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Abstract: In this paper, the conditions of the occurrence of local bifurcation (LB) have been founded for a food- chain 

eco-toxicant model involving three species: prey, first and second predators, incorporating factors such as fear, as well 

as linear and nonlinear harvesting strategies, including two various functional responses (Lotka-Volterra and Sokol-

Howell). This model features six equilibrium points (EPS), all of which are stable under appropriate conditions, the 

saddle-node bifurcation (SNB) appears near the positive point 𝐸ହ , transcritical bifurcation (TB) and pitchfork 

bifurcation (PB) occur near the points 𝐸ଶ and 𝐸ଷ, while only a transcritical bifurcation takes place near the point 𝐸଴,  

𝐸ଵ, and 𝐸ସ. Additionally, the Hopf bifurcation (HB) conditions near the positive equilibrium point (PEP) have been 

discussed. Finally, the numerical simulation for the hypothetical parameter set confirm our analytical findings about 

(LB) of this model.  
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1. INTRODUCTION 

   The prey-predator models have an essential role in understanding the interactions between 

living populations, attracting substantial attention in mathematical sciences. Furthermore, the 
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prey-predator model is a significant subject that covers several fields, including ecology, biology, 

genetics, and physics. A multitude of researchers have developed and analyzed predator-prey 

interaction models across numerous fields,[1][2][3][4][5]. 

   Ecology examines the interactions between predators and prey to sustain ecosystem health, 

illustrating the flexibility of resources and energy, which subsequently affects ecosystem 

structure,[6][7][8][9][10].  

  Additionally, several factors, such as fear, toxic substances, and mortality, can influence species 

interactions within ecosystems. Kadhim and Majeed [11] developed a predator-prey model that 

has a stage structure in both species incorporating harvesting in the prey population and toxicity 

affecting all species. Aziz and Majeed [12] study the effect of fear on an ecological model, while 

many other researchers and academics have also contributed to this field of study, 

[13][14][15][16][17]. 

    Furthermore, bifurcation theories are a scientific analysis of alterations in the structure of a 

dynamic system over time. Bifurcation occurs when a minor, gradual modification in a system's 

parameters results in a sudden alternation in its specific or topological properties. Recently, 

bifurcation has been the subject of significant research, [18][19][20]. 

     Also, bifurcations are classified into two primary categories: local and global. Local 

bifurcations including (SNB), (TB), (PB), (HB), and others, occur when parameters surpass critical 

thresholds and can be examined only by assessing alterations in their local stability characteristics. 

But when stability and extended invariant sets, such as periodic orbits, intersect, global bifurcation 

happens, see [21][22][23]. 

     Majeed and Alabacy [24] identified the Hopf bifurcation at the positive equilibria and the 

criteria for local bifurcation at all equilibrium points in a prey-predator food chain model.   

Kumar et al. [25] investigated the bifurcation analysis of a predator-prey model involving the Allee 

effect, the fear effect in prey, and cooperative hunting in predators. and many other studies, see 

[26][27][28]. 

   Finally, in this paper the conditions needed for the incidence of LB and HB in the proposed 

model have been discussed.  
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2. MATHEMATICAL MODEL  

Consider the following model [29]       

ௗ௉

ௗ்
=

௔భ௉

ଵା ௠భ௉భ
− 𝑏ଵ𝑃ଶ − 𝑐ଵ𝑃𝑃ଵ − ℎଵ𝑃 − 𝛿ଵ 𝑃ଷ,  

ௗ௉భ

ௗ்
=

௔మ௉భ

ଵା ௠మ௉మ
− 𝑏ଶ 𝑃ଵ

ଶ − 
௖మ௉భ௉మ

ఈାఊ௉భ
మ 

+ 𝑙ଵ𝑃𝑃ଵ − 𝛿ଶ𝑃ଵ
ଶ − ℎଶ𝑃ଵ

ଶ − 𝑑ଵ𝑃ଵ,   

ௗ௉మ

ௗ்
=

௟మ௉భ௉మ

஑ା ఊ௉భ
మ − 𝛿ଷ𝑃ଶ − ℎଷ𝑃ଶ

ଶ − 𝑑ଶ𝑃ଶ.      

Since the initial conditions are 𝑃(0) ≥ 0, 𝑃ଵ(0) ≥ 0 , and 𝑃ଶ (0) ≥ 0. Table 1 explains the 

biological meaning of system (1) parameters [29]: 

Table 1 System (1)'s biologically relevant parameters  

Parameters Biological description 

𝑎௜ >  0,        𝑖 = 1,2 Intrinsic growth rates of the prey and first predator populations, respectively 

𝑏௜ > 0,        𝑖 = 1,2 Internal competition rates of the prey and first predator, respectively   

𝑚௜ > 0,       𝑖 = 1,2 Fear rates of the prey and the first predator, respectively  

𝑐௜ > 0 ,        𝑖 = 1,2 Attack rates of the prey and first predator, respectively 

𝑙௜ > 0,         𝑖 = 1,2 Food transfer rates for first and second predators, respectively   

𝛼 > 0. Half-saturation constant 

𝛾 > 0. Inverse measure of inhibitory effect  

𝛿௜ > 0,       𝑖 = 1,2,3 Rates of toxicity for the prey, first predator and second predator, respectively   

ℎ௜ > 0,      𝑖 = 1,2,3 Harvesting rates of prey, first predator and second predator, respectively 

𝑑௜ > 0,       𝑖 = 1,2 Natural death rates of first predator and second predator, respectively 

 

3. THE LOCAL BIFURCATION ANALYSIS 

  In this section, we examined the system's (1) (LB), with particular attention given to the changes 

that occur around each (EP) as a result of changing the values of the parameters influencing the 

dynamics. Therefore, the utilization of Sotomayor's theorem [30] is significant in the coming 

theorems. 

Now, with reference to the Jacobian Matrix (JM) 𝐽(𝑃, 𝑃ଵ, 𝑃ଶ) of system (1) presented in [29] as 

follows 

                                                  𝐽 = ൣƱ௜௝൧
ଷ×ଷ 

,                                                                                        (2)  

Ʊଵଵ =
௔భ

ଵା ௠భ௉భ
− 2𝑏ଵ𝑃 − 𝑐ଵ𝑃ଵ − 3𝛿ଵ𝑃ଶ − ℎଵ,  

 (1) 
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Ʊଵଶ =
ି௔భ௠భ௉

(ଵା ௠భ௉భ)మ − 𝑐ଵ𝑃  ,      Ʊଵଷ = 0 ,      Ʊଶଵ = 𝑙ଵ𝑃ଵ, 

Ʊଶଶ =
௔మ

ଵା ௠మ௉మ
− 2𝑏ଶ𝑃ଵ + 𝑙ଵ𝑃 −

௖మ௉మ൫ఈିఊ௉భ
మ൯

൫ఈାఊ௉భ
మ൯²

− 2𝛿ଶ𝑃ଵ − 𝑑ଵ − 2ℎଶ𝑃ଵ,  

Ʊଶଷ =
ି௔మ௠మ௉భ

(ଵା ௠మ௉మ)మ −
௖మ௉భ

ఈାఊ௉భ
మ ,     Ʊଷଵ = 0,         Ʊଷଶ =

 ௟మ௉మ(ఈିఊ௉భ 
మ)

൫ఈା ఊ௉భ
మ൯

మ  ,  

Ʊଷଷ =
௟మ௉భ

ఈାఊ௉భ
మ − 𝛿ଷ − 2ℎଷ𝑃ଶ − 𝑑ଶ.  

It is essential to understand that for every non - zero vector 𝑁 = (𝑛ଵ,  𝑛ଶ, 𝑛ଷ)୘, we have   

                                                   𝐷ଶ𝑓ఓ(𝑋, 𝜇)(𝑁, 𝑁) = [𝐾௜ଵ]ଷ×ଵ,                                                               ( 3) 

𝐾ଵଵ = −2 ቂ(𝑏ଵ + 3𝛿ଵ𝑃)𝑛ଵ
ଶ + ቀ

௔భ௠భ

(ଵା௠భ௉భ)మ
+ 𝑐ଵቁ 𝑛ଵ𝑛ଶ − ቀ

௔భ௠భ
మ௉

(ଵା௠భ௉భ)యቁ 𝑛ଶ
ଶቃ,  

𝐾ଶଵ = 2 ൥(𝑙ଵ)𝑛ଵ𝑛ଶ + ൭
ఊ௖మ௉భ௉మቀ൫ఈାఊ௉భ

మ൯ାଶ൫ఈିఊ௉భ
మ൯ቁ

൫ఈାఊ௉భ
మ൯

య − (𝑏ଶ + 𝛿ଶ + ℎଶ)൱ 𝑛ଶ
ଶ  − ൬

௔మ௠మ

(ଵା௠మ௉మ)మ +

                   
௖మ൫ఈିఊ௉భ

మ൯

൫ఈାఊ௉భ
మ൯

మ ൰ 𝑛ଶ𝑛ଷ + ቀ
௔మ௠మ

మ௉భ

(ଵା௠మ௉మ)యቁ 𝑛ଷ
ଶ൨,  

𝐾ଷଵ = −2 ቈቆ
ఊ௟మ௉భ௉మቀ൫ఈାఊ௉భ

మ൯ାଶ൫ఈିఊ௉భ
మ൯ቁ

൫ఈାఊ௉భ
మ൯

య ቇ 𝑛ଶ
ଶ − ൬

௟మ൫ఈିఊ௉భ
మ൯

൫ఈାఊ௉భ
మ൯

మ ൰ 𝑛ଶ𝑛ଷ + (ℎଷ)𝑛ଷ
ଶ቉.  

 

                                             𝐷ଷ𝑓ఓ(𝑋, 𝜇)(𝑁, 𝑁, 𝑁) = [𝐿௜ଵ]ଷ×ଵ,                                                                 (4 )  

𝐿ଵଵ = −6 ቂ(𝛿ଵ)𝑛ଵ
ଷ −

௔భ௠భ
మ

(ଵା௠భ௉భ)య
⋅ 𝑛ଵ𝑛ଶ

ଶ +
௔భ௠భ

య௉

(ଵା௠భ௉భ)ర
𝑛ଶ

ଷቃ,  

𝐿ଶଵ = 2 ቈቆ
ିଶఊమ௖మ௉భ௉మቂ൫ఈାఊ௉భ

మ൯ାଷ௉భቀ൫ఈାఊ௉భ
మ൯ାଶ൫ఈିఊ௉భ

మ൯ቁቃ

൫ఈାఊ௉భ
మ൯

ర ቇ 𝑛ଶ
ଷ + ൬

ଷఊ௖మ௉భൣ൫ఈାఊ௉భ
మ൯ାଶ൫ఈିఊ௉భ

మ൯൧

൫ఈାఊ௉భ
మ൯

య ൰ 𝑛ଶ
ଶ𝑛ଷ +

                 ቀ
ଷ௔మ௠మ

మ

(ଵା௠మ௉మ)యቁ 𝑛ଶ𝑛ଷ
ଶ − ቀ

ଷ௔మ௠మ
య௉భ

(ଵା௠మ௉మ)రቁ 𝑛ଷ
ଷ቉,  

𝐿ଷଵ = 2 ቈቆ
ଶఊమ௟మ௉భ௉మቂ൫ఈାఊ௉భ

మ൯ାଷ௉భቀ൫ఈାఊ௉భ
మ൯ାଶ൫ఈିఊ௉భ

మ൯ቁቃ

൫ఈାఊ௉భ
మ൯

ర ቇ 𝑛ଶ
ଷ − ൬

ଷఊ௟మ௉భൣ൫ఈାఊ௉భ
మ൯ାଶ൫ఈିఊ௉భ

మ൯൧

൫ఈାఊ௉భ
మ൯

య ൰ 𝑛ଶ
ଶ𝑛ଷ ቉.  

