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Abstract. In this study, we use fuzzy differential equations (FDEs) to present a mathematical model for the dy-
namics of HIV infection in CD4+ T-cells. Uninfected cells, infected cells, and viral particles, all of which are
represented as fuzzy dynamical systems, are the three main components of the model. We use p-cut techniques
to convert the fuzzy system into a corresponding crisp system of differential equations to analyze the spread and
control of HIV. Equilibrium points and eigenvalue-based criteria are used in stability analysis. In addition, we de-
rive approximate solutions using the fifth-order Runge-Kutta numerical approach. The suggested method provides
a more adaptable and practical framework for understanding the dynamics of HIV infection in an environment of
uncertainty.
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1. INTRODUCTION

One of the deadliest epidemic diseases is the Human Immuno Virus by which Acquired Im-
muno Deficiency Syndrome (HIV-AIDS) is caused. The various types of mathematical models
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such as Ordinary Differential Equations modelling, Fractional Differential equations modelling,
Stochastic differential equation modelling etc., are arising to analyze the spread and control of
such deadly diseases. Also, there are statistical models, Probabilistic models, etc which are
helpful in dealing with real data or clinical data. Mathematicians are still struggling to find
the best optimal strategy to overcome the fastness of the spread of HIV infections. Now mod-
ern computer scientists use some advanced techniques like Artificial intelligence technique [2],
Machine learning technique [1], Neural Network technique [3], etc for their computational con-
tributions. Whatever the techniques are there it is not possible to skip the traditionally famous
technique for computation such as the Euler method, Runge-Kutta method etc.,[15]. Also,
rather than the above-mentioned techniques, there is one famous technique is called fuzzifica-
tion by which the fuzziness such as randomness and vagueness in mathematical models can be
rectified. After the arrival of fuzzy set around the 1960s contributed by Zadeh [29], there are
huge different topics and fields had been found such as fuzzy algebra, fuzzy logic, fuzzy topol-
ogy, fuzzy differential equations and many more. Here we have considered the new modified
viral model for analysing the HIV dynamics by means of fuzzy differential equations and then
the numerical solutions by the fifth-order Runge-Kutta method.

The Ho et al. (1995) model,

dE
—~ =—0—-cE
dt Q-c

where Q denoted a source of infectious enzymes and ¢ indicated the infectious clearance rate,
was a basic linear first-order equation that explained viral creation and viral decline. Although
several mechanisms, including immune cells, fluidity, and diffusion into other cells, play a
part in the disposal of infectious enzymes, ¢ can never make any distinction between them. It
was believed that the enzyme inhibitor, the particular piece of treatment used on the sufferers,
would be entirely effective upon introduction, or to put it another way, that it would prevent all

infectious growth. Hence O = 0, and we are left with the simple equation

dE
e —cE = E(k) = Epe”,

where E( is measured as the mean infectious concentration in the plasma prior to therapy.
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Several different models have been constructed to investigate HIV-I [5] and CD4+ [24]-[28]
as a consequence of the results of Ho et al.(1995). One of the basic fuzzy differential equations
that might occur in different applications is first-order linear equations. Despite the fact that
the form of this equation is quite uncomplicated, it creates numerous issues since the solutions
behave differently under various fuzzy differential equation theories (depending on the interpre-
tation used). Researchers have investigated this kind of equation. In recent years Muthukumar
et.al., [13, 14] discussed the fifth-order RK method for various types of FDEs.

Many researchers have discussed HIV infection of CD4™" cells. Perelson [16] explained a
basic model for HIV (Human immunodeficiency virus) infections Even though the relation-
ship between the human immune system and HIV is incredibly complicated, we really don’t
understand the pathogenesis. Once more, Perelson et al. [17] expanded on the HIV model
and investigated its behaviour. They discussed four aspects: free virus, latently infected CD4+
T-cells, infected CD4+ T-cells, and uninfected CD4+ T-cells. The variations in the density
of the target cells (Uy), infected cells (/*), and free viruses (F*,) were described in the ba-
sic differential equation model used to study viral dynamics. Many of the researchers [6],[8],
[111,[24],[25],[28] described the model using the tools of ordinary differential equation (ODE).
Especially the factional ordered models are studied in [22, 23]

Nowak and May’s [12] basic model of virus dynamics served as the foundation for our in-
vestigation of the numerical solution of the fuzzy differential modelling in HIV dynamics using
the Runge-Kutta Method of Order Five. Furthermore, the convergence and stability analysis of

the proposed fuzzy systems were discussed.

