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Abstract. This study presents a mathematical model describing a three-species interaction in a marine ecosystem,
involving two prey populations distributed across protected and exploited zones and a single predator species. The
model is grounded in the Holling type IV functional response and incorporates two dynamic fishing effort func-
tions governed by their own evolution equations. Unlike traditional static-effort frameworks, our approach reflects
adaptive economic behavior over time. We investigate system dynamics through equilibrium analysis, local and
global stability assessment using Lyapunov techniques, and derive an optimal harvesting strategy using Pontrya-
gin’s Maximum Principle. Numerical simulations illustrate how spatial management and effort adaptation jointly
influence sustainability outcomes, offering insights for marine resource governance under complex ecological and
economic feedbacks.
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1. INTRODUCTION

Understanding the interplay between predator and prey has long captivated ecologists and
applied mathematicians alike. It’s a relationship as intricate as it is foundational-serving as a
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blueprint for countless population models over the years. As ecological challenges have become
more complex, so too have the mathematical frameworks developed to study them. In recent
decades, researchers have refined these models to reflect the nuanced dynamics between inter-
acting species [5, 10, 25], often incorporating important ecological elements such as species
toxicity [8, 25], competition across species [22], and strategies for sustainable harvesting [3].
These enhancements not only add biological realism but also offer valuable tools for managing
living resources effectively.

One recurrent finding across ecological studies is that species-particularly prey-can undergo
explosive growth when unchecked. While this might sound beneficial at first glance, it can
quickly spiral into overpopulation or collapse, especially in ecosystems under human pressure.
To mitigate such outcomes, marine policymakers have increasingly turned to spatial zoning: the
division of ecosystems into fishing zones and no-take reserves. These protected areas function
as ecological ”safe havens,” enabling juvenile organisms to mature and later repopulate ex-
ploited waters. In practice, this approach aims to balance ecological health with economic
viability, but achieving that balance remains a persistent challenge. Adaptive management
strategies, especially those that adjust fishing intensity in response to biological conditions,
are therefore essential.

Within this context, we treat the fishing efforts E; and E; as time-dependent variables rather
than fixed parameters. This reflects a more realistic approach where effort fluctuates based on
profitability, resource availability, and management rules. As proposed in [12], these efforts
are governed by their own differential equations, allowing the model to account for real-time
feedback loops between ecological and economic forces.

Given these intricacies, our objective in this paper is to explore how interspecies competition
and toxic effects [8, 19] shape predator-prey interactions when combined with dynamic harvest-
ing policies. By modeling fishing effort as a function of system state, we open the door to more
flexible and adaptive management strategies-ones that better align with the complex realities

faced by fisheries managers.
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Our work builds on the classical predator-prey frameworks established by Verhulst, Lotka,
and Volterra [23, 16, 24], but introduces several important innovations. Among them is the in-
clusion of two distinct prey populations occupying reserved and unreserved zones, along with
a predator species subject to a Holling type IV response. This functional form captures satu-
ration and switching behavior more accurately than its simpler counterparts and is particularly
relevant in systems where prey availability varies spatially.

The analysis that follows covers both the theoretical and applied aspects of the model. We
explore equilibrium behavior, assess local and global stability using Lyapunov techniques, and
derive optimal harvesting policies using Pontryagin’s Maximum Principle. To validate our find-
ings, we complement the theoretical work with simulations that illustrate how zoning and adap-
tive effort shape long-term ecological and economic outcomes. In doing so, we aim to con-
tribute not just to the theory of bioeconomic modeling, but also to the practical toolkit available

for sustainable fisheries governance.

2. THE MATHEMATICAL MODEL

Based on the assumptions outlined earlier, the dynamics of the system are modeled by the
following set of ordinary differential equations:

2

( dx (1 x) Gixt o ax E
—=rx(l1—%>)—ox —ux” — — x
dt 1 X 1 2y b+X2 q1L1x,
d
d_y =(n—0)y+ox— Vyz,

t
1) a’z_l3 axz J E
dr ~ Ppya2 TR
dE;
= = M (qix(my — 1) —c1)En,
t
dE,
= = A (gaz(my — 1) — ¢2) En.

The interpretation and values of the model parameters are summarized in Tables 1 and 2.



4 NABIL RHIATI, RABIE ZINE, YOUNES LOUARTASSI

TABLE 1. Interpretation of the parameters

Parameter Description

X Biomass density of prey in the unreserved area

y Biomass density of prey in the reserved area

Z Biomass density of the predator species

E; Harvesting effort applied in the unreserved area

E, Harvesting effort applied to the predator species

r, 1 Intrinsic growth rates in the unreserved and reserved areas, respectively
q1, 92 Catchability coefficients for the prey and predator populations

oy, O Migration rates between reserved and unreserved zones

my, mp Selling prices per unit biomass for prey and predator

c1, C2 Costs per unit effort for harvesting prey and predator

TABLE 2. Interpretation of the parameters

Parameter Description

T, T Imposed taxes per unit harvested for prey and predator

M, Ao Capital conversion coefficients

ux?, vy? Toxicity-induced reduction terms in unreserved and reserved zones, respectively
wz Reduction term for predator biomass

d Natural death rate of the predator species

B Conversion efficiency of predator from prey consumption

axz
b+x?

