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Abstract. The local bifurcation phenomena in a nonlinear ecosystem model incorporating toxicity effects and species' 

self-defense strategies are explored in this work. The influence of the ecological parameters on the stability of the 

equilibrium point is investigated. Bifurcation analysis has significant importance because it reveals the changes that 

occur at the equilibrium points, as well as how specific parameters affect the system. This paper achieved sufficient 

conditions that ensure the appearance of local bifurcation (LB), pitchfork bifurcation (PFB), transcritical bifurcation 

(TB), saddle-node bifurcation (SNB), and Hopf bifurcation (HB) of the system, which consists of prey, middle 

predator, and top predator with toxin effects and self-defense in the ecosystems. Sotomayor's theorem and Hopf 

bifurcation conditions help characterize the system's sensitivity to parameter variations. We observed that near the 

first equilibrium point, PFB occurs. At the free top predator equilibrium points, there is TB, and for the positive 

equilibrium points, there is SNB.  HB close to the positive equilibrium point has also been studied. Numerical analysis 

is employed to validate the primary theoretical findings and to illustrate how alterations in parameters have a 

substantial impact on maintaining biodiversity and ecological balance. 
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INTRODUCTION 

Nonlinear differential equations are analysed by dynamical systems to find their fixed points and 

stability.  Although maintaining system stability is essential, the stability of these fixed points can 

be changed by specific characteristics.  We call this phenomenon bifurcation. Bifurcation analysis 

is essential to know the type of change in solutions. For example, a bifurcation occurs when the 

behaviour of a stable fixed point changes to become another stable point, or fixed points are created 

or destroyed. There are many types of bifurcation. The SNB occurs when two fixed points appear 

or are killed, a TB takes place when two fixed points swap their stabilities, and the PFB occurs in 

many models where a fixed point changes into three fixed points due to the effect of certain 

parameters. The HB occurs when an equilibrium point has two pairs of purely imaginary 

eigenvalues. It is especially useful in disciplines such as biology, engineering, physics, and 

economics, as changes in parameter values often reveal unexpected behavior in complex systems. 

Therefore, bifurcation can be applied in many fields [1-4]. 

For the importance of bifurcation, many researchers in the biology field, such as Zhang and Luo 

[5] studied a Leslie-type predator-prey model that incorporates prey harvesting and group defense. 

They delved into the system’s dynamics by analyzing SNB and HB around the equilibrium points. 

Aldosary and Ahmed [6] studied a discrete-time prey-predator system and recognized that it 

exhibits chaotic behavior using a good constant technique with maximum Lyapunov graphs and 

bifurcation diagrams. Naik et al. [7] investigated the specific significance of Neimark-Sacker and 

period-doubling bifurcations in discrete-time prey-predator models. Li et al. [8] investigated the 

Allee effect and maturation delay in the prey population with a delay in the predator population. 

They found that at the tipping point, an SNB occurs, and an HB occurs when delays cross the 

curves from a stable to an unstable region.  Almatrafi and Berkal [9] studied the Neimark-Sacker 

bifurcation and a period-doubling bifurcation on a predator-prey model with the Allee effect. Gros 

[10] introduced important concepts, including bifurcations and global bifurcations, among others.  
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Many researchers have studied the bifurcation in the physical field. Tang et al. [11] studied the 

bifurcation for a model that arises from the connection of nonlinear fiber optics and was also 

improved by integrating the model along the periodic orbits. That improves the singularly periodic 

solutions [12-13].   

Ecosystems are complex networks of living organisms that interact with their environment and 

with one another to maintain a delicate balance essential for survival.  Toxicology plays a crucial 

role in these systems, serving as a defense mechanism and a regulatory element that influences the 

relationships between species.  Many species produce toxins to fend off predators, outcompete 

rivals, or guard against infections, but some have evolved resistance or counterstrategies to lessen 

the effects of toxins.  The dynamic interplay between dangerous substances and self-defense 

systems, which alters food chains, population dynamics, and ecological stability, highlights the 

intricate adaptations that preserve biodiversity [12-15]. Majeed and Kadhim [16] investigated the 

conditions for the appearance of HB at the positive equilibrium point in a food chain model 

comprising three species, considering the harvest effect on the middle predator and the toxic effects 

of all species.  

Ultimately, this paper's main significant contributions are summarized as follows: investigating 

the equilibrium states analysis and their stability conditions within the ecological system. The local 

bifurcation methods have been studied to determine extinction, prey-only survival, prey-middle 

predator coexistence, and full coexistence scenarios. Important ecological parameters that have a 

direct impact on ecosystem dynamics and stability have been identified, including predator 

harvesting rates, mortality from environmental toxicity, and food conversion rates between species. 

Finally, numerical validation via simulations is employed to validate the theoretical hypotheses 

and demonstrate the real-world effects of parameter changes on biodiversity, species interactions, 

and ecological stability, with a focus on the toxicity effect and self-defense strategies. 

The remaining parts of this work are organized as follows: Section 2 presents the dynamical model 

that describes the interactions between prey, the middle predator, and the top predator, as presented 
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in [17].  Section 3 discusses the bifurcation, including its local and global analysis, as well as the 

existence of equilibrium points. Section 4 discusses numerical simulations used to validate the 

theoretical results, focusing on local and Hopf bifurcation conditions. Finally, Section 5 concludes 

the work by discussing the obtained results.  

2.  DYNAMICAL MODEL [17] 

The model that has been suggested, which contains one prey 𝑍1(𝑇), middle predators 𝑍2(𝑇) and 

top predator 𝑍3(𝑇), of population density at the time T respectively. The parameters are: 𝑎1 > 0 is 

the growth rate of the population prey, 𝑎2 > 0  is what the environment provides as living 

requirements for the prey, 0 < 𝑎3, 𝑎6 < 1 are the maximum predation rates of a middle predator 

on the prey and top predator on the middle predator, respectively. 𝑎4, 𝑎10, 𝑎13 ∈ (0,1) are the rate 

of susceptibility of the prey to environmental toxicity, and the rate of toxicity of the middle and 

the top predator, respectively. 𝑎5, 𝑎11  ∈ (0,1) are food translation rates when the middle predator 

devours the prey and when the top predator preys on the middle predator, respectively. 𝑎7 ∈ (0,1)  

is a half-saturation constant of the middle predator, and finally, 𝑎8 is the defense efficiency of the 

middle predator.   

