSiAs (@ —1)C.
rLioc 1+ 061V]1 14+ A
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Based on the assumptions %YV <1 and 9?? < 1, we obtain “D*J#(t) < 0, with equality if
and only if § = §,L=L{,A=A,V; =V, Wi =0 and C; = 0. Consequently, the largest
invariant set of {(S,L,A,V;,W,C) € RS : “D¥J# (t) = 0} is the singleton {E }. Therefore, the

equilibrium point £ is globally asymptotically stable. 0

Theorem 4. If %’g <1< RV, then the infection equilibrium with only humoral immunity E»

is globally asymptotically stable for n =1 and 1) = 0.

Proof. Consider the following Lyapunov functional

N L 1 ((1—€)B1S2V,  (1—8&)BSA,
(S LAVIW.C)=S® | = ) + L [ = )+ — 2
3(S,L,A, Vi, W,C) =5, (SZ>+ 2 (L2)+rL2( 1+ oV, T oAy

A (1 — el)BISZVhe’"Tl ( Vi )
Ayd | — | + v L
2 (Az) (1 —84)](142(1 +OC1V12) h V[2

p(l — 81)ﬁ152V[2€m7’-l W (W)
g(1—£4)kA2(1+061V12) W,

L <(1_81)B1S2VIz+(1_82)B2S2A2>C

orly 1+ o V]2 1+ A,
1+ aVp, : Ar Ar

By computing the fractional derivative of .75 along the solutions of model (2), we have
Cryo S2 Cnra L2 C o
D% < 1_§ DYS(1) + 1_f D%L(t)
1 1— SV, 1— SHA A
+ (( &1)B1S> 12+( &)p2S> 2) (1 2

- — = ) D%A(r)
rly 14+ o Vi, 14+ Ay A

(1—&)BiS2Vie™ (1 - E) “DVi(1)
(1 —e4)kAx (1 + a1 Vi)

p(l — 81)[3152‘/[26’"11 ( W,
g(l — 84)kA2(1 + 061V[2)

+

p1 [((1=€)BiS2V, (1 —&)BrSA2 Cpec()
orl, 1+ 061V]2 14+ Ay
1— Vi, (A A At — At —
L U=2)Bis 12( (0) _ A0 _At-—m) Al Tl)).
1+061V12 Ay Ay Ay Ar

Using the following equilibrium condition at E,, we get

—e)B1S2Vi, (1—&)BSHAr (1 —&)BSL,

1
A=dS —|—< ’
2 1+ 0o Vi, 14+ nAs 14+ o030,
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(1-€)B1$2Vy, | (1-8)BSHA> | (1—&)B3S2L,

14+ o V]2 14+ nAs 14+ o030,
rLy = aA,,uvy, = (1 — 84)ke_mT1A2 —pVpWa.

= (e + F)Lz,

Then

1— SoVio (V—=vp)? (11— SrAr00(A —Ar)?

CD“%g—d(S—SZ)Z—( &) 152V, ou ( 212) _ (1—8)BS2A2m( : 2)
(1+oq Vi) (1404 Vg, )2V, (1+mA)(1+ 0mAr)%A;

C (1=&)BsSalaos(L—Ly)* (1 —&1)BiSaVy, {q) (52> RS (LAz)

(1 + 063L)(1 + OC3L2)2L2 1+ 061V]2 S LA

Ld (A(I—Tl)V[2> +CI)(SVL12(1—|—061V12)) L d (1+(X1V1

A2V; SoVi, L(1 4 oy Vy) 1+ oV,

 (1-&)BaSrAs [q) (52) e (LAZ) e (SALZ 1+ apAs) 1) q)( 1+ oA )}

14+ A, S 1A SzAzL +(X2A + 14+ A,
B (1 —83)[3352142 & & P S(l—I—OCng) 1—|—OC3

14+ o030, S S2(1 + OC3L) 1 + o3l

d 1 —€1)p152V, 1—&)pSA
L Prde (( )B1S2VL, | (1—&)BaS> 2) (%S — 1)C(r).

orl, 1+ oV, 14+ Ay
When %5 < 1, then “D*J4(S,L,A,Vi,W,C) < 0, with equality if and only if § = S,,L =

Ly, A=A,V =V}, W =W, and C; = 0. Therefore, the equilibrium point E; is globally asymp-

totically stable. U

Theorem 5. If %g/ <1< ﬁlc then the infection equilibrium with only cellular immunity E5 is

globally asymptotically stable for n = 1 and any delays 11,7 > 0.