Holling type IV functional response
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3. SYSTEM SOLUTION BOUNDEDNESS

In this section, we establish that the solutions of the proposed model are non-negative and

bounded.

Lemma 1. The set

Q= {(X,y,Z) R : x+y+lzg H 4 E, n E, }
B~ d+w+(1—B)pEs  M(mi—1)  Ax(ma—1o)

is an attracting region for solutions originating in the positive octant, where

k(ri+d+w-+(1 —[3)qu2)2 n k(rp+d+w+(1 —B)quz)z
4(ry +u) 4v ’

H =

Proof. Define the function

E; n E;
mi—1) Alm—1)

() =0) +5(0+ 520+ 77

Differentiating and simplifying yields:

d—Y+(d+W+(1 —B)pE2) Y (1) = x(ri +d +w+ (1= B)gaEr) — ¥ (ﬂJrM)

dt k
+y(r2+d+w+ (1= B)gEr) — vy?
E)
+(d+w+(1=B)gEr — Aicr)
m;— T
E;
+(d+w+ (1= P)g2Er — Aoc2) :
m; —1
Applying the inequality
2
ax—bx* < Z—b, fora,b > 0,
we obtain:
dy
I +(d+W+(1 —ﬁ)quz)Y(t) <H.
By the differential inequality theorem [17], we conclude:
H H
Y(t) < — —v(0) | e~ (@+wt(1=B)g:E2)t
0% Trva g~ @ —pms ~1O)

Taking the limit as + — oo, we obtain:

H

0<Y(r) < )
() d+W+(1—B)qZE2

which proves the lemma. U
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4. EXISTENCE OF EQUILIBRIA

Equilibrium points of the system 1 are found by setting the right-hand side of each differ-
ential equation to zero. The model admits six equilibrium points, one of which is the trivial
equilibrium

Py =(0,0,0,0,0).

We now demonstrate the existence of five additional positive equilibria.

4.1 P(x,y,0,0,0). To find Py, we solve the following reduced system:

rix <1 — %) — 01X+ 02y — ux® = 0,
(2)

(}’2 — 62)y+ O1X — Vy2 =0.

Solving the first equation of system (2) for y yields:

1 /r 2 1 —0]
3 :—(— ) _nzon,
3) y . k+u X = X

Substituting (3) into the second equation of (2) results in a cubic equation of the form:

4) a3x3 +a2x2+a1x+ao =0,

where the coefficients are:

\% (r1+ )2
a=——5\|—-+uj ,
3 o} \k

2v<r1+ )( 1)

a=—\—=u)(r—

2 (722 k 1 1)

a)=—n—0o)(rn—01)"+—

1 622(2 2)(r1— o) o
ry — 0]

apg = 01 — (r2 — 0'2) o .

Since a3 < 0, Descartes’ Rule of Signs implies the possibility of a unique positive solution

x = x*. For the existence of such a solution, the following inequalities must be satisfied:

a) >0 <— <r—kl+u> (rp—o1) >0,
a; >0 < oy (};(—l—i-u) (l’z—O‘z) > (1’1—0'1)2\/,

ap >0 <— (I’z —Gz)(rl — 61) < 0103,.
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Once x* is determined, the corresponding y* value can be computed using equation (3). For
y* > 0, we require:

ry— o)k
o
4.2 P5(x,y,z,0,0). To find the equilibrium point P, we seek positive values x*,y*,z* under
the condition £y = E> = 0. Substituting these into the system 1, we analyze each equation
accordingly.

From the predator equation:

dz 0 — axz
dr b+ x2

—(d+w)z=0.
Solving for x*, we derive a quadratic equation:
(d +w)x* — Bax+ (d +w)b = 0.

The roots of this equation are:

. Ba++/(Ba)? —4(d+w)2b

X1

2(d+w) ’
o Ba—=V/(Ba)* —4(d+w)’b
2 2(d +w) ‘

Next, we compute y* using the prey-in-reserve equation:

d
2o

7 = (n—0)y+ox— Vy2 =0.

Solving for y* with x = x, we get:

" (1’2 — 62) -+ \/(1’2 — 62)2 —|—4-V(7])C]k

= 2v >0,
N (}’2—62)—|—\/(r2—62)2+4\/61x;
Y2 = v > 0.
Finally, we determine z* from the unreserved prey equation:
dx b+ (x)? r )
Z =0 = = % [(rl —op)xf — <%+u) (x?)2+62yﬂ , i=1,2.

1

To ensure z; > 0, the following inequality must be satisfied:

ul H

., (n—o1)+ \/(n —01)%+ 4023+ kkﬂ)y’

0 <xl' < r .
2 (% +u)
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4.3 P3(x,y,0,E1,0). To find the equilibrium point P3, we begin by solving the fourth equation

of system 1 under the condition % =0:

/11 (qlx*(ml — Tl) —C1)E1 =0.

