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Abstract. A quantitative understanding of the dynamics of the immune system to treatment is important in plan-
ning treatment strategies, such as timing, dosing, and predicting the response to a certain treatment. In this context,
mathematical modeling of the relationship between disease-causing cells and the immune system, along with treat-
ment, is one of the effective methods. In this study, we establish a nonlinear dynamical system that models the
interaction between B-cell chronic lymphocytic leukemia and the immune system with a chemo-drug. We exam-
ined behaviour of the solution of the system around equilibrium points via phase-space analysis. Local stability
analysis is performed on the nonlinear system, and stability conditions are also derived in the Lyapunov sense.
Finally, numerical results are obtained with respect to the cases, tumor size, parameter change, and drug addition.
Keywords: mathematical modeling; chronic lymphocytic leukemia of B cells; immune system; chemodrug; sta-
bility of dynamical systems.
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1. INTRODUCTION

In modern mathematical biology, the analysis of non-spatial dynamical models of cancer
growth processes in the broad perspective of immune-tumor interactions is one of the most
rapidly improving areas [1, 2, 3, 4, 5]. This investigation provides a powerful strategy for de-
scribing interactions between the cancer cells and the immune system via a system of ordinary
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differential equations. It enables us to make some operations on the biological processes more
clear, such as for simulations and predictions, see works [6, 7, 8, 9, 10]. There is a sequence of
mathematical models, including a piecewise constant argument for tumor-immune interactions
under drug therapy, a delay-induced mathematical model of cancer, and a fractional-order math-
ematical model of tumor-immune system interactions [11, 12, 13, 14, 15]. In 2000, following
the “Jeff’s phenome-non” based on clinically observed asynchronous tumor-drug interactions,
Pillis and Radunskaya developed a four-population model comprising tumor cells, host cells,
and immune cells with drug effects and first investigated the system without any drug addition
to understand the dynamics of the target basin of attraction via optimal control theory [16].
Later, they developed an extension of the earlier model by including a representative variable
for the intensity of a cytotoxic factor in the tumor area and deduced that a more flexible set
of objective functions should be explored to define more efficient treatment protocols [17].
Alade et al. studied two higher-dimensional models focusing on the within-host Chikungunya
virus and using the method of Lyapunov function, derived stability conditions on a biological
threshold that determines clearance of the virus in the body [18]. Similarly, Guido and Flippo
investigated qualitative features of a mathematical model formulating prey-predator interactions
between immune cells and muscle cells in Duchenne muscular dystrophy disease [19]. In 2020,
Liu et al. presented an ODE system of tumor-immune interactions with chemotherapeutic drug
effects and they determined the existence of chaos by computing the Lyapunov exponents and
dimensions of the model [20]. In later studies, Jung and Wei performed numerical bifurcation
analysis to investigate the outcomes of oncologic virus therapy [21]. Considering the math-
ematical model of Radunskaya and Pillis on chronic lymphocytic leukemia of B-cell disease
which is characterized by a clonal semination and uncontrolled accumulation of neoplastic B-
lymphocytes in the blood, Belgaid et al. reported the coexistence equilibrium of all populations
in the model explicitly and completed a part of an earlier study [22, 23, 24, 25, 26]. When
we regard the treatment protocols for such type of diseases in the literature, as one of the most
effective scenarios, a mathematical model of the combination of chemo immune and vaccine
therapies is presented to clear the entire tumor, and numerical analysis is performed to develop

the protocols by qualitative characterization of system dynamics [27, 28, 29, 30, 31, 32, 33, 34].
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To elaborate mathematically, the equilibrium points are located, the stability properties are de-
termined, bifurcation analysis is performed, and the basins of attraction are identified [35, 36].
Shakmurov et al. perused the range of attraction sets of a theoretical dynamical model with
Lyapunov stability analysis [37]. Next, Bellomo and Preziosi critically reviewed the literature
on mathematical models and described the mathematical structure of macroscopic and kinetic
modeling [38]. Pillis et al. focused on the creation of biological factors from experimental data
when constructing the model, and they stated particular values for these parameters [39].