By differential equations, which are first-order and nonlinear, the dynamical system has been 

suggested with the above assumptions as follows: 

𝑑𝑍1
𝑑𝑇

= 𝑎1𝑍1 (1 −
𝑍1
𝑎2
) − 𝑎3𝑍1𝑍2 − 𝑎4𝑍1

2 = 𝑓1(𝑍1, 𝑍2, 𝑍3)

             
𝑑𝑍2
𝑑𝑇

= 𝑎5𝑍1𝑍2 −
𝑎6𝑍2𝑍3

𝑎7 + 𝑎8𝑍2
2  − 𝑎9𝑍2 − 𝑎10𝑍2

2𝑍3 = 𝑓2(𝑍1, 𝑍2, 𝑍3)

𝑑𝑍3
𝑑𝑇

=
𝑎11𝑍2𝑍3

𝑎7 + 𝑎8𝑍2
2 − 𝑎12𝑍3 − 𝑎13𝑍2𝑍3

2 = 𝑓3(𝑍1, 𝑍2, 𝑍3)
}
  
 

  
 

                   (1) 

where 𝑍1(0) ≥ 0 , 𝑍2(0) ≥ 0  and 𝑍3(0) ≥ 0 . Table 1 shows a summary of equilibrium points 

and their stability. 
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Table 1:  Summary of Equilibrium Points 

Stability Condition Biological Interpretation Equilibrium Point 

Always unstable No species survive 𝑀0 (Extinction) 

 

Only prey survives 

 

𝑀1 (Prey-only) 

 

 

Prey and middle 

predators coexist  

 

        𝑀2 (Prey –Middle 

Predator)  

 

 

All species coexist 

 

𝑀3(Full coexistence) 

 

 

3. BIFURCATION 

In this section, Sotomayer's theorem [18] to verify the following bifurcation conditions, is utilized 

and as follows: 

For SNB  Ψ𝑇𝑓𝜇(𝑥
∗, 𝜇0) ≠ 0 , Ψ

𝑇[𝐷2𝑓(𝑥∗, 𝜇0)(𝑉 , 𝑉)] ≠ 0  . 

For TB Ψ𝑇𝑓𝜇(𝑥
∗, 𝜇0) = 0 , Ψ𝑇[𝐷𝑓𝜇(𝑥

∗, 𝜇0)𝑉] ≠ 0,Ψ
𝑇[𝐷2𝑓(𝑥∗, 𝜇0)(𝑉 , 𝑉)] ≠ 0. 

For PFB Ψ𝑇𝑓𝜇(𝑥
∗, 𝜇0) = 0 , Ψ𝑇[𝐷𝑓𝜇(𝑥

∗, 𝜇0)𝑉] ≠ 0,   Ψ𝑇[𝐷2𝑓(𝑥∗, 𝜇0)(𝑉 , 𝑉)] = 0 , 

Ψ𝑇[𝐷3𝑓(𝑥∗, 𝜇0)(𝑉 , 𝑉 , 𝑉)] ≠ 0. 

Where  𝑥∗ is an equilibrium point, 𝜇 = 𝜇0 is the bifurcation parameter, 𝑉 is an eigenvector for the 

Jacobian matrix 𝐽, Ψ is an eigenvector for the matrix 𝐽𝑇. 

3.1 The analysis of local bifurcation 

The appearance of LB close to the three equilibrium points of system (1) has been studied using 

Sotomayor's theory. 
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The Jacobian matrix [17] of the system (1) is given as: 

𝐽𝑖 = [𝑆̂𝑖𝑗]3×3,                                                                                                                                          
(2)  

where  𝑖, 𝑗 = 1,2,3 and 𝑆̂11 = 𝑎1 − 2𝑍1 (𝑎4 −
𝑎1

𝑎2
) − 𝑎3𝑍2 , 𝑆̂12 = −𝑎3𝑍1 , 𝑆̂13 = 0 , 

 𝑆̂21 = 𝑎5𝑍2 , 𝑆̂22 = 𝑎5𝑍1 − 𝑎9 − 2𝑎10𝑍2𝑍3 −
𝑎6𝑍3(𝑎7 − 𝑎8𝑍2

2)

(𝑎7 + 𝑎8𝑍2
2)2

 ,  

𝑆̂23 = −𝑍2 (
𝑎6

𝑎7 + 𝑎8𝑍2
2 + 𝑎10𝑍2) , 𝑆̂31 = 0 , 𝑆̂32 = 𝑍3 [

𝑎11(𝑎7 − 𝑎8𝑍2
2)

(𝑎7 + 𝑎8𝑍2
2)2

− 𝑎13𝑍3]  , 

𝑆̂33 =
𝑎11𝑍2

𝑎7 + 𝑎8𝑍2
2 − 𝑎12 − 2𝑎13𝑍2𝑍3.  

Clearly, for any nonzero vector 𝐾̆ = (𝐾̆1, 𝐾̆2, 𝐾̆3)
𝑇
 

𝐷𝐹(𝑋̃, 𝜇)𝐾̆ = [𝑁̆𝑖1]3×1,                                                                                                                        (3) 

Where 𝑋̃ = (𝑍1, 𝑍2, 𝑍3) , 𝜇 be any parameter that causes bifurcation, 

𝑁̆11 = [𝑎1 − 2𝑍1 (𝑎4 −
𝑎1
𝑎2
) − 𝑎3𝑍2] 𝐾̆1 − 𝑎3𝑍1𝐾̆2,  

𝑁̆21 = 𝑎5𝑍2𝐾̆1 + [𝑎5𝑍1 − 𝑎9 − 2𝑎10𝑍2𝑍3 −
𝑎6𝑍3(𝑎7 − 𝑎8𝑍2

2)

(𝑎7 + 𝑎8𝑍2
2)2

]𝐾̆2

− 𝑍2𝐾̆3 (
𝑎6

𝑎7 + 𝑎8𝑍2
2 + 𝑎10𝑍2),  

𝑁̆31 = 𝑍2𝐾̆2 [
𝑎11(𝑎7 − 𝑎8𝑍2

2)

(𝑎7 + 𝑎8𝑍2
2)2

− 𝑎13𝑍3] + [
𝑎11𝑍2

𝑎7 + 𝑎8𝑍2
2 − 𝑎12 − 2𝑎13𝑍2𝑍3]𝐾̆3, 

and 𝐷2𝐹(𝑋̃, 𝜇)(𝐾̆, 𝐾̆) = [𝑀̂𝑖1]3×1,                                                                                                      (4)    

where: 

𝑀̆11 = −2(𝑎4 −
𝑎1
𝑎2
) 𝐾̆1

2 − 2𝑎3𝐾̆1𝐾̆2,  

𝑀̆21 = −[2𝑎10𝑍3 +
2𝑎6𝑎8𝑍2𝑍3[2(𝑎7 + 𝑎8𝑍2

2) − 1]

(𝑎7 + 𝑎8𝑍2
2)3

𝐾̆2
2 − [2𝑎10𝑍2

+
𝑎7(1 − 𝑎6) + 𝑎8𝑍2

2(1 − 3𝑎6)

(𝑎7 + 𝑎8𝑍2
2)2

]𝐾̆2𝐾̆3, 
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𝑀̆31 =
−𝑎8𝑎11𝑍2𝑍3[(𝑎7 + 𝑎8𝑍2

2)2 + (𝑎7 − 𝑎8𝑍2
2)2]

(𝑎7 + 𝑎8𝑍2
2)4

𝐾̆2
2 − 2𝑎13𝑍2𝐾̆3

2

+ [
2𝑎11(𝑎7 − 𝑎8𝑍2

2)2

(𝑎7 + 𝑎8𝑍2
2)2

− 4𝑎13𝑍3] 𝐾̆2𝐾̆3. 

and 𝐷3𝐺(𝑋̃, 𝜇)(𝐾̆, 𝐾̆, 𝐾̆) = [𝑃̂𝑖1]3×1,             

where 𝑃̆11 = 0, 𝑃̆21 = 𝛿1𝐾̆2
3 − (𝛿2 + 𝛿3)𝐾̆2

2𝐾̆3, 𝑃̆31 = 𝛿4𝐾̆2
3 − 6𝑎13𝐾̆2𝐾̆3

2 − (𝛿5 − 𝛿6)𝐾̆2
2𝐾̆3. 

