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Abstract. The study makes a comparison of two models used to assess Uganda’s effort in reducing neonatal
mortality since the onset of the Sustainable Development Goals. These two models are Bayesian Dynamic Linear
and Mixed Effects Interrupted Time Series Models. The study made use of secondary data obtained from the
country’s Ministry of Health spanning from January 2015 to December 2023. To determine the most appropriate
model, the study conducted both Robust tests of model diagnosis and K-fold cross-validation tests as a global
measure of model comparison. The Bayesian Dynamic Linear Model outperformed the Mixed Effects Interrupted
Time Series Model on three out of the four criteria considered to assess the two models. Besides having a higher
Cross-Validated Root Mean Square Error, the Bayesian Dynamic Linear Model does better on robust tests and
has a higher Cross-Validated Log Likelihood. Therefore, the Bayesian Dynamic Linear Model outshone Mixed
Effects Interrupted Time Series Model as a preferred model for Neonatal mortality analysis amidst SDGs onset

impact evolution, in alignment with the study’s methodological innovations and overarching research objectives.
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1. INTRODUCTION

Uganda has made substantial investments to improve maternal and child health [9, 12]. De-
spite this, neonatal mortality (NM) remains a significant concern in the country [11]. Like
any other country, Uganda prefers to have a healthy economy to achieve a wealthy one. The
2016 launch of the Sustainable Development Goals (SDGs) emphasized a global reduction of
neonatal mortality (NNM) to fewer than 12 deaths per 1000 live births by 2030 [10]. This
study evaluates the impact of the SDGs on NNM in Uganda using an Interrupted Time Series
(ITS) and Bayesian approaches. These are well-established methods for causal inference in
observational health data [2, 14].

This study extends the standard Interrupted Time Series (ITS) design by incorporating mixed
effects modeling whereas traditional ITS assumes homogeneity and is often applied to aggre-
gate data [14, 2]. At the same time, the mixed effects ITS (ME-ITS) model accounts for the
hierarchical structure of the data, the variability between groups in baseline levels and trends.
This allows a more accurate estimation of the effects of the intervention in the presence of

clustering and heterogeneity [8].

2. METHODS

2.1. Data Types, Sources, and Timeframe. The study used data from the DHIS2 (District
Health Information System 2) obtained from the Ministry of Health, Uganda.

The main outcome assessed by the study was the monthly neonatal mortality at the district
levels in Uganda from January 2015 to December 2023; hence, the study contained 15,168

observations.
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2.2. Study Variables.

TABLE 1. List of study variables

Variable Variable name Description Variable nature
v01 Neonatal The monthly number of newborn children dying Discrete
within their first 28 days of life per district.
v02 Year The calendar year for which the data was Ordinal
recorded.
v03 Month The month of the calendar year for which the Ordinal
data was recorded.
v04 District Name of the district from which the data was Nominal
recorded.
v05 Region The administrative region in which the district Nominal
is located. (1) Central
(2) Eastern
(3) Northern
(4) Western
v06 ANC Total number of 1st antenatal visits by women Discrete
in the district
v07 Season Changes in weather conditions in the country Nominal
e 1 Dry
o 0 Wet
v08 Observ A time variable measuring the time factor (num- Discrete
ber of months) from the start (Jan 2015) to the
end of the observation period (Dec 2023).
v09 IntervenOnset Measuring time elapsed (number of months) Discrete
since the intervention time (post SDGs intro-
duction).
v10 Interven A binary variable indicating whether a data Nominal
point is before or after the intervention (start of (1) 02015

SDGs).

(2) 12016 and af-

ter
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2.3. Mathematical Models. Two models are used in this paper: Bayesian dynamic linear
model (BDLM) as explained in the authors’ recent article [1] and a mixed effects interrupted

time series model (MEITSM) which is this paper’s extension of the standard ITS model.

2.3.1. Bayesian Dynamic Linear Model. The model was formulated as follows:

Model formulation.
nm h n h nm
(D BOI + Z Z Z Blmtxlml + Z Z ﬁzm m+1D)tXimtXim(m-+1)t +&
i=lm=1t= i=lt=1m=1
BOt BO(t—l)
ﬁllz ﬁlm(t—l)
B2 Biiag—1)
Bnmh ﬁnm(h—l)
_ﬁnm(m—i—l)h_ _ﬁnm(m—l—l)(h—l)_
where:
Y; represents the i/ district neonatal mortality rate at time t.
X11,X12,---,Xp, are the m covariates including the maternal healthcare policies and interven-

tions in which case a code O is used for Before and 1 for After the introduction of a given
policy/intervention during the observation time for a given policy or intervention.