In the recent studies, Bodrar et al. generalized the formulation of brain tumor glioblastoma
and obtained sufficient conditions for local and global equilibrium stability under constant and
periodic treatments [40]. Wang and Zou introduced generic measures and quantitative indica-
tors to scale the rate of competition between drug-sensitive and drug-resistant cells [41]. Yang
et al. investigated the dynamics of the conjugate compartment and considered the effects of a
conjugate compartment on the long-term steady-state, time to achieve equilibrium and possi-
bility of tumor rupture [42]. Additionally, individuals have been subjected to uncertainty and
sensitivity analyses to evaluate the effects of optimal control strategies in some combination
therapy models [43, 44, 45, 46, 47, 48].

In our current work, we focus on a mathematical model of B-cell chronic lymphocytic
leukemia and immunotherapy dynamics. Following the ideas of de Pillis and Radunskaya,
we present a model with a simplistic ODE-based strategy that was inspired by concepts from
the literature.

We consider the following mathematical four-state nonlinear model

B = bi+(r—pB1)B—d\BN—d:BT —ki(1—e ),
(1.1) N = by—BN—d;NB—ky(l1—e"),

T = by—BT —dsTB—ki(1—e™"),

i = v(t)—du,

subject to the initial values

(1.2) B(ty) = Bo, N (t9) =No, T (to) = To,
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u(t()) = up,!t € [O,Z‘Q],

where B=B(t), N=N(t), T =T(t) and u = u(r) are denoted. The concentration of B
cell chronic lymphocytic leukemia is known to have major clinical heterogeneity. We indicate
natural killer cells with NKs and cytotoxic T cells (such as CD8+T cells) with T cells in the
model. Parameter u represents the concentration of chemotherapy. v(r) describes the rate of
drug delivery, where b;(i = 1,2,3) and fB;(i = 1,2,3) are the birth and death rates, respectively.
di(i=1,2,3,4) are the loss rates resulting from the struggle of cells with each other. The rate

of damage is k; for each cell populationi = 1,2, 3.

2. BOUNDEDNESS AND DISSIPATIVITY
We put
B() = x1 (1), N (1) =2 (1), T (1) =3 (1), (1) = xa 1).
Then the problem (1.1) — (1.2) is reduced to the following form:
2.1) X1(t) = f1(x), %2 (1) = f2(x), %3 (1) = f3 (x), %4 (1) = fa (x),
where
x=x(t) = (x1,x2,%3,x4), x = x; (t), k=1,2,3,4.

and let by = 3¢y, by = 3¢y, by = 3¢5 to be convenient, then we have

fi (t) =3c) + (r—Bl)xl —dix1xy — dox1x3 —kl(l —eix“),

(2.2) f2(t) =3c2 — Poxa —dzxox) — k(1 —e ™),

J3(t) =3c3 — Baxs —daxzx) —ks(1—e™),
Fo(6) = v (6) — dxa (1)
Let
]Ri = {x = (x1,X2,X3,X4) € R, x; > 0}
and

Q={xcR*: (dy—d3)x; +dpxy +dix3 >r— (B +Ba+B3) —d}
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Then we have the following theorem.

Condition 2.1. The following set of inequalities is assumed to be satisfied.

ﬁ17ﬁ27ﬁ37d17d27d37d47d < Oand r> 0

Theorem 2.1. Let the above inequalities hold. The system (2.2) has negative divergence and
dissipative on the domain Q C ]Ri.

