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Abstract. This study develops a stochastic extension of the classical SIR malaria model to more realistically cap-

ture the dynamics of malaria transmission under environmental uncertainty. By incorporating Brownian motion

into the deterministic framework, the model accounts for random fluctuations in transmission and recovery pro-

cesses affecting both human and mosquito populations. The stochastic differential equations (SDEs) are solved

using three numerical methods: Euler–Maruyama, Milstein, and Stochastic Runge–Kutta. Each method is evalu-

ated for accuracy and reliability using error metrics such as Mean Absolute Deviation (MAD), Root Mean Square

Error (RMSE), and the Anderson–Darling goodness-of-fit test. The Euler–Maruyama method demonstrates supe-

rior performance in approximating human infection and recovery dynamics, while the Milstein method provides

a balanced estimate for both human and vector compartments. The study further introduces a novel convergence

metric–Okwomi C∗–based on the Geweke diagnostic, enabling robust assessment of convergence in stochastic

simulations. Simulation results show that stochastic models capture extinction and variability effects not evident in

deterministic models, even when the basic reproduction number exceeds one. Overall, the integration of stochastic

processes improves epidemic forecasting and informs more resilient malaria control strategies under uncertainty.
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1. INTRODUCTION

Epidemiology encompasses the systematic investigation of disease distribution patterns and

their determinants, with particular emphasis on modelling approaches to evaluate intervention

strategies for disease control. Of specific interest are vector-borne diseases such as malaria,

which present complex transmission dynamics.

Mathematical modelling serves as a cornerstone in modern epidemiology, providing robust

frameworks for quantifying transmission dynamics, recovery rates, mortality, and other epi-

demiological parameters. The field’s mathematical foundations can be traced to Bernoulli’s

seminal work in 1760 [1], which established the first formal mathematical treatment of epi-

demic processes. Subsequently, the contributions of Anderson and May [2, 3] have demon-

strated the essential role of mathematical models in generating testable hypotheses and inform-

ing evidence-based predictions about disease outbreaks. These models have evolved to become

instrumental in public health policy formulation and implementation.

The Susceptible-Infected-Recovered (SIR) model, introduced by Kermack and McKendrick

in 1927 [4], represents a fundamental framework in infectious disease modelling. This com-

partmental model is characterized by the following system of differential equations:

(1)


dS
dt = µN−βS(t)I(t)−µS(t)

dI
dt = βS(t)I(t)− (γ +µ)I(t)

dR
dt = γI(t)−µR(t)

where:

(1) S(t), I(t), and R(t) represent Susceptible, Infected, and Recovered populations.

(2) µ denotes natural birth/death rate.

(3) β represents transmission rate.

(4) γ indicates recovery rate.

(5) N = S(t)+ I(t)+R(t) is total population.
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Although the SIR model provides a powerful deterministic framework for understanding dis-

ease dynamics, it assumes perfect predictability given initial conditions. However, real-world

epidemiological processes exhibit inherent randomness. Stochastic models incorporate this

variability through probabilistic elements, offering a more nuanced representation of disease

transmission dynamics.

This paper focuses on developing a stochastic epidemiological model for malaria transmis-

sion, employing a single Brownian motion process to capture environmental stochasticity. The

research aims to demonstrate the advantages of stochastic modelling approaches in epidemio-

logical contexts, particularly for understanding the complex dynamics of vector-borne diseases.

2. MODEL FORMULATION

Epidemiological modelling has traditionally relied on deterministic SIR frameworks [4].

However, real-world disease transmission is inherently stochastic, influenced by environmen-

tal fluctuations, demographic variation, and other random factors [5]. This work establishes

a general framework for incorporating environmental stochasticity through Brownian motion,

providing a more realistic representation of disease dynamics.

Wiener Process. A stochastic process {W (t)}t≥0 is called a Wiener process or a Brownian

motion if

(1) W (0) = 0.

(2) {W (t)}t≥0 has independent increments, i.e.

Wt1,Wt2−Wt1, . . . ,Wtk−Wtk−1

are independent random variables for all 0≤ t1 < t2 < · · ·< tk.

(3) W (t + s)−W (s)∼N (0, t) for all t > 0.