Where 𝑋 = (𝑃, 𝑃ଵ, 𝑃ଶ)் and 𝜇 is any parameter. 

Theorem 1: For the parameter 𝑎ଵ
଴ = 𝑎ଵ = ℎଵ, system (1) exhibits a (TB) at the (EP) 𝐸଴ . However, 

neither a (SNB) nor (PB) may occur at 𝐸଴.  

Proof: by putting 𝐸଴ = (0, 0, 0) into the (JM) in equation (8) in     [29] with the parameter value 
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(𝑎ଵ
଴ = 𝑎ଵ = ℎଵ). 

Then, the characteristic equation of 𝐽଴
଴ possesses an eigenvalue of zero, which is ( λ଴୔ = 0) at 

𝑎ଵ
଴ = 𝑎ଵ. 

Let 𝑁[଴] = (𝑛ଵ
[଴]

, 𝑛ଶ
[଴]

, 𝑛ଷ
[଴]

)் be the eigenvector relating with the eigenvalue  ( λ଴୔ = 0). Thus, 

(𝐽଴
଴ −   𝜆଴௉𝐼)𝑁[଴] = 0, where 𝐽଴

଴ = 𝐽(𝐸଴, 𝑎ଵ
଴). 

So, 𝑛ଶ
[଴]

= 0, 𝑛ଷ
[଴]

= 0, and 𝑛ଵ
[଴]

≠ 0 real number. 

Now, let 𝛷[଴] = ቀ∅ଵ
[଴]

, ∅ଶ
[଴]

, ∅ଷ
[଴]

ቁ
்

  be the eigenvector of 𝐽଴
଴்  relating with the 

eigenvalue   ( λ଴୔ = 0 ). Thus, (𝐽଴
଴் −  𝜆଴௉𝐼)𝛷[଴] = 0. That gives, 

 𝛷[଴] = (∅ଵ
[଴]

, 0, 0)், where ∅ଵ
[଴]

≠ 0 real number.  

Since,  
డ௙

డ௔భ
= 𝑓௔భ

 (𝑋, 𝑎ଵ) = ቀ
డ௙భ

డ௔భ
,

డ௙మ

డ௔భ
,

డ௙య

డ௔భ
ቁ

்

= ቀ
௉

ଵା௠భ௉భ
, 0, 0ቁ

்

. 

Then, 𝑓௔భ
(𝐸଴, 𝑎ଵ

଴) = (0,0,0)்  and hence ൫𝛷[଴]൯
்

𝑓௔భ
(𝐸଴, 𝑎ଵ

଴) = 0. 

In agreement with Sotomayor's theorem, achieving the (SNB) at 𝐸଴ is not possible. This indicates 

that the initial requirement for (TB) is met. Moreover, 

𝐷𝑓௔భ
(𝑋, 𝑎ଵ) = ൥

1 0 0
0 0 0
0 0 0

൩,  

Here, 𝐷𝑓௔భ
(𝑋, 𝑎ଵ) denotes the derivative of 𝑓௔భ

(𝑋, 𝑎ଵ) with 𝑋 = (𝑃, 𝑃ଵ, 𝑃ଶ)். Furthermore, it is 

noted that: 

𝐷𝑓௔భ
(𝐸଴, 𝑎ଵ

଴)𝑁 [଴]  = ൥
1 0 0
0 0 0
0 0 0

൩ ቎
𝑛ଵ

[଴]

0
0

቏ = ቎
𝑛ଵ

[଴]

0
0

቏, 

So, we obtain that: 

൫𝛷[଴]൯
்

ൣ𝐷𝑓௔భ
(𝐸଴, 𝑎ଵ

଴)𝑁[଴]൧ = ቀ∅ଵ
[଴]

, 0, 0ቁ
்

ቀ𝑛ଵ
[଴]

, 0, 0ቁ = ∅ଵ
[଴]

𝑛ଵ
[଴]

≠ 0. 

By using 𝑁[଴] in equation (3), we get  

𝐷ଶ𝑓௔భ
(𝐸଴, 𝑎ଵ

଴ )൫𝑁[଴], 𝑁[଴]൯ = [𝐾௜ଵ]ଵஸ௜ஸଷ = ቎
−2𝑏ଵ ቀ𝑛ଵ

[଴]
ቁ

ଶ

0
0

቏. 

So, ൫𝛷[଴]൯
்

ൣ𝐷ଶ𝑓௔భ
(𝐸଴, 𝑎ଵ

଴ )൫𝑁[଴], 𝑁[଴]൯൧ = −2𝑏ଵ ቀ𝑛ଵ
[଴]

ቁ
ଶ

∅ଵ
[଴]

≠ 0. 
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Then in accordance to the Sotomayor theorem, system (1) reveals a (TB) at 𝐸଴ with 𝑎ଵ = 𝑎ଵ
଴ 

and (PB) cannot occur. 

Theorem 2: Assume that reversing condition (12) as in [29] and the next condition hold.    

𝑙ଵ𝐴ሙ ≠ (𝑏ଶ + 𝛿ଶ + ℎଶ)                                                                                                                                  (5) 

where,    

𝐴ሙ =
௉ෘ (௔భ௠భା௖భ)

௔భି[௉ෘ(ଶ௕భାଷఋభ௉ෘ)ା௛భ]
 ,  

then system (1) near 𝐸ଵ  exhibits a (TB) at the parameter value ൫𝑑ሙଵ = 𝑑ଵ = 𝑎ଶ + 𝑙ଵ𝑃ෘ൯ , but 

neither (SNB) nor (PB) present near 𝐸ଵ.    

Proof: by putting 𝐸ଵ = ൫𝑃ෘ, 0, 0൯ in the (JM) in equation (10) in [29] with the parameter value 

𝑑ሙଵ = 𝑑ଵ = 𝑎ଶ + 𝑙ଵ𝑃ෘ. 

Then, the characteristic equation of 𝚥ଵ̌  where 𝚥ଵ̌ = 𝐽൫𝐸ଵ, 𝑑ሙଵ൯   possesses an eigenvalue zero, 

which is ( λଵ௉భ
= 0) at 𝑑ሙଵ = 𝑑ଵ. 

Let 𝑁ෙ[ଵ] = (𝑛ුଵ
[ଵ]

, 𝑛ුଶ
[ଵ]

, 𝑛ුଷ
[ଵ]

)்  be the eigenvector relating with the eigenvalue ( λଵ௉భ
= 0) .     

So, ൫𝐽ሙଵ −   𝜆ଵ௉భ
𝐼൯𝑁[ଵ] = 0, where 𝐽ሙଵ = 𝐽൫𝐸ଵ, 𝑑ሙଵ ൯. 

Then, 𝑛ුଵ
[ଵ]

= 𝐴ሙ𝑛ුଶ
[ଵ]

, 𝑛ුଷ
[ଵ]

= 0, 𝑤ℎ𝑒𝑟𝑒 𝐴ሙ is in the state of the theorem and 𝑛ුଶ
[ଵ]

≠ 0 real number. 

Now, 𝛷ෙ [ଵ] = (∅ෙଵ
[ଵ]

, ∅ෙଶ
[ଵ]

, ∅ෙଷ
[ଵ]

)்  be the eigenvector of 𝐽ሙଵ
 ்  relating with eigenvalue    λଵ௉భ

= 0 .       

Thus, ൫𝐽ሙଵ
 ் −   𝜆ଵ௉భ

𝐼൯∅ෙ[ଵ] = 0. Which gives, 

 𝛷ෙ [ଵ] = (0, ∅ෙଶ
[ଵ]

, 0)், where ∅ෙଶ
[ଵ]

≠ 0 real number.  

Now, since  
డ௙

డௗభ
= 𝑓ௗభ

(𝑋, 𝑑 ଵ) = ቀ
డ௙భ

డௗభ
,

డ௙మ

డௗభ
,

డ௙య

డௗభ
ቁ

்

= (0, −𝑃ଵ, 0)் . 

Then, 𝑓ௗభ
൫𝐸ଵ, 𝑑ሙଵ൯ = (0,0,0)்  and hence ൫𝛷ෙ [ଵ]൯

்
𝑓ௗభ

൫𝐸ଵ, 𝑑ሙଵ൯ = 0. 

In agreement with Sotomayor's theorem, achieving the (SNB) at 𝐸ଵ  is not possible. The first 

requirement for (TB) is therefore achieved. Moreover, 

𝐷𝑓ௗభ
(𝑋, 𝑑ଵ) = ൥

0 0 0
0 −1 0
0 0 0

൩,  
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Here, 𝐷𝑓ௗభ
(𝑋, 𝑑ଵ) denotes the derivative of 𝑓ௗభ

(𝑋, 𝑑ଵ) with 𝑋 = (𝑃, 𝑃ଵ, 𝑃ଶ)். Furthermore, it 

is noted that: 

𝐷𝑓ௗభ
൫𝐸ଵ, 𝑑ሙଵ൯𝑁ෙ[ଵ] = ൥

0 0 0
0 −1 0
0 0 0

൩ ቎
𝐴ሙ𝑛ුଶ

[ଵ]

−𝑛ුଶ
[ଵ]

0

቏ = ൥

0

−𝑛ුଶ
[ଵ]

0

൩, 

So, we obtain that: 

൫𝛷ෙ [ଵ]൯
்

ൣ𝐷𝑓ௗభ
൫𝐸ଵ, 𝑑ሙଵ൯𝑁ෙ [ଵ]൧ = ቀ0, ∅ෙଶ

[ଵ]
, 0ቁ

்

ቀ0, − 𝑛ුଶ
[ଵ]

, 0ቁ = −𝑛ුଶ
[ଵ]

∅ෙଶ
[ଵ]

≠ 0. 

By using 𝑁ෙ[ଵ] in equation (3), we get  

𝐷ଶ𝑓ௗభ
൫𝐸ଵ, 𝑑ሙଵ ൯൫𝑁[ଵ], 𝑁[ଵ]൯ = ൣ𝐾ෙ௜ଵ൧

ଷ×ଵ
                  

=

⎣
⎢
⎢
⎢
⎡−2 ቀ𝑛ුଶ

[ଵ]
ቁ

ଶ

ൣ𝐴ሙଶ൫𝑏ଵ + 3𝛿ଵ𝑃ෘ൯ + 𝐴ሙ(𝑎ଵ𝑚ଵ + 𝑐ଵ) − ൫𝑎ଵ𝑚ଵ
ଶ𝑃ෘ൯൧

2 ቀ𝑛ුଶ
[ଵ]

ቁ
ଶ

ൣ𝑙ଵ𝐴ሙ − (𝑏ଶ + 𝛿ଶ + ℎଶ)൧

0 ⎦
⎥
⎥
⎥
⎤

. 