Proof. Indeed, from (2.2) we have

dfi dfr dfs Idfs
ox1 + x> + 0x3 + dxs

3
r— (Z Bi) —d — dix3 — dpxp — dsx) — daxy
i=1

3
=r— (Zﬁ,) —d— <d3 —d4)x1 —doxy —dix3 <0
This proves the theorem.
3. THE LOCAL STABILITY OF EQUILIBRIUM POINTS

In this section, we obtain the stability conditions of the equilibrium points of the system (2.1).
Let
B, (x)={x¢ R*,

X—XHR3 <r}

Condition 3.1.Let the following assumption hold

4}93
3.1 Al =¢*+——>0
(3.1) 1=q + 7 2
(3.2) Ay = (b+axt)? —da(c+ (b+ax))x}) >0
where
_ 3ac — b?*
C[— 302 9

263 —9abc +274%d
27a3

p:

S 3a

: i/—q—_ VAlﬂ*/L VAL b
2 2

a=[(r—pi1)dsds],



SEDANUR MAZI GOZEN, MUHAMMET KURULAY

b=[(r—PB1)(Bods+d3P3) + vi(dids+ d3ds) + v3dsds]

c=[(r—P1)B2Bs +v1(d1 B3+ Brds + d333) +v3d2 2],

d =vi2B3, b1 =3c1, by =3¢z, b3 =3c3

vi =3¢ —k1(1 —6_5)

V) = 36‘2—/(2(1 —675)

vy = 363—k3(1 —6_5)

»  —b—axi—vA
X

n 2a
3 _ —b—axi++/Ay
! 2a
Theorem 3.1. Assume that the conditions (3.1) and (3.2) are satisfied.Then, there are three

X

real equilibrium points of the system (2.1) in Q.

N (X* Vi 1% v>
P g dy Byt xidy d
’ Vi 1) v

P2 = (X ) 5 7_>
B, +x3ds’ By +xids’ d

Vi 1% 1%

3
pP3 = \X7, 9 7
( ! B +X%d3 B3 +X%d4 d)

Remark 3.1. If only the condition (3.1) is verified, then the system (2.1) admits a single real

equilibrium point P;.

Proof: According to the definition of equilibrium points, we have

X4 =

v
i
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Now, substituting in the other three equations, we find
3c1+ (r—PBr)x1 —dixixy — dpxixs — ki (1 — e_g) =0
3o+ Boxy — dyxox) —kp (1 — 675) =0
3¢5+ Bsxs — daxsx) —ka(1 — e_ﬁ) =0

From the last two equations, we obtain

V)
Xp=—
Bz + d3x;
X —V3
3 p—
B3 + daxi

Substituting into the first equation, we have
[(r — B1)d3da) %3 + [(r — B1) (Bada + d3B3) +vi (didy + d3dy) + v3dzda)] X7+
[(r = B1) B2 B3 +vi(di B3 + Pads +d3B3) +v3da 2] x1 +vi B2 33 = 0.
This last equation can be rewritten as:
ax® +bx* +cx+d =0.

Now, we use the Tschirnhaus method and the Cardan method to find the real roots of this third-

degree equation. To do this, when

where

32 PT 27a3

g 3ac — b? 2b* —9abc +27a*d

There is a real root xT such that

. \3/_q_— VA1+\3/L vAL_ b
2 2

X = 3a.

Hence, a single real equilibrium point exists. Thus, if Ay > 0, then there are two real roots,

X

2 —b—axi —+A>
! 2a
3 _ —b—axi++vA
! 2a

X
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This completes the demonstration.
Recall that the equilibrium points of (2.1) are the roots of the system (2.2). Now, consider

the linearized matrix of (2.1), i.e. the Jacobian matrix according to system (2.1)
[ 9fi 9n A Afi ]
ox; O0xy OJx3 Oxg
o dfr dfr Ifp
Df i dwm I Ju
Dx s dfs dfs Ifs

dx;  dx; Jx3 dxs

o U 0f O
L dx; dxp Jdxp Odxz

ar aiz aiz dig
azp azy Az A4

asp azz asz dzq

as1 a4y a43 Qa4
where

ayy (t) =r—PB1 —dixo —dax3, an (t) = —dix2, a13(t) = —dax3, ays(t) = —kje ™

(3.3) ax1 (t) = —dsxa, ax (t) = —Po —dsx1, ax3 (t) =0, ax (t) = —koe™

a3 (t) = —dax3, ax (t) =0, a3z (t) = —f3 —dsxy, azs (t) = —kze ™
asg (l‘) = a4 (l‘) = a43 (t) =0, aq4 (l‘) = —d.