Here 𝛿1 =
2𝑎6𝑎8𝑍3(2𝑎7−6𝑎8𝑍2

2−1)[𝑎7−5𝑎8𝑍2
2]

(𝑎7+𝑎8𝑍2
2)
4  , 𝛿2 = 2𝑎10 +

2𝑎8𝑍2[𝑍2(1−3𝑎6(1+2𝑎8𝑍2))−2𝑎6𝑎7]

(𝑎7+𝑎8𝑍2
2)
2  , 

𝛿3 = −[2𝑎10𝑍3 +
2𝑎6𝑎8𝑍2[2(𝑎7 − 𝑎8𝑍2

2) − 1]

(𝑎7 + 𝑎8𝑍2
2)3

] , 

 𝛿4 =
−𝑎8𝑎11𝑍3[(𝑎7 + 𝑎8𝑍2

2)2 − (𝑎7 + 3𝑎8𝑍2
2) − 1]

(𝑎7 + 𝑎8𝑍2
2)4

+
2𝑎8

2𝑎11𝑍2
2𝑍3[(𝑎7 + 𝑎8𝑍2

2)2 + (𝑎7 − 𝑎8𝑍2
2)]

(𝑎7 + 𝑎8𝑍2
2)5

 , 

 𝛿5 =
4𝑎8𝑎11𝑍2[1+𝑎7−𝑎8𝑍2

2]

(𝑎7+𝑎8𝑍2
2)
3  , 𝛿6 = −

2𝑎8𝑎11𝑍2[(𝑎7+𝑎8𝑍2
2)
2
+(𝑎7−𝑎8𝑍2

2)]

(𝑎7+𝑎8𝑍2
2)
4  . 

In the following theorems, the LB conditions close to the three equilibrium points have been 

determined. Table 2 helps identify the exact parameters where bifurcations occur and their impact 

on stability. 

Table 2: The parameters' effect on the system behavior 

parameters Equilibrium point Meaning Bifurcation Type Effect on System Behavior 

𝑎9 𝑀1 The middle predator's 

harvesting rate 

PFB Alter stability hierarchy 

𝑎12 𝑀2 top predator's mortality 

rate 

TB Triggers oscillations 

𝑎5 𝑀3 conversion rate of food 

from the prey to the 

middle predator 

SNB Creates equilibria 

𝑎11 𝑀3 conversion rate of food 

from the middle 

predator to the top 

predator 

HB Introduces a new 

equilibrium 
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In the following theorem, the effect of the harvest rate a9 on the stability of the point 𝑀1 was 

studied under some conditions. 

Theorem 3.1: Let the conditions of local stability [17] shown in Table 1 hold with  

𝑎1 ≠ 2𝑍1 (
𝑎1

𝑎2
+ 𝑎4),                                                                                                                        (5)  

Then the system (1) at 𝑀1 = (𝑍1, 0,0) with 𝑎̌9 = 𝑎5𝑍1 has PFB, which occurs at 𝑀1. 

Proof: Let Eq. (2) of the system (1) at 𝑀1 has 𝜆 = 0 (say 𝜆2𝑧1 = 0) at 𝑎̌9 = 𝑎9 > 0. System's (1) 

Jacobian matrix with 𝑎̌9 = 𝑎9 becomes: 

𝐽1 = 𝐽(𝑀1, 𝑎̌9) = [

𝑎1 − 2𝑍1(
𝑎1
𝑎2
+ 𝑎4) −𝑎3𝑍1 0

0 0 0
0 0 −𝑎12

],   

Now, let 𝐾̂[1] = (𝐾̂1
[1], 𝐾̂2

[1], 𝐾̂3
[1])

𝑇

be the eigenvector of 𝐽1 for 𝜆2𝑍1 = 0.  

Thus  (𝐽1 − 𝜆2𝑍1𝐼)𝐾̂
[1] = 0 , which gives:  𝐾̂[1] = (𝐾̂1

[1], 𝜇1𝐾̂1
[1], 0)

T

 where 𝐾̂1
[1] ≠ 0  any real 

number and 𝜇1 =
1

𝑎3
 [𝑎1 − 2𝑍1(

𝑎1

𝑎2
+ 𝑎4)]. 

Let 𝜓̂[1] = (𝜓̂1
[1], 𝜓̂2

[1], 𝜓̂3
[1])

𝑇

 be the eigenvector of (𝐽1)
𝑇
for 𝜆2𝑍1 = 0.  

Let ((𝐽1)
𝑇
− 𝜆2𝑍1𝐼) 𝜓̂

[1] = 0, then  𝜓̂[1] = (0, 𝜓̂2
[1], 0)

T

, 𝜓̂2
[1] ≠ 0, 𝜓̂2

[1] ∈ 𝑅. 

Now, consider:  

𝜕𝑓

𝜕𝑎9
= 𝑓𝑎9(𝑋̃, 𝑎9) = (

∂𝑓̂1

∂𝑎9
,
∂𝑓̂2

∂𝑎9
,
∂𝑓̂3

∂𝑎9
)
T

= (0, −𝑍2, 0)
T. 

 So,  𝑓𝑎9(𝑀1, 𝑎̌9) = (0,0,0)T and hence (𝜓̂[1])
𝑇
𝑓𝑎9(𝑀1, 𝑎̌9) = 0. 

Therefore, at 𝑀1, the SNB condition cannot occur based on Sotomayor’s theorem. Now the TB's 

first condition can be applied as follows:  

 𝐷𝑓𝑎9(𝑋̃, 𝑎9) = [
0 0 0
0 −1 0
0 0 0

], where it is the derivative of 𝑓𝑎9(𝑋̃, 𝑎9) for 𝑋̃ = (𝑍1, 𝑍2, 𝑍3)
𝑇. So, 
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𝐷𝑓𝑎9(𝑀1, 𝑎̌9)𝐾̂
[1] = [

0 0 0
0 −1 0
0 0 0

] [

0

𝜇1𝐾̂1
[1]

0

] = [

0

−𝜇1𝐾̂1
[1]

0

], hence 

(𝜓̂[1])
T
[𝐷𝑓𝑎9(𝑀1, 𝑎̌9)𝐾̂

[1]] = −𝜇1𝐾̂1
[1]𝜓̂2

[1] ≠ 0 if condition (5) holds. 

Now by substituting 𝐾̂[1] in Eq. (3) get:  

𝐷2𝑓𝑎9(𝑀1, 𝑎̌9)(𝐾̂
[1], 𝐾̂[1]) = [

𝜇2 (𝐾̂1
[1])

2

0
0

], where  𝜇2 = −2[(𝑎4 −
𝑎1

𝑎2
) + 𝑎3𝜇1]. 

Thus  (𝜓̂[1])
T
[𝐷2𝑓𝑎9(𝑀1, 𝑎̌9)(𝐾̂

[1], 𝐾̂[1])] = 0  at 𝑀1  with 𝑎̌9 = 𝑎9 has no TB according to 

Sotomayor’s theorem. Now by, substituting  𝐾̂[1] in Eq. (4), we get:   

𝐷3𝑔(𝑀1, 𝑎̌9)(𝐾̂
[1], 𝐾̂[1], 𝐾̂[1]) = [

0

𝜇1
5 (𝐾̂1

[1])
5

0

] ,  

Hence,  (𝜓̂[1])
T
[𝐷3𝑔(𝑀1, 𝑎̌9)(𝐾̂

[1], 𝐾̂[1], 𝐾̂[1])] = 𝜇1
5 (𝐾̂1

[1])
5

𝜓̂2
[1] ≠ 0 , if condition (5) holds. 