Assuming E; > 0, we obtain:
1
qi(m — 1)

Next, to compute y*, we consider the equation for % =0:

(6) X =

(1”2 — Gz)y—|- O1X — Vy2 =0.

Substituting x* from (6), we solve the resulting quadratic in y:

. (rn—o0)+ \/(1’2 — 62)2 +4vox*

2v
Finally, substituting into the first equation of the system, fi—’t‘ = 0, we solve for E}:
x* ’ ax*z
rlx* (1 — ?) — G]X* + Gzy* — u(x*) — m —Q1Eikx* = 0,
yielding:
ri—o1)x" — (% 4+u) (x*)> 4+ ory*
@) gy = (o = () () o'

qi1x

To ensure E7 > 0, the following inequality must be satisfied:

(8) (ri — o1)x* — (r—kl i u) ()2 4+ 6oy > 0,

which implies:

. cy r i
® o2 >Cl1(m1—T1) ((rl_cl)_(?Jru) Q1(m1—71))'

4.4 Py(x,y,z,0,E>). To find the equilibrium point P4, we begin by setting the fifth equation in
the system to zero:

dE,

i =0 = lz(qzz* (WLZ — Tz) — Cz)Ez =0.

Assuming E, > 0, we obtain:

2

10 o @
9 ‘ g2(my — )
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The pair (x*,y*) must satisfy the following system:

* X* * * *\2 GX*Z*
rix 1——)—61)6 + 0oy —u(x*) - ——— =0,
(ry—0)y* + o1x* —v(y*)?> =0.
Solving the first equation in (11) for y*, we get:
| ax*z* r . N
Y= — (——|— <%—|—u> (x*)? = (r] — o1 )x > .

0> \ b+ (x*)?

Substituting this into the second equation of (11) yields a seventh-degree polynomial in x*:
(12) a7x7 + a6x6 + a5x5 + a4x4 + a3x3 + a2x2 +aix+ap=0,

with coefficients:

d*v 2dve 2d°vb  vc* ed
a=——, d6=—5, d5=——7——— +—,
2 2 2 2
4dbcv  2adzv  ec
62 62 (6]
vd*b*  2vc*b  2azbev 2ebd
2dcb*v  2adzbv  2ech  aze
ay = > + >~ — —+2boy,
O O (62} (o))
2 2
ve’b?  2achbzv  edb? 20
a) = > > + —va~z-,
62 62 (6]
2
ech azbe
aygy=——+ + 0 b?.
02 02

Since (a7 < 0), for uniqueness and positivity of a solution, all coefficients must be positive.

To ensure (y* > 0), we require:
(r —o1)

L)

[z >

4.5 Ps(x,y,z,E1,E). To find the full positive equilibrium (Ps), we solve system with all com-
ponents non-zero. From the fourth and fifth equations:

== 2 ]
giimi—11)"  qaima—1)

Substituting (x) into the second equation yields:
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[ _ (}’2 — (72) + \/(1‘2 — 62)2 +4vox
y v .

We then compute (E;) and (E;) using:

1 X axz
= (e (1Y) oo wr %) 50,
T (rlx k 1%+ Goy — ux b-l—xZ)

1
Ey = ( Bax —d—w) > 0.

E b+ x?

]

5. DYNAMIC BEHAVIOR OF EQUILIBRIA

5.1 Local Stability of Equilibria. The goal in this section is to study the local stability of all
equilibrium points by finding the eigenvalues of the Jacobian matrix J(x,y,z,E1, E>).

The Jacobian matrix is:

Ju Jiz Jiz Jis O
o1 Jpn 0 0 O
Jxy,z,ELE) = | J5 0 Jiz Jzs Jas
Jgg 0 0 Jyg O
0 0 Js3 0 Jss

J S T A axb—2) . _
=r —0]— — | —42u|x———7+F =
11 1 1 —4q1E1 a (b+x2)2 12 25
ax
Jp=——2_ Na=—qx, Ji5=0,
13 b 14 q1x, Jis
Jr =07y, Jr =1y — 02 —2vy,
J3 =0, Juu =0, J5s=0,
Baz(b— x?)
Jyy = paztb—x) 2 =0,
Bax
Jp3=———d— Jau =0, Jzs=—
33 b+x2 w, 34 9 35 qrz2,
Jo = ME1q1(m — 1), Jp =0,
Ji3 =0, Jaa = M (qix(my — 1) —c1), Jas =0,

J51 =0, Js2 =0,



HARVESTING OF A PREDATOR-PREY MODEL 11
Js3 = M Earga(may — 1), Js4 =0, Jss=Aa(qoz(m2 — T2) — c2).
Theorem 5.1.1. The equilibrium point Py(0,0,0,0,0) of system (1) is unstable.