Proof. To prove E3 is globally asymptotically stable, construct the following Lyapunov func-

tional

S L 1 (1 — 81)BIS3V1 (1 — 82)ﬁ253A3
IG(u) =S3P | — Ly — 3
( ) 3 (S ) i (L3> +rL3 ( 1+(X1V[3 + 14+ 0nA;

A (I)(A) (1—81)[3153‘/136"“-1 v (I)(VI) p(l—el)ﬁlS3V13e'"T1
\As ) T (U —epkAs(T+ Vi) 2\ Vi ) g(1—eg)kAs(1+ 04 V)

1—¢ S3V, 1—¢ S3A C
Lop ((—2)BiSsVe | (1 &)BrS3As c30(S)
orls 14+ 04 V[3 14+ 0nA; C3
1-— At — At —
LO=e0BSWic, o (Ai=0) || Ali=0)
1+ a1V, ! A3 A3

p(l — 81)ﬁ153V13em11
(1 — 84)kA3(1 + a1VI3)

“DLMVi(t—o)W(t—o0),
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where u = (S,L,A,V;,W,C). It’s clear that J#43(S,L,A,V;,W,C) > 0 for all S,L,A,V;,W,C >0
and J43(S3,L3,A3,Vi,,W3,C3) = 0.

By applying the property of fractional derivatives presented in [15], we get
S3
D4 < (1 — g) “DYS(t) + (1 - f) D*L(r)
1 1 —¢£1)b153V, 1— S3A A
+_<( DBSsVE, (1= &)BaSs 3) (1—X3>CD°‘A(t)

rls 14+ 0 V[3 14+ A3
(1—&1)BiS3Vie™™ ( _E) DMV (1) + p(1—&)B1S3Ve"
(1—84)kA3(1+(X1V13) Vi g(1—84)kA3(1—|-O£1V13)
1—¢ S5V 1—¢ S3A C
Lo ((=2)BiSsVi  (1-e)BSiAs (G Cpec)
orl; 1+o04Vp, 14+ onAs C
1— A A At — At —
PUZ0BS, (40 A0 _A6=n) A=)
1+ o4V Az Az A3 A

p(1—&)B1S3Vp,em
(1— 84);143213-1-1051%3) Vi)W (1) = Vi(t = )W (t — 1))

D*W ()

Now, by using equilibrium conditions, we have

3= sy L EDBISV | (1—e)BaSsds | (1 —e5)BSils
14V 1+ 0pA3 1+ o3Ls

(1—&)B1S3Vy, (1 —&)B2S3A3 (1 —&3)B3S3L3
1+ 061V13 14 A3 14+ o3L3

= (e+r)Ls,

rL3 = aA3 + p1A3Cs, uVy, = (1 — &4)ke "M A3,

then we obtain

(14—061‘/1)(1—1-061‘/13)2‘/13 (1+062A)(1+062A3)2A3

(I—&)BsSsLsos(L—Ls)* (1 —e)BiSsVy, [(D (&) Lo (Lﬁ)

(1 + O£3L)(1 + O£3L3)2L3 14+ oV S L3A
A(t—11)V, SViLz (14 oy V, 1+ a1V
+¢(w>+¢<’3(+1@)>+<+1’
A3V S3V13L(1 + (X1V1) 1+ 061V]3

|
(1-e)BaSsAs {q} (g) e (Lﬁ) o (SALg 1+ opAs) )

14+ A3 S J Y\ S3A3L 1+ OCQA

+
_(1—83)ﬁ3S3L3 & & P S(1+(X3L3) 1+(X3
14+ o03L3 S S3(1 + OC3L) 1 + ozL3
ph(l —81)ﬁ1S3V136mT'
g(l —84)kA3(1+061V13)

CD* 4 < —d(S—S3)2 B (1—&1)B1S3V o (V1—V13)2 (1—&)B2S3A300(A —A3)?