XitmXism(m+-1) 18 the interaction covariate between the m'™ and (m 4 1)"* covariate including the
maternal healthcare policies and interventions with 3,1 as the their respective coefficients,
Bo: denotes the time varying intercept.

Bi11,Bi21,- -, Bunm are the time varying coefficient associated with each of the m covariates
including the maternal healthcare policies and interventions.

& and oy are the observation and evolution error terms respectively where & ~ .47(0,V;) and

0)[ ~ JV(O,VV[)

2.3.2. Mixed effects interrupted time series model. The model was formulated as follows:
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Study Model formulation.

Y;jr = Bo+ B1 - Observ;j; + [, - Interven; j; + B3 - IntervenOnset; j; + B4 - ANC;
(2)

+PBs - Season; j; + PBg - Region, j, +u; +v; + &

where:
Y;j; :Neonatal deaths in region j, time ¢, for observation i
Bo : Overall intercept
Bi,...,B¢ :Fixed effect coefficients for the predictors
u; ~ AN (0, Guz ) :Random effect for the spatial variable District
vj~ A (0,62) :Random effect for Region
& ~-#(0,06%) :Residual error term
and :
Observ;j; :Time trend (months since the start of the study)
Interven;j; :Intervention dummy (0 before SDGs, 1 after)
IntervenOnset;;;  : Time after intervention began (0 before SDGs, increasing afterward)
ANC;j; : Monthly antenatal care visits
Season;j; : Seasonal effect (dry or wet)

Region; i Region fixed effect (Central, Eastern, Northern, Western)
Simplified/general form of the model.
3) y=XB+Zu+e¢

where:
e y € R" is the response vector (neonatal deaths),
e X € R"*7? is the fixed-effects design matrix,
e 3 € R? is the vector of fixed effect coefficients,

e Z € R"*1 is the random-effects design matrix.
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2.4. Parameter Estimation.

2.4.1. Parameter Estimation for BDLM. BDLM parameter estimation was done as follows,
as fully explained in the preliminary study by the authors [1] for the formulation of the model.
Since the study was interested in the neonatal mortality situation in the country with the in-
troduction of SDGs, it had to make a comparison of the situation before and after their intro-
duction, implying that past values have much influence on future values for this study. The
Bayesian approach using the Kalman Filtering technique was considered the best method for
estimating study model parameters. Because the Bayesian approach concentrates on showing
how a particular part of the data depends on the other parts, it was considered the best approach.

Because Bayesian inference has its roots in Bayes’ rule, as noted in the studies by [3, 4].
To get the final parameter estimates, the study made use of the theorem through the posterior

density function based on:

@) P(B|Y) =< P(Y|B)P(B)

where

B represents a vector of parameters to be estimated

Y represents the observed data which is the district’s monthly neonatal mortality.

P(B) represents the probability distribution of the parameter vector being estimated, that is to
say, the update in the light of new data. This constitutes the prior probability.

P(Y|B) is the probability distribution of the data given the parameter being estimated which
constitutes the likelihood.

P(B|Y) is the probability distribution of the parameter vector being estimated given the data Y.
This constitutes the posterior probability of the estimated parameter (updated upon new data).
Procedure followed to estimate the model parameters

Rewriting the formulated model presented in (1) which is expressed in the form of two equa-
tions; observation and state equations, bearing in mind the fact that the process of bayesian
inference involves passing from a prior distribution, P(B) to a posterior distribution, P(B|Y),

estimation of its parameters was done through the Kalman filtering technique.
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(5) Y, =X!B,+&

B:=B. .+

where

Y; is the observed data X; is a p-dimensional design vector of covariates an the interaction
terms.

B, is a p-dimensional time varying parameter vector (for both covariates an the interaction
terms).

& and wy are the observation and evolution error terms respectively where & ~ .47(0,V;) and
W, ~ N (0,W,).