Proof. Consider the characteristic equation at the equilibrium Py(0,0,0,0,0):

(13) (M1 =A)(—her—A)(—d—w—1)

x (A2 =2A(r1 — 61+ 12— 62) + (r1 — 61)(r2 — 62) — 6162) = 0.
The eigenvalues are:
X;=—(d+w) <0,
X5 =—Ac; <0,
X5 =l <O.
Let X4 and X5 be the remaining two eigenvalues. Their sum is:
X4+Xs=r—o1+rn—0y>0,

which implies at least one of them is positive. Therefore, the equilibrium Py(0,0,0,0,0) is

unstable. L]

Theorem 5.1.2. The equilibrium point Py (x,y,0,0,0) of system (1) is locally asymptotically sta-

ble.

Proof. Consider the characteristic equation at the equilibrium P (x,y,0,0,0):

(14) (—hc2—X1) [M(gix(my — 1)) —c1 — X2)] (% —d—w —X3)

2
X {(rl — 01— (% —|—2u> x—X4) (rp—0y—2vy—Xs) — 0‘162] =0.
The eigenvalues are:

X = —AQCQ <0,

C1

Xo =M (qix(m;—711)—c1) <0, if x<———,
2 =M (qix(mi — 1) —c1) P E——
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_ Pax —d—w<0, if x¢[x],x3].

Xo—
3T hya2

Let X4 and X5 be the remaining two eigenvalues, which are solutions to the quadratic equa-

tion:
(15) X?—nX+m=0,

where:

2
n= (rl—Gl— (%+2u)x>+(r2—62—ZVy),

m= (m — 0] — (% —|—2u> x) (rp — 0y —2Vvy) — 010s.
Since X4 + X5 < 0 and X4 X5 > 0, it follows that:
X4,X5 < 0.
Therefore, the equilibrium Py (x,y,0,0,0) is locally asymptotically stable. UJ

Theorem 5.1.3. The equilibrium point P>(x,y,z,0,0) of system (1) is locally asymptotically sta-
ble.

Proof. Consider the characteristic equation at the equilibrium P»(x,y,z,0,0):
(16)
(X — (q22(m2 — 1) —c2) = A) (X — (qux(m1 — 71) —c1) = A) (X? + doX? +di X +dp) =0,

where:
X =qux(m —1)—c; <0, if x<——0!
=qix(m —1)—c , X< ———,
q1 1 1 1 g1 (m1 —1)
. )
X=qoz(mp—1) <0, if z<———.
22 ) q2(my — 12)
The coefficients d»,d,dy are given by:
2ry az(b —x?) Bax
d=—(r1—o]—(— +2u)x — —5= —0p) —2Vvy+——5 —d—
h=—(rn—o1—( P u)x b1 )+ (rn—o02) Yt W,
2r1 az(b—x*)  Bax
dlzrl—Gl—Q1E1—(7+2M)x— (b+x2)2 b+x2—d-W+(l’2—62)—2Vy

2r
+r—o01—qiE| — (71 +2u)x — az(b—x*)(ry — 62) — 2Vy — 620}
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2
Baz(b—x*) ax
(b+x2)2  b+x*

Bax 2r;

a —x2
= (B = a-win = o1 — = 2= S (2 02) - 2w )

+ (( pax —d—w)GzO'l) + (ﬁaz(b_x2) ( o )((rz—dz)—Zvy)).

b+ x> (b+x2)? \ b+x2

Using the Horowitz criteria, the equilibrium P»(x,y,z,0,0) is locally asymptotically stable if:

x<— e 2 dndidr>0, and dody —dy > 0.
q1(mi —71) q2(m2 — 1)
This completes the proof. [

Theorem 5.2.3. The equilibrium point P3(x,y,0,E1,0) of system (1) is locally asymptotically

stable.

Proof. Consider the characteristic equation at the equilibrium P5(x,y,0,E},0):

llq%(ml — T])E]X(—AQCZ — /1)

) Pax PBax B
|:)u -1 (b+x2 —d—w—}—r2—62—2vy> +b—|—x2 —d—w+r—0,-2vy| =0

From this characteristic equation, we immediately have one eigenvalue:
17) X| = —126‘2 < O,

which suggests local asymptotic stability at P;3.

Let X; and X3 be the remaining two eigenvalues, which are solutions to the quadratic equa-

tion:
) Bax Bax B
(18) A=A <b+x2 —d—W-I—I’z—O'z—zvy) +m—d—w+r2—02—2w—0.
We note that:
X+ X3 <0,
X5 - X35> 0.

Consequently, it follows that:
X, <0 and X3<0.

Hence, all eigenvalues have negative real parts, confirming local asymptotic stability. U
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Theorem 5.2.4. The equilibrium point Py(x,y,z,0,E) of system (1) is locally asymptotically

stable.

Proof. Consider the characteristic equation at the equilibrium Py(x,y,z,0,E>):
(19) (A= A)(—A> 4+ PIA? + + DA +D3) =0

Where: & =B+C+a+E —b, P, =—Bc+ (B+c)(a+E)—b(D+c)—c,P3=aBc+EBc—
bDc —cB, a = J41J14, b = J31J13, ¢ = J12J21, B = J33
C=JUn,D=Jyu, E=J;

From this characteristic equation, we immediately have one eigenvalue:

(20) X1 =A=Jss = h(qz(mr— 1) —2) <0,

which suggests local asymptotic stability at Py if z < m

For the remaining two eigenvalues, which are solutions to the equation:
1) AP+ (= @A+ (—P)A + (—P3) =0

Since: ®1,P,,P3 > 0, we have local asymptotic stability at P4 whenever: &P, 4 P3 > 0 using

the the Horowitz criteria. O

Theorem 5.2.5. The equilibrium point Ps(x,y,z,E1Ey) of system (1) is locally asymptotically

stable.