So,  

 ൫∅ෙ[ଵ]൯
்

ൣ𝐷ଶ𝑓ௗభ
൫𝐸ଵ, 𝑑ሙଵ ൯൫𝑁ෙ[ଵ], 𝑁ෙ [ଵ]൯൧ = 2∅ෙଶ

[ଵ]
ቀ𝑛ුଶ

[ଵ]
ቁ

ଶ

ൣ𝑙ଵ𝐴ሙ − (𝑏ଶ + 𝛿ଶ + ℎଶ)൧ ≠ 0.  

Then in accordance to the Sotomayor theorem, system (1) reveals a (TB) at 𝐸ଵ with 𝑑ଵ = 𝑑ሙଵ.  

If condition (5) not satisfised then by using 𝑁ෙ[ଵ] in equation (4), we get    

𝐷ଷ𝑓ௗభ
൫𝐸ଵ, 𝑑ሙଵ ൯൫𝑁[ଵ], 𝑁[ଵ], 𝑁[ଵ]൯ = ൣ𝐿ෘ௜ଵ൧

ଷ×ଵ
 

         =቎
−6 ቀ𝑛ුଶ

[ଵ]
ቁ

ଷ

ൣ𝐴ሙଷ 𝛿ଵ − 𝐴ሙ𝑎ଵ𝑚ଵ
ଶ + 𝑎ଵ𝑚ଵ

ଷ𝑃ෘ൧

0
0

቏ 

   ൫𝛷ෙ [ଵ]൯
்

ൣ𝐷ଷ𝑓ௗభ
൫𝐸ଵ, 𝑑ሙଵ ൯൫𝑁ෙ [ଵ], 𝑁ෙ[ଵ], 𝑁ෙ[ଵ]൯൧ = 0. 

Therefore, by Sotomayor theorem the (PB) cannot happen at 𝐸ଵ  

Theorem 3: Assume that the conditions (16) and (17) as in [29] and the next conditions hold:    

𝛿ଷ <
௟మ௉തభ

ఈାఊ௉തభ
మ ,                                                                                                                                                    (6)    

𝛼 > 𝛾𝑃തଵ
ଶ ,                                                                                                                                                        (7)  

ℎଷ ≠ 𝐻 ൬
௟మ൫ఈିఊ௉തభ

మ൯

൫ఈାఊ௉തభ
 మ൯

మ ൰,                                                                                                                                     (8)  
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where,  

𝐻 =
−𝑢തଶଷ

𝑢തଶଶ
< 0, 

Then system (1) near 𝐸ଶ exhibits a (TB) and (PB) at the parameter value (𝑑̅ଶ = 𝑑ଶ =
௟మ௉തభ

ఈାఊ௉തభ
మ − 𝛿ଷ), 

while (SNB) not present near 𝐸ଶ at 𝑑̅ଶ.  

Proof: by putting 𝐸ଶ = (0, 𝑃തଵ, 0)   in the J.M. in equation (14) in [29],                 

𝐽ଶ̅ = 𝐽ଶ൫𝐸ଶ, 𝑑̅ଶ൯ = ൣ𝑢ത௜௝൧
ଷ×ଷ

, where 𝑢ത௜௝ = 𝑢௜௝ , except 𝑢തଷଷ = 0. 

Then, the characteristic equation of 𝐽ଶ̅  where 𝐽ଶ̅ = 𝐽൫𝐸ଶ, 𝑑̅ଶ൯  has an eigenvalue zero, which is 

( λଶ௉మ
= 0) at 𝑑̅ଶ = 𝑑ଶ =

௟మ௉തభ

ఈାఊ௉തభ
మ − 𝛿ଷ. 

Let 𝑁ഥ[ଶ] = (𝑛തଵ
[ଶ]

, 𝑛തଶ
[ଶ]

, 𝑛തଷ
[ଶ]

)் be the eigenvector corresponding to the eigenvalue  λଶ௉మ
= 0. Thus, 

൫𝐽ଶ̅ −  𝜆ଶ௉మ
𝐼൯𝑁[ଶ] = 0, where 𝐽ଶ̅ = 𝐽൫𝐸ଶ, 𝑑̅ଶ൯. 

Then, 𝑛തଵ
[ଶ]

= 0 , 𝑛തଶ
[ଶ]

= 𝐻𝑛തଷ
[ଶ]

,  where H is in the state of the theorem and 𝑛തଷ
[ଶ]

≠ 0 real number. 

Now, let  𝛷ഥ[ଶ] = (∅ഥଵ
[ଶ]

, ∅ഥଶ
[ଶ]

, ∅ഥଷ
[ଶ]

)்  be the eigenvector of 𝚥ଶ̅
 ்  relating with the 

eigenvalue  λଶ௉మ
= 0. Thus, ൫𝚥ଶ̅

 ் −  𝜆ଶ௉మ
𝐼൯𝛷ഥ[ଶ] = 0. Which gives, 

 𝛷ഥ [ଶ] = (0, 0, ∅ഥଷ
[ଶ]

)், where ∅ഥଷ
[ଶ]

≠ 0 real number.  

Now, since  
డ௙

డௗమ
= 𝑓ௗమ

(𝑋, 𝑑ଶ) = ቀ
డ௙భ

డௗమ
,

డ௙మ

డௗమ
,

డ௙య

డௗమ
ቁ

்

= (0, 0, −𝑃ଶ)். 

Then, 𝑓ௗమ
൫𝐸ଶ, 𝑑̅ଶ൯ = (0,0,0)்  and hence ൫ 𝛷ഥ[ଶ]൯

்
𝑓ௗమ

൫𝐸ଶ, 𝑑̅ଶ൯ = 0. 

In agreement with Sotomayor's theorem, achieving the (SNB) at 𝐸ଶ  is not possible. The first 

requirement for (TB) is therefore achieved. Moreover, 

𝐷𝑓ௗభ
(𝑋, 𝑑ଵ) = ൥

0 0 0
0 0 0
0 0 −1

൩,  

Here, 𝐷𝑓ௗమ
(𝑋, 𝑑ଶ) denotes the derivative of 𝑓ௗమ

(𝑋, 𝑑ଶ) with 𝑋 = (𝑃, 𝑃ଵ, 𝑃ଶ)். Furthermore, it 

is noted that: 
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𝐷𝑓ௗమ
൫𝐸ଶ, 𝑑̅ଶ൯𝑁ഥ[ଶ] = ൥

0 0 0
0 0 0
0 0 −1

൩ ቎

0

𝐻𝑛തଷ
[ଶ]

𝑛തଷ
[ଶ]

቏ = ቎

0
0

−𝑛തଷ
[ଶ]

቏, 

So, we obtain that: 

൫𝛷ഥ[ଶ]൯
்

ൣ𝐷𝑓ௗమ
൫𝐸ଶ, 𝑑̅ଶ൯𝑁ഥ[ଶ]൧ = ቀ0, 0, ∅ഥଷ

[ଶ]
ቁ

்

ቀ0, 0, −𝑛തଷ
[ଶ]

ቁ = −𝑛തଷ
[ଶ]

∅ഥଷ
[ଶ]

≠ 0. 

By using 𝑁ഥ[ଶ] in equation (3), we get  

 𝐷ଶ𝑓ௗమ
൫𝐸ଶ, 𝑑̅ଶ ൯൫𝑁[ଶ], 𝑁[ଶ]൯ = [𝐾ഥ௜ଵ]ଷ×ଵ 

=

⎣
⎢
⎢
⎢
⎡

0

2 ቀ𝑛തଷ
[ଶ]

ቁ ² ൤𝑎ଶ𝑚ଶ
ଶ𝑃തଵ − 𝐻 ൬𝐻(𝑏ଶ + 𝛿ଶ + ℎଶ) + 𝑎ଶ𝑚ଶ +

௖మ൫ఈିఊ௉തభ
 మ൯

൫ఈାఊ௉തభ
 మ൯²

൰൨

−2 ቀ𝑛തଷ
[ଶ]

ቁ ² ൤ℎଷ − 𝐻 ൬
௟మ൫ఈିఊ௉തభ

మ൯

൫ఈାఊ௉തభ
 మ൯²

൰൨
⎦
⎥
⎥
⎥
⎤

,  

So, by condition (7) and (8)  

 ൫𝛷ഥ[ଶ]൯
்

ൣ𝐷ଶ𝑓ௗమ
൫𝐸ଶ, 𝑑̅ଶ ൯൫𝑁ഥ[ଶ], 𝑁ഥ[ଶ]൯൧ = −2∅ഥଷ

[ଶ]
ቀ𝑛തଷ

[ଶ]
ቁ ² ൤ℎଷ − 𝐻 ൬

௟మ൫ఈିఊ௉തభ
మ൯

൫ఈାఊ௉തభ
 మ൯²

൰൨ ≠ 0.  

Then accordance to the Sotomayor theorem, system (1) reveals a (TB) at 𝐸ଶ  with 𝑑ଶ = 𝑑̅ଶ .     

If condition (8) not met, then  

𝐷ଷ𝑓ௗమ
൫𝐸ଶ, 𝑑̅ଶ ൯൫𝑁[ଶ], 𝑁[ଶ], 𝑁[ଶ]൯ = [𝐿ത௜ଵ]ଷ×ଵ  

=  

⎣
⎢
⎢
⎢
⎡

0

2 ቀ𝑛തଷ
[ଶ]

ቁ
ଷ

൤𝐻ଶ ൬
ଷఊ௖మ௉തభൣ൫ఈାఊ௉തభ

మ൯ାଶ൫ఈିఊ௉തభ
మ൯൧

൫ఈାఊ௉തభ
మ൯

య ൰ + 3𝐻𝑎ଶ𝑚ଶ
ଶ − 3𝑎ଶ𝑚ଶ

ଷ𝑃തଵ൨ 

2 ቀ𝑛തଷ
[ଶ]

ቁ
ଷ

൤−𝐻ଶ ൬
ଷఊ௟మ௉തభൣ൫ఈାఊ௉തభ

మ൯ାଶ൫ఈିఊ௉തభ
మ൯൧

൫ఈାఊ௉തభ
మ൯

య ൰൨
⎦
⎥
⎥
⎥
⎤

 , 

൫𝛷ഥ[ଶ]൯
்

ൣ𝐷ଷ𝑓ௗమ
൫𝐸ଶ, 𝑑̅ଶ ൯൫𝑁ഥ[ଶ], 𝑁ഥ[ଶ], 𝑁ഥ[ଶ]൯൧ = −2∅ഥଷ

[ଶ]
ቀ𝑛തଷ

[ଶ]
ቁ

ଷ

𝐻ଶ ൬
ଷఊ௟మ௉തభൣ൫ఈାఊ௉തభ

మ൯ାଶ൫ఈିఊ௉തభ
మ൯൧

൫ఈାఊ௉തభ
మ൯

య ൰.  