Since the formulated model is a multivariate Gaussian state space model, basing on the stan-
dard results about a multivariate Gaussian distribution pertaining its marginal and conditional
distributions, the random vector of parameters B, too has a Gaussian distribution and the same
applies to the other respective marginal and conditional distributions.

Therefore, since all the relevant distributions are Gaussian, we use the means and variances
to estimate the parameters (posterior means) through the following procedure:

(1) ) Obtaining the prior distribution
From the second line of equation (1), because a DLLM is a Gaussian time space model,
a normal prior distribution was used for a p-dimensional state vector. First obtaining
the initial values where ﬁo ~ AN (mg,co) and then attaining a one step ahead of the
prediction of the parameter vector distribution ﬁ, [v1:+—1, we write the prior probability

density function as follows:

o 1 (Bt —m,,1)2
(6) P(Bz) - \/27[(‘/‘/[+ct_1)2 eXP_2("V¢+C[_1)2

(2) ) Obtaining the likelihood distribution function

From the first line of equation (1), obtaining the predicted (one-step) distribution func-
tion of ¥;: Yt|y;,—1. Depending on normal distribution conditions, we write its likeli-

hood function probability density function as:
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1 (Yt _X;Bt)z

W P(Y|B;) = exp —
\/271:(\/, + X1 X7)? 2(Vi + Xicrp 1 X))?

(3) ) Obtaining the posterior distribution
To obtain the posterior distribution, we multiply the likelihood and prior probability
density functions as derived from Bayes’ theorem in equation (4). Since both the prior
and likelihood are Gaussian, the resulting posterior is also Gaussian, represented as
B:|Y; ~ A (d;, py). This allows us to determine the mean and variance of the parameter

estimates by simplifying the posterior pdf expression as illustrated below:

®)
P(B,|Y;)
= 1 expf_zwt Xy X2 (B —my1)2 = 2(Wi+c1)2(Y — X, B,)?
V2R )20+ Xy X2 AWt e 02V + Xrcgp i X))

_ 1 exp ~(Wi+a-1)* (v —X;B,)*)
\/2”(Wt+0z—1)2(Vz +Xc-1X7)? 2(We+c-1)? (Ve + Xocy 1 X))?

_ 1 7(YI7X;ﬁt)2

— ‘ i
\/27r(W,+c,,1)2(V, + X1 X)) 2(Vi + X i1 X7)?

Therefore, B,|Y; ~ A (&, (W; +¢,_1)?)

2.4.2. Parameter Estimation for MEITSM. In order to estimate the model parameters, the

following aumptions have been put n place basing on equation (3).

Assumptions.

e u~ 4 (0,G) is the vector of random effects,
e £~ 4 (0,R) is the residual error vector.

e y and € are independent.

We marginalize y over u in equation (3) to obtain the marginal distribution of y. We do this
by finding the expectation and covariance of y such that:
E(y) =X,
cov(y|B) = cov(€) = o2ly
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cov(y) = cov(Zu) +cov(g) =V

therefore:
9 y~AN(XB,V), whereV =ZGZ"+R which is the marginal variance matrix

As a way of getting the log likelihood of REML, we begin by finding the full Maximum
Likelihood Estimation of equation (3) we first obtain the the pdf of equation (9) given by:
p(y) = [ p(y[u) x p(u)du

We well know that linear combinations of multivariate normal produce another normal, there-
fore:

P() = sayiaexp(5 (v —XB) 'V (y—XB))

Taking the log likelihood, we attain the marginal log-likelihood which is the log-likelihood

function under full maximum likelihood as follows:
(10) (6,8) = —5 [nlog(2) +log|V| + (v~ XB) V"' (s~ X)

To obtain f3, differentiate £(@, B) with respect to

ol
B

Setting this derivative to zero gives the Generalized Least Squares (GLS) estimator:

=x"v1y-xp)

(11) f=xTv'x)"'xTvly
Substituting 3 back into the log-likelihood yields the profile likelihood:
1 n N A
£p(8) = £(8,B) = — |nlog(2m) +log|V|+ (y=XB) V"' (y=xP)|

We then carried out REML estimation to remove the dependence on 8 by considering only
those linear combinations of y that are orthogonal to the column space of X. Let K € R (n=p)

be a matrix such that:

K'X=0 and K'K=1I,,

Premultiplying equation (3.3) by K yields:

(12) K"y~ #(0,K"VK)
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The quadratic term in the likelihood becomes:
(K'y)"(KTVK)" (K Ty) =y K(KTVK) 'Ky

This projects the response vector y into the orthogonal complement of the column space of
X, thereby removing fixed effects.
Thus, the REML log-likelihood function is:

1
log Lrem.(6) = — | (n— p)log(27) + log|K ' VK| +yTK(KTVK)’1KTy]

Using the following matrix identities:

4

K'VK|= ——
| | IXTV-1X|

p=vIi-vixxTvix)-lxTv-!