2. FuzzY DIFFERENTIAL EQUATION APPROACH TO MODELING HIV INFECTION DY-

NAMICS

To comprehend the dynamics of infectious diseases like HIV, mathematical modeling is es-
sential. Ordinary differential equations (ODEs) are used in traditional models to explain how
uninfected CD4+ T-cells, infected cells, and viral particles interact. However, these mod-
els might not adequately represent the complexity of HIV development because of biological
data errors, patient heterogeneity, and environmental influences. Fuzzy Differential Equations

(FDESs) have been proposed as an alternate method to deal with this uncertainty. FDEs provide
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a more adaptable and realistic depiction of HIV infection dynamics by incorporating imprecise

or unknown parameters. In this section we consider the differential equation model of HIV

Dynamics [12],

d * * *
EUK ZF—CZUK _ﬁUK FV(K),
d * * *
Tl = BE(K)U" Iy,
(1) 4

TR = kI = sFy(x),

U*(0) = 1000, I*(0) = 5, F*(0) = 7000,

\

Now, consider the initial value problem (IVP)(1)

(

LU = fi(x, UL I FY)

L1 = fo(k, UL I FY)
)
LF* = f3(k, Uz, It F)

UC(KO) = U607 IC(KO) :1607 Fv(KO) :Fvo-

\
where f : [0,00) Xx R — R is continuous. ~We would like to interpret (2) using the

Seikkala derivative and Ug, I, F* € F. Let [Uj]P = [[U*0]P,[U%|P], [5]P = [[[*0]P,[T%0)P],
[F31P = [[E70)P,[F*0]P] and [U)P = [[U*]P,[U*IP], [R]P = [[I']P, [FFk]P], [FX]P =
[[F*«]P,[F*]P] By the Zadeh’s extension principle we get f : [0,00) x F! x F1 x F1 — F!

where

A ULP 1P 1FP) = (£, uvw) 2w e ([Ug]P), [0-7)],

ve ([P 71, we [IFP). TR {71 (kou,vyw) s w e [[U3°), TUE)),

ve [P TP w e [[FP), TFIP)T,

R, [ULP 1P IF1P) = (£, (s vw) 2w € ([UE]P), [0-7)],

ve [P "), we [IFP). TR {Fa (xouvyw) s w e [[UP), TU)),

ve [P TP w e [[FP), TR,

(6, U [RIP[F1P) = (L (ks vow) s w € ([UR1P), [0]7)],

ve [P 7], we [IFP), TR {Fs(xou,vyw) s w e [[URP), [UEP)),

ve [P P w e [EP). TR ).
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Then U* : [0,00) — F!,I* : [0,00) — F!, and F* : [0,00) — F! are the solution of (2) using the

Seikkala derivative and U}, I*, F* € F L if

0’70’

[{f, (c,uv,w) e [ULP, U, v € (1P TP,

we [[FeP, KT}, (U] = U™,

[{F1 (e vow) s e ([URP ORI v € [[15)P T,

FPEDD, U =105

—

w e

[, (v, w) s w e [[ULP [0, v € ([P TP

(Fa(x.uvow) cu e [URP U] v € (1P, TP

1) FEY W =0

—

w e

{£,(c,u,vw) tu e [[UIP IO, v e (1P TR

we [F1P.FED. [F)P =R,

[{Fs(couyvow) s u e ([URP U )v € ([P TR

we [F1P.E D, P =F,

forall 7 € [0,00) and p € [0, 1]. Now, the system of equations (1) can be written as

3)

(

\

SR = rlp) —alUZP ~ BIULPIFP,
1151P = BIFSIPIUZIP — blEZ),
IR = kI —slFP,

where the initial conditions of the fuzzy model are

[U* Ko]p
[]* Ko]p

[F*Ko)?