Therefore, by Sotomayor theorem the (PB) occurs at 𝐸ଶ.  

Theorem 4: Assume that the conditions (22) 𝑎𝑛𝑑 (23) as in [29] and the next conditions hold. 

𝛼 > 𝛾𝑃̈ଵ
ଶ,                                                                                                                                                         (9)    

𝑑ଶ <
𝑙ଶ𝑃̈ଵ

𝛼 + 𝛾𝑃̈ଵ
ଶ

,                                                                                                                                            (10) 

ℎଷ ≠ 𝐵ଶ ൭
𝑙ଶ൫𝛼 − 𝛾𝑃̈ଵ

ଶ൯

൫𝛼 + 𝛾𝑃̈ଵ
 ଶ൯

ଶ ൱,                                                                                                                         (11) 

where, 
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𝐵ଶ =
𝜗ଵଶ𝜗ଶଷ

𝜗ଵଶ𝜗ଶଵ − 𝜗ଵଵ𝜗ଶଶ
 > 0, 

then system (1) near 𝐸ଷ exhibits a (TB) and (PB) at the parameter value (𝛿̈ଷ = 𝛿ଷ =
௟మ௉̈భ

ఈାఊ௉̈భ
మ − 𝑑ଶ) , 

while (SNB) not present near 𝐸ଷ at 𝛿̈ଷ.    

Proof: by putting 𝐸ଷ = ൫𝑃̈, 𝑃̈ଵ, 0൯   in the J.M. in equation (19) in [29],              

 𝐽ଷ̈ = 𝐽ଷ൫𝐸ଷ, 𝛿̈ଷ൯ = ൣ𝜗̈௜௝൧
ଷ×ଷ

, where 𝜗̈௜௝ = 𝜗௜௝ , except 𝜗̈ଷଷ = 0. 

Then, the characteristic equation of  𝐽ଷ̈ where 𝐽ଷ̈ = 𝐽൫𝐸ଷ, 𝛿̈ଷ൯ has an eigenvalue zero, which is 

 λଷ௉మ
= 0 at 𝛿̈ଷ = 𝛿ଷ =

௟మ௉̈భ

ఈାఊ௉̈భ
మ − 𝑑ଶ. 

Let 𝑁̈[ଷ] = (𝑛̈ଵ
[ଷ]

, 𝑛̈ଶ
[ଷ]

, 𝑛̈ଷ
[ଷ]

)்  be the eigenvector relating with the eigenvalue  λଷ௉మ
= 0 .       

Thus, ൫𝐽ଷ̈ −  𝜆ଷ௉మ
𝐼൯𝑁[ଷ] = 0, gives 

𝑛̈ଵ
[ଷ]

= 𝐵ଵ𝑛̈ଷ
[ଷ]

 , 𝑛̈ଶ
[ଷ]

= 𝐵ଶ𝑛̈ଷ
[ଷ]

, 𝑤ℎ𝑒𝑟𝑒 𝐵ଵ =
ିణభమణమయ

ణభమణమభିణభభణమమ
< 0,  where 𝐵ଶ  is in the state of the 

theorem and 𝑛̈ଷ
[ଷ]

≠ 0 real number. 

Now, let 𝛷̈[ଷ] = (∅̈ଵ
[ଷ]

, ∅̈ଶ
[ଷ]

, ∅̈ଷ
[ଶ]

)்  be the eigenvector of 𝐽ଷ̈
 ்  relating with the 

eigenvalue     λଷ௉మ
= 0. Thus, ൫𝐽ଷ̈

 ் −   𝜆ଷ௉మ
𝐼൯𝛷̈[ଷ] = 0, gives 

 𝛷̈[ଷ] = (0, 0, ∅̈ଷ
[ଷ]

)், where ∅̈ଷ
[ଷ]

≠ 0 real number.  

Now, since  
డ௙

డఋయ
= 𝑓ఋయ

(𝑋, 𝛿ଷ) = ቀ
డ௙భ

డఋయ
,

డ௙మ

డఋయ
,

డ௙య

డఋయ
ቁ

்

= (0, 0, −𝑃ଶ)் . 

Then, 𝑓ఋయ
൫𝐸ଷ, 𝛿̈ଷ൯ = (0,0,0)்  and hence ൫ 𝛷̈[ଷ]൯

்
𝑓ఋయ

൫𝐸ଷ, 𝛿̈ଷ൯ = 0. 

According to Sotomayor's theorem, achieving the (SNB) at 𝐸ଷ  is not possible. The initial 

condition for (TB) is therefore met. Moreover, 

𝐷𝑓ఋయ
(𝑋, 𝛿ଷ) = ൥

0 0 0
0 0 0
0 0 −1

൩,  

Here, 𝐷𝑓ఋయ
(𝑋, 𝛿ଷ) denotes the derivative of 𝑓ఋయ

(𝑋, 𝛿ଷ) with 𝑋 = (𝑃, 𝑃ଵ, 𝑃ଶ)். Furthermore, it is 

noted that: 
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𝐷𝑓ఋయ
൫𝐸ଷ, 𝛿̈ଷ൯𝑁̈[ଷ] = ൥

0 0 0
0 0 0
0 0 −1

൩ ൦

𝐵ଵ𝑛̈ଷ
[ଷ]

𝐵ଶ𝑛̈ଷ
[ଷ]

𝑛̈ଷ
[ଷ]

൪ = ቎

0
0

−𝑛̈ଷ
[ଷ]

቏, 

So, we obtain that: 

൫𝛷̈[ଷ]൯
்

ൣ𝐷𝑓ఋయ
൫𝐸ଷ, 𝛿̈ଷ൯𝑁̈[ଷ]൧ = ቀ0, 0, ∅̈ଷ

[ଷ]
ቁ

்

ቀ0, 0, −𝑛̈ଷ
[ଷ]

ቁ = −𝑛̈ଷ
[ଷ]

∅̈ଷ
[ଷ]

≠ 0.  

By using 𝑁̈[ଶ] in equation (3), we get  

𝐷ଶ𝑓ఋయ
൫𝐸ଷ, 𝛿̈ଷ ൯൫𝑁[ଷ], 𝑁[ଷ]൯ = ൣ𝐾̈௜ଵ൧

ଷ×ଵ
,  

𝐾̈ଵଵ = −2 ቀ𝑛̈ଷ
[ଷ]

ቁ
ଶ

 ቂ𝐵ଵ
ଶ൫𝑏ଵ + 3𝛿ଵ𝑃̈൯ + 𝐵ଵ𝐵ଶ ቀ

௔భ௠భ

(ଵା௠భ௉̈భ)మ + 𝑐ଵቁ − 𝐵ଶ
ଶ ቀ

௔భ௠భ
మ௉̈

(ଵା௠భ௉̈భ)యቁቃ,  

𝐾̈ଶଵ = 2 ቀ𝑛̈ଷ
[ଷ]

ቁ
ଶ

൤𝐵ଵ𝐵ଶ(𝑙ଵ) + 𝑎ଶ𝑚ଶ
ଶ𝑃̈ଵ − 𝐵ଶ ൬𝑎ଶ𝑚ଶ +  

௖మ൫ఈିఊ௉̈భ
మ൯

൫ఈାఊ௉̈భ
మ൯²

൰ − 𝐵ଶ
ଶ(𝑏ଶ + 𝛿ଶ + ℎଶ)൨,  

𝐾̈ଷଵ = −2 ቀ𝑛̈ଷ
[ଷ]

ቁ
ଶ

൤ℎଷ − 𝐵ଶ ൬
௟మ൫ఈିఊ௉̈భ

మ൯

൫ఈାఊ௉̈భ
మ൯

మ ൰൨.  

 So, by conditions (10) and (11),  

 ൫𝛷̈[ଷ]൯
்

ൣ𝐷ଶ𝑓ఋయ
൫𝐸ଷ, 𝛿̈ଷ ൯൫𝑁̈[ଷ], 𝑁̈[ଷ]൯൧ = −2∅̈ଷ

[ଷ]
ቀ𝑛̈ଷ

[ଷ]
ቁ ² ൤ℎଷ − 𝐵ଶ ൬

௟మ൫ఈିఊ௉̈భ
మ൯

൫ఈାఊ௉̈భ
 మ൯²

൰൨ ≠ 0.  

Then based on the Sotomayor theorem, system (1) indicates a (TB) at 𝐸ଷ  with 𝛿ଷ = 𝛿̈ଷ .       

If condition (11) not satisfised then  

𝐷ଷ𝑓ఋయ
൫𝐸ଷ, 𝛿̈ଷ ൯൫𝑁[ଷ], 𝑁[ଷ], 𝑁[ଷ]൯ = ൣ𝐿̈௜ଵ൧

ଷ×ଵ
, 

𝐿̈ଵଵ = −6 ቀ𝑛̈ଷ
[ଷ]

ቁ
ଷ

൥𝐵ଵ
ଷ𝛿ଵ −

𝐵ଵ𝐵ଶ
ଶ(𝑎ଵ𝑚ଵ

ଶ)

൫1 + 𝑚ଵ𝑃̈ଵ൯
ଷ +

𝐵ଶ
ଷ൫𝑎ଵ𝑚ଵ

ଷ𝑃̈൯

൫1 + 𝑚ଵ𝑃̈ଵ൯
ସ൩, 

𝐿̈ଶଵ = 2 ቀ𝑛̈ଷ
[ଷ]

ቁ
ଷ

൥
3𝐵ଶ

ଶ𝛾𝑐ଶ𝑃̈ଵൣ൫𝛼 + 𝛾𝑃̈ଵ
ଶ൯ + 2൫𝛼 − 𝛾𝑃̈ଵ

ଶ൯൧

൫𝛼 + 𝛾𝑃̈ଵ
ଶ൯

ଷ + 3𝐵ଶ𝑎ଶ𝑚ଶ
ଶ − 3𝑎ଶ𝑚ଶ

ଷ𝑃̈ଵ൩, 

𝐿̈ଷଵ = 2 ቀ𝑛̈ଷ
[ଷ]

ቁ
ଷ

൥−
3𝐵ଶ

ଶ𝛾𝑙ଶ𝑃̈ଵൣ൫𝛼 + 𝛾𝑃̈ଵ
ଶ൯ + 2൫𝛼 − 𝛾𝑃̈ଵ

ଶ൯൧

൫𝛼 + 𝛾𝑃̈ଵ
ଶ൯

ଷ ൩. 