Proof. Consider the characteristic equation at the equilibrium Ps(x,y,z, E1E3):
(22) A= DA DA+ DL+ Dy =0

Where: & =E+B+F+G+e,®p=—a—b+EB+FG—c+eB+eE+Cd, 3 =aB+aC+
bD+bD —EFG—BFG—EBF — EBG+cF +¢G —ad — eBE +eDB + eDE — ce

P4 =CeG+ADb—Cfg+ Ebed —aBC — bBD

Where: a = J14Ja1, B=J20,C=Js5,b=J13/31, D =Jas, E=J11, F =33, G=Jys

¢ =JipJ21,d = J35J53, € = Jzs.

Using the Horowitz criteria we have local asymptotic stability at Ps whenever: & < 0, ¢; P, +

@3 <0, Py >0, and -@ Py — D3+ DDy > 0 O
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5.2 Global Stability of Equilibria. We consider the following Lyapunov function:

V(x,y,z,E1,E2) = (X_x* —In <%)> +h (y—y* i (%))

Z
E;
W\ Ey—E;—In| — | |.
i (B2 (Ez )
Theorem 5.2.1. The equilibrium point P(x*,y*,0,0,0) of system (1) is globally asymptotically

stable.

Proof. Set z = E} = E, = 0. The Lyapunov function simplifies to:

V) = (v =t (2)) +n vy -m(2)).

Differentiating V' along the trajectories of the system:

av *\ d *\ d

v _ (X Ndx ()

dt x ) dt y ) dt
From the reduced system (with z = E; = E, = 0), we have:

dx x 2

—=rx|1—+)—0ox+ 0oy —ux,
dt k

(23)

dy 2

i (rp— o)y + o1x — vy~.

At equilibrium:

*
rix* (1 — x_) —o1x* 4 oy —u(x*)? =0,

(24) k
(rp—on)y +o1x" — v(y*)2 =0.
Choosing:
ll — Gz_y,
o x*
we obtain:

(x'y —xy")*.

= _ | = —_ —Vv- — —
dt ( k —|—u) (x=x7) o1 x* o=y") xx*y

Each term is non-positive and vanishes only at x = x*,y = y*. Therefore:

cfl_‘t/ <0 forall (x,y)# (x*,y%),
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and by Lyapunov’s direct method, the equilibrium P(x*,y*,0,0,0) is globally asymptotically
stable. UJ

Theorem 5.2.2. The equilibrium point P(x*,y*,z*,0,0) of system (1) is globally asymptotically

stable.
Proof. Set E\ = E; = 0. The Lyapunov function simplifies to:
V(x,y) = <x—x* —1In (é)) +1 (y—y* —1In (%)) ) <z—z* —In (%))
X y b4
Differentiating V along the trajectories of the system:
dv x*\ dx y*\ dy 7\ dz
—=(l-—)—=—4+4h4(l—-=)=+Db|1—— | —
dt ( x)dt+1< y>dt+2( Z)dt
From the reduced system (with E; = E, = (), we have:

d.x X 2
— :r1x<1——> — O x+ 0y —ux”,

dt k
d
(25) d_)t) =(rn—0y)y+ o1 x— Vyz.
dz axz
gt -
@ Pyradim
At equilibrium:
rix” l—x—* — o1 X + oy —ux® — @wT
1 X 1 2y b—l—x*2 — Y,
(26) (rp—0on)y" +o1x" — Vy*2 =0,
—dz7"—wz" =0
ﬁb—l—x*z Lo
Choosing:
ll — o2y ;
o1 x*
and
b—l—x*2
12 — y
Bb
we obtain:
dv
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a x2 * X x*
+b+x) (-2 (3 - )

After simplification, we get:

av %\ 2 az* r ) Gzy* 12 02 * * \2
- = — | - = -V — — —
dt (x=x7) (b+x2) <k tu o1 x* br=y7) xx*y O =y7x)
. Therefore:
dv . kaz*
— <0 ifx> —-b
dr BT D) (k)

and by Lyapunov’s direct method, the equilibrium P(x*,y*,z*,0,0) is globally asymptotically
stable. OJ

Theorem 5.2.3. The equilibrium point P(x*,y*,E{,0,0) of system (1) is globally asymptotically

stable.

Proof. Set z = E, = 0. The Lyapunov function reduces to:
vt = (v m(2) o v (2)
x y
E,
(B —Ef—m(=L)).
" 3( s (El))

Differentiating V along the system trajectories, we obtain:

dv X\ dx v\ dy E7\ dE,
—=(l-=)—=+h ({1l -=) =+ —— | —.
dt < x)dt+l< y)dt+3( Ey ) dt

From the reduced system (with z = E> = 0), we have:

dx X
— =rx (1 — —> — O1x+ 02y — ux* — g1 E1x,

dt k
d
@7) = = (n—o)y+or—vy
dE
d_t] =N (qlx(ml — 11) —Cl)El.