Here,N
(
µ,σ2) denotes the normal distribution with mean µ and variance σ2. Thus, the

Wiener process is a Gaussian process. The Wiener process is continuous with mean zero and

variance proportional to the elapsed time: E(W (t)) = 0 and Var(W (t)) = t. If {X(t)}t≥0 is a

stationary stochastic process, then {X(t)}t≥0 has the same distribution as {X(t +h)}t≥0 for all

h > 0.
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(A) Sample Wiener process with a small number

of steps (n = 100) to compute at t ∈ [0,1].

(B) Sample Wiener process with a high number of

steps (n = 10000) to compute at t ∈ [0,1].

FIGURE 1. Comparison of Wiener processes with different step sizes.[6]

Figures 1a and 1b, demonstrates the inherent stochastic nature of the Wiener process W (t)

which serves as a mathematical framework for incorporating uncertainties into deterministic

differential equations. These comparative illustrations show the distinct behavioural character-

istics of the Wiener process under varying computational resolutions within the interval [0,1].

The numerical analysis suggests that implementing a fine temporal discretization through in-

creased iterations or reduced step size is essential for adequately capturing the system’s sto-

chastic fluctuations. Conversely, when employing coarser temporal resolution through reduced

iterations or enlarged step size, the process exhibits behaviour that more closely approximates

deterministic dynamics, potentially overlooking important stochastic features of the system [6].

SDE in general. In general, assume that the ODE

dx
dt

= a(x, t)

describes a one-dimensional dynamical system. Assume that a(·) fulfils conditions such that a

unique solution exists, thus x(t) = x(t;x0, t0) is a solution satisfying the initial condition x(t0) =

x0. Given the initial condition, we know how the system behaves at all times t, even if we cannot

find a solution analytically. We can always solve it numerically up to any desired precision. In

many biological systems this is not realistic, and a more realistic model can be obtained if we

allow for some randomness in the description.
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A natural extension of a deterministic ODE model is given by an SDE model, where relevant

parameters are randomized or modelled as random processes of some suitable form, or simply

by adding a noise term to the driving equations of the system. This approach assumes that some

degree of noise is present in the dynamics of the process. Here we will use the Wiener process.

It leads to a mixed system with both a deterministic and a stochastic part in the following way:

dXt = µ (Xt , t)dt +σ (Xt , t)dWt

where {Xt = X(t)}t≥0 is a stochastic process, not a deterministic function. This is indicated

by the capital letter. Here {Wt =W (t)}t≥0 is a Wiener process and since it is nowhere differ-

entiable, we need to define what the differential means. It turns out that it is useful to write

dWt = ξtdt, where {ξt}t≥0 is a white noise process, defined as being normally distributed for

any fixed t and uncorrelated: E (ξtξs) = 0 if s 6= t. Strictly speaking, the white noise process

{ξt}t≥0 does not exist as a conventional function of t, but could be interpreted as the generalized

derivative of a Wiener process.

The functions µ(·) and σ(·) can be non-linear, µ(·) is called the drift coefficient or the de-

terministic component, and σ(·) is called the diffusion coefficient or the stochastic component

(system noise), that may depend on the state of the system, Xt . If µ(·) and σ(·) do not depend on

t the process is called time-homogeneous. Equation (1.3) should be interpreted in the following

way:

Xt = X0 +
∫ t

t0
µ (Xs,s)ds+

∫ t

t0
σ (Xs,s)dWs

where X0 is a random variable independent of the Wiener process.

SDE SIR Model. The traditional deterministic SIR model is given by c.f Eq (1). We introduce

environmental stochasticity through Brownian motion:

(2)


dS = (µN−βS(t)I(t)−µS(t))dt−σ1S(t)I(t)dβt

dI = (βS(t)I(t)− (γ +µ)I(t))dt +σ2S(t)I(t)dβt

dR = (γI(t)−µR(t))dt

where:

(1) dβt represents the increment of standard Brownian motion.
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(2) σ1,σ2 denote noise intensities.

(3) The condition σ1 = σ2 ensures population conservation.

Theorem 1. For the stochastic SIR system [5], if σ2
1 < 2β , then:

(1) Solutions exist and are unique.