1
& + OC2A
1 + A3

(ZY —1)W.
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Based on the assumptions %2y < 1, we obtain “D*74(t) < 0, with equality if and only if
§S=283,L=1L13,A=A3,Vi=V,,W=W; =0and C = C3. Consequently, the largest invariant set
of {(S,L,A,V;,W,C) € RS : D*J4(t) = 0} is the singleton {E3}. Therefore, the equilibrium

point E3 is globally asymptotically stable. 0

Theorem 6. If 9??’ > 1 and 9?2C > 1, then the infection equilibrium with both humoral and

cellular immunity Ey is globally asymptotically stable for n =1 and 7, = 0.

Proof. Consider the following Lyapunov functional

S L 1 (1 — 81)ﬁ154V1 (1 — 82)ﬁ254A4
(S, L, A,Vi,W,C) =S4P | — Ly®d | — — 4
4( s Ly 3, VI, VY ) 4 (54)+ 4 (L4)+TL4( 1—|—O£1V14 1+(X2A4

A (1 — 81)ﬁlS4V14€mT1 ( Vi )
Agd | — | + Vi, ® | —
* (A4) (1—e)kAs(T+o04V) - \V,

1_ mTy
p(1—¢&1)Bi1S4Vy,e Wi (W )

g(1—en)kAs(1+ oy V) Wy

LM <(1—€1)l3134VI4+(1—82)13254A4>C4q) (£>

orly 1+o0yVy, 14+ oAy Cy
(1_81)13154‘/14CD;(1 A(t—o) —l—lnA(t_G) _
1+o04Vy, : Ay Ay

By computing the fractional derivative of .7 along the solutions of model (2), we have
Cha S4\ cha Ly ey
D*4 < 1—? D*S(t) + l_f D%*L(t)
1 1— % 1— A
L ((—e)BiSaVy,  (1-&)aSas (| As Cpea()
rlLy 14+ o V14 14+ oAy A

(1 —&1)B1SaVi,e™ (1 _ ﬁ) CpHV(1)
(1 —84)/{144(1 —|—OC]V[4) Vi
1 _ mT
p(1—¢1)B1S4Vy,e W Do (1)
g(1—84)kA4(1—|—061V[4) w

L ( B1S4Vi, n (1—82)ﬁ2S4A4) (1_2) “D*C(t)

orly 1—}—061V14 14+ oAy C
1-— A A At — At —
+( €1)P184Vy, ( (t) n (1) Alr—m) in (z Tl)).
14+ a1V, Ay Ay Ay Ay

Using the following equilibrium condition at E4, we get

1—&)BiSaVi, (1 —&)B2SsAs (1 —&3)B3S4L4

A —dsy+
4 1+ o V[4 14+ Ay 14+ 0304

Y
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(1—&)B1S4Vy, (1 —&)BaSsAs (1 —&)B3Ssly
= (e + F)L4,
14+ o V14 14+ oAy 14 0314

19

rLy = aAy + p1A4Cy, Vs = (1 — &4)ke™ " Ay — pVi, Wi
Then

(14 ouVi)(1+ oy Vy,)?Vy, (14 aA) (14 0pAs)?Ay
_ (1 —83)ﬁ354L4a3(L—L4)2 (l - 81)[3154‘/[4 |:(I) (&) P (%)

DY < — d(S—$4) — (1—e)BiSaVi,ou (Vi—Vi,)* (1 —&)BrSsAson(A—Ag)

(1 +(X3L)(1 +(X3L4)2L4 I+a4Vy,

S LA
Alt—11)V, SVily (14 oV, 14+ oV,
+¢(ﬂ>+¢< L (1+ 114)>+¢(l ]
A4Vy S4V14L(1 + OCIV[) 1+ a1V,

1-— A LA Al (1 A 1 A
(1 —&)PaSsA4 oS co () e SAL>(1+ 0pAy4) YR
14+ oAy S L4A S4A4L(1 + OCQA) 14+ oAy
1-— L 1 L 1 L
(1 —&3)B3S4Ly @ S4 s S(1+4 a3Ly) S + 03 .
14+ a3ly S S4(1 + OC3L) 14+ a3ly

Hence, *D*;(S,L,A,V;,W,C) < 0, with equality if and only if S = S4,L = L4,A = A4,V; =

Vi,» W = Wy and C = C4. Therefore, the equilibrium point Ejy is globally asymptotically stable.