At equilibrium, the following conditions hold:

rix* (1 - %) —ox + oy — u(x*)2 —qEjx* =0,

(28) (r—o)y* +ox* —v(y*)? =0,

qlx*(ml — ’Cl) —Cl1 = 0.
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Choose:
L N S
1= ) 3= .
C)'1x>‘< 2,1 (m1 — Tl)

Substituting into fi—‘t/, we get:

dv 8 *\2 Gzy* *\2 02 * %\ 2
- _ | = _ —Vv. — _ _ .
” (k+u>(x x") Glx*(y y) xx*y(xy xy")

All terms are non-positive and vanish only when x = x*, y = y*, and E; = E]. Hence:

dv
E<O for all <x7y7El)%(X*7y*7Eik);
which implies that the equilibrium point P(x*,y*, E{,0,0) is globally asymptotically stable. [

Theorem 5.2.4. The equilibrium point P(x*,y*,z*,0,E>) of system (1) is globally asymptotically

stable.

Proof. Set E{ = 0. The Lyapunov function simplifies to:

ey = (sme () ot s - (2)) s (s 2))
X y 2
% E
+l4 <E2_E2 —1In <F§)> .

Differentiating V along trajectories of the system, we get:

dv x*\ dx v\ dy 7\ dz E3\ dE;

—=(1-——|—4+h4|l—-=)—=4bL(1—— ) —+|(1——= ) —.

dt ( x)dt+1< y)dt+2( z)dt+4( E2> dt
From the reduced system (with £y = 0):

dx x ) axz
= r1x<1 ——) — O X+ 0oy —ux"— ——

dr k b+x*
d
2 (ry— 02)y+ o1x — vy?,
dt
(29) J
z axz
& —dz—wi—qoE
dt Bb—}—xz R e
dE,

= = ME> (q2z(my — 1) —c1).

At equilibrium:

x* ax*z"
(1= ) —ox*+ oy —ux>— —=_ =0,
1 ( k) 1X° + 02y b2

(30) (ry—0)y* +o1x* —vy*? =0,
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Bpa e —w BT =0,
qzz* (m2 — Tz) —C)y = 0.
Choose the coefficients:
l Gzy* l b+x*2 b+x*2
= _

= =— Lh=——
o1x*’ 2 Bb e BbAr(my — 1)

Substituting into ‘fi—‘t/, we obtain:

av . r . y_*_X B z 4
dt_(x x){ <k+u)(x *) Gz(x* x) a(b—i—xz b—i—x*z)]

ory* . . x xf

— —vy—y+o [ —-=
Glx*(y y){ =y 1(y yﬂ
b+ x*? « | Bax Bax* N
7B (= >[b—|—x2_b+x*2_qz(E2_E2)
b+x* ; ;
+ Bb 9(z—7")(E2— E3).

After simplification:

dv . az* r o2y « 02 *
—(x—x)z{ (—+u>} —v (y—y)z—xx*y(yX*—yx)z-

dr b+x2 \k o1 x*
Therefore,
dv kaz*
— <0 if —b.
a 0 N T o) k)
By Lyapunov’s direct method, the equilibrium point P(x*,y*,z*,0,E}) is globally asymptot-

ically stable. 0J

Theorem 5.2.5. The equilibrium point P(x*,y*,z*,E} ,E3) of system (1) is globally asymptoti-

cally stable.

Proof. We define the Lyapunov function:
* X " y
V(x7y7Z7E1;E2): <)C—)C —1n<—*>>+ll y—y —In =
* y
E
+h (Z—Z*—ln(3>)+ls (El—ET—1n<_i)>
z* E;
E>
| Ex—E;—In| =) ).
wu(E-ki-m ()
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Differentiating V' along the trajectories of the system:
dv x*\ dx y*\ dy 7\ dz
—=l-—)—+4h4(l-=)=+b|1—— | —
dt ( )dt+l< y>dt+2( z)dt

E#< dE] E* dEZ
LBll—— ) — 4+l 1-—
th < E1> dt T ( Ez) dt -

The full system is:

dx X »  axz
—:rlx(l—%>—61x—|—62y—ux — —q1E1x,

dt b+ x?
d

d_f = (r,— )y +01x — Vy?,

dz axz

€)Y o ﬁb+x2 2 —wz—q2kaz,

dE
d—1=7L1(611x(m1—T1)—61)E1,

t
dE
d_t2 = 7L2 (qzz(mz — ‘L'2) —C2)E2.

At equilibrium, we have:

x*
rix (1 — ?) — o + oyt —ux*? —

(n—02)y" +o1x" — vy =0,

(32) By —de’ —wZ' — E3 =0,
q1x*(m —71) —c1 =0,
q22" (my — 1) —c2 = 0.