Then, the matrix of partial derivatives (2.1) at the point Py = (0,0,0,0) is

r—B 0 0 —k

_ l;_{ (0) _ 0 —ﬁz 0 —ko
0 0 —B —k;

0 0 0 —d

3.4) Ao

Note that the Jacobian matrices of (2.1) with respect to other equilibrium points P; are as-
sumed to satisfy the next condition.
Condition 3.2.Assume that the following restrictions are satisfied.

LetA;, = %p (P;) = (ax;) and ax; = ajx. Then, we have the following results.

Theorem 3.1. The point £ is a saddle point for the linearized system of (2.1).
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Proof. In fact, we observe that A} = r— 1, A, = —f, A3 = —f3 and A4 = —d are the
eigenvalues of the matrix Ag. Since A, is positive and A;,43,44 are negative, P is a saddle point
of the linearized system for (2.1).
Theorem 3.2. Let the condition (3.1) hold and d; —d, < 0. Then the points P; are locally
stable for the linearized system of (2.1).

Proof. The eigenvalues of A; can be derived as roots of the following characteristic equations

aji—A  anp a ais
a1 an—=~ 0 ara
det(A; — AI) = det =
asy 0 a3 — A as
0 0 0 ass — A
ajr—A  an a3

(agg—A)det | ayy  ap—-A 0 =
as| 0 ax—4
3
(asa—A) [T ] (@ — A) +a1za21 (a33 — A) —apzazi (an —A) | =0
k=1
Let (as3 —A)(ax —A)(a;; —A) =0, i.e, A} = ass, Ay = ap and A3 = ay are the eigenvalues

of A. Another eigenvalue can be derived by solving the equation
anaz (a3 —A) —aizazi (a2 —A) =0

This implies that az3ajpaz — Aajpaz) — ajzasjaz + Aajzaz; = 0. Here, we obtain the fourth

eigenvalue of the matrix A; as

A= assajpaz) —a3azian
aziaiz —ai3asg
For the system (1.1) to be locally stable, we need to show that all the eigenvalues of matrix A;

are negative.
Recall that a;; = r— By —dixp — dax3, axp = — B —dzxy and azz = — B3 —d3x;. Since r— B <

dyxy — dyxz, —(Bo+dsx;) < 0and —(fB3 +dszx;) <0 and if
az3aindz) —a13a31a)

aziaiz —ajsas)
for all equilibrium points then the points P, are locally stable.

<0
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az3(a1n)? —an(a3)?

(a12)* — (a13)?
(a12)? — (a13)? is negative. This implies that d| — d, is negative, and as a result, this proves the

Owing to symmetry, A4 is equal to and this quantity is negative if

theorem.

4. LYAPUNOV STABILITY OF EQUILIBRIUM POINTS

In this section, we obtain the following results.

Theorem 4.1. The system (2.1) is unstable at the equilibrium point /) in the Lyapunov sense.

Proof. Since one of the eigenvalues of the Jacobian matrix Ag is positive, then the system
(2.1) is not stable at the point P .

Now, we consider other equilibrium points P, and prove the next result.

Theorem 4.2. Assume that the condition (3.1) is satisfied. The system (2.1) is then asymp-
totically stable at the points P; in the Lyapunov sense.

Proof. Let the following Jacobian matrix A; at the point P; be given as defined in condition
(3.2),1.e.

From equation (1.1), we find that u = g(¢). The solution of the remaining system of 3 variables

is calculated as follows

ail diz as
A= ay axp O s

a1 0 as3

where a;; = aij (P;) are defined by condition (3.2).