Fi(p) = [Fi min(P), Fi max(p)] = [1000p +850(1 — p),1000p + 1150(1 — p)],

B (p) = [F2 min(P)s F2 max(P)] = [Sp +4(1=p), 5p+6(1—p)],

F3(P) = [F3 min(p)7F3 max(p)]

= [7000p + 6750(1 — p),7000p +7250(1 —p)], p € [0,1].
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where [U{]P, [[£]P and [F{]P indicates the quantity of normal, affected, and unaffected virus
components at period t. Non-infected cells produce at a constant rate of r, die at a constant
rate of a[U}:]P, and unaffected cells with free viruses grow at a constant rate of B[U:]P [F£]P the
affected cells .Unaffected cells perish at a speed of b[I]P in the second equation, and normal
viruses are generated from affected cells at a rate of k[[5]° and die at rate s[F]P in the third

equation. The respective values of all the parameters are given in table 1

TABLE 1. Values for viral spread parameters

Terms Description of variables and constants Values

Dependent variables

U, The number of uninfected CD4 " T cells 1000mm 3
1. The concentration of CD4 " T cells was affected 0
F, Initial density of HIV RNA 1073

Parameters and Constants

rate of CD4+ T-cells dying naturally 0.007day !
B Rate infected cells become active 42163x 10~ ""mm?3day~!
r Source term for uninfected CD4 ™1 T-cells 7day~!
b Blanket death rate of infected CD4 ™" T-cells 0.0999day !
k Lytic death rate for infected cells 90.67day !
Ky CD4 ™" T-cells from uninfected sources 0.2(day)_1(mm_3)

derived quantities

U, An HIV-negative population of CD4+ T cells 1000mm 3

By the following steps shows how the non-linear system of fuzzy differential equations(1)

converts into the fuzzy linear system.
(i) To find equilibrium points
(ii) To find Jacobian matrix at equilibrium points

(1) To find the equilibrium points. The system (1) has two steady states: (i) The unaffected

steady state Ep = ([U;o]p,0,0> ,where [U%o|P is given by [U;5]P = {2] [F1(p)]-



NUMERICAL MODELING OF HIV DYNAMICS IN CD4* T-CELLS USING FDE 7

(ii) The positively affected steady state E = ( [UZ]P, [T 1P, [Fe ]p> where [UZ)P, [T 1P, [F]P

imel. e = |5 52 1m o)L

*
sk

ae givenby (05 = [ 55| (o)L, 0 = |

We find the three fixed (or) equilibrium points of the system (1),
(1) Initially: Ey= <[U,ﬁ0]p, 0,0) = (1000,0,0)
(i) E = ([U_z]P, 7P, [PT?]F’> — (522.64[F1(p)], 35035[F:(p)], 31766.27[F3(p)]).-

(i1) To find the Jacobian matrix at the equilibrium points

The nonlinear system (1) can be follow as,

(S0P = 1P alUIP + BIURP IR = (U, I1P, [FEDP),
@ SHP = BRIV bR = AU IR )
d

| [P = KPP —s[Fe)P = (UL P [FDP).

The nonlinear fuzzy system (4) can be approximated into a fuzzy linear system as follows:

(S = AP I TP ~ (U31P, 509, [F2)
+ (UL, [P [RIP) (VP - [T)P)
+5H (1P, 151 TFEP) (1P — (1P
+ 0 (Ue, P [P (R — [FEP),

P = AP IR 1) ~ (U [0, [
) + 35 (V2P [P [R1P) (VP - [T1P)
+ 52 (U, [P [P (1P — [7P)
+55 (P, (1P [FIP) ()P = [FP),

CIP = AU P FDP) ~ (02, 131P, [2)
+95 (V2P [P [F1P) (V3P - [T5)P)
+55 (V1P 1P [FEP) (1P — [17)P)
+30 (WP 1119 IFEP) (FEP — [F1P).
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Then the equilibrium points,

AT )P, 11P, 1FP) = AU 1P [FP)) = £, [11P, [F1P)) =0
(P~ (R IR (R - [TRP)
(2P [P TR0 (7] — [T 1P)
+B ([P, [P [FEP) (Fi)P — [FR)P),
S~ (U P IR (U5 ~ [TP)
+2 (U, [P [FE1P) ()P — [1)P)
+9L([UglP, 1P [FEP) (IFe)P — [P,
CIRP ~ (U IR IR (U7~ [O5' )
+L (P [P [FEP) ()P — [11P)
\ +B ([P, [P [FE1P) (Fi)P — [FR)P).
is linearized system.
The Jacobian matrix at the equilibrium point E is given by
=
S (URP P [FEP) L (URP P (FEP) 3001 TP, [FEP)
SE(UZP, [P, [FEP)  2([UAP, (11P,[FR)P)  SR(TRP, (11, [F)P)
L (UP 1P TFP) SR (03P 1P [FP)  SE(TCP. [P, [FE)P)
W] [ arpFE oo —puz | [ wi-va) | [ A
5) P | = BRE b BUR || =K | | Rap)
(R 0 k- || [F-F]]|[Ep

where the jacobian matrix is given by
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—a+pFc 0 —BUg
(6) 1P = BF:  —-b PBU;
0 k —s