We choose the constants as:

ory* b+ x*? 1 / b+ x*?
) = , = N, 4 = - .
o1 x* Bb Ai(m—11) BbAz(my — 12)

Substituting into & dt , We obtain:

‘;_‘t’ _ (x_x*){-(%Jru)(x—x*)—@(,yc_:_%) a(b—i—x b+x*2)

+l3q1(m1—11)(x—x*)(E1—ET)+ll(y—y*){ viy- y)+61<)y_€_—*>}

*
Bax Bax*
b+x? b+x*?

I =

+h(z—7") [

—q2<E2—E§>} thaa(e— ) (Er— E).
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After simplification:

dv v [ az* ry o2y" ©2 o
dt = =) [bthz (k +u>} vclx*(y Y) xx*y

Thus, the Lyapunov derivative is negative definite if

> kaz’ b
X - Y
(b+x*2)(ry + ku)

and by Lyapunov’s direct method, the equilibrium point P(x*,y*,z*, E{, E5) is globally asymp-
totically stable. 0
5.3 Optimal Harvesting Strategy.

Consider I to be the present value of a continuous-time stream of revenues. Let § be the
instantaneous rate of discount, and E s the optimal harvesting control with corresponding state
variables xg, and yg.

The objective is:

I(E\s) =max{I(E) :E €U}, whereU = {E:[0,t¢] = [0,Emax] | E € L[0,1]}
We write the Hamiltonian:

H(t)=e % (piq1x—D)Ei(t) + M (1) [rlx (1 — %) — O1x+ Opy — ux® — qlElx]

+ /12(1‘) [(I’z — Gz)y—|— O1X — Vyz}
Let A1(¢) and A,(¢) be the adjoint variables.

Switching Function

JoH 5
1) == = (P1q1x—D)e”* — hig1x
Adjoint Equations
dM _ JH dly  OH
dt  Jx’ dt  dy
When y = 0:
_ D\ _
Mqix= (piqix—D)e™® = A= (Pl —_) e Ot
q1x
dA
Evaluate <7t
dA 2
d_;l =~ "Eipigi+h {rl - %X— Ol —214)6—6]1E1} + A202x
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dly
Evaluate a
dAy

ar =—-Mor+ )Q(rz — 0y — 2Vy)

At the interior equilibrium point P(x*,y*), when g—g =0, we have:

D

Al :Alei&, where Ay = p; —
q1x*

Substituting into the equation for A:

dlz -5 A10» -5
—— A =—-A10e % Ay=(rn—0)-2vy = A = !
= 2A2 100e” %, Ay =(rn—02) y 2= s
Now for Aq:
dA; s
= QMAy = —Ase” ¥
s 144 5€
Where:
2rq Aion
As=ri— —x—01 —2ux—q1E As=F
4=1T1 kx 1 —2ux—qiLq, 5 1P1611+A2+5
Then:
As s
AM=—2—e %
! A4—|—3€
Compare with:
D _ A5q1x*
A= ~ e = xX'—D=—""o—
1 (Pl q1x> P14g1 A+ o

Define the function:
F(x") = h(x") = (p1g1x" — D)
The positive roots of F(x*) give the optimal fish population x* = xg. The solution is unique if:

F(0)<0, F(K)>0, F'(x*)>0, 0<xs<K

Optimal Prey Population

" (7‘2—62)+ \/(}”2—(72>2+4V61X5
y =Ys = oy

Optimal Effort Level

1 X§
ik,é = [rx(g <1 — ?> — O1X§5 + 02Ys
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Asymptotic Behavior

As 0 — oo:
Asqx*
Ag+0

=0 = 7T(Xeoy Yoo, Ecoyt) =0
5.4 Simulation Results and Interpretation.

5.4.1 Equilibrium Point P(x,y,0,0,0). The simulation results for the simplified fishery model
Py (x,y,0,0,0) help us understand the behavior of fish populations under spatial separation and
no external effort.

Time Path of x(t) — Free Zone Time Path of y(t) — Reserve Zone
17 4

.

16 1

15 1

y(t)

x(t)

13 4

11 4

4 e e
-

T T T
10 15 20 25
Time

o
w
=
=
7]
[
o
[N
o
(=
w

Time

FIGURE 1. Time paths for x(7) and y(¢)

Initially, the fish population in the free fishing zone is high (x(0) = 10), but it declines rapidly
due to strong competition, movement to the reserve zone, and the absence of protection. This
sharp decrease is followed by a stabilization around a lower steady-state value near x* = 5.2.
In contrast, the reserve zone starts with the same initial value (y(0) = 10), but without fishing
pressure, its population grows quickly, benefiting from migration and lack of exploitation. It
eventually stabilizes around y* ~ 16.8. These results suggest that spatial separation into fishing
and protected zones creates a self-balancing dynamic. The reserve supports biomass recovery,
while the exploited zone maintains a lower but steady population. This confirms the practical

value of marine protected areas (MPAs) in promoting long-term fishery sustainability.