Therefore, at 𝑀1 with 𝑎̌9 = 𝑎9 system (1) has PFB, which means the harvest rate 𝑎̌9 = 𝑎9 affected 

the stability of the point 𝑀1. Therefore, the PEF has appeared. 

In the following theorem, the effect of the top predator mortality rate 𝑎12 (due to poisoning) on 

the point 𝑀2 was studied. 

Theorem 3.2: Assume that the following conditions, with the conditions mentioned in Table 1, 

are held. 

𝑎1 > 2𝑍1 (
𝑎1
𝑎2
+ 𝑎4) + 𝑎3𝑍2 ,                                                                                            (6)  

𝑎9 < 𝑍1,                                                                                                                                 (7) 

𝑎7 < 𝑎8𝑍2
2,                                                                                                                            (8)  

𝑏5 ≠ 0 ,                                                                                                                                  (9) 

Then the system (1) at 𝑀2 = (𝑍1, Z̿2, 0) with 𝑎̌12 = 𝑎12 =
𝑎11𝑍2

𝑎7+𝑎8𝑍2
2has only TB. 

Proof: Let Eq. (2) of the system (1) at 𝑀2 has 𝜆 = 0 (say 𝜆2𝑍2 = 0) at 𝑎̌12 = 𝑎12.  
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Jacobian matrix 𝐽2(𝑀2) with 𝑎̌12 = 𝑎12 becomes  𝐽(𝑀2, 𝑎̌12), such that, 

𝐽2 = 𝐽(𝑀2, 𝑎̌12) =

[
 
 
 
 𝑎1 − 2𝑍1(

𝑎1
𝑎2
+ 𝑎4) − 𝑎3𝑍2 −𝑎1𝑍1 0

𝑎5𝑍2 𝑎5𝑍1 − 𝑎9 −𝑍2 (
𝑎6

𝑎7 + 𝑎8𝑍2
2 + 𝑎10𝑍2)

0 0 0 ]
 
 
 
 

,   

Now, let 𝐾̌[2] = (𝐾̌1
[2], 𝐾̌2

[2], 𝐾̌3
[2])

𝑇

be the eigenvector of 𝐽2 for 𝜆2𝑍2 = 0.  

Thus (𝐽2 − 𝜆2𝑍2𝐼)𝐾̌
[2] = 0, which gives: 𝐾̌[2] = (𝐾̌1

[2]
, 𝑏1𝐾̌1

[2]
, 𝑏2𝐾̌1

[2]
)
𝑇

where 𝐾̌1
[2]
≠ 0 any real 

number and  𝑏1 =
𝑎1−2𝑍1(

𝑎1
𝑎2
+𝑎4)−𝑎3𝑍2

𝑎1𝑍1
 , 𝑏2 =

(𝑎7+𝑎8𝑍2
2)

𝑍2[𝑎6+𝑎10𝑍2(𝑎7+𝑎8𝑍2
2)]
[𝑎5𝑍2 + 𝑏1(𝑍1 − 𝑎9)]. 

For (𝐽2)
𝑇
 let the eigenvector be 𝜓̌[2] = (𝜓̌1

[2], 𝜓̌2
[2], 𝜓̌3

[2])
𝑇

  and 𝜆2𝑍2 = 0, we get  

((𝐽2)
𝑇
− 𝜆2𝑍2𝐼) 𝜓̌

[2] = 0. So, 𝜓̌[2] = (0,0, 𝜓̌3
[2])

𝑇

, 𝜓̌3
[2] ≠ 0 , 𝜓̌3

[2] ∈ 𝑅. 

Let  
𝜕𝑓

𝜕𝑎12
= 𝑓𝑎12(𝑋̃, 𝑎12) = (

∂𝑓̂1

∂𝑎12
,
∂𝑓̂2

∂𝑎12
,
∂𝑓̂3

∂𝑎12
)
T

= (0,0, −𝑍3)
T. 

 Therefore,  𝑓𝑎12(𝑀2, 𝑎̌12) = (0,0,0)T and (𝜓̌[2])
𝑇
𝑓𝑎12(𝑀2, 𝑎̌12) = 0. 

Thus, at 𝑀2 by the condition of the Sotomayor theorem, SNB cannot occur. But the first condition 

of the Sotomayor theorem for TB is proved, as follows: 

For 𝑋̃ = (𝑍1, 𝑍2, 𝑍3)
𝑇 , 𝐷𝑓𝑎12(𝑋̃, 𝑎̌12) = [

0 0 0
0 0 0
0 0 −1

],  where 𝐷𝑓𝑎12(𝑋̃, 𝑎̌12)  is the derivative of 

𝑓𝑎12(𝑋̃, 𝑎̌12) .  

Additionally, it observes that  

𝐷𝑓𝑎12(𝑀2, 𝑎̌12)𝐾̌
[2] = [

0 0 0
0 0 0
0 0 −1

] [

𝐾̌1
[2]

𝑏1𝐾̌1
[2]

𝑏2𝐾̌1
[2]

] = [

0
0

−𝑏2𝐾̌2
[2]
], hence 

(𝜓̌[2])
T
[𝐷𝑓𝑎12(M2, 𝑎̌12)𝐾̌

[2]] = −𝑏2𝐾̌2
[2]𝜓̌2

[2] ≠ 0, if condition (6) holds. 

Furthermore, by substituting 𝐾̌[2] in Eq. (3), we get:  
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𝐷2𝑓𝑎12(𝑀2, 𝑎̌12)(𝐾̌
[2], 𝐾̌[2]) =

[
 
 
 
 
 𝑏3 (𝐾̌1

[2])
2

𝑏4 (𝐾̌1
[2])

2

𝑏5 (𝐾̌1
[2])

2

]
 
 
 
 
 

,  

where,  𝑏3 = −2 [𝑎4 −
𝑎1

𝑎2
+ 𝑎3𝑏1] , 𝑏4 = [

𝑎7(1−𝑎6)+𝑎8𝑍2
2(1−3𝑎6)

(𝑎7+𝑎8𝑍2
2)
2 − 2𝑎10𝑍2] 𝑏1𝑏2 , and 

 𝑏5 =
2𝑎11(𝑎7−𝑎8𝑍2

2)𝑏1𝑏2

(𝑎7+𝑎8𝑍2
2)
2 − 2𝑎13𝑏2

2 . 

Thus (𝜓̌[2])
T
[𝐷2𝑓𝑎12(M2, 𝑎̌12)(𝐾̌

[2], 𝐾̌[2])] = 𝑏5 (𝐾̌1
[2])

2

𝜓̌3
[2] ≠ 0 If the conditions (6-9) are met. 

Therefore, at 𝑀2  with 𝑎̌12 = 𝑎12  system (1) has TB, but PFB cannot occur according to 

Sotomayor’s theorem. So, the top predator death rate 𝑎̌12 = 𝑎12 (due to poisoning) was affecting 

the point 𝑀2 causing it to fluctuate in its stability. 

In the following theorem, the effect of the conversion rate of food from the prey to the middle 

predator on the stability of the point 𝑀3 was studied. 

