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Abstract: In this paper, the conditions of the occurrence of local bifurcation (LB) have been founded for a food- chain
eco-toxicant model involving three species: prey, first and second predators, incorporating factors such as fear, as well
as linear and nonlinear harvesting strategies, including two various functional responses (Lotka-Volterra and Sokol-
Howell). This model features six equilibrium points (EPS), all of which are stable under appropriate conditions, the
saddle-node bifurcation (SNB) appears near the positive point Eg, transcritical bifurcation (TB) and pitchfork
bifurcation (PB) occur near the points E, and Ej, while only a transcritical bifurcation takes place near the point Ej,
E,, and E,. Additionally, the Hopf bifurcation (HB) conditions near the positive equilibrium point (PEP) have been
discussed. Finally, the numerical simulation for the hypothetical parameter set confirm our analytical findings about
(LB) of this model.
Keywords: food-chain; fear; Sokol-Howell; local bifurcation; Hopf bifurcation.
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1. INTRODUCTION
The prey-predator models have an essential role in understanding the interactions between

living populations, attracting substantial attention in mathematical sciences. Furthermore, the
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prey-predator model is a significant subject that covers several fields, including ecology, biology,
genetics, and physics. A multitude of researchers have developed and analyzed predator-prey
interaction models across numerous fields,[1][2][3][4][5].

Ecology examines the interactions between predators and prey to sustain ecosystem health,
illustrating the flexibility of resources and energy, which subsequently affects ecosystem
structure,[6][7][8][9][10].

Additionally, several factors, such as fear, toxic substances, and mortality, can influence species
interactions within ecosystems. Kadhim and Majeed [11] developed a predator-prey model that
has a stage structure in both species incorporating harvesting in the prey population and toxicity
affecting all species. Aziz and Majeed [12] study the effect of fear on an ecological model, while
many other researchers and academics have also contributed to this field of study,
[13][14][15][16][17].

Furthermore, bifurcation theories are a scientific analysis of alterations in the structure of a
dynamic system over time. Bifurcation occurs when a minor, gradual modification in a system's
parameters results in a sudden alternation in its specific or topological properties. Recently,
bifurcation has been the subject of significant research, [18][19][20].

Also, bifurcations are classified into two primary categories: local and global. Local
bifurcations including (SNB), (TB), (PB), (HB), and others, occur when parameters surpass critical
thresholds and can be examined only by assessing alterations in their local stability characteristics.
But when stability and extended invariant sets, such as periodic orbits, intersect, global bifurcation
happens, see [21][22][23].

Majeed and Alabacy [24] identified the Hopf bifurcation at the positive equilibria and the
criteria for local bifurcation at all equilibrium points in a prey-predator food chain model.
Kumar et al. [25] investigated the bifurcation analysis of a predator-prey model involving the Allee
effect, the fear effect in prey, and cooperative hunting in predators. and many other studies, see
[26][27][28].

Finally, in this paper the conditions needed for the incidence of LB and HB in the proposed

model have been discussed.
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2. MATHEMATICAL MODEL
Consider the following model [29]

dpP _ alP
dT = 1+ myP;

— byP% — ¢,PP, — b, P — &, P3,

dP1 _ a2P1 2
dT 1+ myP, 20

C2P1P;
a+yP12

(1)

dPZ _ 12P1P2
dT a+yP?

Since the initial conditions are P(0) = 0,P;(0) >0, and P,(0) > 0. Table 1 explains the

_63P2_h3P22_d2P2.

biological meaning of system (1) parameters [29]:

Table 1 System (1)'s biologically relevant parameters

Parameters Biological description
a; > 0, i=12 Intrinsic growth rates of the prey and first predator populations, respectively
b; > 0, i =12 Internal competition rates of the prey and first predator, respectively

m; >0, =12 Fear rates of the prey and the first predator, respectively

>0, =12 Attack rates of the prey and first predator, respectively

l; >0, i=12 Food transfer rates for first and second predators, respectively

a>0. Half-saturation constant

y > 0. Inverse measure of inhibitory effect

6;>0, i=123 Rates of toxicity for the prey, first predator and second predator, respectively
h; >0, i=1,23 Harvesting rates of prey, first predator and second predator, respectively
d,>0 i=1.2 Natural death rates of first predator and second predator, respectively

3. THE LOCAL BIFURCATION ANALYSIS

In this section, we examined the system's (1) (LB), with particular attention given to the changes
that occur around each (EP) as a result of changing the values of the parameters influencing the
dynamics. Therefore, the utilization of Sotomayor's theorem [30] is significant in the coming
theorems.
Now, with reference to the Jacobian Matrix (JM) J(P, P;, P,) of system (1) presented in [29] as

follows

J = [04] (2)

3x3’

— _2b,P — ¢, P, — 36,P% — hy,

1+ my P,

011 =
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—-aymqP
012=m_c1p , 013=0, 021 = 1Py,
_ G _ c2Py(a-yPE) _ g
_ _TQ;maPy  CoPy _ _ LPy(a— VP1)
O23 = 73 myP,)?  a+yp?’ 031 =0, O3z = (a+yP2)’
I, P
033 = ajy;lz - 63 - 2h3P2 - dz.