Thus the system (5) can be written as,

-
[
S

|

— (a+BIFIP) ([Uk]P — [URIP + BIFE]P — [Fc]P) .

- " = BIFRIPIUIP — [URP —b ([P — 1))
+B[ULIP ([FelP — [Fe)P)

"51P * 7K * T
R = k(7P = [Ic1P) —s ([Fe)P — [F]P)
System (7) is a linear fuzzy system. Around the fuzzy fixed points (1000,0,0) and

(522.64[F1(p)] 350.35[F>(p)], 31766.27[F3(p)]) the fuzzy linear system (5) can be written

as by using the parameter values

[P [ —0.02039361 0 ~0.0002037 [Uz — 1000] Fi(p)
® | 1" | = 0.01339  —0.0999  0.0002037 1] B(p)
CEe ]| 0 90.67 -02 || Fl ]| Ep]
and
[ v’ 1 [ —0.02030361 0 ~0.0002037 | | [Uz—522.64] 17 Fi(p) ]
O | 1" | = 001339  —0.0999  0.0002037 (1% —350.35] F(p)
(Fx]° 0 90.67 —0.2 [Fr —31766.27] Fi(p)

L - - - L - L -,

Equation (9) can be written in the form

v —0.02039361 0 ~0.0002037 | U] Fi(p)

P | = 0.01339  —0.0999 0.0002037 ] R(p)

[F] 0 90.67 —-0.2 [F¥] Fi(p)



17.6586 |

(10) ~21.0002

41034.52
Equations (10) can be written

—0.02039361 0

A=

Fi(p)

E(p)

F(p)

—0.0002037 |

(11) 0.01339

0

—0.0999  0.0002037

90.67 —-0.2

and B=
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—17.6586 |

—21.0002

41034.52

)

The analytical solution is of the form [X (k)]? = ®%LC + ®L ftg &~ !(s)B(s)ds., the fundamental

matrix of the fuzzy system is given by,

[®(x)]P
[ Pt (arcos(Bi) — bisin(BK)) e (arsin(Bx) +bicos(Bx)) me™ | | Fitp) |
(12) = | e (arcos(BK) —brsin(Bx)) e (assin(BK) +bacos(BK)) pe™ | | B(p)
e (ascos(Bx) — bysin(Bx)) e (azsin(Bx) +bscos(Bx)) pe™ | | Fy(p)

L - L -,

where a; = —0.00286233, ap; =0.00211605, a3z =0.997895, b; = 0.00663557,
b, =0.000313352, b3 =07y =0.000788392 y, = —0.00114721, 3 =0.997895

e (mysin(B i)+ macos(B)] | | 1F(o)] |
—17.65856
LetB= | —21.0002 | and [®'IPB=1; | [—e P (micos(BK)—maysin(B))] [F(p)]
41034.52
[m3e™ 7] | [ BP)]

where, M = [aihy —bih +Yih3)?, m = nihy — nohs + n3hg,
my = nihy +nyhg — n3hy, m3 = nihz —nyhg +nsho,
ny = —17.65856, n, = —21.0002, n3; =41034.52

The analytical solution of the linear system (7) is given by,
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U2 = (arcosBc—busin) [ere” + 11t I (21 (x0)-+ ()]
F(arsinBic - bicosB)feae o (a(0) &1 (10)]
+ner™ o3+ i (1= )| [Fi(p)]

1517 = (ancosfx— basin ) |ere? + ot I (81 (0) + (2o ()]
(ansinBic - bacosB)|eae? ot I (a(0) &1 ()]
+ et o3+ i (1= )| [(p)],

1P = (ascospc = basinB ) |ere? 4 ol (60 (6) +ma(Ga(0)]
(assinBic - bacosB)|eae? ot I (a(0) &1 ()]

Fe o3t g1 =) [B(p)] p e [0.1]

where,

h = y3ax —pas, hy =730y —pb3, hy=axbs—bras,
hs = 11b3 —y3b1, hs =7y3a1 — a3, he=aibz—azby,
h7 = 1by — b1, hg ='pa; —yax, hg=aiby—biay.