Theorem 3.3: Assume that the local stability conditions given in Table 1, with the condition 

𝑍2 ≠ 𝑐1𝑍3, is held, where 𝑐1 =
−𝑍1

𝑎3𝑍2
(
𝑎1

𝑎2
+ 𝑎4). Then system (1) has only SNB occur at 𝑀3 =

(𝑍1, 𝑍2, 𝑍3) with the parameter 𝑎̿5 = 𝑎5 =
1

𝑍1
[𝑎9 + 2𝑎10𝑍2𝑍3 −

𝑎6𝑍3(𝑎7−𝑎8𝑍2
2)

(𝑎7+𝑎8𝑍2
2)
2 ]. 

Proof: Eq. (2) of the system (1) at 𝑀3 has 𝜆 = 0 (say 𝜆3𝑍3 = 0) at 𝑎̿5 = 𝑎5, Therefore, 

 𝐽3̿ = 𝐽(𝑀3, 𝑎̿5) =

[
 
 
 
 
 −𝑍1 (

𝑎1

𝑎2
+ 𝑎4) −𝑎3𝑍2 0

𝑍2

𝑍1
[𝑎9 + 2𝑎10𝑍2𝑍3 +

𝑎6𝑍3
∗(𝑎7−𝑎8𝑍2

2)

(𝑎7+𝑎8𝑍2
2)
2 ] 0 −𝑍2 (

𝑎6

𝑎7+𝑎8𝑍2
2 + 𝑎10𝑍2)

0 𝑍3 (
𝑎11(𝑎7−𝑎8𝑍2

2)

(𝑎7+𝑎8𝑍2
2)
2 − 𝑎13𝑍3) −𝑎13𝑍2𝑍3 ]

 
 
 
 
 

,  

Now, for 𝐽3̿, let the eigenvector be  𝐾̿[3] = (𝐾̿1
[3], 𝐾̿2

[3], 𝐾̿3
[3])

𝑇

 for 𝜆3𝑍3 = 0.  

Thus (𝐽3̿ − 𝜆3𝑍3𝐼)𝐾̿
[3] = 0, which gives:  𝐾̿[3] = (𝐾̿1

[3], 𝑐1𝐾̿1
[3], 𝑐2𝐾̿1

[3])
𝑇

 where 𝐾̿1
[3] ≠ 0 be any 

real number and   𝑐1 = −
𝑍1

𝑎3𝑍2
(
𝑎1

𝑎2
+ 𝑎4) , 𝑐2 =

𝑐1

𝑎13𝑍2
[
𝑎11(𝑎7−𝑎8𝑍2

2)

(𝑎7+𝑎8𝑍2
2)
2 − 𝑎13𝑍3]. 
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Let 𝜓̿[3] = (𝜓̿1
[3], 𝜓̿2

[3], 𝜓̿3
[3])

𝑇

 be the eigenvector of (𝐽3̿)
𝑇
for 𝜆3𝑍3 = 0,we get  

 ((𝐽3̿)
𝑇
− 𝜆3𝑍3𝐼) 𝜓̿

[3] = 0 . Let 𝜓̿[3] = (𝑐3𝜓̿1
[3], 𝑐4𝜓̿3

[3], 𝜓̿3
[3])

𝑇

, where  𝜓̿3
[3] ≠ 0  be any real 

number and 𝑐3 =
𝑍3

𝑎13𝑍2
[
𝑎11(𝑎7−𝑎8𝑍2

2)

(𝑎7+𝑎8𝑍2
2)
2 − 𝑎13𝑍3],  𝑐4 =

−𝑎13𝑍2𝑍3

𝑍1(
𝑎6

𝑎7+𝑎8𝑍2
2+𝑎10𝑍2)

. 

Now, consider:  

𝜕𝑓

𝜕𝑎5
= 𝑓𝑎5(𝑋̃, 𝑎5) = (

∂𝑓̂1

𝜕𝑎5
,
∂𝑓̂2

𝜕𝑎5
,
∂𝑓̂3

𝜕𝑎5
)
T

= (0, 𝑍1𝑍2, 0)
T. 

 So,  𝑓𝑎5(𝑀3, 𝑎̿5) = (0, 𝑍1𝑍2, 0)
T and hence (𝜓̿[3])

𝑇
𝑓𝑎5(𝑀3, 𝑎̿5) = 𝑐4𝑍1𝑍2𝜓̿3

[3] ≠ 0. 

Now, 𝐷𝑓𝑎5(𝑋̃, 𝑎5) = [
0 0 0
𝑍2 𝑍1 0
0 0 0

] where it is the derivative of 𝑓𝑎5(𝑋̃, 𝑎5) for  𝑋̃ = (𝑍1, 𝑍2, 𝑍3)
𝑇.  

Further, it is observed that  

𝐷𝑓𝑎5(𝑀3, 𝑎̿5)𝐾̿
[3] = [

0 0 0
𝑍2 𝑍1 0
0 0 0

] [

𝐾̿1
[3]

𝑐1𝐾̿1
[3]

𝑐2𝐾̿1
[3]

] = [

0

(𝑍2 + 𝑐1𝑍1)𝐾̿1
[3]

0

]. 

Therefore, (𝜓̿[3])
T
[𝐷𝑓𝑎5(𝑀3, 𝑎̿5)𝐾̿

[3]] = 𝑐4(𝑍2 + 𝑐1𝑍1)𝐾̿1
[3]𝜓̿3

[3] ≠ 0 . 

Thus, for 𝑀3 according to the Sotomayor theorem, SNB can appear if condition (10) holds. It was 

found that the conversion rate of food from the prey to the middle predator 𝑎̿5 = 𝑎5 creates and 

destroys the point 𝑀3.  

3.2 The analysis of Hopf Bifurcation 

The HB appearance has been studied according to the Haque and Venturino methods [19] for the 

positive equilibrium point of system (1) for 𝑛 = 3 as below:     

𝑃4(𝜆) = 𝜆
3 + 𝐴1𝜆

2 + 𝐴2𝜆 + 𝐴3 = 0, 

Let the HB's first condition satisfies if and only if  𝐴𝑖 > 0 ;  𝑖 = 1 ,2.         ∆= 𝐴1𝐴2 − 𝐴3 = 0.   

Then, the characteristic equation becomes:   

𝑃3(𝜆) = (𝜆 + 𝐴1)(𝜆
2 + 𝐴2) = 0 .                                                                                                  (11) 
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In Eq. (11), three roots have appeared;  𝜆 = −𝐴1 and  𝜆1,2 = ±𝑖√ 𝐴2  .  