(2) Solutions remain non-negative.

(3) E[S(t)+ I(t)+R(t)] = N

The stochastic basic reproduction number is defined as:

(3) Rs
0 = R0−

σ2

2β 2

where R0 =
βN

γ+µ
is the deterministic basic reproduction number.

The incorporation of Brownian motion in SIR models provides several advantages:

(1) Captures environmental fluctuations.

(2) Accounts for parameter uncertainty.

(3) Provides more realistic epidemic predictions.

(4) Enables risk assessment through probability distributions.

SDE Malaria Model.

SIR Malaria Model. This section presents a mathematical formalization of the malaria trans-

mission dynamics. The human population dynamics are modelled using the SIR malaria model

framework, accounting for the absence of permanent immunity and the possibility of reinfec-

tion. In contrast, the vector population follows a Susceptible-Infected (SI) model, reflecting

the biological observation that mosquitoes, due to their relatively brief lifespan, do not recover

from parasitic infection.

The model incorporates several key epidemiological characteristics: temporary immunity

in recovered human hosts with subsequent return to susceptibility, universal susceptibility of

newborns to infection, and disease transmission initiated by the bite of an infectious female

Anopheles mosquito. Notably, the parasitic infection remains nonlethal to the vector population

and does not impact vector fitness.
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This compartmental framework captures the essential biological and epidemiological char-

acteristics of the host-vector system while maintaining mathematical tractability for analysis of

disease dynamics and control strategies.

SDE SIR Malaria Model. We extend the classical SIR malaria model by incorporating envi-

ronmental stochasticity through Brownian motion. The analysis demonstrates that stochastic

perturbations significantly affect disease dynamics and extinction probabilities, providing more

realistic predictions than deterministic. We consider a compartmental model that divides the

human population into three classes: susceptible Sh, infected Ih and recovered Rh, while the

mosquito population is divided into susceptible Sm and infected Im classes. The model incorpo-

rates vital dynamics (births and deaths) for both populations. The system of ordinary differential

equations describing the dynamics is given by:

(4)

dSh

dt
=−αhSh−βhShIm +πh

dIh

dt
=−(αh + γh +ρh−δh)Ih +βhShIm

dRh

dt
=−αhRh + γhIh

dSm

dt
=−αmSm−βmSmIh +πm

dIm

dt
=−αmIm +βmSmIh

where:

• αh, αm represent natural death rates for humans and mosquitoes.

• βh, βm are transmission/contact rates.

• γh is the human recovery rate.

• ρh is the disease-induced death rate.

• δh represents infected migration rates for humans.

• πh, πm are the birth / recruitment rates of humans and mosquitoes.

The model satisfies the biological constraints Nh(t)≤ πh
αh

and Nm(t)≤ πm
αm

for all t > 0, ensur-

ing bounded populations [7].
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Stochastic Extension With Environmental Noise. To account for environmental fluctuations that

affect disease transmission, we extend the deterministic model by incorporating Brownian mo-

tion terms [8]. The resulting system of stochastic differential equations is as follows:

(5)

dSh = (−αhSh−βhShIm +πh)dt−σ1ShImdW1t

dIh = [−(αh + γh +ρh−δh)Ih +βhShIm]dt +σ2ShImdW2t

dRh = (−αhRh + γhIh)dt−σ3RhdW3t

dSm = (−αmSm−βmSmIh +πm)dt−σ4SmIhdW4t

dIm = (−αmIm +βmSmIh)dt +σ5SmIhdW5t

where Wjt , j = 1,2, · · · ,5 are independent standard Brownian motions, and σ j, j = 1,2, · · · ,5

represent the intensities of environmental noise in the five (5) SDEs [9].

3. GENERAL FORM OF CHOLESKY FOR CORRELATION MATRIX

Let P ∈R5×5 be the correlation matrix of the Wiener processes dW1t ,dW2t ,dW3t ,dW4t ,dW5t ,

where:

Pi j = ρi j, ρii = 1

We want to construct a lower triangular matrix L such that

P = LL>

and then use this L to map independent Brownian motions dZt to correlated ones dWt = LdZt .