It is essential to understand that for every non - zero vector N = (ny, n,, n3)T, we have

D?f, (X, W)(N,N) = [Kixl3x1, (3)

1M1

2 _,p2
Ky, =2 [(ll)nlnz + (yczPle((a+VP1)+2(a’ YP1)) — (by + 6, + h2)> n% _( am;

(a+yp?)’ (1+m,Py)?

c;(a—yP?) a;m3P; 2
— 2 | Nyns + |(—— ns|,

(a+yP?) (1+myP;)3
ylzPle((a+yP1)+2(a ]/Plz)) L, (a-yP2?)
K.y = =2 nz—(z—l)nn+h nz|.
31 [( (a+yP1) 2 ((1+)/P12)2 2143 ( 3) 3
D3f,(X,))(N,N,N) = [Li1]3x1, (4)
- _ 3__ami oo _amip 3
Ly =-6 [(61)711 (1+m,pP)3 1 + (1+myPy)* 2]'

)n%ng, +

NI czpipz[(awpl)+3P1((a+ypf)+2(a vPO)\ 3 . (3ycopil(a+yP?)+2(a-yP2)]
L21 =2 [( (a+yP ) )le + ( (a+yP12)3

( 3a;m3 )n n? — ( 3a,m3Py )n3
(1+m2P2)3 273 (1+m2P2)4 3

Ly =2 szzlzpipz[(awP )+3P1((a+]/P )+2(a-vyP} ))]) 3 (BVZZPI[(OH)/P )+2(a yPl)]) nZn, ]

(at+yp?)* " (a+yp?)’

Where X = (P,P;,P,)T and u is any parameter.

Theorem 1: For the parameter a) = a; = hy, system (1) exhibits a (TB) at the (EP) E, . However,
neither a (SNB) nor (PB) may occur at E,.

Proof: by putting E;, = (0,0,0) into the (JM) in equation (8) in [29] with the parameter value



THE BIFURCATION CONDITIONS OF PREY-PREDATOR MODEL

0, —
(a1 = a3 = hy).
Then, the characteristic equation of JQ possesses an eigenvalue of zero, which is (Ayp = 0) at

al = a,.
Let N0 = (ngo],ngo],ng T be the eigenvector relating with the eigenvalue (Agp = 0). Thus,
(](()) - AOPI)N[O] = 03 where ](()) = _](E(), a(l)

So, n[o] =0, n[o] =0, and ngo] # 0 real number.

T
Now, let @l = ((2)50], o], (Z)go]) be the eigenvector of JJT relating with the
eigenvalue (Agp = 0). Thus, (JOT — AopD)@[® = 0. That gives,

o0 = (¢! 0,0)7, where (2350] # 0 real number.

Since, 2L = i, (o) = (L ,22,28Y — (_2_,0,0)"

6(11 6a1 ! 6a1 1+m. Py

Then, f,, (Eo,a?) = (0,0,0)7 and hence (@) £, (E,a?) = 0.

In agreement with Sotomayor's theorem, achieving the (SNB) at E| is not possible. This indicates

that the initial requirement for (TB) is met. Moreover,

100
Df,, (X,ap) =0 0 o0,
000

Here, Df,, (X,a,) denotes the derivative of f, (X,a;) with X = (P, P;,P,)". Furthermore, it is

noted that:

1 0 0 nl°!
Dfal(EO' )N[O] = 0 0 0]
0 0 0

So, we obtain that:

(@) [Dfy, (B, aIN®I] = (21%,0,0)" (nl”,0,0) = 01°l") 0.

By using N[% in equation (3), we get

szai(Eo; a‘f )(N[o],N[O]) = [Ki1li<isz =
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Then in accordance to the Sotomayor theorem, system (1) reveals a (TB) at E, with a; = a?
and (PB) cannot occur.

Theorem 2: Assume that reversing condition (12) asin [29] and the next condition hold.

LA # (b, + 6, +hy) (5)
where,

P (aymq+cq)
1—[P(2b1+38.P)+h,]’

A=
then system (1) near E; exhibits a (TB) at the parameter value (&1 =d,=a,+ llﬁ), but
neither (SNB) nor (PB) present near E;.
Proof: by putting E; = (15, 0, 0) in the (JM) in equation (10) in [29] with the parameter value
d,=d; =a, +1,P.
Then, the characteristic equation of j; where j; =] (El,dl) possesses an eigenvalue zero,
whichis (Ap, = 0)at d; = d;.
Let N[ (ﬁgl], Vgl],rvlgl])T be the eigenvector relating with the eigenvalue (Aqp, =0).
So, (Jy = Ap )N = 0, where [; = J(E,, d; ).
Then, ‘7151] Ant g] VE] = 0,where A is in the state of the theorem and n[ 1'% 0 real number.
Now, @M= (Q) @, ,Q)[l])T be the eigenvector of [ relating with eigenvalue Ap, = 0.
Thus, (Ji — A4p, 1)@ = 0. Which gives,

ol = (o, ot ,0)7, where (Z) # 0 real number.

. of _ _ (91 0f2 Ofz\ _ _ T
Now, since ’a, = fa,(X,dy) = (ad 3 aa) (0,—P;,0)".

Then, f;, (E;,d;) = (0,0,0)7 and hence (5[1])del(El,d1) =0.