O

5. BIFURCATION ANALYSIS AT E; AND E4

For 7, > 0 and 7; = 0, model (2) becomes

( C.@“S(t) —A—dS(t)— (I—e)BiSOVi(t) — (1-&)BS(t)A(t) _ (1—&)BsS(t)L(t)

I+ Vi(t)  1+mA(r)  1+oL(r)
CooL) = n (A + R+ SRR — (e L),
CoeA) = (1 —m) (R + SRR + ) + 0

) —aA(t) — p1A(t)C(t),

CPVi (1) = k(1 — &4)A(t) — uVi(t) — pVi(O)W (1),
CPW(t) =gVi(t — )W (t — 1) — hW (¢),
| “2%C(t) = cA(1)C(1) — dC(1).

In this section, we explore the existence of the Hopf bifurcation at the equilibrium points E,

and E4. For this, we first linearize the system (9) and the linearized system of (9) at an arbitrary
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equilibrium E*(S*,L*,A*, V", W* ,C*) is described below.

( C.@“S(t) = (—d— (1—e)BV;  (1—g)pA*  (1—&)BsL* )S(t) — (1—83)ﬁsS*L(t)

T+ V} T+ opA* T+os L (14+-a3L*)?
B Al — (i),
Coen) =n (v + UERRE + ) S0
+(M T2 — (e+r)L()
0 R AC) + (TP Vi),
0§ CFeA@) = (1 - m) (UErgfpt + UEpll + Ues)e ) st

(1 =) S22+ L) + (1= ) 28 —a— piCY)A)
+(1=m) LBV (1) — prA*C(),

CTUi(1) = k(1 = e)A(t) = (i + pW Vi (1) = pV; W (1),

CPW (1) = gW*Vi(t — 1) + gV; W (t — 1) — hW (¢),

| €2%C(1) = 6C*A(t) + (0A* —d)C(1).

By applying the Laplace transform to both sides of the system (10), we obtain

( s%.S (5) —sa_l(])l( )= (—d— (I-e)BiV/  (1-&)BA* (1—83)[3314*)5/(”

4oy VY 1+mA* 1+o3L*
_ (1=&3)BsS” (1—&)BS* (1—&1)BiS*
(1+;3L3)2$(S) - (1+52A3)2°Q7(S) - (1+011V,l)2 Yy (s),
1 Vi _ * _ *
s*ZL(s) —s* 1 (0) =1 <( 1Jf:x)1ﬁvll*1 + (llfa)fjff + (11f2£3f )V(s)

H U — (e )2 () + i ()
n (1—¢&1)B1S* Vy(s),

(I+o4Vy)?
e () =5 193(0) = (1 =) (el + UEElt 1 (LBl ) o)
(11} +((1 =) 25 + 1)) 2 (s)
+((1 =) 2B —a—piC)a/ (s)
(

+(1 =) G0 (5) — 1A (s),
9y () = 5%7194(0) = k(1 — &) (5) = (1 + pW*) Vs (5) = PV W (),
sEW (s) — % 195(0) = gW*e ™2V s (s) + (gVi'e 2 —h) W (s)

e [ e (g () + 9 () )du
| s¥C(s) — 5% 196(0) = 6C*A(s) + (CA* —d,.)E (s),

where Z(S(1))(s) = 7 (5), L (L(0))(s) = L(s), LAW))(s) = (), L Vi(0))(s) = Y (s),
LW(1)(s) =7 (s) and Z(C(1))(s) = € s).
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We can rewrite (11) as follows

76\ [ @
26) || &0

> G
ZON It
7o) || e
(s g6(s)

where A(s) is the characteristic matrix and

p

g1(s) =s%"191(0),
g2(s) = 5% 92(0),
g3(s) = s%~193(0),
g4(s) = s%7194(0),
g5(s) =51 95(0) +e 7% [0 e (gu(u) + 95 (u))du,

g6(s) = s 196(0).