Now, consider the Lyapunov equation
4.1 BA;+AIB; = I,

where
bi1 b1y bi3
Bi= | by by bxy |- bkj :bkj (i)’bkj :bjk'
b31 b3y b33
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It is clear that
b1
BiAi - b21

b3

Tp _
AiBi=| ap

ais

from equation (4.1), we have

b1a

ba
b3

as

ann

0

b1z

b3

asz

asy

b
b3

a2

ann

b2
ba
b3

2.a11.b11 +az1.b12 +az1.b21 +azy.b13 +az by = —1,

a-bix +aiz.b11 +ax.biz +az; b +az bz =0,

ai1-biz+a3.b11 +az1.byz +asz.byz +asz; b33 =0,

ai2.bi1 +ay1.b21 +azy.byy +ax.by +az bz =0,

ai2.bip+ai.by +2.a20.bp = —1,

a12.b1z +ai3.by1 +ax.byz +aszz.by3 =0,

ai2.b11 +ay1.b31 +azy.b3z +azi.b3z +azz.bz =0,

a13.b12 +ai2.b31 +ax.b3y +azz.bzn =0,

a13.b13+a3.b31 +2.a33.b33 = —1.

11

from the above equations b;1,b> and b3 are respectively found as below. Similarly, one can

find the unknowns b»;,by3 and b33.

2 2 2 2 2 2
b11 = (an.azz.a33 + ap,.ax.azy — 2.a11.a12.a21.a22.a33 —daji1.a1z.az).azz — d11.413.d,,.431 —

2 2 2 3 2 2
2.ay1.a13.ax.a31.a33 + ap|.ay -a2.a33 + ap|.ay;.azz + ap1.a».azz + ap|.a3.az;+

2 2 2 3 2 2
2.a11.a22.a33 + apr.axp.az.azz + ap.axn.ay; + aj,.a3;.az3 + ap.dai3.az;.a.az+

3 2 2 2
aiz.ai3.az).asz;.azz — ai2.a5,.4d33z — 4d12.421.45,.433 — 4d12.421.433.dzz — Ad12.421.d3;.4d33 —

3 2 2 2 3 3 2
aip.a1.ay; + ajz.ax.az; — a13.dy;.a2.a3] — d13.05,.a3] — a13.d2.a3; — a13.d2.431.43; +

2 3 3 2, 3 2
ay)-a33 1+ ay;.a3] +ay).a33+
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a3,.03,.a33 + a3,.a3,) / (2.(a12.a21 .a33 — ay1.ax.a33 + ayz.ax.a3;)
22-U31.433 22-U33 -\d12.d21.d33 11-422.433 13.422.431 ).
2 2 2 2 2 2 _ _ .
(all.a22 + ar-ax + ap-ass + aj;-ass + azp.azs + a5,.as3 arl-alp.anq aip.-al3.asg

ap.az;.ax +2.a11.ax.a33 —a3.ai3.asz))

2 2 2 2 2 2
bip = —(a“ .az1.a22.a33 +aj.az1.a3; —ai1a12.a5,.a33 +ay1.a12.a5,.a33 +ay.ayz.a.a3; +
2 2 3
aip.apz.azp.dzy —ajpi.di].dz1.azz.dsi +a11.a21.a22.a33 —dajiz.dj1.dz1.asz;.as;s —|—a11.a21.a33—
2 2 2 2 ) 2 3
ai,-a21.a22.a33 + a12.a5,.a3; — A13.412.05,.431 + a12.05,.433 + A12.022.051 .33 + A12.422.033
2
a13.a21.a22.031.a33 — A13.021.431.a33) [ (2.(a12.a21.a33 — a11.ax2.a33 + a13.a12.asy ).
2 2 2 2 2 2 B B B
(all.a22 + ajy-ax + ay.azz + ay;.asz + axp.azz; + a,.as3 ail-ain.any ail.apz.azg

app.azi.ax +2.a11.ax.a33 —ai3.az;.asz))