In agreement with Sotomayor's theorem, achieving the (SNB) at E; is not possible. The first
requirement for (TB) is therefore achieved. Moreover,

0 0 O
Dfy,(X,dy) = [0 -1 0],
0 0 O
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Here, Dfy, (X,d;) denotes the derivative of f; (X,d;) with X = (P, Py, P,)". Furthermore, it

is noted that:

o 0o o o4 01
Dfe,(Eyd)N™ =10 —1 0f|_50| = —it],
o o ol 0

So, we obtain that:
()" [0, (B, d)N] = (0.88,0)" (0, ", 0) = —ifI5 o
By using N in equation (3), we get

szd1 (E1» &1 )(N[l]'N[l]) = [Kil]gxl

2 (W) [42(by + 38,P) + A(aymy + ) — (aym3P)]]

2 v
2(15) [LA = (b + 8, + hy)]

[_
|
= |
|
| 0

L ———

So,
(6[1])T[D2fd1(El'&1 )N, §1)] = 250 (ﬁgﬂ)Z [1,4 — (by + 8, + hy)] # 0.

Then in accordance to the Sotomayor theorem, system (1) reveals a (TB) at E; with d; = dl.

If condition (5) not satisfised then by using N1 in equation (4), we get

D3fd1(E1J dvl )(N[l]'N[l]’N[l]) = [Z’il]?,xl

0
0

3 v v ~
-6 (rvlgl]) [43 6, — Aaym? + almfP]‘
(@) [D3fy, (Ey,dy ) (WU, N1, W1H)] = o
Therefore, by Sotomayor theorem the (PB) cannot happen at E;
Theorem 3: Assume that the conditions (16) and (17) as in [29] and the next conditions hold:

3 (1+]/1312, (6)

a > yPE, (7
12(0‘—1’1312))

hy + H (—(Mlz)z , (8)
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where,
—U
H=—2<0o,
Uz2
Then system (1) near E, exhibits a (TB) and (PB) at the parameter value (d, = d, = alj:;Z —03),
1

while (SNB) not present near E, at d,.
Proof: by putting E, = (0,P;,0) in the JM. in equation (14) in [29],

B =]2(E2,c12) = [ﬁij]3><3’ where U;; = u;; , except Uzz = 0.

Then, the characteristic equation of J, where J, = J (EZ,CZZ) has an eigenvalue zero, which is

1Py
a+yP?

(}\Zp2=0)at d_2=d2= _63.

Let N2 = (ﬁ&Z],ﬁgz],ﬁgz])T be the eigenvector corresponding to the eigenvalue A,p, = 0. Thus,
(J; = 22p,] )N = 0, where J, = J(E,, d,).

Then, Al = 0,7 = HAL

3 » where H is in the state of the theorem and ﬁgz] # 0 real number.

Now, let o2 = (652],5£2],5[32])T be the eigenvector of JI relating with the
eigenvalue A,p, = 0. Thus, (]2 Azp, 1 )CD = 0. Which gives,

®121 = (0, 0,6[32])T, where 652] # 0 real number.

e O _ %%%)T_ _pT
Now, since adz_fd2(X’d2)_(ad2’ad2’ad2 = (0,0,—P,)".

Then, fy,(E d;) = (0,0,0)" and hence (32" £, (E, d;) = o.

In agreement with Sotomayor's theorem, achieving the (SNB) at E, is not possible. The first

requirement for (TB) is therefore achieved. Moreover,

0 0 O
Dfy,(X,dy) = [0 0 O ],
0 0 -1

Here, Dfy,(X,d;) denotes the derivative of fz,(X,d,) with X = (P, Py, P,)". Furthermore, it

is noted that:



THE BIFURCATION CONDITIONS OF PREY-PREDATOR MODEL

0 0
o 0 0 e
Dde(Ez,dz)N[z]z 0 0 0 Hn3 = 0 5
0 0o -]z | [-7Z
3

So, we obtain that:
(@) [Df, (B2 )N = (0,0,82") (0,0,-A) = —alP5 % o,
By using N2l in equation (3), we get
D%fy (E; dy )(NZ, N2 = [K;1]554

r 0 .
_ iz (T_l_L,Z ) [a2m2P1 (H(bz + 8, + hy) +a;m;, + —Cz(a_)_/Pl ))] i’
|

(a+yP2)?
| i) [ = ()|

So, by condition (7) and (8)
(82" [D?fa, (Bar &, ) (W, N)] = 28 (77) 2 [y — 1 (EL)| 2 0

(a+yP?)?
Then accordance to the Sotomayor theorem, system (1) reveals a (TB) at E, with d, = d,.

If condition (8) not met, then

3fd2(E2»d2 )(N N N[ ]) = [Zi1]3x1

0 |

) IZ [2] [HZ (3V62P1[(a(;1;1;1p)+)2(a VPf)]> + 3Haym? — 3a2m§p1] I
| A1) [ (2l ) vatec i) |

| 2( [ He (@) ) |

_ —12] (=[2] 3V12P1[(“+VP1)+2(“ yP?)]
((p[Z]) [ *fa (Ez’dz )(N Nt 2])] —20; ( M3 ) HZ( (a+yP?)’ )

Therefore, by Sotomayor theorem the (PB) occurs at E,.
Theorem 4: Assume that the conditions (22) and (23) as in [29] and the next conditions hold.

a > yP?, )
L, P
z 1..2, (10)
a+vyp
L,(a — yP?
hs % B, (M> (11)
(“ + VP12)

where,
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V12023
B, = > 0,
P 012921 — 91y,
then system (1) near E3 exhibits a (TB) and (PB) at the parameter value (65 =65 = alj;;.Z —-d,),
1

while (SNB) not present near E3 at 8.