\

_ (U—e)BiV, | (1—&)BAy | (1-&)BLy _ (1-&)BsS, _ (1-8)BS,
We denote ) = 5/v= + Trma, T Tral 2= (Han B3 = (e, 24
Hy = %. Then, the characteristic equation in Model (9) at E; = (S2,A2,L2,V1,,W2,0) is
2
given by
s +d+H, H, H3 Hy 0 0
-nH,  s®—nHy+e+r —1NH; —1NH, 0 0
(n—1)H; (T]*l)Hg*V sa+(n71)H3+a (n—1)Hy 0 P14z _0
0 0 —k(1 — &) s+ 1+ pW, PV, 0
0 0 0 —gWhe ™ §% —gVie ™2 +h 0
0 0 0 0 0 s — 0Ay +d.

Calculating the corresponding determinant gives

(13) (s%) 4 ba(s¥)* +b3(s%)> + by (s%)? + b1s* + b+ e 52 (cqy(s%)* +c3(5%) + c2(s*)? 4+ c15% +¢9) =0,
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where

by=a+d+e+h+u+r+H —nHy+(n—1)Hs+ pWs,

by=h(a+d+e+u+r+H +pWo)+(d+H)(e+r)+(H +r+d+e)(a+u+pWs)
+a(+pWs) —Hsr+(n —1)Hs(d+e+h+u+pWa) — nHa(+a+d +h+ pu+ pWs),

by =h[(d +Hy)(e+r) +a(u+pW2) + (d+Hi +e+r)(a+u+pWs)]
+a(u+pWo)(d+H +e+r)+(d+H)(e+r)(a+u+pWs)
—H[r(d+u+h+pWa)+(1—1n)(de+dh+hu+eu+eh+du)+ (1 —n)pWa(d + e+ h)]
+Hik[(n —1)(1 —&4)(h+e+d) — (1 —&4)r]
—nHs[d(a+h+pu+pWs) +h(a+ u+ pWs) +a(u + pWs)],

by =h[(d+Hi)(e+r)(a+pu+pW2) +a(p+pWa)(d+Hi+e+r)| +(d+Hi)(e+r)a(p + pW2)
— (1 — &4)kHy(r(d +h) + (1 —n)(dh+eh+de)) — nHa[(d 4 h) (1 + pWa)a + (a+ p)dh + dh)
— H3[r((d+h)(1+ pWa) +dh) + (1 —n)(deh+dep + dhp + ehpt) + (1 — ) pWa(de + dh + eh)],

by =(d+Hy)(e+r)a(u+ pWa)h — kdhHy(1 — &) (r+ (1 —n)e) — h(p + pWa ) (H3d(r + (1 —n)e)
+nHzad),

c4 =—gV, = —h,

c3=—hHi +H3+a+d+e+u+r),

ey =h[H3(r+(1—=n)(d+e+u)) —(d+H)(e+r)—au—(a+u)(d+H +e+r)+nHy(a+d+p)
+Hy((1 - &)k — k)],

c1 =hlkHy(r(1 — &)+ (1—n)(1 —&)(e+d)) +Hs((r+ (1 —n)e)(d +u) + (1 —n)du))
—ap(d+H +e+r)—(d+H)(e+r)(a+u)+nHy(ad + pa+dp)],

co =h[kHs((1 —&4)dr+ (1 — (1 —n)&s)de —dnk) + Hs(r+ (1 —n)e)du —au((d + Hy)(e+r) — nHad].