The matrix P, is known as the generalized orthogonal projection matrix onto the orthogonal
complement of the column space of X with respect to the inner product defined by V—!. This
matrix plays a central role in REML because it isolates the portion of the data vector y that is
uncorrelated with the fixed effects X . Intuitively, P, removes the influence of the fixed effects
by projecting the observed data into the subspace orthogonal to X, thereby allowing variance
component estimation to proceed without the bias introduced by estimating f3.

Hence, the REML log-likelihood becomes:

(13)
log Lew (6) = —5 [(n— p)log(2) + log V] +log X VX[ + (v~ XB) V"' (v XB)

To obtain the parameter estimates, we maximized this log-likelihood with respect to 6, the
parameters defining G and R. The estimate of 3 was obtained by the GLS estimator as in

expressed in equation (11), which was derived by solving the normal equations:
X'vIixg=x"vly

Thus, from the REML framework, the parameter estimates are:
e f=(XTVIX)IxTy-1y
o 0

argmaxg log Lremr(6)
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where the latter (é): the random effects estimates, was obtained via numerical optimization
such as the Newton-Raphson method. with this approach we attained consistent and unbiased
estimates of both the fixed effects and the variance components (Random efects) in the mixed-

effects ITS model.

2.5. Model Assumptions. For the two models above, the following properties were checked
for:

Auto-correlation:

The Residuals should not be autocorrelated.

Homoscedasciticity:

The residuals should have constant Variance.

Stationarity:

The residuals are expected to be stationary.

2.6. Model Diagnostics (Robust tests). To validate the assumptions of the two models speci-
fied in (2) and (1), we tested the residuals for autocorrelation, heteroscedasticity, and stationarity

(unit root).

1. Autocorrelation: Durbin-Watson Test.

_ Zthz(et - et—l)2

(14) DW
Yii €t2

where
e; = the residuals from the regression model.
T = the number of observations.

Hypotheses:

e Hj: No first-order autocorrelation

e H,: First-order autocorrelation exists
Decision rule:

o If DW =~ 2: No autocorrelation
o If DW < 2: Positive autocorrelation

e If DW > 2: Negative autocorrelation
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Importantly, the p-value of the Durbin Watson test statistic should be greater than 0.05 for us to

conclude that the residuals are not autocorrelated.

2. Heteroscedasticity: Breusch-Pagan Test. Test statistic:

_ SSR*
2

(15) BP

where SSR* is the regression sum of squares from an auxiliary regression of squared residuals

¢% on the original regressors.

Hypotheses:

e Hy: Homoscedasticity: (Residuals have constant variance)

e H;: Heteroscedasticity exists (Residuals do not have constant variance)

Decision rule: If the probability value of the Breusch Pagan test statistic is greater than or equal
t0 0.05 (p — value > 0.05), we fail to reject the null hypothesis and conclude that Residuals have
constant variance. Otherwise, we reject the null hypothesis and conclude that the Residuals do

not have constant variance.
3. Unit Root: Augmented Dickey-Fuller (ADF) Test.

)4
(16) Ae; = o+ e +Z6iA€t7i+8t
i=1

Test statistic:

17 T=

where
¥ = is the estimated coefficient of ¥;;_;, and
S.E(9) its standard error.
Hypotheses:
e Hj: Residuals have a unit root (non-stationary)
e H;: Residuals are stationary
Decision rule:
Reject Hy if 7 is less than the critical value at a chosen significance level. For instance, at

5% significance level, if the probability value of the ADF test statistic is greater than or equal
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to 0.05 (p — value > 0.05), we fail to reject the null hypothesis and conclude that the data is

non-stationary.