Proof: by putting E;= (ﬁ, 151,0) in the JM. in equation (19) in [29],
]3 =]3(E3,(§3) = [5ij]3x3’ where 1§U = ¥;; , except 533 = 0.

Then, the characteristic equation of J; where J; = J (E3, 53) has an eigenvalue zero, which is

1B,

}\gpz =(Qat 63 = 63 = (Z+}/1312

—d,.
Let NBI= (r'i?],r'if],r'if])T be the eigenvector relating with the eigenvalue 2Azp, =0 .

Thus, (J3 — A3p,I)NP =0, gives

_19121923
1912 1921_19111922

.[3] +[3] w[3] [3]

f; " = Byfiy " ,Ti, = Byfi; ,where By = < 0, where B, is in the state of the

theorem and r'ige’] # 0 real number.

Now, let @Bl = ((/5[3],6/5[3],@22])T be the eigenvector of JI relating with the
eigenvalue  Azp, = 0. Thus, (J§ — A3p,1)@B) =0, gives

dBl = (0, O,é?])T, where &523] # 0 real number.

e O _ (25 3 0f:\T _ _pT
Now, since 663—f53(X,53)—(663,663,653) = (0,0,—P,)".

Then, f5,(Es, 85) = (0,0,0)" and hence ( 615[3])ng3 (E5,85) = 0.

According to Sotomayor's theorem, achieving the (SNB) at E; is not possible. The initial

condition for (TB) is therefore met. Moreover,

0 0 O
Df53(X,63)= 0 0 0|
0 0 -1

Here, Dfs,(X,83) denotes the derivative of f5, (X, 835) with X = (P, Py, P,)T. Furthermore, it is

noted that:
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Bln
BZn
[3] _n3
So, we obtain that:

(#91)' [0, (5 5] = (0,0,857) (0,0, i) = 8" # o
By using N2 in equation (3), we get

D*fs,(Es, 65 )(NBLNB) = [Ky], .,

Dfs,(Es, 85)NB! = 0 0

amq

- (3] 3 a;m?p
s = =2 (i) [B2(0s + 36:8) + BuBa (12 + 1) - B2 (G2t
_ NP2
Ky = 2 [3] [13113’2 (L) + a;m2P, — B, (azmz + CZ(“—”’”) —B2(by + 8, + hz)],

(atyP?)’
- <20 -0 ()

So, by conditions (10) and (11),
(B91)" [02fs, (B 6 ) (), H09Y] = 2089 (692 s — B, (222)] 0

(a+yP?)
Then based on the Sotomayor theorem, system (1) indicates a (TB) at E; with 85 = &5 .
If condition (11) not satisfised then

D fy, (Es, 85 (NI, NELNE) = [£,]

B, B%(a;m?) Bg(alm P)
(1+ mlPl) (1 + mlPl)

[, =-6 (ﬁg3])3 B35, —

) .. . T
L21 _ 2( [3]) BBzyczPl[(a + yPl) + Z(a yP; )] + 3B2a2m2 3a2m2P1

(“ + yﬁ12)3 '
by = 2(i [3]) | 3Byl [(a +yP? )+ 2(a —vED)]|
(“ + VP12)
< 3\T - 131 703] BN — i3] (03] 3B2yl, Py [(a+yPE )+2(a vPE)]
((p ’ ) [D3f53(E3' 63 )(N ’ N ’ N ’ )] - 2®3 (n3 ) ( (a+yP12) )

Therefore, by Sotomayor theorem the (PB) occurs at E;.
Theorem 5: Assume that the conditions (27),(28) and (29) as in [29], and the next condition
hold:

p < —2 (12)
C S E——
YT+ my B
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Then system (1) at the equilibrium point E, has a (TB) only, while neither (SNB) nor (PB) can

aq =3
1+m. B €1Py.
171

be occurred with the parameter value hy; = h; =
Proof: by putting E, = (0, 131,132) in the JM. in -equation (24) in [29],
A =]4(E4, El) = [J?ij]3x3, where #;; = »;; , except #;; = 0.

Then, the characteristic equation of j, where J3; =] (E4, fll) has an eigenvalue zero, which is
(A4p =0) at( =h = m_c1p1)

Let NIl = (ﬁg‘}],ﬁg}],ﬁg}])T be the eigenvector relating with the eigenvalue A,p = 0. Thus,

(Jo — AupD)N'™ = 0, which gives

—Hy1 M Hy M
it = e, , 7l = 6,7, where 6, = 2B <0,6,= 272 59

HopM33 — Hp3M3p HppHM33 — Hp3M3p

= 0,1

=[4]

and 7i; " # 0 real number.

Now, let @ = (5&4],5[4],5?]? be the eigenvector of ! relating with the eigenvalue
(Agp = 0). Thus, (JF — A,p1)B™ = 0. Which gives,

@4 = (554],0, 0)T, where 554] # 0 real number.

. of _ _ (9 0f; 0f3 _ T
Now, since ahi_fhl(x'hl) (ah T ah) = (—P,0,0)".