We aim to prove that equation (13) has no purely imaginary roots for 7, > 0. Suppose, by

contradiction, that equation (13) has a purely imaginary root. Substituting s(7,) = iv(1,) with

v > 0 into equation (13), we obtain

(14) Uy +iVy + (Uz +iVa)(cosvry —isinvn) =0,
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where
San 3arn an
U; =v%cos - + bav*¥ cos2am + b3v % cos - + byv?% cos ot + byv* cos — + by,

. Sam . . 3oam ) . am
Vi =v%sin = + bav*¥sin 20 + b3v>% sin - +byv?*sinam + byv* sin —

3an an
U, = C4V4a cos20Tm + C3v3a Cos S + czvza cos am + c1v* cos > -+ co,
) . 3ar ) an
Vs = cav*®sin2am + c3°% sin = + cv?% sino + ¢;v¥sin -

Separating the real and imaginary parts of equation (14), we obtain

Vo sinvty + Uy cosvy = —Uj,
(15)
—U,sinvt, + Vo cosvn, = —V].
From (15), we get
U U+ ViV,

cosvp = —————>— = G(v),
Uz +Vy
ViU, — U V;
sinvt, = % =Gy(v).
Us +V;

Clearly, we have G3(v) + G3(v) = 1.
Thus,

j 1 [ < U U+ ViV,
arccos |\ - ——=———

Ty, = — +2jm|, j=0,1,2,...
27y U22 + V22 ) / ] J
The values of v are obtained from the expressions of Uy, U;, Vi, and V;. This equation G%(v) +

G3(v) = 1 has at least one positive root vy. Define
T :min{r{}, i=0,1,2,...

We take the derivative of equation (13) with respect to 7, to check the transversality condition

at 7o, = 7*. We obtain

ds ds _ ds . _
d_‘L'lel(s)+ED/2(s)e srz_Dz(s)(s—szE)e ST — ().

Then,
ds sDy(s)e 52
dv, D/ (s) + D, (s)e*% — 1pDy(s)e 5%’
where Dy (s) = Uy +iV) and D, (s) = Uy +iVa, so

ds _ Mi+itn
dv, M +ifNs’
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where
M1 =vUsinvt, — vV cosviy,
Mo = vWasinvty +vU; cos vy,
M1 = (Uy — Us) cosvty + Uf + (V3 — V2 sinvy,
Ny = (V3 — 1Va) cosvty + V| — (Us — 1 Us) sinvy.
Hence,

Re (ﬁ) MM+ MaNn
dt T=T*y=1 ‘/VZ% + 1/1/2% B=T"v=Vo

Therefore, the transversality condition holds when () : % # 0, and then, we
21 22

obtain the following theorem

Theorem 7. If (<7]) holds, then E, is locally asymptotically stable for 0 < 1, < 7%, and the

model may undergo a Hopf bifurcation at ) = T*.

By the same reasoning, we can demonstrate the existence of a Hopf bifurcation at the infec-

tion equilibrium with both humoral and cellular immunity Ejy.

6. CONCLUSION

In this paper, we have proposed a novel general model using FDDEs with the Caputo frac-
tional derivative, which describes the dynamics of HIV infection. Our model considered the
three modes of transmission that are virus-to-cell, cell-to-cell by productive infected cells and
cell-to-cell by non-productive infected cells, the two types of infected cells, the adaptive immu-
nity exerted by antibodies and CTL cells, the delays in viral production and in the activation
time of antibodies, and two types of viruses that are obtained through the introduction of the
four therapeutic parameters. In the analysis of the model, we have identified five threshold pa-
rameters related to viral infection: the basic reproduction number %, the reproduction number
for humoral immunity )" ,the reproduction number for cellular immunity ¢, the reproduc-
tion number for cellular immunity in competition ,Q?ZC and the reproduction number for humoral
immunity in competition gfgv . Subsequently, we have proved that our model has also five equi-
librium points based on specific conditions related to these threshold parameters. In addition,

we established the global stability of these equilibirum points and explored the existence of the



DELAYED FRACTIONAL DIFFERENTIAL EQUATIONS DESCRIBING THE DYNAMICS OF HIV 25

Hopf bifurcation, which arises when the second delay exceeds a certain critical value, for both

infection equilibrium points with only humoral immunity E, and with both humoral and cellular
immunity Ey4.

The memory in the present model was described by the Caputo fractional derivative with

singular kernel and one order parameter. It will be interesting to model the memory effect on

the dynamics of HIV infection by using the Hattaf fractal and fractional derivatives [16, 17, 18].

This issue will be addressed in our future research.
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