2.7. Model Evaluation using Mean Cross-Validated Log-Likelihood. Based on the liter-
ature by [7, 13, 6], we were able to come up with a procedure to assess the out-of-sample
predictive performance of the two models. We employed the Mean Cross-Validated Log-
Likelihood (MCVLL) and Cross-Validated Root Mean Squared Error (CVRMSE) using K-fold
cross-validation technique.
Let 2 = {(xi,yi)}}_, be a dataset of size n, where x; represents the covariates and y; the re-
sponse variable (monthly neonatal deaths). In K-fold cross-validation, the dataset is randomly
partitioned into K approximately equal-sized, mutually exclusive subsets (or folds) denoted by
D, Da,..., Pk (K =3).
For each fold k € {1,2,...,K}:
e The test set is defined as .
e The training set is defined as Z_, = 2\ %.

e The model fitted on the training set is denoted by f (k)

2.7.1. Mean Cross-Validated Log-Likelihood. The mean cross-validated log-likelihood
(MCVLL) assesses how well a model predicts unseen data by averaging the log-predictive den-

sities across all test folds:

K

1 A
(18) MCVLL=-Y Y logp(y|x,f®)
" k=1 (xiye) €Dy

The predictive distribution is given by:
(19 pi 5D = [ (i) p(6 | D) de
Since this integral is intractable, it is approximated using S posterior samples {6

S
Z yl’xlaes

The log-predictive density is then estimated using:

S
Y p(vi | x:, 0 )

s=1

slz

C/:I'—k

(20) p(i | xi,D

| —

(21) log p(yi | xi,D_x) (
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To ensure numerical stability, especially when dealing with small likelihood values, the log-

sum-exp trick is used:
1 S
(22) log S Z exp(ls) | = —logS+log-sum-exp(¢y,...,0s)
s=1

where ¢, = log p(y; | xi,0")).

2.7.2. Cross-Validated Root Mean Squared Error (CVRMSE). The CV-RMSE evaluates pre-

dictive performance in terms of squared error and is computed as:

K

1 2
(23) CVRMSE= (-} Y (y,- _ y;?"))
=1 (i) ey
where )?l(k) is the prediction for x; from the model fitted on D_;. RMSE provides an inter-

pretable error metric in the same units as the response variable, making it useful for comparing

competing models [7].
2.7.3. Model Comparison Strategy (Decision Rule). To compare two candidate models, we

use both metrics:
e A model with a higher MCVLL is preferred for its superior predictive likelihood.
e A model with a lower CVRMSE is preferred for its smaller average prediction error.
These cross-validated criteria were considered since they provide a principled and data-driven

approach to model selection in both frequentist and Bayesian contexts.
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3. RESULTS

3.1. Model validation.
3.1.1. Robust methods of model Validation.

TABLE 2. Empirical mean and its standard error for each variable

Variable Mean | std.error
ANC 0.006 | 0.000
After Interven -0.332 | 0.018
Before Interven 1.664 | 0.021
IntervenOnset -0.181 | 0.022
Observ 0.170 | 0.021
RegionCentral 1.099 |0.017
RegionEastern 0.338 | 0.018
RegionNorthern 1.051 | 0.022
RegionWestern 0.463 | 0.019

RegionCentralEastern 0.901 | 0.002
RegionCentralNorthen | 0.899 | 0.001
RegionCentralWestern | 0.901 | 0.001
RegionEasternNorthern | 0.901 | 0.002
RegionEasternWestern | 0.899 | 0.002
RegionNorthernWestern | 0.901 | 0.001
SeasonDry 0.583 | 0.013
SeasonWet 0.779 |0.014

TABLE 3. Regression output showing the parameter estimate with its standard

error from the Mixed Effects ITS Model

Variable Estimate | std.error
(Intercept) 6.730 4.517
ANC 0.001 0.000

After Interven -5.334 0.383
IntervenOnset -1.618 0.055
Observ 0.605 0.055
RegionEastern | -5.424 6.283
RegionNorthern | -4.861 6.281
RegionWestern | -4.590 6.290
SeasonWet 0.137 0.125
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TABLE 4. Models validation tests Results

Model/Test DW Test for Autocorrelation BP Test for Heteroscedasticity ADF Test for Stationarity