Then, fy,(Es hy) = (0,0,0)7 and hence ( 5[4])Tfh1 (E4 hy) = 0.

In agreement with Sotomayor's theorem, achieving the (SNB) at E, is not possible. The first
requirement for (TB) is therefore achieved. Moreover,

thl(X hl) [1 0 0]

Here, Dfy, (X , El) denotes the derivative of f, (X , fll) with X = (P, P;, P,)T. Furthermore, it

1s noted that:
~[ ]
~[4]

= [4]

e
Dfy (Eq hy )N =
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So, we obtain that:
()" [, (1 R )NH] = (8,0,0)' (=7, 0,0) = L5l = 0.
By using N4l in equation (3), we get

szhl(E4’ iil )(N[4]' NM]) = [Ei1]3x1

5 _ o (x4} amy

Run=-2(a") [bs + (o + o) 04,

= ~[4] 2 62[yc,Pi Py (a+yP2)+2(a-yPE)| Aot 016
KZl - 2 (nl ) [(ll)el L 21 2(0_’+]/P2)3 L le(bz + 62 + hz) - ﬁ -

c2(a-yP?)016, | a;m}P,63
(at+yPf)? (1+mzP5p)*|’

> o (<[4\? |62[vlePiPr(atyBE)+2(a-yPE)]  Oa 0(12(a-yP? ))
K31 2(n1 ) [ ((1+]/P2)3 ((X+]/P12)2 62h3 .

So,
(@) [D2 o, (B, by YN, NI)] = =281 (71) 2 [by + (2 + ¢y ) 6] # 0.

(1+m,P;)?
Then based on the Sotomayor theorem, system (1) indicates a (TB) at E, with h; = h;.
Theorem 6: Assume that the locally conditions (32),(33) and (35) in [29] and the following

conditions hold:

912821333 ay * * *
$23832 522833 + 1+mq Py > P(2by +36,P") + c1Py, (13)
Ys # Y, (14)
where,

Y5 = ((bl + 361P*)Y12Y3 + (bz + 62 + hz)Y22Y4 + h3 - (ll)Y1Y2Y4 +

<Y12P1P2((“+YP12)+2(“ VPIZ))> YZ (12(0-’ YP{ )) Y )

(a+yP;?)’ (at+ypP}?)”
_ a;mip* 2y aymy azm3 Py _ am;
Yo = (((1+m1P1*)3) ERE ((1+m1p;)2 + Cl) nhYs + ((1+m2p2*)3) Y, ((1+m2p2*)2 +

cz(a—]/PIZ—)) oY, + <YC2P1P2 ((a+]/P12)+2(a yplz))) YZY, + ),

(a+yP1*2)2 (a+yP;?)?

And,
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Y1 — 312823 >0 Y2 — — 311323 <0 Y3 — $21832 >0 Y4 — — 911832 > 0.

S11822 812821 ’ $118227%128%21 ’ S228117%128%21 ’ 822822812821

Then system (1) at Es exhibits just a (SNB) and neither (TB) nor (PB) occurs at

hy = hy =283 U [p*(2p, + 38,P*) + ¢, P} |-

$23832—822833  1+m4 P

Proof: From the characteristic equation A3 + ;4% + f, 1+ 3 = 0 of the Jacobian matrix Js,
as presented in Eq. (31) in [29], system (1) at the (EP) E5 possesses an eigenvalue equal to zero,

denoted as (Agp = 0).Then E5 will be non-hyperbolic equilibrium point if and only if S5 = 0.
Then Js; with h; = h] becomes Ji = J:(Es, h]) = [gu] , where §’{j= sij 5 Lj=1273

which are given in Eq. (30) in [29] except $71 = ~$12%1 %33

$33852~$32833
Let NI = (n1 n;[s],n;[s])T be the eigenvector relating with the eigenvalue (Asp = 0).
So, (J: — Aspl)NIS! = 0, which gives

n;[s] = Yln;[s] ,n;[s] = an3 Where Y; and Y, are given in the state of the theorem and

n;[s] # 0 real number.
Now, let @*I51 = ((D;[S],@[S],(/);[S])T be the eigenvector of JiT relating with the eigenvalue
(Asp = 0). Thus, (JiT — 2A5p)@*I51 = 0. Which gives,
0:B = v,0:5) 923 = v,0:1%) where ¥; and Y, are gi in th
1 =10, 0, =Y,05, 3 f given in the state of the theorem and
@;[5] # 0 real number.

. of _ 0fi 0f 0f3 _ T
Since, 6_hl_fh1(X'h1)_(6h Vons ah) =(—P,0,0)".

Then, fi, (Es, h) = (—P*,0,0)7 and hence ( ®*91)" . (Es, h}) = —¥;0;°/P* = 0.
Moreover, by using N in equation (3), we get

D?fy, (Es, hi )(N[S],N[S]) = [K{1l3x1-

Ki1 = _2( *[5]) [(bl + 38, P)Y? + (—almi* + C1) Yy, - (—alm%P: )Yzz].

(1+mqPg)? (1+mqP;)3

2 2 *2
2 (n®) [(zl>y1yz+(”2”1”2((“*“’1 Ak ))—(b2+82+h2)> ¥ - (e +

(a+yP?)? (1+m,P;)?