Ei1(x) = —psinBx — BeosBx+ BePX, & (k) = —pcosPk+ BsinBk+ peP¥.

3. STABILITY ANALYSIS OF THE FDES MODEL OF HIV DYNAMICS

The stability of the fuzzy differential equations model for HIV dynamics in CD4+ T-cells is
examined in this section. This stability analysis provides useful insights into the behavior of the
HIV infection model, allowing us to better understand how the system responds to perturbations

and changes in parameter settings. By studying the system’s eigenvalues, we may evaluate
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if the infection dynamics are stable or unstable, which has crucial consequences for disease
progression and control efforts.

Consider the characteristic equation of the linearized systems (5)
|Ap —7LI| :AS+6112+C21+C3 =0
where

ci1 = p+PBV+b+s
ca = pb+ps+ (Bb+Ps)V +bs

c3 = pbs+PBbsV+kBU(1—BV)
The coefficient value from the given initial coefficient value
c1 =0.32029, ¢, =0.02068, c¢3=0.02012
The eigenvalues of the matrix A are p + 3 and ¥,
p = —0.00813793, B =0.0284116, y= —0.304018

A system is considered stable if and only if all eigenvalues have negative real parts. Conversely,
if at least one eigenvalue has a positive real part, the system is unstable. Our model contains
three linearly independent eigenvalues: one real eigenvalue and two complex conjugate eigen-
values. Since all eigenvalues possess negative real portions, the system is confirmed to be stable,
meaning that tiny disturbances in the system would diminish over time, leading to a steady-state

equilibrium.

4. NUMERICAL SIMULATION OF SIR MODEL

This section uses the fifth-order Runge-Kutta method to obtain approximate solutions. By
iteratively computing the system’s evolution over time, this high-precision numerical method
sheds light on how the infection develops in hazy environments. By choosing the parameter
values listed in Table 1.1 and the designated initial circumstances, the numerical simulation is

*

performed. We found values of U, I, and Ff at h=0.1, for p € [0, 1] the best approximation.
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Using above mention method to plot Uy, I, and F;: for the fuzzy valued model (1) are given

in figure 1, 2, 3.

[Uc(r+ 1P = [UEP + <9%(7[K1]p +32[K3)P + 12[K4]P + 32[K5]P +7[K6]p)> ,
e+ 1P = 510+ (g (71200 + 320+ 120L0P + 3215 +70LeP)).

[F.(r+1))P = [F)P + <9%(7[M1]p +32[M3]P + 12[My)P + 32[M5)P +7[M6]p)) .

where
[Ki]P = h(r—p[Ug]P + BIUZIP[FEIP),
IL)P = h(BIFIPUL —blIg)P),

M)P = h(k[R)P s[RI (1)),

[Ka? = h(r—p (U] +1/2[K:]7) + B ([UZP +1/2[K:1)P) ([Fe]P +1/2[M1)°)),

L) = k(B ([Fg]P +1/20m)°) ([UZ]P 4+ 1/2[K1)P) — b ([I]P + 1/2[L1]P)),

M) = h(k ([ +1/2[L1]P) = ([P (%) + 1/2[L1P)).

[K3]P = h(r—p ([UZ]P +3/16[Ki)° +1/16[K2]P) + B ([U)° +3/16[K1]°

+1/16[K)°) ([Fe]P +3/16[M1]° +1/16[M]P) ),

IL3)P = h(B([F]P +3/16[M1]P +1/16[M>]P) ([Ug]P +3/16[K1]° +1/16[K,]°)

—b ([Ig]P +3/16[L,]P +1/16[L5]°)),

M3)P = h(k ([IF]P +3/16[Li]° + 1/16[L,]P) — s([I5]P (k) +3/16[L1]P + 1/16[L5]°)).
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h(r—p ([UP +1/2[K5]°) + B ([UR)P +1/2[K3)°) ([Fe]P +1/2[M5]°)),

h(B ([Fe1P +1/2[M5]°) ([Ug]P +1/3[K3]P) = b ([I]° +1/2[Ls]?)),

h(k (1) +1/2[Ls)) — s ()P (k) +1/2[Ls])).