2 2 2 2 2 2
b3 = —(a11.022.6131 +aj;-ax.a31.a33 +ai1.a13.a;3;.a33 +ay1.a13.a5,.a33 —a1.413.a2.a3; +
2 3 2

app.az3z.azp.dazy —dajp.dj].dz1.az2.d3] —dajp2.di].dz1.a3;.dss —|—Ll11.a22.6131 +a11.a22.a31.a33—
a3,.00).031.033 + A13.03,.022.033 + A13.05, .03, — A12.013.02] .05, + A13.05,.033 + A13.03,.0%; —
13-¢422-63]1-433 13-Up1-622-433 13-d971-U33 12-413-U42]-33 13-U9pp-U33 13-Uny-U33
a 2 - 2 _ 2
12-d21.45,.43]1 alz.azl.azz.a31.a33)/( .(alz.azl .asz3z —dajp1.dn.asjy + a13.a22.a31).(a11 -ayy +

2 2 2 2 2

aiy-ax +ai.azz +aj a3+ axp.azz +a5,.a33 —ap1.ajp.az; —a1.d13.a3p —a2.dz1.a +

2.a11.ax.a33 — a13.031.433))
Note that by ; = b ;.. Now, we clarify Lyapunov function and assume that
4.2) bk >0,k=1,2,3,4.
Consider the quadratic function
Vi (x) = XTBl'X = bllx% + bzzx% +2b1ax1x) + 2b13x1x3+

b33X§ + 2by3xx3 + 2b2gx0x4 + b44X421 4+ 2b14x1Xx4 + 2b34X3X4 =

1 4b 2 N 4b?
4.3) an (x1 + b—lzxz) + <—b22 — J) X%—F
11

1 bz \2 /(1 4b3%\
b 0 Zban — 13
1bn (x1+b11x3) + (3 33 b1 X3+

by \* (1 403\
b 4 by — 1%
11 (xl—i-bll)m) +<3 44 b x5+
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1 3b 2 /1 9b2
—by» <X2 + ﬁ)@) + (—b33 — i) xi—l—

3 b22 3 b22

L | 3bn 2+ L9\

= X2+ —x b4y — —— | xj.

3 22 2 b22 4 3 44 b22 4
1 3by \2 /(1 b3,\ » bii
—b Sl —bgy— 4 a2
3 33 (X3 + b X4) + (3 44 by X5+ > X7

From (4.3) we deduce that V; (x) > 0 when the following inequalities hold

2 2 2 2
lbzzzﬁ,lbﬁz%—w,lmzﬁ,l332%
' 1 9b3, 1 o3, . b
- 74 734 nd 2L >
3b44 by 3 by nd 2 0

Thus, V; (x) are positive definite Lyapunov functions. Now, we need to determine the domains
Q; on which V; (x) is negatively defined, see corollary 8.2 in [49]. Here, we assume that x; > 0,

k=1,2,3,4, and we will obtain conditions that construct the domain of the following inequality

: 2 oV
@5 V)= Y 5 A0 =
J

=1
2B (x) [b] + (i’— B] )xl —d1x1xp — dox1x3 — Ky (1 — eix“)} +
2B> (x) [bz — ﬁzxz —d3xpx| — k2(1 — e_x“)} +
2Bj3(x) [bg — B3x3 —daxzx; — k3 (1 — e_x“)} +2B3(x) (v(t) —dxs (1)) <0,

where

4
Bj(x)=Y bjxi j=12,34
k=1

Since by assumption x; > 0 and by > 0, equation (4.5) clearly holds, when
[bl + (r— B1)x1 —dix1xp —dpxxz — ki (1 — e_x“)} <0
[b2 — Poxa — d3xax1 —ka(1 —e™™)] <0,
[b3 — B3x3 — daxsx; —k3(1—e )] <0,
(1) —dxs (1)) <0
that is, we find the following domain such that V; (x) < 0