*
KZl
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cz(a—ypPy?) a;m5Pp;
(a+yPi?)? ) 72 7 (1+mypp)?|

. 12 [(YPiPs (@ +vPiD) + 2(@ —yPD))\ ,  (L(a—yP?)
K3 = -2 Yy =\ =5 | V2 + hs|
31 (ng ) [( (a+]/P1*2)3 2 (“"‘Vpl*z)z 2 3

So, it implies that

(¢*[5])T[D2fh1(E5, h; )(N*[S],N*[S])] =2 [— ((b1 + 38, P*)Y2Ys + (by + 85 + hy)YEY, +

(a+yP1*2)3 (a+yP12)2 (1+m4P})3

1,P{P; P;2)+2(a—yP;? YY) 2p
hs — IV Y,Y, + <y eipi((atyPit) a(ayry ))) Y7 — (—12(“ o )) Y2> + ((—“1’”1” ) Y2y, —

@M a;m3P; ) o aamy co(a-yP;?)
((1+mle)2 + Cl) nhts + ((1+m2P2*)3 Y, <(1+m2p;)2 + (a+yP1‘2)2 Y, +

<yczP1*P2*((a+fo2)+2(a—yP{2))> v2Y, + )
2 14

(a+yPi?)?

*[5] ( *[5]
? (n3 ) 2,
So, by reversing condition (34) in [29] and conditions (13) and (14), we get

(¢*[5])T[D2fh1(55» h: )(N*[S],N*[S])] =2[-Ys + Y6]¢*3<[5] (n;[S]) 2+0,

Then by Sotomayor theorem system (1) has only (SNB) at the positive point E5 at the parameter
h, = hj.

4. THE HOPF-BIFURCATION ANALYSIS

In this section, the next theorem illustrates that when a (HB) occurs at the positive equilibrium
point (PEP) Es ofa system (1), the Hopf bifurcation [31] is suitable for local bifurcation analysis.
Theorem 7: Suppose that the locally conditions (32), (33), and (34) as in [29] and the following

conditions hold:

2
11
FZ < a1[2(2b1P*+C1P§+h1)+1] ) (15)
1+m1P1
(S22 + 833)[811 — P1(87)] # $12821. (16)

Then for the parameter value &§; = 67, system (1) has a (HB) at Es.
Proof: The characteristic equation of system (1) at E5 which mentioned in equation (31) in [29]

as follows:
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A3+ BiA% + B+ 3 =0, 17)
Where,
Br= — (811 + S22 + $33),
Bz = $11(S22 + $33) + $22833 — $12821 — $23832,
B3 = $11($23832 — $22833) + 812821833,

The parameter (6;) is essential to verify the necessary and sufficient conditions for (HB) to appear
at the (PEP) that satisfy: B;(67) > 0,(i = 1,3), A= A3 = 0 where A,(67) = B1B2 — B3-
Provided conditions of locally (32-34) in [29], B;(67) > 0,(i = 1,3),and (87 > 0).

It observed that A;= 0, gives:

1812 + 187 + iz = 0, (18)
where,
L = 9P >0,

—6a,P*? 5 . . .
Uy = TTanl* + [6p (6b1P + ¢ Pf + hl) + 3P Fl]’

2
(1+m1P1)
_ (a1[2(2b1P"+c1P{+hq)+1]

h)F + F ( 1+m, P} )

With

—(S22+833)° ( - - +833( - )
F1 — $12821 (8221833 and FZ — $22(822833 812821 —823832) +$33 (822833823832 :
(S22+833) (S22+833)

Utilizing Descartes rule of sign, equation (18) possesses a unique positive root (8;), provided
condition (15) hold:

Now, at (6; = &;) the characteristic equation (17) can be expressed as:

P*(D) = A+ ) + ) =0, (19)
Which have two roots:

Al = _ﬁl < 0, and 2.2,3 = il\/ﬁ_,

It was noted that at (6; = &), there exists one real and negative eigenvalue (1;) and two pure
imaginary eigenvalues (22,3).

Now, for all values of §; in the neighbourhood of §7, the general expression for the roots is given as

follows:

Az,3 = G;1(61) £ G (81).
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In order to verify the transversality criteria, we have to show that:
¥Y*(61)07(61) +I"(61)@"(67) # O,
Note that for §; = §; wehave G; =0 and G, = \/E , substitute the value of G, yields the next

simplifications:

Y*(6;1) = 3(g1(5f))2 + 2B1(87) G1(67) + B2(67) — 3(g2(5f))2 = —2B,(67),
¢*(5f) = 6§1(5f)§2(5f) + 2ﬁ1(5ik) g2(5f) = 2:5)1(5;)\/ ﬁ2(5f),

0*(67) = (§1(5f))2,3{(5f) + B3 (6161 (67) + B5(67) — B1(87)(S2(87))?
= —3P*?[(S23$32 — S22833) + B2(67)],

I*(87) = 2G1(61)G2(61)B1(87) + B2(81)G2(87) = —3P*?($32 + $33)v/ B2(67).

So,

Y*(6;)07(67) + I"(67)@(67) = 6P*2(($.22 + $33)[811 — £1(67)] — §12§21)ﬁ2(5ik) # 0

Thus, under the specified conditions (32, 33, 34) outlined in [29] along with conditions (16),
system (1) at Es with the parameter §; has a (HB).