h(r—p ([Ug]? —3/16[K2]” +6/16[K3]° +9/16[Ka)P) + B ([U{]° —3/16[K>)°

+6/16[K3]P +9/16[K4]P) ([F]P —3/16[Ma]P +6/16[M3]P +9/16[M4)P)),

h(B ([FelP —3/16[My]P +6/16[M3])° +9/16[M4]P) ([Ug]P —3/16[K>]°

+6/16(K3)° +9/16[K4]P) — b ([I%]P —3/16[Lo]P +6/16[L3]” +9/16[L4]P)),

h(k ([I]P —3/16[Ls]P +6/16[L3)” +9/16[L4)P)

([P () — 3/16[LaJP +6/16[L3]P +9/16[LP)).

h(r—p ([U1P + 1/7[K\P +4/T1K)° +6/T[Ks)° — 12/T[Ke]P +8/7[Ks)P)

+B ([UP +1/7[K1]° +4/7[K2)P +6/7[K3]P — 12/7[K4]P +8/7[K5]°)

([Fe)P + 1/71M1)° +4/T(Mo)P +6/7[M5]° — 12/7[Ma)° +8/7[M5]°)),

h(B ([F¢lP +1/7[L1]° +4/7[La]” +6/7[Ls]P —12/7[La]P +8/7[Ls]")

([T()]P +1/7[Ki]P +4/7[K>]° +6/7[K3)” — 12/T[K4]P +8/7[K5)°)

—b ([P + 1/7[L1)° +4/7[La]° +6/7[Ls]” — 12/7[La]” +8/7[Ls]")),
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MelP = h(k([I£]P +1/7[L1]P +4/7[Lo]P 4 6/7[Ls])° — 12/7[Ls)P +8/7[Ls]P)

—s([1]P () + 1/7[L1]° +4/7[La]P +6/7[Ls]P — 12/7[La]” +8/7[Ls]")).

FIGURE 3. Virus Infectious

15
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5. DISCUSSION

In this work, we used the Seikkala derivative and Hukuhara differentiability in fuzzy pro-
cesses to reconstruct the differential equation model of HIV infection put forward by Nowak
and May [12] into a fuzzy system of three equations. Our investigation revealed a requirement
that must be met for the infection to continue: the quantity of virus particles released per in-
fected cell. The system displays a positive equilibrium in this situation, which is the infected
steady state.

We determined adequate requirements on the model parameters to guarantee the stability of
the infected steady state through stability analysis. The numerical simulations supported our
theoretical conclusions, and our results verified that these stability requirements are satisfied.
The existence and durability of the infected steady state are unaffected by the difference between
our calculated value and that reported by Perelson et al.[17] regarding the amount of virus
particles released per infected cell. n nonlinear differential equations, analytical solutions are
often challenging to obtain. Since most nonlinear differential equations do not have explicit
solutions, numerical methods become essential for solving them. The fifth-order Runge-Kutta
method is particularly well-suited for approximating solutions to fuzzy differential equations,

providing high accuracy and efficiency in modeling the dynamics of HIV infection.

6. CONCLUSION

In this study, we developed a fuzzy differential equation model to analyze the dynamics of
HIV infection in CD4+ T-cells. By incorporating uncertainty through fuzzy logic, the model
provides a more flexible and realistic representation of the infection process. Using the Seikkala
derivative and Hukuhara differentiability, we transformed the classical HIV model into a fuzzy
system and analyzed its stability under various conditions. Our stability analysis demonstrated
that the system reaches a positive equilibrium when specific parameter constraints are satisfied.
The numerical results, obtained using the fifth-order Runge-Kutta method, confirmed the theo-
retical findings and provided further insights into the behavior of the infection over time. The
study highlights the importance of fuzzy differential equations in modeling biological systems

where uncertainty plays a crucial role. The proposed approach can be extended to explore other
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infectious diseases and optimize treatment strategies by considering real-world uncertainties in
parameter estimation.

Future work may focus on incorporating treatment effects, immune response variations, and
optimal control strategies into the fuzzy modeling framework to enhance the predictive power

of the model.
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