൫𝛷̈[ଷ]൯
்

ൣ𝐷ଷ𝑓ఋయ
൫𝐸ଷ, 𝛿̈ଷ ൯൫𝑁̈[ଷ], 𝑁̈[ଷ], 𝑁̈[ଷ]൯൧ = −2∅̈ଷ

[ଷ]
ቀ𝑛̈ଷ

[ଷ]
ቁ

ଷ

൬
ଷ஻మ

మఊ௟మ௉̈భൣ൫ఈାఊ௉̈భ
మ൯ାଶ൫ఈିఊ௉̈భ

మ൯൧

൫ఈାఊ௉̈భ
మ൯

య ൰.  

Therefore, by Sotomayor theorem the (PB) occurs at 𝐸ଷ.  

Theorem 5: Assume that the conditions (27),(28) 𝑎𝑛𝑑 (29) as in [29], and the next condition 

hold:  

𝑐ଵ𝑃෨ଵ <
𝑎ଵ

1 + 𝑚ଵ𝑃෨ଵ

 ,                                                                                                                                     (12) 
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Then system (1) at the equilibrium point 𝐸ସ has a (TB) only, while neither (SNB) nor (PB) can 

be occurred with the parameter value ℎ෨ଵ = ℎଵ =
௔భ

ଵା௠భ௉෨భ
− 𝑐ଵ𝑃෨ଵ.       

Proof: by putting 𝐸ସ = ൫0, 𝑃෨ଵ, 𝑃෨ଶ൯   in the J.M. in equation (24) in [29],              

𝐽ሚସ = 𝐽ସ൫𝐸ସ, ℎ෨ଵ൯ = ൣ𝜘෤௜௝൧
ଷ×ଷ

, where 𝜘෤௜௝ = 𝜘௜௝ , except 𝜘෤ଵଵ = 0. 

Then, the characteristic equation of  𝐽ሚସ where 𝐽ሚଷ = 𝐽൫𝐸ସ, ℎ෨ଵ൯ has an eigenvalue zero, which is 

( λସ୔ = 0)  at ቀℎ෨ଵ = ℎଵ =
௔భ

ଵା௠భ௉෨భ
− 𝑐ଵ𝑃෨ଵቁ. 

Let 𝑁෩[ସ] = (𝑛෤ଵ
[ସ]

, 𝑛෤ଶ
[ସ]

, 𝑛෤ଷ
[ସ]

)்  be the eigenvector relating with the eigenvalue  λସ୔ = 0 . Thus, 

(𝐽ሚସ −   𝜆ସ௉𝐼)𝑁[ସ] = 0, which gives 

𝑛෤ଶ
[ସ]

= 𝛳ଵ𝑛෤ଵ
[ସ]

 , 𝑛෤ଷ
[ସ]

= 𝛳ଶ𝑛෤ଵ
[ସ]

, 𝑤ℎ𝑒𝑟𝑒   𝛳ଵ =
−𝜘ଶଵ𝜘ଷଷ

𝜘ଶଶ𝜘ଷଷ − 𝜘ଶଷ𝜘ଷଶ
< 0,  𝛳ଶ =

𝜘ଶଵ𝜘ଷଶ

𝜘ଶଶ𝜘ଷଷ − 𝜘ଶଷ𝜘ଷଶ
 > 0 

and 𝑛෤ଵ
[ସ]

≠ 0 real number. 

Now, let 𝛷෩[ସ] = (∅෩ଵ
[ସ]

, ∅෩ଶ
[ସ]

, ∅෩ଷ
[ସ]

)்  be the eigenvector of 𝐽ሚସ
 ்  relating with the eigenvalue  

( λସ୔ = 0). Thus, (𝐽ሚସ
 ் −   𝜆ସ௉𝐼)∅෩[ସ] = 0. Which gives, 

 𝛷෩ [ସ] = (∅෩ଵ
[ସ]

, 0, 0)், where ∅෩ଵ
[ସ]

≠ 0 real number.  

Now, since  
డ௙

డ௛భ
= 𝑓௛భ

(𝑋, ℎଵ) = ቀ
డ௙భ

డ௛భ
,

డ௙మ

డ௛భ
,

డ௙య

డ௛భ
ቁ

்

= (−𝑃, 0, 0)் . 

Then, 𝑓௛భ
൫𝐸ସ, ℎ෨ଵ൯ = (0,0,0)்  and hence ൫ 𝛷෩[ସ]൯

்
𝑓௛భ

൫𝐸ସ, ℎ෨ଵ൯ = 0. 

In agreement with Sotomayor's theorem, achieving the (SNB) at 𝐸ସ  is not possible. The first 

requirement for (TB) is therefore achieved. Moreover, 

𝐷𝑓௛భ
൫𝑋, ℎ෨ଵ൯ = ൥

−1 0 0
0 0 0
0 0 0

൩,  

Here, 𝐷𝑓௛భ
൫𝑋, ℎ෨ଵ൯ denotes the derivative of 𝑓௛భ

൫𝑋, ℎ෨ଵ൯ with 𝑋 = (𝑃, 𝑃ଵ, 𝑃ଶ)். Furthermore, it 

is noted that: 

𝐷𝑓௛భ
൫𝐸ସ, ℎ෨ଵ൯𝑁෩[ସ] = ൥

−1 0 0
0 0 0
0 0 0

൩ ൦

𝑛෤ଵ
[ସ]

𝛳ଵ𝑛෤ଵ
[ସ]

𝛳ଶ𝑛෤ଵ
[ସ]

൪ = ቎
−𝑛෤ଵ

[ସ]

0
0

቏, 
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So, we obtain that: 

൫𝛷෩[ସ]൯
்

ൣ𝐷𝑓௛భ
൫𝐸ସ, ℎ෨ଵ൯𝑁෩[ସ]൧ = ቀ∅෩ଵ

[ସ]
, 0, 0ቁ

்

ቀ−𝑛෤ଵ
[ସ]

, 0, 0ቁ = −𝑛෤ଵ
[ସ]

∅෩ଵ
[ସ]

≠ 0. 

By using 𝑁෩[ସ] in equation (3), we get  

𝐷ଶ𝑓௛భ
൫𝐸ସ, ℎ෨ଵ ൯൫𝑁[ସ], 𝑁[ସ]൯ = ൣ𝐾෩௜ଵ൧

ଷ×ଵ
  

𝐾෩ଵଵ = −2 ቀ𝑛෤ଵ
[ସ]

ቁ
ଶ

 ቂ𝑏ଵ + ቀ
௔భ௠భ

(ଵା௠భ௉෨భ)మ + 𝑐ଵቁ 𝛳ଵቃ,  

𝐾෩ଶଵ = 2 ቀ𝑛෤ଵ
[ସ]

ቁ
ଶ

൤(𝑙ଵ)𝛳ଵ +
௾భ

మൣఊ௖మ௉෨భ௉෨మ൫ఈାఊ௉෨భ
మ൯ାଶ൫ఈିఊ௉෨భ

మ൯൧

൫ఈାఊ௉෨భ
మ൯³

− 𝛳ଵ
ଶ(𝑏ଶ + 𝛿ଶ + ℎଶ) −

௔మ௠మ௾భ௾మ

(ଵା௠మ௉෨మ)మ −

                                   
௖మ൫ఈିఊ௉෨భ

మ൯௾భ௾మ

൫ఈାఊ௉෨భ
మ൯²

+
௔మ௠మ

మ௉෨భ௾మ
మ

(ଵା௠మ௉෨మ)³
൨,  

𝐾෩ଷଵ = −2 ቀ𝑛෤ଵ
[ସ]

ቁ
ଶ

ቈ
௾భ

మൣఊ௟మ௉෨భ௉෨మ൫ఈାఊ௉෨భ
మ൯ାଶ൫ఈିఊ௉෨భ

మ൯൧

൫ఈାఊ௉෨భ
మ൯³

−
௾భ ௾మቀ௟మ൫ఈିఊ௉෨భ

మ൯ቁ

൫ఈାఊ௉෨భ
మ൯²

+ 𝛳ଶℎଷ቉.  

So,  

 ൫𝛷෩[ସ]൯
்

ൣ𝐷ଶ𝑓௛భ
൫𝐸ସ, ℎ෨ଵ ൯൫𝑁෩[ସ], 𝑁෩[ସ]൯൧ = −2∅෩ଵ

[ସ]
ቀ𝑛෤ଵ

[ସ]
ቁ ² ቂ𝑏ଵ + ቀ

௔భ௠భ

(ଵା௠భ௉෨భ)²
+ 𝑐ଵቁ 𝛳ଵቃ ≠ 0.  

Then based on the Sotomayor theorem, system (1) indicates a (TB) at 𝐸ସ with ℎଵ = ℎ෨ଵ.   

Theorem 6: Assume that the locally conditions (32), (33) and (35) in [29] and the following 

conditions hold:  

ȿభమȿమభȿయయ

ȿమయȿయమିȿమమȿయయ
+

௔భ

ଵା௠భ௉భ
∗ >  𝑃∗(2𝑏ଵ + 3𝛿ଵ𝑃∗) + 𝑐ଵ𝑃ଵ

∗,                                                                           (13)  

𝑌ହ ≠ 𝑌଺ ,                                                                                                                                                        (14) 

where, 

𝑌ହ = ൭(𝑏ଵ + 3𝛿ଵ𝑃∗)𝑌ଵ
ଶ𝑌ଷ + (𝑏ଶ + 𝛿ଶ + ℎଶ)𝑌ଶ

ଶ𝑌ସ + ℎଷ − (𝑙ଵ)𝑌ଵ𝑌ଶ𝑌ସ +

                        ቆ
ఊ௟మ௉భ

∗௉మ
∗ቀ൫ఈାఊ௉భ

∗మ൯ାଶ൫ఈିఊ௉భ
∗మ൯ቁ

൫ఈାఊ௉భ
∗మ൯

య ቇ 𝑌ଶ
ଶ − ൬

௟మ൫ఈିఊ௉భ
∗మ൯

൫ఈାఊ௉భ
∗మ൯

మ ൰ 𝑌ଶ൱,  

𝑌଺ = ൭ቀ
௔భ௠భ

మ௉∗

(ଵା௠భ௉భ
∗)యቁ 𝑌ଶ

ଶ𝑌ଷ − ቀ
௔భ௠భ

(ଵା௠భ௉భ
∗)మ + 𝑐ଵቁ 𝑌ଵ𝑌ଶ𝑌ଷ + ቀ

௔మ௠మ
మ௉భ

∗

(ଵା௠మ௉మ
∗)³

ቁ 𝑌ସ − ൬
௔మ௠మ

(ଵା௠మ௉మ
∗)మ +

               
௖మ൫ఈିఊ௉భ

∗మ൯

൫ఈାఊ௉భ
∗మ൯

మ ൰ 𝑌ଶ𝑌ସ + ቆ
ఊ௖మ௉భ

∗௉మ
∗ቀ൫ఈାఊ௉భ

∗మ൯ାଶ൫ఈିఊ௉భ
∗మ൯ቁ

൫ఈାఊ௉భ
∗మ൯³

ቇ 𝑌ଶ
ଶ𝑌ସ + ൱, 

And, 
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𝑌ଵ =
ȿభమȿమయ

ȿభభȿమమିȿభమȿమభ
> 0, 𝑌ଶ =

ି ȿభభȿమయ

ȿభభȿమమିȿభమȿమభ
< 0, 𝑌ଷ =

ȿమభȿయమ

ȿమమȿభభିȿభమȿమభ
> 0, 𝑌ସ =

ି ȿభభȿయమ

ȿమమȿమమିȿభమȿమభ
> 0.  