S. NUMERICAL SIMULATION
For further confirmation of our analytical results and to examine the impact of altering each

parameter's values on the system's dynamical behaviour, we numerically analyse the dynamic
behaviour of system (1) using mathematical tools. Fig. (1) (a-e) demonstrates that system (1) has
a globally asymptotically stable (PEP) under the specified hypothetical parameters that satisfies
the stability criteria for this equilibrium point.

a; =0.5,my =0.1,b; = 0.01,¢, = 0.7,6, = 0.03,h; =0.02,a, = 0.2,m, = 0.5,

b, =0.001,l; =0.2,¢c, = 0.5, = 0.4,y = 0.8,6, = 0.05,h, = 0.3, (20)

d, = 0.01,1, = 0.3,65 = 0.02,h; = 0.06,d, = 0.1 .
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Fig. 1. Time series of the solution (T.S.) to system (1) initiated by three different beginning points
(0.9, 1, 0.8), (0.7, 1.2, 0.9) and (0.8, 0.9, 0.6) for the data provided by (20).(a) The solution
approach to the (EP) E5 = (3.043,0.229,0.594), (b) Trajectories of P,P;, P, from different
initial points, (c¢) Trajectory of P over time, (d) Trajectory of P; over time, (e) Trajectory
of P, over time.
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To investigate the influence of parameter values on the system's dynamical behavior, we will alter
each parameter independently while preserving the others constant (20). The findings are presented
in Table 2.

Table 2: The dynamical behaviour of system (1) parameters

Parameter range Stable point Bifurcation Point
0.001 <a, <0.14 E,
014<a, <12 Es a; = 0.14
12<a, <171 Periodic
1.71<a; <2 Es
0.0001=m; <1 Es
0.001<b; <2 Es
01<c¢ <04 Periodic
04<c¢ <2 Es
0.0001 < 6; < 0.0076 Periodic
0.0076 <6, < 2 Es
0.001 < h; < 0.3999 Es
03999 < h; <1 E, hy =0.3999
0.01 < a, < 0.66 Es
0.66 < a, < 1.075 Periodic
1.075 < a, < 1.104 E, a, = 1.075
0.001 <m, <2 Es
0.001<bh, <2 Es
0.001 <1, <0.7 Es
03<c,<2 Es
021<a<15 Es
15<a<2 E; a=15
001<y<1 Es
001<4,<2 Es
0001 <h,<1 Es
0.001 <d; <0.781 Es
0.781 < d; < 0.95 E; d, = 0.781
095<d, <1 E; d, = 0.95
0.0001 <1, < 0.129 E;
0.129<1, <05 Es I, =0.129
0.001 <63 < 0.179 Es
0179 <463<1 E; 63 =0.179
0.0001 <h;<1 Es
0.0001 < d, < 0.260 Es
0.260=<d, <1 E; d, = 0.260
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The influence of altering the intrinsic rate of growth (a;) of the prey P in the range
(0.001 < a4 < 0.14) the solution goes to E,, as illustrated in Fig. (2) (a-al) with typical value
a, = 0.001 while, in the range of (0.14 < a; < 1.2 ) the solution goes to the (PEP) Es as
illustrated in Fig. (2)(b-bl) with the typical value a; = 0.15. Also, keep change the parameter
a, asin (1.2 < a; < 1.71) system (1) approaches to periodic dynamic in Int.R3 , as it
illustrated in Fig. (3) (a-b), further for (1.71 < a,) the solution still has a stable (PEP)

a
1 T T ( .) T T (a])
Prey
First predator
Second predator

(0.9, 1,0.8)

Populations
(=]
(5,

E =(0,0.1787,0.1003)

" M M "
0o 500 1000 1500 2000 2500 3000

Time
b
S — (b1)
Prey
16 F First predator
——— Second predator

14} 19

1ok 08 0.9, 1,0.8)
w
g 1} 06
= o
El ™ 04
5 0.8

06 02

E_=(0.144, 0.1804, 0.123)
0, 5

o
IS

0.2

1500 2000 2500 3000
Time

" "
0] 500 1000

Fig. 2. (a) (T.S) of solution which goes to E, = (0,0.1787,0.1003) when a; = 0.001,
(al) 3D phase portrait of (a) , (b) (T.S) of solution which goes to
Es = (0.144,0.1804,0.123) with a; = 0.15, (b1) 3D phase portrait of (b).
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7 i . (a) . . (b)

1] 091,08

Populations

0 2000 4000 6000 8000 10000
Time

Fig. 3. (a) (T.S) of solution for the data given in (20) with a; = 1.399, (b) Periodic dynamics
of solution.

For the parameters values specified in Eq. (20) with ¢; varying within the range
0.1 < ¢4 < 0.4 the solution goes to the periodic dynamics in the interior of positive octant of
PP, P, — space as illustrated in Fig. (4) (a-b), finally for ¢; > 0.4 the solution goes to the
(PEP) Es.

(a) _ . (b

35

19 (0.9,1,0.8)

25§ -
[
A \

Populations
¢ N

0 2000 4000 6000 8000 10000
Time

Fig. 4. (a) (T.S) of the solution for the data given by (20) with ¢; = 0.1, (b) Periodic dynamics

of solution.