To demonstrate the transversal condition of HB, by replacing  𝜆(𝜇) = 𝜗1(𝜇) ∓ 𝑖𝜗2(𝜇)  into 

Eq. (11), then differentiate for 𝜇, 𝑃3
′(𝜆(𝜇)) = 0, to find the real and imaginary parts, have: 

𝜑∗(𝜇)𝜗1
′(𝜇) − 𝛷∗(𝜇)𝜗2

′ + 𝜃∗(𝜇) = 0,      

𝛷∗(𝜇)𝜗1
′(𝜇) + 𝜑∗(𝜇)𝜗2

′(𝜇) + 𝛤∗(𝜇) = 0.
   }                                                                            (12) 

where: 

 

𝜑∗(𝜇) = 3(𝜗1(𝜇))
2 + 2𝐴1(𝜇)𝜎1(𝜇) + 𝑍2(𝜇) − 3(𝜗2(𝜇))

2                   

𝛷∗(𝜇) = 6𝜗1(𝜇)𝜗2(𝜇) + 2𝐴1(𝜇)𝜗2(𝜇)                                                       

𝜃∗(𝜇) = (𝜗1(𝜇))
2 + 𝐴1

′ (𝜇) + 𝐴2
′ (𝜇)𝜗1(𝜇) + 𝐴3

′ (𝜇) − 𝐴1
′ (𝜇)(𝜗2(𝜇))

2

𝛤∗(𝜇) = 2𝜗1(𝜇)𝜗2(𝜇)𝐴1
′ (𝜇) + 𝐴2

′ (𝜇)𝜗2(𝜇)                                              }
 

 

                         (13) 

By using Cramer's rule [19] system (12) for 𝜎1
′(𝜇) and 𝜎2

′(𝜇) can be solved as 

𝜎1
′(𝜇) = −

𝜃∗(𝜇) 𝜑∗(𝜇) + 𝛤∗(𝜇) 𝛷∗(𝜇)

(𝜑∗(𝜇))
2
+ (𝛷∗(𝜇))

2 , and 𝜎2
′(𝜇) =

−𝛤∗(𝜇) 𝜑∗(𝜇) + 𝜃∗(𝜇) 𝛷∗(𝜇)

(𝜑∗(𝜇))2 + (𝛷∗(𝜇))2
. 

Therefore, the transversal condition of the HB is  
𝑑

𝑑𝜇
𝑅𝑒(𝜆)⃒𝜇=𝜇̅ = 𝜎1

′(𝜇)⃒𝜇=𝜇̅ ≠ 0  if and only 

if: 𝜃∗(𝜇) 𝜑∗(𝜇) + 𝛤∗(𝜇) 𝛷∗(𝜇) ≠ 0.                                                                                          (14) 

In the following theorem, the effect of the rate of food conversion from the middle predator to the 

top predator (and thus the transfer of toxicity) on the point 𝑀3 is studied for HB. 

Theorem: Suppose that the following conditions hold 

𝑎1
𝑎2
+ 𝑎4 > 𝑎5 ,                                                                                                                                    (15) 

𝑎7 > 𝑎8𝑍2
2 ,                                                                                                                                        (16) 

𝑎5𝑍1 < 𝑎9 + 2𝑎10𝑍2𝑍3 +
𝑎6𝑍3(𝑎7 − 𝑎8𝑍2

2)

(𝑎7 + 𝑎8𝑍2
2)2

                                                                             (17) 

𝑎3𝑍3 >
𝑎11(𝑎7 − 𝑎8𝑍2

2)

(𝑎7 + 𝑎8𝑍2
2)2

,                                                                                                                (18) 

 𝑑3 = 𝑑1𝑑2,                                                                                                                                        (19) 

Then at  𝑀3 for 𝑎11
∗ = 𝑎11 system (1) has an HB. 

Proof: The characteristic equation of system (1) at 𝑀3 stated in [17]. 
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𝜆3 + 𝑐1𝜆
2 + 𝑐2𝜆 + 𝑐3 = 0,                                                                                                              (20) 

To verify HB's necessary and sufficient conditions; 𝑑𝑖(𝑎11
∗ ) > 0, 𝑖 = 1,2 and ∆(𝑎11

∗ ) = 𝑑1𝑑2 −

𝑑3 = 0. 

di(𝑎11
∗ ) > 0, i = 1,2 , ∆(𝑎11

∗ ) = 0  provided conditions (15-19) hold. Moreover, Eq.(20) has one 

positive root based on Descartes' rule [19]. 

Now, at (𝑎11
∗ = 𝑎11), Eq. (20) can be rewritten as: 

𝑃(λ) = (λ + 𝑑1)(𝜆
2 + 𝑑2)                                                                                                             (21) 

has the roots: λ1 = −𝑑1 𝑎𝑛𝑑 λ2,3 = +𝑖√𝑑2 . 

Now, for 𝑎11 close to 𝑑2, the three roots are generally given as: 

 λ2,3 (𝑎11) = ε1(𝑎11) ± 𝑖ε2(𝑎11) .  

Clearly, 𝑅𝑒(λ2,3 (𝑎11))⃒𝑎11∗ =𝑎11 = ε1(𝑎11
∗ ) = 0. Now, to prove the transversal condition: 

𝜃∗(𝑎11
∗ ) 𝜑∗(𝑎11

∗ ) + 𝛤∗(𝑎11
∗ ) 𝛷∗(𝑎11

∗ ) ≠ 0, where 𝜃∗, 𝜑∗, 𝛤∗ and 𝛷∗ for (𝑎11
∗ = 𝑎11) we get: 

 ε1 = 0 and  ε2 = √𝑐2, substituting ε2 in Eq. (13) gives: 

𝜃∗(𝑎11
∗ ) =

𝑍2𝑍3(𝑎7 − 𝑎8𝑍2
2)

(𝑎7 + 𝑎8𝑍2
2)2

(
𝑎6

𝑎7 + 𝑎8𝑍2
2 + 𝑎10𝑍2) ,

𝜑∗(𝑎11
∗ ) = 2𝑐1𝑐2, 𝛤∗(𝑎11

∗ ) = 0

𝛷∗(𝑎11
∗ ) = −2𝑐2 }

 
 

 
 

,                                                         (22) 

Now, substituting Eq. (22) in Eq. (14) gives 

𝜃∗(𝑎11
∗ ) 𝜑∗(𝑎11

∗ ) + 𝛤∗(𝑎11
∗ ) 𝛷∗(𝑎11

∗ )

=
𝑍2𝑍3(𝑎7 − 𝑎8𝑍2

2)

(𝑎7 + 𝑎8𝑍2
2)2

(
𝑎6

𝑎7 + 𝑎8𝑍2
2 + 𝑎10𝑍2) (2𝑐1𝑐2) + 0(−2𝑐2) 

𝜃∗(𝑎11
∗ ) 𝜑∗(𝑎11

∗ ) + 𝛤∗(𝑎11
∗ ) 𝛷∗(𝑎11

∗ ) = 2𝑐1𝑐2
𝑍2𝑍3(𝑎7−𝑎8𝑍2

2)

(𝑎7+𝑎8𝑍2
2)
2 (

𝑎6

𝑎7+𝑎8𝑍2
2 + 𝑎10𝑍2) ≠ 0   

Therefore, system (1) at 𝑀3 with the parameter 𝑎11
∗  has an HB if condition (16) holds. It found 

that the conversion rate of food from the middle predator to the top predator (and thus the transfer 

of toxicity) 𝑎11
∗ = 𝑎11  made triggers oscillations and a limit cycle around 𝑀3. 
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4. NUMERICAL ANALYSIS 

In this section, the results obtained previously in [17] are numerically verified for another set of 

parameters, as given in (23), along with the local and Hopf bifurcation conditions. It is noticed that 

system (1) has global stability and converges to 𝑀3 = (0.563,0.106,0.128) starting from three 

different initial points (7,5,3) , (2,4,6) and (1,3,5) as shown in Figure 1(a-d). 

   
𝑎1 = 0.5, 𝑎2 = 0.9, 𝑎3 = 0.7, 𝑎4 = 𝑎10 = 0.2, 𝑎5 = 𝑎8 = 0.4,

𝑎6 = 𝑎7 = 𝑎9 = 𝑎13 = 0.1, 𝑎11 = 𝑎12 = 0.09 .
}                  (23) 

 

 

Figure1. Time series of the system's (1) (TS) solution beginning from (7,5,3) , (2,4,6) and (1,3,5) 

for equation (23), the solution converges to 𝑀3 = (0.563,0.106,0.128), (a) the prey's paths 𝑍1, (b) 

The middle predator's paths  𝑍2, (c) the top predator's paths of 𝑍3.  (d) The paths from all initial 

points. 