Then system (1) at 𝐸ହ  exhibits just a (SNB) and neither (TB) nor (PB) occurs at           

ℎଵ = ℎଵ
∗ =

ȿభమȿమభȿయయ

ȿమయȿయమିȿమమȿయయ
+

௔భ

ଵା௠భ௉భ
∗ − [𝑃∗(2𝑏ଵ + 3𝛿ଵ𝑃∗) + 𝑐ଵ𝑃ଵ

∗ ].      

Proof: From the characteristic equation 𝜆ଷ + 𝛽ଵ𝜆ଶ + 𝛽ଶ 𝜆 + 𝛽ଷ = 0 of the Jacobian matrix 𝐽ହ, 

as presented in Eq. (31) in [29], system (1) at the (EP) 𝐸ହ possesses an eigenvalue equal to zero, 

denoted as (𝜆ହ௉ = 0).Then 𝐸ହ will be non-hyperbolic equilibrium point if and only if 𝛽ଷ = 0. 

Then 𝐽ହ  with ℎଵ = ℎଵ
∗  becomes 𝐽ହ

∗ =  𝐽ହ(𝐸ହ, ℎଵ
∗) = ൣ ȿ௜௝

∗ ൧
ଷ×ଷ

  , where ȿ௜௝
∗  =  ȿ௜௝  ; 𝑖, 𝑗 = 1,2,3 

which are given in Eq. (30) in [29] except ȿଵଵ
∗ =

ିȿభమ
∗ ȿమభ

∗ ȿయయ
∗

ȿమయ
∗ ȿయమ

∗ ିȿమమ
∗ ȿయయ

∗   . 

Let 𝑁[ହ] = (𝑛ଵ
∗[ହ]

, 𝑛ଶ
∗[ହ]

, 𝑛ଷ
∗[ହ]

)்  be the eigenvector relating with the eigenvalue ( λହ୔ = 0) .    

So, (𝐽ହ
∗ −   𝜆ହ௉𝐼)𝑁[ହ] = 0, which gives 

𝑛ଵ
∗[ହ]

= 𝑌ଵ𝑛ଷ
∗[ହ]

 , 𝑛ଶ
∗[ହ]

= 𝑌ଶ𝑛ଷ
∗[ହ]

, 𝑤ℎ𝑒𝑟𝑒 𝑌ଵ  and 𝑌ଶ  are given in the state of the theorem and 

𝑛ଷ
∗[ହ]

≠ 0 real number. 

Now, let 𝛷∗[ହ] = (∅ଵ
∗[ହ]

, ∅ଶ
∗[ହ]

, ∅ଷ
∗[ହ]

)்  be the eigenvector of 𝐽ହ
∗ ்  relating with the eigenvalue  

 ( λହ୔ = 0). Thus, (𝐽ହ
∗ ் −   𝜆ହ௉𝐼)𝛷∗[ହ] = 0. Which gives, 

 ∅ଵ
∗[ହ]

= 𝑌ଷ∅ଷ
∗[ହ] , ∅ଶ

∗[ହ]
= 𝑌ସ∅ଷ

∗[ହ] , where 𝑌ଷ  and 𝑌ସ  are given in the state of the theorem and 

∅ଷ
∗[ହ]

≠ 0 real number.  

Since,  
డ௙

డ௛భ
= 𝑓௛భ

(𝑋, ℎଵ) = ቀ
డ௙భ

డ௛భ
,

డ௙మ

డ௛భ
,

డ௙య

డ௛భ
ቁ

்

= (−𝑃, 0, 0)் . 

Then, 𝑓௛భ
(𝐸ହ, ℎଵ

∗) = (−𝑃∗, 0,0)் and hence ൫ 𝛷∗[ହ]൯
்

𝑓௛భ
(𝐸ହ, ℎଵ

∗) = −𝑌ଷ∅ଷ
∗[ହ]

𝑃∗ ≠ 0. 

Moreover, by using 𝑁෩[ସ] in equation (3), we get 

 𝐷ଶ𝑓௛భ
(𝐸ହ, ℎଵ

∗  )൫𝑁[ହ], 𝑁[ହ]൯ = [𝐾௜ଵ
∗ ]ଷ×ଵ.  

𝐾ଵଵ
∗ = −2 ቀ𝑛ଷ

∗[ହ]
ቁ

ଶ

 ቂ(𝑏ଵ + 3𝛿ଵ𝑃∗)𝑌ଵ
ଶ + ቀ

௔భ௠భ

(ଵା௠భ௉భ
∗)మ + 𝑐ଵቁ 𝑌ଵ𝑌ଶ − ቀ

௔భ௠భ
మ௉∗

(ଵା௠భ௉భ
∗)యቁ 𝑌ଶ

ଶቃ,  

𝐾ଶଵ
∗ = 2 ቀ𝑛ଷ

∗[ହ]
ቁ

ଶ

൥(𝑙ଵ)𝑌ଵ𝑌ଶ + ൭
ఊ௖మ௉భ

∗௉మ
∗ቀ൫ఈାఊ௉భ

∗మ൯ାଶ൫ఈିఊ௉భ
∗మ൯ቁ

൫ఈାఊ௉భ
∗మ൯³

− (𝑏ଶ + 𝛿ଶ + ℎଶ)൱ 𝑌ଶ
ଶ − ൬

௔మ௠మ

(ଵା௠మ௉మ
∗)²

+
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௖మ൫ఈିఊ௉భ

∗మ൯

൫ఈାఊ௉భ
∗మ൯²

൰ 𝑌ଶ +
௔మ௠మ

మ௉భ
∗

(ଵା௠మ௉మ
∗)³

൩,  

𝐾ଷଵ
∗ = −2 ቀnଷ

∗[ହ]
ቁ

ଶ

ቈቆ
𝛾𝑙ଶ𝑃ଵ

∗𝑃ଶ
∗൫(𝛼 + 𝛾𝑃ଵ

∗ଶ) + 2(𝛼 − 𝛾𝑃ଵ
∗ଶ)൯

(𝛼 + 𝛾𝑃ଵ
∗ଶ)³

ቇ 𝑌ଶ
ଶ − ቆ

𝑙ଶ(𝛼 − 𝛾𝑃ଵ
∗ଶ)

(𝛼 + 𝛾𝑃ଵ
∗ଶ)ଶ

ቇ 𝑌ଶ + ℎଷ቉. 

 So, it implies that 

൫𝛷∗[ହ]൯
்

ൣ𝐷ଶ𝑓௛భ
(𝐸ହ, ℎଵ

∗  )൫𝑁∗[ହ], 𝑁∗[ହ]൯൧ = 2 ൥− ൭(𝑏ଵ + 3𝛿ଵ𝑃∗)𝑌ଵ
ଶ𝑌ଷ + (𝑏ଶ + 𝛿ଶ + ℎଶ)𝑌ଶ

ଶ𝑌ସ +

ℎଷ − (𝑙ଵ)𝑌ଵ𝑌ଶ𝑌ସ + ቆ
ఊ௟మ௉భ

∗௉మ
∗ቀ൫ఈାఊ௉భ

∗మ൯ାଶ൫ఈିఊ௉భ
∗మ൯ቁ

൫ఈାఊ௉భ
∗మ൯

య ቇ 𝑌ଶ
ଶ − ൬

௟మ൫ఈିఊ௉భ
∗మ൯

൫ఈାఊ௉భ
∗మ൯

మ ൰ 𝑌ଶ൱ + ൭ቀ
௔భ௠భ

మ௉∗

(ଵା௠భ௉భ
∗)యቁ 𝑌ଶ

ଶ𝑌ଷ −

ቀ
௔భ௠భ

(ଵା௠భ௉భ
∗)మ + 𝑐ଵቁ 𝑌ଵ𝑌ଶ𝑌ଷ + ቀ

௔మ௠మ
మ௉భ

∗

(ଵା௠మ௉మ
∗)³

ቁ 𝑌ସ − ൬
௔మ௠మ

(ଵା௠మ௉మ
∗)మ +

௖మ൫ఈିఊ௉భ
∗మ൯

൫ఈାఊ௉భ
∗మ൯

మ ൰ 𝑌ଶ𝑌ସ +

ቆ
ఊ௖మ௉భ

∗௉మ
∗ቀ൫ఈାఊ௉భ

∗మ൯ାଶ൫ఈିఊ௉భ
∗మ൯ቁ

൫ఈାఊ௉భ
∗మ൯³

ቇ 𝑌ଶ
ଶ𝑌ସ + ൱൩ ∅ଷ

∗[ହ]
ቀ𝑛ଷ

∗[ହ]
ቁ ²,  

So, by reversing condition (34) in [29] and conditions (13) and (14), we get    

൫𝛷∗[ହ]൯
்

ൣ𝐷ଶ𝑓௛భ
(𝐸ହ, ℎଵ

∗  )൫𝑁∗[ହ], 𝑁∗[ହ]൯൧ = 2[−𝑌ହ + 𝑌଺]∅ଷ
∗[ହ]

ቀ𝑛ଷ
∗[ହ]

ቁ ² ≠ 0, 

Then by Sotomayor theorem system (1) has only (SNB) at the positive point 𝐸ହ at the parameter 

ℎଵ = ℎଵ
∗.  

 

4.THE HOPF-BIFURCATION ANALYSIS  

   In this section, the next theorem illustrates that when a (HB) occurs at the positive equilibrium 

point (PEP) 𝐸ହ of a system (1), the Hopf bifurcation [31] is suitable for local bifurcation analysis. 

Theorem 7: Suppose that the locally conditions (32), (33), and (34) as in [29] and the following 

conditions hold: 

௔భ
మ

(ଵା௠భ௉భ
∗)²

+ 4𝑏ଵ𝑃∗(𝑏ଵ𝑃∗ + 𝑐ଵ𝑃ଵ
∗ + ℎଵ) + 𝑐ଵ𝑃ଵ

∗(𝑐ଵ + 2ℎଵ) + ℎଵ
ଶ + (2𝑏ଵ𝑃∗ + 𝑐ଵ𝑃ଵ

∗ + ℎଵ)𝐹ଵ +

𝐹ଶ <
௔భ[ଶ(ଶ௕భ௉∗ା௖భ௉భ

∗ା௛భ)ାଵ]

ଵା௠భ௉భ
∗  ,                                                                                                                    (15)  

(ȿଶଶ + ȿଷଷ)[ȿଵଵ − 𝛽ଵ(𝛿ଵ
∗)] ≠ ȿଵଶȿଶଵ.                                                                                                     (16) 

Then for the parameter value 𝛿ଵ = 𝛿ଵ
∗, system (1) has a (HB) at 𝐸ହ. 