For n = 5, the Cholesky matrix L is lower triangular:

L =



`11 0 0 0 0

`21 `22 0 0 0

`31 `32 `33 0 0

`41 `42 `43 `44 0

`51 `52 `53 `54 `55


We compute each `i j recursively so that LL> = P. The pattern follows:

Diagonal terms:
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`ii =

√√√√1−
i−1

∑
k=1

`2
ik

Off-diagonal terms (for i > j):

`i j =
1
` j j

(
ρi j−

j−1

∑
k=1

`ik` jk

)
We’ll fill in symbolic entries for the first few rows, similar to your image.

Let’s define:

• ρ12,ρ13,ρ14,ρ15

• ρ23,ρ24,ρ25

• ρ34,ρ35

• ρ45

and assume symmetry (i.e., ρi j = ρ ji).

Then the Cholesky factor L becomes:

L =



1 0 0 0 0

ρ12

√
1−ρ2

12 0 0 0

ρ13
ρ23−ρ12ρ13√

1−ρ2
12

√√√√√1−ρ2
13−

ρ23−ρ12ρ13√
1−ρ2

12

2

0 0

`41 `42 `43 `44 0

`51 `52 `53 `54 `55


The stochastic model exhibits fundamentally different behavior from its deterministic coun-

terpart [10]. Even when the deterministic basic reproduction number R0 > 1, the disease can

go extinct with positive probability due to random fluctuations. The probability of extinction

depends on both the initial conditions and the intensities of the noise [5].

4. METHODS

This section examines the Euler–Maruyama, Milstein, and Runge–Kutta methods for solv-

ing stochastic differential equations in the SIR model framework. We compare stochastic and

deterministic versions of the SIR model tailored to the Kenyan context. By varying white noise
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intensity, we assess how stochasticity influences disease dynamics. We examine both random

and deterministic simulations to offer a clearer picture of how randomness affects infectious

disease modeling, enhancing our understanding of epidemic behavior under uncertain condi-

tions.

Stochastic Taylor Expansion. The Stochastic Taylor Expansion generalizes the classical Tay-

lor series to SDEs, incorporating terms that capture randomness from Brownian motion. Con-

sider the one-dimensional Itô stochastic differential equation (SDE):

Xt = Xt0 +
∫ t

t0
a(Xs)ds+

∫ t

t0
b(Xs)dWs,

where a(x) and b(x) are smooth functions and Wt is a standard Brownian motion.

For a twice continuously differentiable function f : R→ R, Itô’s formula states:

f (Xt) = f (Xt0)+
∫ t

t0

(
a(Xs) f ′(Xs)+

1
2

b2(Xs) f ′′(Xs)

)
ds+

∫ t

t0
b(Xs) f ′(Xs)dWs.

Define the operators:

L0 = a
d
dx

+
1
2

b2 d2

dx2 , L1 = b
d
dx

.

Then the equation can be compactly written as

f (Xt) = f (Xt0)+
∫ t

t0
L0 f (Xs)ds+

∫ t

t0
L1 f (Xs)dWs.

Applying Itô’s formula recursively to f = a and f = b yields:

Xt = Xt0 +
∫ t

t0

(
a(Xt0)+

∫ s

t0
L0a(Xz)dz+

∫ s

t0
L1a(Xz)dWz

)
ds

+
∫ t

t0

(
b(Xt0)+

∫ s

t0
L0b(Xz)dz+

∫ s

t0
L1b(Xz)dWz

)
dWs.

This can simplify to the first-order approximation

Xt = Xt0 +a(Xt0)(t− t0)+b(Xt0)(Wt−Wt0)+R,(6)

with the remainder term R consisting of higher-order iterated integrals,

R =
∫ t

t0

∫ s

t0
L0a(Xz)dzds+

∫ t

t0

∫ s

t0
L1a(Xz)dWz ds

+
∫ t

t0

∫ s

t0
L0b(Xz)dzdWs +

∫ t

t0

∫ s

t0
L1b(Xz)dWz dWs.
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Incorporating the next level of expansion further yields

Xt = Xt0 +a(Xt0)(t− t0)+b(Xt0)(Wt−Wt0)+L1b(Xt0)
∫ t

t0

∫ s

t0
dWz dWs + R̄,(7)

with an extended remainder R̄,

R̄ =
∫ t

t0

∫ s

t0
L0a(Xz)dzds+

∫ t

t0

∫ s

t0
L1a(Xz)dWz ds

+
∫ t

t0

∫ s

t0
L0b(Xz)dzdWs +

∫ t

t0

∫ s

t0

∫ z

t0
L0L1b(Xu)dudWz dWs

+
∫ t

t0

∫ s

t0

∫ z

t0
L1L1b(Xu)dWu dWz dWs.