 

Now, the effectiveness of parameters will be discussed by varying one parameter each time for 

the set (23), and Table 3 summarizes the results of the set (23). 
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Table 3: The numerical results of system (1) 

Range Converge Bifurcation 

0.1 ≤ 𝑎1 < 0.19 

0.19 ≤ 𝑎1 ≤ 1 

𝑀2 

𝑀3 

 

𝑎1 = 0.19 

0.2 < 𝑎2 ≤ 0.31 

0.31 < 𝑎2 < 0.4 

0.4 ≤ 𝑎2 ≤ 0.99 

𝑀1 

𝑀2 

𝑀3 

𝑎2 = 0.31 

 

𝑎2 = 0.4 

0.01 ≤ 𝑎3 < 0.12 

0.12 ≤ 𝑎3 < 0.99 

𝑀2 

𝑀3 

 

𝑎3 = 0.12 

0.1 ≤ 𝑎4 < 0.9 

0.9 ≤ 𝑎4 ≤ 0.99 

𝑀3 

𝑀2 

 

𝑎4 = 0.9 

0.01 < 𝑎5 ≤ 0.17 

0.17 < 𝑎5 ≤ 0.2 

0.2 < 𝑎5 ≤ 1 

𝑀1 

𝑀2 

𝑀3 

𝑎5 = 0.17 

𝑎5 = 0.2 

0.01 ≤ 𝑎6 < 0.4 𝑀3  

0.05 ≤ 𝑎7 < 0.4 

0.4 ≤ 𝑎7 ≤ 1 

𝑀3 

𝑀2 

 

𝑎7 = 0.4 

0.1 ≤ 𝑎8 < 1 𝑀3  

0.01 ≤ 𝑎9 ≤ 0.21 

0.21 < 𝑎9 ≤ 0.25 

0.25 < 𝑎9 ≤ 0.99 

𝑀3 

𝑀2 

𝑀1 

𝑎9 = 0.21 

𝑎9 = 0.25 

0.01 ≤ 𝑎10 < 1 𝑀3  

0.01 ≤ 𝑎11 ≤ 0.035 

0.035 < 𝑎11 < 0.28 

𝑀2 

𝑀3 

𝑎11 = 0.035 

0.01 ≤ 𝑎12 < 0.13 

0.13 ≤ 𝑎12 < 0.23 

0.23 ≤ 𝑎12 ≤ 0.99 

𝑀1 

𝑀3 

𝑀2 

 

𝑎12 = 0.13 

𝑎12 = 0.23 

0.01 ≤ 𝑎13 < 1 𝑀3  
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Now, we can explain the results we obtained as shown in Table 3 for equation (23) in the following 

figures for only these have bifurcation, where Figure 2 shows how 𝑎1  (the prey's population 

growth rate) has bifurcation at 𝑎1 = 0.19 and how it effects in transforming from 𝑀2 to  𝑀3 and 

keeps all species. 

 

 

Figure 2: TS of the solution converges to (a)  𝑀2 = (0.25,0.032,0) , for  𝑎1 = 0.1. (b) 𝑀3 =

(0.606,0.106,0.146), for 𝑎1 = 0.6, (c) the bifurcation of 𝑎1 . 

 

Figure 3 shows how 𝑎2 (the prey's carrying capacity) has a bifurcation at 𝑎2 = 0.31 and 𝑎2 = 0.4 

and how it effects the transformation from 𝑀1 to  𝑀2  then to 𝑀3 and keeps all species. 
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Figure 3: TS of the solution converges to (a) 𝑀1 = (0.185,0,0) , for 𝑎2 = 0.2  (b) 𝑀2 =

(0.25,0.185,0), for 𝑎2 = 0.3 (c) 𝑀3 = (0.604,0.106,0.145), for 𝑎2 = 0.99, (d) the bifurcation 

of 𝑎2 . 

 

Figure 4 shows how 𝑎3  (the middle predators' maximum predation rate over the prey) has a 

bifurcation at 𝑎3 = 0.12  and how it affects the transformation from  𝑀2  to 𝑀3  and keeps all 

species. 
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Figure 4: TS of the solution converges to (a)  𝑀2 = (0.25,3.111,0) , for 𝑎3 = 0.1  (b) 𝑀3 =

(0.501,0.106,0.140), for 𝑎3 = 0.5, (c) the bifurcation of 𝑎3 . 

 

Figure 5 shows how 𝑎4 (The toxicant environment rate on the prey) has a bifurcation at 𝑎4 = 0.9 

and how it effects the transformation from  𝑀3 to 𝑀2 and keeps only the prey and middle predator 

alive. 
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Figure 5: TS of the solution converges to (a) 𝑀3 = (0.404,0.105,0.663), for 𝑎4 = 0.5. (b) 𝑀2 =

(0.25,0.194,0), for 𝑎4 = 0.9, (c) the bifurcation of 𝑎4 . 

 

Figure 6 shows how 𝑎5 (The rate of food conversion from the prey to the middle predator) has a 

bifurcation at 𝑎5 = 0.17 and 𝑎5 = 0.2 and how it effects the transformation from 𝑀1 to  𝑀2 then 

to 𝑀3 and keeps all species. 
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Figure 6: TS of the solution converges to (a) 𝑀1 = (0.662,0,0) , for 𝑎5 = 0.1  (b) 𝑀2 =

(0.5,0.175,0), for 𝑎5 = 0.2. (c) 𝑀3 = (0.561,0.108,0.3), for 𝑎5 = 0.7. 

 

Figure 7 shows how 𝑎7  (the middle predator's half-saturation constant) has a bifurcation at  

𝑎7 = 0.4, and how it effects transforming from 𝑀3to 𝑀2  and keeps only the prey and middle 

predator alive. 
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Figure 7: TS of the solution converges to (a) 𝑀3 = (0.448,0.230,0.159), for 𝑎7 = 0.2. (b) 𝑀2 =

(0.25,0.444,0), for 𝑎7 = 0.5, (c) the bifurcation of 𝑎7 . 

Figure 8 shows how 𝑎9 (the middle predator's harvesting rate) has a bifurcation at 𝑎9 = 0.21 and 

𝑎9 = 0.25, and how it effects transforming from 𝑀3 to  𝑀2 then to 𝑀1 and keeps only the prey 

alive. 
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Figure 8: TS of the solution converges to (a) 𝑀3 = (0.565,0.105,0.026), for 𝑎9 = 0.2 (b) 𝑀2 =

(0.575,0.094,0), for 𝑎9 = 0.23 (c) 𝑀1 = (0.662,0,0), for 𝑎9 = 0.7, (d) the bifurcation of 𝑎9 . 

 

Figure 9 shows how 𝑎11 (the rate of food conversion from the middle predator to the top predator) 

has a bifurcation at 𝑎11 = 0.035 and how it affects transforming from 𝑀2to 𝑀3  and keeps all 

species. 
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Figure 9: TS of the solution converges to (a) 𝑀2 = (0.25,0.444,0), for 𝑎11 = 0.01,(b) 𝑀3 =

(0.619,0.046,0.148), for 𝑎11 = 0.2, (c) the bifurcation of 𝑎11 . 