Proof: The characteristic equation of system (1) at 𝐸ହ which mentioned in equation (31) in [29] 

as follows: 
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𝜆ଷ + 𝛽ଵ𝜆ଶ + 𝛽ଶ𝜆 + 𝛽ଷ = 0,                                                                                                                      (17)  

Where, 

 𝛽ଵ =  − (ȿଵଵ + ȿଶଶ + ȿଷଷ), 

 𝛽ଶ =  ȿଵଵ(ȿଶଶ + ȿଷଷ) + ȿଶଶȿଷଷ − ȿଵଶȿଶଵ − ȿଶଷȿଷଶ,  

𝛽ଷ = ȿଵଵ(ȿଶଷȿଷଶ − ȿଶଶȿଷଷ) + ȿଵଶȿଶଵȿଷଷ,                                                   

The parameter (𝛿ଵ
∗) is essential to verify the necessary and sufficient conditions for (HB) to appear 

at the (PEP) that satisfy: 𝛽௜(𝛿ଵ
∗) > 0, (𝑖 = 1,3), ∆= ∆ଵ𝛽ଷ = 0 where ∆ଵ(𝛿ଵ

∗) = 𝛽ଵ𝛽ଶ − 𝛽ଷ.  

Provided conditions of locally (32-34) in [29] , 𝛽௜(𝛿ଵ
∗) > 0, (𝑖 = 1,3), and (𝛿ଵ

∗ > 0). 

It observed that ∆ଵ= 0, gives:  

𝜇ଵ𝛿ଵ
∗ଶ + 𝜇ଶ𝛿ଵ

∗ + 𝜇ଷ = 0,                                                                                                                           (18) 

where, 

𝜇ଵ = 9𝑃∗ସ > 0, 

𝜇ଶ =
−6𝑎ଵ𝑃∗ଶ

1 + 𝑚ଵ𝑃ଵ
∗ + [6𝑝ଶ(6𝑏ଵ𝑃∗ + 𝑐ଵ𝑃ଵ

∗ + ℎଵ) + 3𝑃∗ଶ𝐹ଵ], 

𝜇ଷ =
௔భ

మ

(ଵା௠భ௉భ
∗)²

+ 4𝑏ଵ𝑃∗(𝑏ଵ𝑃∗ + 𝑐ଵ𝑃ଵ
∗ + ℎଵ) + 𝑐ଵ𝑃ଵ

∗(𝑐ଵ + 2ℎଵ) + ℎଵ
ଶ + (2𝑏ଵ𝑃∗ + 𝑐ଵ𝑃ଵ

∗ +

           ℎଵ)𝐹ଵ + 𝐹ଶ − ቀ
௔భ[ଶ(ଶ௕భ௉∗ା௖భ௉భ

∗ା௛భ)ାଵ]

ଵା௠భ௉భ
∗ ቁ.   

With 

 𝐹ଵ =
ȿభమȿమభି(ȿమమାȿయయ)²

(ȿమమାȿయయ)
 and 𝐹ଶ =

ȿమమ(ȿమమȿయయିȿభమȿమభିȿమయȿయమ)ାȿయయ(ȿమమȿయయିȿమయȿయమ)

(ȿమమାȿయయ)
. 

Utilizing Descartes rule of sign, equation (18) possesses a unique positive root (𝛿ଵ
∗ ), provided 

condition (15) hold:  

Now, at (𝛿ଵ = 𝛿ଵ
∗) the characteristic equation (17) can be expressed as:  

𝑃∗(𝜆) = (𝜆 + 𝛽ଵ)(𝜆ଶ + 𝛽ଶ) = 0,                                                                                                            (19)  

Which have two roots:  

𝜆ଵ = −𝛽ଵ < 0, and 𝜆ଶ,ଷ = ±𝑖ඥ𝛽ଶ,  

It was noted that at (𝛿ଵ = 𝛿ଵ
∗), there exists one real and negative eigenvalue (𝜆ଵ) and two pure 

imaginary eigenvalues ൫𝜆ଶ,ଷ൯.  

Now, for all values of 𝛿ଵ in the neighbourhood of 𝛿ଵ
∗, the general expression for the roots is given as 

follows: 

 𝜆ଶ,ଷ = Ϛଵ(𝛿ଵ) ± Ϛଶ(𝛿ଵ). 
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In order to verify the transversality criteria, we have to show that: 

𝛹∗(𝛿ଵ
∗)𝛩∗(𝛿ଵ

∗) + Г∗(𝛿ଵ
∗)𝛷∗(𝛿ଵ

∗) ≠ 0, 

Note that for 𝛿ଵ = 𝛿ଵ
∗ we have Ϛଵ = 0 and Ϛଶ = ඥ𝛽ଶ, substitute the value of Ϛଶ yields the next 

simplifications: 

𝛹∗(𝛿ଵ
∗) = 3൫Ϛଵ(𝛿ଵ

∗)൯² + 2𝛽ଵ(𝛿ଵ
∗) Ϛଵ(𝛿ଵ

∗) + 𝛽ଶ(𝛿ଵ
∗) − 3൫Ϛଶ(𝛿ଵ

∗)൯² = −2𝛽ଶ(𝛿ଵ
∗), 

𝛷∗(𝛿ଵ
∗) = 6Ϛଵ(𝛿ଵ

∗)Ϛଶ(𝛿ଵ
∗) + 2𝛽ଵ(𝛿ଵ

∗) Ϛଶ(𝛿ଵ
∗) = 2𝛽ଵ(𝛿ଵ

∗)ඥ𝛽ଶ(𝛿ଵ
∗), 

𝛩∗(𝛿ଵ
∗) = ൫Ϛଵ(𝛿ଵ

∗)൯
ଶ

𝛽ଵ
ᇱ(𝛿ଵ

∗) + 𝛽ଶ
ᇱ (𝛿ଵ

∗)Ϛଵ(𝛿ଵ
∗) + 𝛽ଷ

ᇱ (𝛿ଵ
∗) − 𝛽ଵ

ᇱ(𝛿ଵ
∗)൫Ϛଶ(𝛿ଵ

∗)൯² 

               = −3𝑃∗ଶ[(ȿଶଷȿଷଶ − ȿଶଶȿଷଷ) + 𝛽ଶ(𝛿ଵ
∗)], 

Г∗(𝛿ଵ
∗) = 2Ϛଵ(𝛿ଵ

∗)Ϛଶ(𝛿ଵ
∗)𝛽ଵ

ᇱ(𝛿ଵ
∗) + 𝛽ଶ

ᇱ (𝛿ଵ
∗)Ϛଶ(𝛿ଵ

∗) = −3𝑃∗ଶ(ȿଶଶ + ȿଷଷ)ඥ𝛽ଶ(𝛿ଵ
∗). 

 

So,  

𝛹∗(𝛿ଵ
∗)𝛩∗(𝛿ଵ

∗) + Г∗(𝛿ଵ
∗)𝛷∗(𝛿ଵ

∗) = 6𝑃∗ଶ൫(ȿଶଶ + ȿଷଷ)[ȿଵଵ − 𝛽ଵ(𝛿ଵ
∗)] − ȿଵଶȿଶଵ൯𝛽ଶ(𝛿ଵ

∗) ≠ 0 

Thus, under the specified conditions (32, 33, 34) outlined in [29] along with conditions (16), 

system (1) at 𝐸ହ with the parameter 𝛿ଵ
∗ has a (HB). 

 

5. NUMERICAL SIMULATION 

    For further confirmation of our analytical results and to examine the impact of altering each 

parameter's values on the system's dynamical behaviour, we numerically analyse the dynamic 

behaviour of system (1) using mathematical tools. Fig. (1) (a-e) demonstrates that system (1) has 

a globally asymptotically stable (PEP) under the specified hypothetical parameters that satisfies 

the stability criteria for this equilibrium point. 

  𝑎ଵ = 0.5 , 𝑚ଵ = 0.1, 𝑏ଵ = 0.01, 𝑐ଵ = 0.7, 𝛿ଵ = 0.03, ℎଵ = 0.02, 𝑎ଶ = 0.2, 𝑚ଶ = 0.5,  

  𝑏ଶ = 0.001, 𝑙ଵ = 0.2, 𝑐ଶ = 0.5, 𝛼 = 0.4, 𝛾 = 0.8, 𝛿ଶ = 0.05, ℎଶ = 0.3,                 (20)   

  𝑑ଵ = 0.01, 𝑙ଶ = 0.3, 𝛿ଷ = 0.02, ℎଷ = 0.06, 𝑑ଶ = 0.1 . 
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Fig. 1. Time series of the solution (T.S.) to system (1) initiated by three different beginning points 

(0.9, 1, 0.8), (0.7, 1.2, 0.9) and (0.8, 0.9, 0.6) for the data provided by (20).(𝑎)  The solution 

approach to the (EP)  𝐸ହ = (3.043, 0.229, 0.594),  (𝑏) Trajectories of 𝑃, 𝑃ଵ, 𝑃ଶ from different 

initial points, (𝑐) Trajectory of P over time,  (𝑑) Trajectory of 𝑃ଵ over time,  (𝑒) Trajectory 

of 𝑃ଶ over time. 
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To investigate the influence of parameter values on the system's dynamical behavior, we will alter 

each parameter independently while preserving the others constant (20). The findings are presented 

in Table 2. 

Table 2: The dynamical behaviour of system (1) parameters  

Parameter range Stable point Bifurcation Point 

0.001 ≤ 𝑎ଵ < 0.14 

0.14 ≤ 𝑎ଵ < 1.2 

1.2 ≤ 𝑎ଵ < 1.71 

1.71 ≤ 𝑎ଵ < 2 

𝐸ସ 

𝐸ହ 

Periodic 

𝐸ହ 

 

𝑎ଵ = 0.14 

0.0001 ≤ 𝑚ଵ < 1 𝐸ହ  

0.001 ≤ 𝑏ଵ < 2 𝐸ହ  

0.1 ≤ 𝑐ଵ < 0.4 

0.4 ≤ 𝑐ଵ < 2 

Periodic  

𝐸ହ 

 

0.0001 ≤ 𝛿ଵ < 0.0076 

0.0076 ≤ 𝛿ଵ < 2 

Periodic  

𝐸ହ 

 

0.001 ≤ ℎଵ < 0.3999 

0.3999 ≤ ℎଵ < 1 

𝐸ହ 

𝐸ସ 

 

ℎଵ = 0.3999 

0.01 ≤ 𝑎ଶ < 0.66 

0.66 ≤ 𝑎ଶ < 1.075 

1.075 ≤ 𝑎ଶ < 1.104 

𝐸ହ 

Periodic 

𝐸ସ 

 

 

𝑎ଶ = 1.075 

0.001 ≤ 𝑚ଶ < 2 𝐸ହ  

0.001 ≤ 𝑏ଶ < 2 𝐸ହ  

0.001 ≤ 𝑙ଵ < 0.7 𝐸ହ  

0.3 ≤ 𝑐ଶ < 2 𝐸ହ  

0.21 ≤ 𝛼 < 1.5 

1.5 ≤ 𝛼 < 2 

𝐸ହ 

𝐸ଷ 

 