By changing the toxin rate of the prey &; while maintaining the values of the other parameters
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as specified in Eq. (19) within the defined range 0.0001 < §; < 0.0076 the system exhibits
periodic dynamics in the Int. R? , see Fig. (5) (a-b). While keeping increasing &§; for
0.0076 < 6, < 2 the solution goes to the (PEP) Es.

(a) (b)

(0.9, 1,0.8)

0.8 /
o 0.7 4
=Y

Populations

0 500 1000 1500 2000 2500 3000
Time

Fig. 5. (a) (T.S) of the solution for system (1) according to the data set given by Eq. (20) with
&, = 0.0001, (b) Periodic dynamics of solution.

The influence of varying the linear harvesting rate of the prey h; with the data given in Eq.
(20) the solution for 0.001 < hy; < 0.3999 goes to E5 as illustrated in Fig. (6) (a-al), with
typical value h; = 0.001, while for the range 0.3999 < h; < 1 the solution goes to E, as
illustrated in Fig. (6) (b-bl), with typical value h; = 0.5 .
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Fig. 6. (a) (T.S) of solution which goesto Ez = (3.134,0.231,0.610) when h; = 0.001, (al)
3D phase portrait of (a), (b) (T.S) of solution which goes to E, = (0,0.179,0.1003) when
h, = 0.5, (b1) 3D phase portrait of (b),

The influence of altering the intrinsic growth rate a, of first predator P; with the data given in
Eq. (20) in range 0.01 < a, < 0.66 the solution goes to the (PEP) Es5, with typical value
a, = 0.01. while continues increasing a, as in the range 0.66 < a, < 1.075 the system has
periodic dynamics in the int.R3 asitillustrated in Fig. (7) (a-b), finally for 1.075 < a, < 1.104
the solution of system (1) goes to E,, see Table (2).
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Fig. 7. (a) (T.S) of the solution for the given data by Eq. (20) with a, = 0.66, (b) Periodic

dynamics of solutions.
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Additionally, the effect of altering the natural death rate d, of the first predator P; has been
studied while maintaining the other parameters values as specified in (20), It has been noted that
for 0.001 < d; < 0.781 the solution goes to the (PEP) Ej, as it illustrated in Fig. (8) (a-al) with
typical value d; = 0.2. while increasing d; in the range 0.781 < d; < 0.95 the solution goes
to Ejz, as it illustrated in Fig. (8) (b-bl) with the typical value d; = 0.781, where the bifurcation
occurred. Finally, when 0.95 < d; < 1 the solution goes to Ej, as it illustrated in Fig. (8) (c-c1)
with typical value d; = 0.999.
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Fig. 8. (a) (T.S) of solution which goes to Es = (3.104,0.2134,0.445) when d; = 0.2, (al)

3D phase portrait of (a) ,

(b) (T.S) of solution of system (1) which goes to

E; = (3.242,0.176,0) when d; = 0.781, (b1) 3D phase portrait of (b), (c) (T.S) of solution
which goes to E; = (3.837,0,0) when d; = 0.999, (c1) 3D phase portrait of (c),

Also, the influence of altering the intrinsic growth rate a; ofthe prey P and the food transfer

rate [, of the second predator P, in the same time while maintaining the other parameters

unchanged as specified in Eq. (20) in the range (0.001 < a; < 0.5), (0.001 <[, < 0.2) the

solution goes to E, as illustrated in Fig. (9) (a-al), with typical values a; = 0.1,1, = 0.1.
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Fig. 9. (a) (T.S) of solution which goes to E, = (0,0.5413,0) when a; = 0.1 and [, = 0.1,
(al) 3D phase portrait of (a).
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Finally, the influence of altering the intrinsic growth rate a; ofthe prey P and the natural death
rate d; of the first predator P; in the same time while maintaining the other parameters
unchanged as specified in Eq. (20) in the range (0.0001 < a; < 0.005), (0.3 <d; <1) leads
to the extinction of all species, with the solution approaching E|, as illustrated in Fig. (10) (a-al),

with typical values a; = 0.001,d, = 0.7.
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[} 500 1000 1500 2000 2500 3000 0 o

Time
Fig. 10. (a) (T.S) of solution which goes to E, = (0,0,0) when a; = 0.001 and d; = 0.7,
(al) 3D phase portrait of (a).

6. THE CONCLUSION AND DISCUSSIONS:

This work discussed the occurrence of local bifurcation under specific conditions in a food
chain prey-predator model that includes a prey species and two predator species in the presence of
toxic substances that impact the populations of all organisms, including predators and prey, and
under the influence of essential factors such as fear, harvesting and others. It is note that a saddle-
node bifurcation occurs around the positive equilibrium point E5, while transcritical and pitchfork
bifurcations exhibit near points E, and E; . Furthermore, only a transcritical bifurcation occurs
near points E,, E; and E,. Also, studies of the Hopf bifurcation at the toxin rate of
prey (87) near to the positive equilibrium have been done. Ultimately, numerical simulations have
been conducted for three distinct initial points and one dataset illustrated in (20). The outcomes
demonstrated that:

e The system exhibits periodic dynamics in the Int.R3 at the parameters (a4, ¢;, 8y, as) .

e The parameters most effective for achieving system  stability are
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(ali hli a, «a, dli l2f 63' dZ)
e The stability of system (1) is not influenced by the parameters

(mllbl,mz,bz,lz,cz,y, 52,h2,h3) so that the solutions consistently approach to the

positive equilibrium point.
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