Dropping the remainder term in (6) gives us the Euler–Maruyama method, which is the simplest

numerical scheme

Xn+1 = Xn +a(Xn)∆t +b(Xn)∆Wn,(8)

where ∆t = tn+1−tn and ∆Wn =Wtn+1−Wtn . This scheme has strong order 0.5 and weak order of

convergence 1.0. Similarly, the Milstein method is obtained by incorporating the first stochastic

correction term and dropping the additional error term in (7)

Xn+1 = Xn +a(Xn)∆t +b(Xn)∆Wn +
1
2

b(Xn)b′(Xn)
(
(∆Wn)

2−∆t
)
,(9)

which achieves strong and weak order of convrgence of 1.0.

Despite their accuracy, Taylor-based schemes like Milstein require the evaluation of deriva-

tives b′(x), and potentially higher derivatives. This is often impractical because:

• Evaluating multiple derivatives at each step is computationally expensive.

• Derivatives may not be explicitly known or easy to compute.

• Approximating derivatives numerically may introduce errors and complexity.

To overcome these issues, derivative-free methods such as Runge-Kutta schemes for SDEs

have been developed. These methods replace derivative evaluations with additional function

evaluations of a and b, trading derivative computations for increased function calls. A represen-

tative derivative-free Runge-Kutta scheme with explicit strong order 1.0 convergence approxi-

mates the derivative b′(xi) by a finite difference, resulting in:

xi+1 = xi +a(xi)∆ti +b(xi)∆Wi +
1

2
√

∆ti

[
b
(

xi +b(xi)
√

∆ti
)
−b(xi)

](
(∆Wi)

2−∆ti
)
.
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Alternatively, this can be expressed as an implicit version of the Runge-Kutta scheme of strong

order 1.0:

xi+1 = xi +a(xi)∆ti +b(xi)∆Wi +
1

2
√

∆ti
[b(x̄i)−b(xi)]

(
(∆Wi)

2−∆ti
)
,

where

x̄i = xi +a(xi)∆ti +b(xi)
√

∆ti.

The derivative-free Runge-Kutta schemes maintain the strong convergence order of Milstein

without requiring explicit derivative calculations, making them suitable for practical applica-

tions where the drift and diffusion functions are complicated or data-driven.

5. ERROR METRICS, GOODNESS-OF-FIT TEST AND CONVERGENCE MEASURE

In this study, we applied standard error metrics to evaluate the accuracy of SDE solutions

relative to a deterministic benchmark. The Mean Absolute Deviation (MAD) quantifies the

average magnitude of errors, regardless of direction. The Mean Absolute Percentage Error

(MAPE) provides a normalized measure, expressing errors as percentages, which allows for

easier comparison across states with different scales. The Root Mean Square Error (RMSE)

emphasizes larger deviations due to squaring the errors, offering insight into overall model

precision. In addition to these metrics, we conducted the Anderson-Darling goodness-of-fit

(ADG) test as a formal statistical method to assess whether the distribution of the simulated

values aligns with that of the deterministic outputs. The ADG test is particularly sensitive to

differences in the tails of distributions, making it suitable for detecting subtle deviations in

stochastic modeling.

The following deviations, goodness-of-fit and convergence metrics were used to evaluate model

performance:

i. Mean Absolute Deviation (MAD).

(10) MAD =
1
n

n

∑
i=1
|yi− ŷi|

MAD measures the average absolute deviation between the observed values yi and the predicted

or reference values ŷi.
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ii. Mean Absolute Percentage Error (MAPE).

(11) MAPE =
100%

n

n

∑
i=1

∣∣∣∣yi− ŷi

yi

∣∣∣∣
MAPE provides a normalized measure of prediction error, expressed as a percentage of the true

values.

iii. Root Mean Square Error (RMSE).