𝛼 = 1.5 

0.01 ≤ 𝛾 < 1 𝐸ହ  

0.01 ≤ 𝛿ଶ < 2 𝐸ହ  

0.001 ≤ ℎଶ < 1 𝐸ହ  

0.001 ≤ 𝑑ଵ < 0.781 

0.781 ≤ 𝑑ଵ < 0.95 

0.95 ≤ 𝑑ଵ < 1 

𝐸ହ 

𝐸ଷ 

𝐸ଵ 

 

𝑑ଵ = 0.781 

𝑑ଵ = 0.95 

0.0001 ≤ 𝑙ଶ < 0.129 

0.129 ≤ 𝑙ଶ < 0.5 

𝐸ଷ 

𝐸ହ 

 

𝑙ଶ = 0.129 

0.001 ≤ 𝛿ଷ < 0.179 

0.179 ≤ 𝛿ଷ < 1 

𝐸ହ 

𝐸ଷ 

 

𝛿ଷ = 0.179 

0.0001 ≤ ℎଷ < 1 𝐸ହ  

0.0001 ≤ 𝑑ଶ < 0.260 

0.260 ≤ 𝑑ଶ < 1 

𝐸ହ 

𝐸ଷ 

 

𝑑ଶ = 0.260 
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The influence of altering the intrinsic rate of growth (𝑎ଵ)  of the prey 𝑃  in the range        

( 0.001 ≤ 𝑎ଵ < 0.14 ) the solution goes to 𝐸ସ , as illustrated in Fig. (2) (a-a1) with typical value 

𝑎ଵ = 0.001   while, in the range of (0.14 ≤ 𝑎ଵ < 1.2  ) the solution goes to the (PEP) 𝐸ହ  as 

illustrated in Fig. (2)(b-b1) with the typical value 𝑎ଵ = 0.15 . Also, keep change the parameter 

𝑎ଵ  as in  (1.2 ≤ 𝑎ଵ < 1.71)  system (1) approaches to periodic dynamic in  𝐼𝑛𝑡. 𝑅ା
ଷ   , as it 

illustrated in Fig. (3) (a-b), further for (1.71 ≤ 𝑎ଵ) the solution still has a stable (PEP) 

  

  

Fig. 2. (𝑎)  (T.S) of solution which goes to 𝐸ସ = (0, 0.1787, 0.1003)  when 𝑎ଵ = 0.001 ,   

(𝑎1)  3D phase portrait of (𝑎) , (𝑏)  (T.S) of solution which goes to                    

𝐸ହ = (0.144, 0.1804, 0.123) with 𝑎ଵ = 0.15, (𝑏1) 3D phase portrait of (𝑏). 
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Fig. 3. (𝑎) (T.S) of solution for the data given in (20) with 𝑎ଵ = 1.399, (𝑏) Periodic dynamics 

of solution.  

   For the parameters values specified in Eq. (20) with 𝑐ଵ  varying within the range       

0.1 ≤ 𝑐ଵ < 0.4 the solution goes to the periodic dynamics in the interior of positive octant of 

𝑃𝑃ଵ𝑃ଶ − 𝑠𝑝𝑎𝑐𝑒   as illustrated in Fig. (4) (a-b), finally for 𝑐ଵ ≥ 0.4  the solution goes to the  

(PEP) 𝐸ହ.  

  

Fig. 4. (𝑎) (T.S) of the solution for the data given by (20) with 𝑐ଵ = 0.1 , (𝑏) Periodic dynamics 

of solution. 

   By changing the toxin rate of the prey 𝛿ଵ while maintaining the values of the other parameters 
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as specified in Eq. (19) within the defined range 0.0001 ≤ 𝛿ଵ < 0.0076  the system exhibits 

periodic dynamics in the 𝐼𝑛𝑡.  𝑅ା
ଷ   , see Fig. (5) (a-b). While keeping increasing 𝛿ଵ  for  

0.0076 ≤ 𝛿ଵ < 2 the solution goes to the (PEP) 𝐸ହ.  

  
Fig. 5.  (𝑎) (T.S) of the solution for system (1) according to the data set given by Eq. (20) with 

𝛿ଵ = 0.0001, (𝑏) Periodic dynamics of solution. 

 

   The influence of varying the linear harvesting rate of the prey ℎଵ with the data given in Eq. 

(20) the solution for 0.001 ≤ ℎଵ < 0.3999  goes to 𝐸ହ  as illustrated in Fig. (6) (a-a1), with 

typical value ℎଵ = 0.001 , while for the range 0.3999 ≤ ℎଵ < 1  the solution goes to 𝐸ସ  as 

illustrated in Fig. (6) (b-b1), with typical value ℎଵ = 0.5 .  
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Fig. 6. (𝑎) (T.S) of solution which goes to 𝐸ହ = (3.134, 0.231, 0.610) when ℎଵ = 0.001, (𝑎1) 

3D phase portrait of (𝑎) , (𝑏)  (T.S) of solution which goes to 𝐸ସ = (0, 0.179, 0.1003)  when 

ℎଵ = 0.5, (𝑏1) 3D phase portrait of (𝑏),      

 

The influence of altering the intrinsic growth rate 𝑎ଶ of first predator 𝑃ଵ with the data given in 

Eq. (20) in range 0.01 ≤ 𝑎ଶ < 0.66   the solution goes to the (PEP) 𝐸ହ , with typical value   

𝑎ଶ = 0.01. while continues increasing 𝑎ଶ as in the range  0.66 ≤ 𝑎ଶ < 1.075 the system has 

periodic dynamics in the 𝑖𝑛𝑡. 𝑅ା
ଷ  as it illustrated in Fig. (7) (a-b), finally for 1.075 ≤ 𝑎ଶ < 1.104 

the solution of system (1) goes to 𝐸ସ, see Table (2).                     

  
Fig. 7. (𝑎) (T.S) of the solution for the given data by Eq. (20) with 𝑎ଶ = 0.66, (𝑏) Periodic 

dynamics of solutions.  
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Additionally, the effect of altering the natural death rate 𝑑ଵ  of the first predator 𝑃ଵ  has been 

studied while maintaining the other parameters values as specified in (20), It has been noted that 

for 0.001 ≤ 𝑑ଵ < 0.781 the solution goes to the (PEP) 𝐸ହ, as it illustrated in Fig. (8) (a-a1) with 

typical value 𝑑ଵ = 0.2. while increasing 𝑑ଵ in the range 0.781 ≤ 𝑑ଵ < 0.95 the solution goes 

to 𝐸ଷ, as it illustrated in Fig. (8) (b-b1) with the typical value 𝑑ଵ = 0.781, where the bifurcation 

occurred. Finally, when 0.95 ≤ 𝑑ଵ < 1 the solution goes to 𝐸ଵ, as it illustrated in Fig. (8) (c-c1) 

with typical value 𝑑ଵ = 0.999.  

 

                      

 
 

 
 



25 
 THE BIFURCATION CONDITIONS OF PREY-PREDATOR MODEL 

  
Fig. 8. (𝑎) (T.S) of solution which goes to 𝐸ହ = (3.104, 0.2134, 0.445) when 𝑑ଵ = 0.2, (𝑎1) 

3D phase portrait of (𝑎) , (𝑏)  (T.S) of solution of system (1) which goes to              

𝐸ଷ = (3.242, 0.176, 0) when 𝑑ଵ = 0.781, (𝑏1) 3D phase portrait of (𝑏), (𝑐) (T.S) of solution 

which goes to 𝐸ଵ = (3.837, 0, 0) when 𝑑ଵ = 0.999, (𝑐1) 3D phase portrait of (𝑐),      

 

    Also, the influence of altering the intrinsic growth rate 𝑎ଵ of the prey P and the food transfer 

rate 𝑙ଶ  of the second predator 𝑃ଶ  in the same time while maintaining the other parameters 

unchanged as specified in Eq. (20) in the range (0.001 ≤ 𝑎ଵ < 0.5) , (0.001 ≤ 𝑙ଶ < 0.2)   the 

solution goes to 𝐸ଶ as illustrated in Fig. (9) (a-a1), with typical values 𝑎ଵ = 0.1, 𝑙ଶ = 0.1. 

   

  
Fig. 9. (𝑎) (T.S) of solution which goes to 𝐸ଶ = (0, 0.5413, 0) when 𝑎ଵ = 0.1 and 𝑙ଶ = 0.1, 

(𝑎1) 3D phase portrait of (𝑎).    
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  Finally, the influence of altering the intrinsic growth rate 𝑎ଵ of the prey P and the natural death  

rate 𝑑ଵ  of the first predator 𝑃ଵ  in the same time while maintaining the other parameters 

unchanged as specified in Eq. (20) in the range (0.0001 ≤ 𝑎ଵ < 0.005), (0.3 ≤ 𝑑ଵ < 1)  leads 

to the extinction of all species, with the solution approaching 𝐸଴, as illustrated in Fig. (10) (a-a1), 

with typical values 𝑎ଵ = 0.001, 𝑑ଵ = 0.7.  

  
  Fig. 10. (𝑎) (T.S) of solution which goes to 𝐸଴ = (0, 0, 0) when 𝑎ଵ = 0.001 and 𝑑ଵ = 0.7, 

(𝑎1) 3D phase portrait of (𝑎).      

 

6. THE CONCLUSION AND DISCUSSIONS: 

   This work discussed the occurrence of local bifurcation under specific conditions in a food 

chain prey-predator model that includes a prey species and two predator species in the presence of 

toxic substances that impact the populations of all organisms, including predators and prey, and 

under the influence of essential factors such as fear, harvesting and others. It is note that a saddle-

node bifurcation occurs around the positive equilibrium point 𝐸ହ, while transcritical and pitchfork 

bifurcations exhibit near points  𝐸ଶ and 𝐸ଷ . Furthermore, only a transcritical bifurcation occurs 

near points  𝐸଴ ,  𝐸ଵ  and  𝐸ସ. Also, studies of the Hopf bifurcation at the toxin rate of 

prey (𝛿ଵ
∗) near to the positive equilibrium have been done. Ultimately, numerical simulations have 

been conducted for three distinct initial points and one dataset illustrated in (20). The outcomes 

demonstrated that: 

 The system exhibits periodic dynamics in the 𝐼𝑛𝑡. 𝑅ା
ଷ  at the parameters (𝑎ଵ, 𝑐ଵ, 𝛿ଵ, 𝑎ଶ) .   

 The parameters most effective for achieving system stability are 
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(𝑎ଵ, ℎଵ, 𝑎ଶ, 𝛼, 𝑑ଵ, 𝑙ଶ, 𝛿ଷ, 𝑑ଶ).                                                                       

 The stability of system (1) is not influenced by the parameters 

൫𝑚ଵ,𝑏ଵ, 𝑚ଶ, 𝑏ଶ, 𝑙ଶ, 𝑐ଶ, 𝛾, 𝛿ଶ, ℎଶ, ℎଷ൯  so that the solutions consistently approach to the 

positive equilibrium point. 
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