5.4.2 Equilibrium Point P>(x,y,z,0,0). The dynamics under P»(x,y,z,0,0) include the effects

of predator-prey interactions in addition to spatial management.
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Time Path of x(t) — Free Zona Time Path of y(t) — Reserve Zone Time Path of z(t) — Predator
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Time Time Time

FIGURE 2. Time paths for x(z), y(), and z(z)

In the free fishing zone, the fish population initially decreases quickly, driven by both com-
petition and predation. It stabilizes at a lower level after a brief transient period. The reserve
zone benefits again from the lack of fishing, allowing fish populations to increase and settle at
a higher equilibrium. The predator population, however, declines steadily. As the prey base in
the free zone diminishes, and with no access to the reserve, the predators experience a shortage
of food, leading to population collapse.

These outcomes show how predator-prey dynamics can amplify the benefits of spatial pro-
tection. Predators are highly sensitive to changes in prey availability, and their collapse here

highlights the importance of maintaining healthy prey populations across zones.

5.4.3 Equilibrium Point P3(x,y,0,E1,0). This simulation introduces economic effort targeting
the fish population in the free zone. We analyze the evolution of fish in both zones and the effort
variable E| (7).

The fish population in the free zone starts high but declines sharply due to intense harvesting
pressure. After this initial fall, it reaches a steady equilibrium. Meanwhile, the reserve zone
population grows rapidly, supported by migration and protection, and then stabilizes at a high
level.

Importantly, the fishing effort E)(¢) also falls over time. Initially active, it collapses as the
resource becomes scarce and unprofitable. This demonstrates how economic incentives are

naturally constrained by ecological conditions, if a population can’t support harvesting, effort
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FIGURE 3. Time paths for x(¢), y(¢), and E;(¢)

declines as well. The reserve again provides resilience by maintaining biomass, even when

effort collapses.

5.4.4 Equilibrium Point Py(x,y,z,0,E>). This case models targeted fishing effort on the predator

population, in addition to prey dynamics and spatial effects.

x(t) — Free Zone

y(t) — Reserve Zone
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FIGURE 4. Time paths for x(¢), y(¢), z(t), and E»(t)

The free zone population falls rapidly due to predation and internal pressures, stabilizing at

a lower level. In contrast, the reserve fish population increases and maintains a higher equi-

librium. The predator population declines drastically, collapsing entirely due to both a lack of

food and the impact of fishing effort E;(z).

Effort E;(¢) mirrors the predator trend starting high but decreasing as the economic return on

harvesting predators diminishes. This simulation again emphasizes the importance of resource
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availability in determining economic effort, and how protected areas play a stabilizing role in

the broader system.

5.4.5 Equilibrium Point Ps(x,y,z,E1,E>). This final simulation integrates both fishing efforts

and the full ecological interaction among fish, predators, and spatial zones.

Xx(t) — Free Zone y(t) — Reserve Zone
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FIGURE 5. Time paths for x(¢), y(¢), z(t), E(t), and E>(¢)

The free zone fish population declines sharply and stabilizes at a lower level. The reserve fish
population increases quickly and levels off at a higher value. Predator numbers drop steadily
and eventually collapse due to lack of prey and harvesting. Both fishing efforts E(¢) and E>(¢)
begin at high levels but fall rapidly as the populations they target become economically unviable.

The model underscores a key insight: ecosystems and economic systems are deeply con-
nected. When prey populations shrink, predator survival and economic interest in harvesting
them also decline. Marine reserves play a vital role in maintaining system-wide balance, pro-

viding refuge and ensuring that collapse in one part of the system doesn’t lead to total failure.
CONCLUSION

We developed and analyzed a bioeconomic model for a three-species marine ecosystem, in-

tegrating spatial zoning and dynamic harvesting efforts. Unlike traditional fixed-effort models,
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our formulation allows fishing pressure to evolve based on ecological feedback and economic
return, thereby better capturing real-world decision-making dynamics.

Through rigorous stability analysis including equilibrium classification, Jacobian evaluation,
and Lyapunov-based global stability proofs we identified conditions under which the system
can reach ecologically meaningful and economically viable steady states. The inclusion of a
Holling type IV functional response enriches the model by accounting for predator saturation
and efficiency thresholds.

The application of Pontryagin’s Maximum Principle allowed us to explore optimal harvesting
under cost, revenue, and discounting constraints. This formalism provided critical insights
into how prey biomass and fishing effort can be tuned to maximize long term returns without
jeopardizing species persistence.

Numerical simulations complemented the theory, demonstrating how spatial protection zones
can act as ecological buffers, particularly when prey collapse threatens predator viability or har-
vesting profitability. The sharp drop in effort levels observed in some scenarios reflects a natural
economic feedback mechanism a system halting exploitation when it becomes unprofitable.

Taken together, these results support the argument for integrated management strategies that
combine spatial protection, dynamic regulation, and economic adaptation. Future extensions
could explore stochastic perturbations, delayed feedback, or agent-based implementations to
reflect even richer behavioral patterns. We hope this work contributes to the growing literature

on sustainable fisheries and offers practical guidance for policymakers and resource managers.
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