(12) RMSE =

√
1
n

n

∑
i=1

(yi− ŷi)
2

RMSE gives greater weight to larger errors due to squaring the residuals.

iv. Anderson-Darling Goodness-of-Fit (ADG) Test.

(13) A2 =−n− 1
n

n

∑
i=1

(2i−1)
[
lnF(Y(i))+ ln

(
1−F(Y(n+1−i))

)]
where Y(i) are the ordered observed values, and F is the cumulative distribution function of

the theoretical distribution. The ADG test [11] is sensitive to deviations in the tails of the

distribution.

v. Okwomi C∗ Convergence Measure. Based on Geweke diagnostic [12] that evaluate

whether a single chain has reached its convergency by comparing the means of two non-

overlapping segments of the chain, we derive a new measure of convergence: Okwomi C∗

(C∗s ).

Define:

(14) Z =
X̄a− X̄b√

Var(X̄a)+Var(X̄b)

where:

– X̄a: mean of the early segment (e.g., first 10%),

– X̄b: mean of the late segment (e.g., last 50%),

– Z ∼N (0,1) under the null hypothesis of convergence.

We define the convergence score as:

(15) C = exp
(
−Z2

2

)
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To scale it to the interval [0.5,1.0], define new convergence metric named Okwomi C∗:

(16) C∗s = 0.5+0.5 ·C

Interpretation: C∗s = 1.0 shows excellent convergence (agreement in means or variances), and

C∗s = 0.5 shows poor convergence (large discrepancy between early and late segments).

6. RESULTS

For the simulations of the malaria dynamics from the SDE model (??) we used the parameters

shown on Table 1.

TABLE 1. Typical parameter values of SDE SIR malaria model, [13].

Parameter Description Parameter Value

αh Natural death rates for humans 0.05

ρh Disease induced death rates for humans 0.0001

δh Infected migration rates for humans 0.1

βh Human contact rates 0.01

βm Mosquito contact rate 0.05

πm Recruitment rate of mosquitoes. 125

αm Natural death rates for mosquitoes. 0.06

γh Recovery rates for humans. 0.09

πh Recruitment rate of humans. 2.5

Each simulation was initialized with a fixed seed to enable consistent comparison across numer-

ical schemes and ensure result reproducibility. The initial population values at time zero were

same across all simulation approaches.
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FIGURE 2. Simulated profiles of the susceptible human population using both

deterministic and stochastic model fits.

Figure 2 illustrates the dynamics of the susceptible human populations as they evolve over

time. Initially, the number of susceptible individuals is high, but as the infection spreads, some

individuals transition to the infected category. The Euler–Maruyama method closely follows

the trajectory of the deterministic Runge–Kutta solution, indicating strong agreement in their

dynamics. In contrast, the Milstein method and the Stochastic Runge–Kutta approach exhibit

comparable behaviour to each other, capturing the stochastic variations more similarly while

still reflecting the general trend observed in the deterministic solution.
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FIGURE 3. Simulated profiles of the infected human population using both de-

terministic and stochastic model fits.

As can be seen in Figure 3, all the numerical schemes generally align on the trajectory of

infected individuals. Although the Milstein method slightly overestimates infections during

the early phase, it converges with the other methods after approximately 50 days, maintaining

consistency in the overall trend and range of the infection curve across simulation approaches.
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FIGURE 4. Simulated profiles of the recovered human population using both

deterministic and stochastic model fits.

Over time, as infected individuals recover and acquire immunity, their numbers increase while

the susceptible population decreases. Figure 4 presents the recovered population. The Stochas-

tic Runge–Kutta method tends to underestimate recoveries, while the Milstein method initially

overestimates and later underestimates them. Among the methods compared, Euler–Maruyama

offers the most consistent and reliable recovery estimates over time, suggesting it may be the

most suitable modelling approach.
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FIGURE 5. Simulated profiles of the susceptible mosquito population using both

deterministic and stochastic model fits.