Q) = {x S Rj_: (r—Bl)xl —dix1x —dyx1x3 —kl(l — e_x“) < by,
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Boxo +d3xoxy + ko (1 —e™) < —bo, Baxz+daxszx; +k3(1—e ™) < —bs,

As aresult, the system (2.1) is asymptotically stable at P; for all i = 1,2,3 on the domain Q;

5. NUMERICAL STUDY

This section is devoted to numerical results and simulations of the model. In this section,
we obtained several graphs that concretely demonstrate the relationships between tumors and
immune cells with the addition of drugs. Therefore, we created a nonlinear model file to solve
a four-state system of ODEs (1.1) in the COMSOL Multiphysics 6.2a version, which is a com-
mercial numerical solver based on the finite element method (see http://www.comsol.com/). In
the Model Wizard, we selected the global ODE and DAE interface for a time-dependent study.
We describe parameters with the values and define the model variables B, N, T, and u and
related equations with initial values in accordance with f(u,u;,u,,t), which accepts nonlinear
ODE:s in implicit form. Next, in the time-dependent setting window, we arrange the output
times to [0, 3], [0,2], [0, 1] with a step size of 0.1. The parameter values of the system are given

in Table 1. As the final step, the computation yields the following figures.
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Smaller tumor size B(0)=10"7 : Maoderate NK Cells response with no treatment
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FIGURE 1. Comparison of two different tumor sizes
In Figure (1), we compare tumor cells B(¢) and NK immune cells N(¢) under no drug addition
or no treatment. The first graphic demonstrates a moderate response of NK cells to the smaller
initial tumor with B(0) = 107, but the second graphic shows a stronger response to a larger

initial tumor with B(0) = 10%. In both cases, the initial values are N(0) = 10% and T(0) = 10°.
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Healthy patient: Tumor response to parameter change
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FIGURE 2. Comparison of two different immune systems

In figure (2), we match the tumor responses to the parameter 3 change. In the first graph, the

tumor is killed by a healthy immune system with 3 = 0.02. In the second, we set f3 =9.12

and the unhealthy immune system does not survive. The initial values in both pictures are

B(0) =107, N(0) = 108 and T(0) = 10°.
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No treatment: no chemo-drug addition
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FIGURE 3. Comparison of tumor responses with drug addition and without
drug addition
In figure (3), the first graphic illustrates tumor cells and NK Cells response without
chemo-drug addition, i.e, initial drug concentration u(0) = 0 and chemo-dose v(¢) = 0. In the

second graph, we arrange u(0) = 10°, v(¢) = 10, and the tumor decays to 0 in time.
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Parameter | Value
r—PB 0.431
by 0.05
by 0.05
b3 0.1
B2 0.0412
B3 0.02
dy 7.13E-10
d> 1.3218E-5
d3 1E-7
dy 3.42E-10
ki 0.9
ky 0.6
k3 0.6
d 0.9
v(t) 10

TABLE 1. Values of model parameters from the source [29]

6. DISCUSSION AND CONCLUSION

In this work, we develop a new nonlinear mathematical ODE model that formulates the
interaction between chronic lymphocytic leukemia disease involving B cells and the immune
system under drug addition. We first prove that the system is dissipative and hence the model is
biologically durable. To determine the stability properties and find equilibrium points, we lin-
earize the nonlinear ODE system and obtain stability and instability conditions of the solution,
which are also in the Lyapunov sense. In the numerical study section, we analyze six different
situations and compare them pair by pair on the basis of tumor size, a parameter change, and
drug addition. The response of NK cells to different tumor cell counts was investigated, and

the results are shown was in Figure (1). In Figure (2), we play with a parameter to match the
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healthy and unhealthy patients. In Figure (3), a chemical drug is added to the system, and we
analyze the tumor response to the drug under initial conditions.
In future studies, we plan to focus on the validity and practicality of the constructed model

through empricial observations.
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