Statistic p-value Statistic p-value Statistic p-value
MEITSM 1.4385 0.00 799.87 2.2e-16 -13.027 0.01
BDLM 0.5864 0.00 025 0.6 -13 0.01

3.1.2. Mean Log-Likelihood method of K-Fold Cross-Validation.

TABLE 5. Comparison of Mean Log-Likelihoods from K-Fold Cross-Validation

Model Mean CV Log-Likelihood Interpretation
Interrupted Time Series (MEITSM) —3.7631 Poorer predictive performance
Dynamic Linear Model (BDLM) —3.3025 Better predictive performance
0

=

o)

s}

=

S

=

J -2 1

on

)

—

>

Lg) A —-33

s 7 —3.76 h

=

T T
MEITSM BDLM

FIGURE 1. Bar plot of mean log-likelihood from K-fold cross-validation for
MEITSM and BDLM
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3.1.3. RMSE method of K-Fold Cross-Validation comparison.

TABLE 6. Comparison of RMSE from K-Fold Cross-Validation

Model Mean CV RMSE Interpretation
Mixed Effects Interrupted Time Series Model (MEITSM) 7.662 Better predictive performance
Bayesian Dynamic Linear Model (BDLM) 15.712 Substantial predictive performance

4. DISCUSSION OF RESULTS

Basing on the results in output in Table 4:

While testing for autocorrelation of residuals ,since the p-value of the Durbin-Watson statistic
1s 0.00 for both models, this indicates autocorrelation of the residuals, hence both models fail
on this property.

While testing for homoscedasticity of residuals, by the fact that the probability value of the
of Breusch Pagan test statistic for the BDLM (p-value = 0.6) is greater than 0.05, we fail to
reject the null hypothesis and conclude that Residuals do have constant variance while Resid-
uals do not have constant variance for MEITSM since its Breusch Pagan test statistic p-value
(2.2e-16) is less than 0.05. Therefore, the MEITS does not fulfill a very important property of
homoscedasticity of residuals.

While testing whether the residuals are stationary, whereby the Augmented Dickey-Fuller
test was used, since the p-value of the ADF test statistic is less than 0.05 (p — value > 0.05)
for both models, we reject the null hypothesis and conclude that the two models have stationary
residuals.

Therefore, since MEITSM fails on two occasions, especially on homoscedasticity, we cannot
rely on it and so we take the BDLM since it only fails on autocorrelation, a property that can be
overlooked with non-frequentist models.

Comparing regression output in Table 2 which is obtained using the formulated study model
(BDLM) with that in Table 3 which is obtained using the Mixed Effects ITS model (MEITSM),
there is evidence based on the standard errors that the Formulated study model (BDLM) pro-

vides better estimates, as it has lower standard errors.
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In addition, on top of the previous results in Table 4 from model validation tests on autocorre-
lation, heteroskedasticity and unit root (stationarity) of residuals, based on the Global measure
of goodness of fit, to assess and compare the predictive performance of the mixed effects In-
terrupted Time Series model (MEITSM) and the Bayesian Dynamic Linear Model (BDLM),
we applied K-fold cross-validation to both models. The mean log-likelihood across folds was
used as the performance metric, where a higher (less negative) value indicates better predictive
accuracy.

From Tables 5 and 6, Although the Mixed Effects Interrupted Time Series Model (MEITSM)
demonstrated a lower root mean square error (RMSE) during cross-validation, indicating su-
perior point-wise predictive accuracy, the Bayesian Dynamic Linear Model (BDLM) exhibited
a higher mean cross-validation log-likelihood as further shown in Figure 1, suggesting better

probabilistic modeling of the observed data distribution.

5. CONCLUSION

Due to the fact that BDLM flexibly captures temporal dynamics and structural changes in
neonatal mortality, it offers a more robust and comprehensive framework for evaluating the
evolving impact of the Sustainable Development Goals (SDGs) onset over time. Furthermore,
the BDLM’s Bayesian formulation provides credible intervals and probabilistic forecasts that
enhance interpretability and decision-making in policy contexts. Therefore, despite the higher
RMSE, BDLM outshines MEITSM as a preferred model for Neonatal mortality analysis amidst
SDGs onset impact evolution, in alignment with the study’s methodological innovations and

overarching research objectives.
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