Figure 5 presents the evolution of the susceptible mosquito populations over time. As the trans-

mission cycle advances, the deterministic trajectory lies between the Stochastic Runge–Kutta,

which underestimates, and Euler–Maruyama, which tends to overestimate. The Milstein

method provides a relatively accurate and balanced estimate of the susceptible mosquito popu-

lation throughout the simulation period, showing closer alignment with expected dynamics.
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FIGURE 6. Simulated profiles of the infected mosquito population using both

deterministic and stochastic model fits.

We evaluated the SDE simulation curves by comparing them against the corresponding deter-

ministic model curve, which served as the gold standard reference. To quantify the accuracy and

performance of the SDE approximations, we employed several standard error metrics: MAD,

MAPE, and RMSE. These indicators provided a comprehensive assessment of both absolute

and relative deviations between the simulated and deterministic outputs. Beyond these con-

ventional performance measures, we also conducted a formal statistical test for distributional

similarity—the ADG test. This additional step allowed us to rigorously examine whether the

distributions of the SDE solutions statistically align with those from the deterministic frame-

work, offering deeper model validation.
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TABLE 2. Error measures and ADF stationary tests for each state using all meth-

ods.

State Method MAD MAPE RMSE ADF ADF Okwomi

Statistics p-value C∗s

SH EM 1283.4 67.6 35930.1 -9.09 ¡0.001 0.5000

MI 4089.5 98.9 154765.1 -3.07 0.029 0.695

SRK 3348.1 88.7 129244.9 -4.28 0.001 0.600

IH EM 851.6 39.1 32866.4 -1.34 0.609 0.778

MI 1338.1 65.7 59181.9 -1.58 0.493 0.725

SRK 821.9 69.1 25290.3 -1.95 0.309 0.819

RH EM 517.1 45.1 19592.8 -1.56 0.505 0.732

MI 645.3 67.2 25293.5 -1.49 0.536 0.674

SRK 472.5 69.1 14032.5 -1.38 0.674 0.758

SM EM 1001.9 35.2 58339.3 -5.7 ¡0.001 0.534

MI 439.9 29.8 25200.9 -14.15 ¡0.001 0.505

SRK 1066.3 39.2 52221.7 -8.52 ¡0.001 0.526

IM EM 2712.1 52.4 119059.4 -3.37 0.012 0.664

MI 1738.2 70.9 61942.6 -10.76 ¡0.001 0.517

SRK 3245.6 81.7 125421.5 -7.7 ¡0.001 0.504

Based on the performance metrics-MAD, MAPE, RMSE-the EM method consistently out-

performed the other SDE solvers. It exhibited the lowest error values in most cases, indicating

superior accuracy compared to Milstein (MI) and Stochastic Runge-Kutta (SRK) methods, as

smaller values in these metrics reflect better performance. Regarding stationarity, the results

of all methods confirmed that the time series for infected humans and reverenced humans were

stochastic, while the remaining state variables did not display stochastic behaviour. According

to the Okwomi C∗ convergence measure , most states exhibit convergence, with C∗s > 0.50.

Convergence was observed primarily in the states estimated using the Euler–Maruyama and

Milstein methods.
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7. CONCLUSION

This study compared the performance of three stochastic numerical schemes-Euler-

Maruyama, Milstein, and Stochastic Runge-Kutta-against a deterministic Runge-Kutta baseline

in modelling infectious disease dynamics. Initially, susceptible individuals dominate the popu-

lation, but as infections spread, transitions to the infected class occur. The Euler–Maruyama

method showed the closest alignment with the deterministic trajectory, particularly for hu-

man infections and recoveries, indicating high consistency and reliability. While the Milstein

method exhibited slight overestimation in early phases and underestimation later, it generally

produced balanced estimates, especially for susceptible mosquito populations. The Stochastic

Runge–Kutta method consistently underestimated key compartments, including infected and

recovered individuals. Across simulations, the deterministic trajectory was often bounded be-

tween the Euler–Maruyama and Stochastic Runge–Kutta curves. Overall, Euler–Maruyama

and Milstein provided the most robust approximations of the deterministic model, with Eu-

ler–Maruyama emerging as the most feasible method for capturing recovery dynamics, and

Milstein offering a practical balance for both human and vector compartments under stochastic

influences. More importantly, as a result of the simulation, we introduced a new convergence

metric named Okwomi C∗.
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