Figure 10 shows how 𝑎12 (the top predator's mortality rate) has a bifurcation at 𝑎12 = 0.13 and 

𝑎12 = 0.23, and how it effects transforming from 𝑀1to 𝑀3then to 𝑀2 and keeps only the prey and 

middle predator alive. 
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Figure 10: TS of the solution converges to (a) 𝑀1 = (0.662,0,0), for 𝑎12 = 0.01. (b) 𝑀3 =

(0.373,0.311,0.063), for 𝑎12 = 0.2. (c)  𝑀2 = (0.25,0.444,0), for 𝑎12 = 0.3, (d) the bifurcation 

of 𝑎12 . 

 

5. CONCLUSION 

In this paper, the bifurcation analysis provides rich information and a clear picture of the effect of 

parameters on the stability of the equilibrium points, as well as the essential conditions for the 

appearance of this bifurcation. It was noted: 

1- For 𝑀1, it is possible for the PFB to appear with the harvest rate 𝑎̌9 = 𝑎9 affected the stability 

of the point 𝑀1 So, a new point was created. 

2- The second point 𝑀2  TB can appear with the top predator's death rate 𝑎̌12 = 𝑎12  (due to 

poisoning) was affecting the point 𝑀2, causing it to fluctuate in its stability 

3- The third point 𝑀3 the SNB can appear with the conversion rate of food from the prey to the 

middle predator 𝑎̿5 = 𝑎5  it causes the creation and destruction of the point 𝑀3 
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4- At the positive point 𝑀3, it is possible for the HB to appear with that conversion rate of food 

from the middle predator to the top predator (and thus the transfer of toxicity) 𝑎11
∗ = 𝑎11  made 

triggers oscillations and a limit cycle around 𝑀3. 

5- Changing the set as shown in Table 4 made some parameters effective, as bifurcation appeared 

when they were changed, such as 𝑎1, 𝑎2, 𝑎3, 𝑎4 and 𝑎7. 

6- Some parameters showed a different effect in set 2 than in set 1, as shown in Table 4, such as 

𝑎9 and 𝑎12. 

7- Some parameters did not show any effect after changing the set, such as 𝑎6, 𝑎8, 𝑎10 𝑎𝑛𝑑 𝑎13.  

Table 4 presents the effect of parameters on the appearance of bifurcation, comparing Set (23) with 

the set provided in [17]. 

 

Table 4: The comparison results 

Set.1 [15] 

initial points (5,3,1) , (2,3,5) 𝑎𝑛𝑑 (1,2,3) 

𝑀3 = (0.059,2.657,0.093) 

𝑎1 = 1, 𝑎2 = 𝑎3 = 0.3, 𝑎4 = 𝑎6 = 0.1, 𝑎5 = 0.25, 𝑎7 = 𝑎8 = 0.5,
𝑎9 = 𝑎10 = 𝑎12 = 0.01, 𝑎11 = 0.09, 𝑎13 = 0.2

} 

Set.2 

initial points (7,5,3) , (2,4,6) 𝑎𝑛𝑑 (1,3,5) 

𝑀3 = (0.563,0.106,0.128) 

𝑎1 = 0.5, 𝑎2 = 0.9, 𝑎3 = 0.7, 𝑎4 = 𝑎10 = 0.2, 𝑎5 = 𝑎8 = 0.4,
𝑎6 = 𝑎7 = 𝑎9 = 𝑎13 = 0.1, 𝑎11 = 𝑎12 = 0.09 .

} 

Range Converg

e 

Bifurcation Range Converge Bifurcation 

0.1 ≤ 𝑎1 < 1.5 𝑀3  0.1 ≤ 𝑎1 < 0.19 

0.19 ≤ 𝑎1 ≤ 1 

𝑀2 

𝑀3 

 

𝑎1 = 0.19 

0.2 ≤ 𝑎2 < 1 𝑀3  0.2 < 𝑎2 ≤ 0.31 

0.31 < 𝑎2 < 0.4 

0.4 ≤ 𝑎2 ≤ 0.99 

𝑀1 

𝑀2 

𝑀3 

𝑎2 = 0.31 

 

𝑎2 = 0.4 

0.3 ≤ 𝑎3 < 1 𝑀3  0.01 ≤ 𝑎3 < 0.12 

0.12 ≤ 𝑎3 < 0.99 

𝑀2 

𝑀3 

 

𝑎3 = 0.12 

0.1 ≤ 𝑎4 < 1 𝑀3  0.1 ≤ 𝑎4 < 0.9 

0.9 ≤ 𝑎4 ≤ 0.99 

𝑀3 

𝑀2 

 

𝑎4 = 0.9 

0.01 < 𝑎5 ≤ 0.05 

0.05 < 𝑎5 ≤ 0.08 

0.08 < 𝑎5 ≤ 0.3 

𝑀1 

𝑀2 

𝑀3 

𝑎5 = 0.05 

𝑎5 = 0.08 

 

0.01 < 𝑎5 ≤ 0.17 

0.17 < 𝑎5 ≤ 0.2 

0.2 < 𝑎5 ≤ 1 

𝑀1 

𝑀2 

𝑀3 

𝑎5 = 0.17 

𝑎5 = 0.2 

0.01 ≤ 𝑎6 < 0.5 𝑀3  0.01 ≤ 𝑎6 < 0.4 𝑀3  
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0.1 ≤ 𝑎7 ≤ 1 𝑀3  0.05 ≤ 𝑎7 < 0.4 

0.4 ≤ 𝑎7 ≤ 1 

𝑀3 

𝑀2 

 

𝑎7 = 0.4 

0.1 ≤ 𝑎8 ≤ 1 𝑀3  0.1 ≤ 𝑎8 < 1 𝑀3  

0.01 ≤ 𝑎9 < 0.07 

0.07 ≤ 𝑎9 < 1 

𝑀3 

𝑀1 

 

𝑎9 = 0.07 

0.01 ≤ 𝑎9 ≤ 0.21 

0.21 < 𝑎9 ≤ 0.25 

0.25 < 𝑎9 ≤ 0.99 

𝑀3 

𝑀2 

𝑀1 

𝑎9 = 0.21 

𝑎9 = 0.25 

0.01 ≤ 𝑎10 < 1 𝑀3  0.01 ≤ 𝑎10 < 1 𝑀3  

0.01 ≤ 𝑎11 ≤ 0.04 

0.04 < 𝑎11 ≤ 0.1 

𝑀2 

𝑀3 

𝑎11 = 0.04 0.01 ≤ 𝑎11 ≤ 0.035 

0.035 < 𝑎11 < 0.28 

𝑀2 

𝑀3 

𝑎11 = 0.035 

0.01 ≤ 𝑎12 < 0.06 

0.06 ≤ 𝑎12 < 1 

𝑀3 

𝑀2 

 

𝑎12 = 0.06 

0.01 ≤ 𝑎12 < 0.13 

0.13 ≤ 𝑎12 < 0.23 

0.23 ≤ 𝑎12 ≤ 0.99 

𝑀1 

𝑀3 

𝑀2 

 

𝑎12 = 0.13 

𝑎12 = 0.23 

0.1 ≤ 𝑎13 < 1 𝑀3  0.01 ≤ 𝑎13 < 1 𝑀3  
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