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Abstract. This study develops and analyzes a compartmental model for optimizing malaria control strategies,

with particular emphasis on the role of vaccination. The model captures key epidemiological dynamics, includ-

ing resusceptibility, drug resistance, and vaccination, and incorporates three time-dependent control interventions:

preventive measures, vaccination enhancement, and treatment efforts. The basic reproduction number is analyti-

cally derived to characterize the threshold conditions for disease persistence. Local and global stability analyses

of the nonendemic equilibrium are carried out, providing theoretical assurance that the disease can be eradicated

when the reproduction number is below unity. Parameter values are obtained from regional data and literature

sources. A local sensitivity analysis based on elasticity indices identifies the most influential parameters affecting

the basic reproduction number, notably the transmission rates between humans and mosquitoes and the treatment

rate for drug-sensitive infections. Contour plots further illustrate the joint effects of key parameters on disease

transmission potential. Optimal control strategies are derived using Pontryagin’s Maximum Principle and vali-

dated through numerical simulations. The results demonstrate that vaccination significantly reduces the number of
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infected individuals and enhances overall disease suppression, particularly when implemented alongside preven-

tion and treatment controls. These findings underscore the importance of integrating vaccination with other public

health interventions to design effective and cost-efficient malaria control programs.

Keywords: malaria transmission model; vaccination; optimal control; sensitivity analysis.
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1. INTRODUCTION

Malaria, caused by parasites of the genus Plasmodium and transmitted through the bites of

infected Anopheles mosquitoes, remains one of the most persistent global public health threats.

According to the World Health Organization (WHO), over 249 million malaria cases were re-

ported in 2022—five million more than in 2021—surpassing the pre-COVID-19 estimates [1].

This resurgence underscores the need for more effective and targeted interventions, particularly

in endemic regions.

Mathematical modeling has become an essential tool for understanding the dynamics of

malaria transmission and formulating strategies for its control. Such models facilitate the pre-

diction of outbreak patterns, identification of key transmission parameters [2, 3], sensitivity

analysis [4], qualitative behavior of solutions including the potential for disease eradication

or persistence [5], and control strategies [6]. Discrete and continuous-time models have been

applied to capture complex biological and environmental interactions that drive malaria epi-

demiology.

In regions such as Papua Province, Indonesia, malaria control is further challenged by the

presence of drug-resistant Plasmodium strains [7]. Previous studies have incorporated features

such as mosquito reinfection [8, 9], drug resistance [10, 11], and combined interventions in-

cluding treatment and vector control [12].

This study employed a compartmental modeling framework grounded in SEIR-type dynam-

ics [13], wherein both human and mosquito populations are stratified into epidemiologically

relevant subgroups. Prior research has explored various extensions of this framework, including

SIR-type models that incorporate multiple parasite strains in the human host and corresponding

SI models for mosquito vectors [14, 15]. SEIR-based models have also been used to analyze the

effectiveness of vaccination and optimal treatment strategies [16]. Other contributions include
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the use of SEIR models for human populations coupled with SEI dynamics for mosquitoes [17]

and the introduction of SWEIR-type models, where the additional compartment W represents

individuals with heightened awareness of malaria infection [18]. Moreover, several studies in-

vestigated optimal intervention strategies that encompass both treatment and resistance-driven

control measures [19, 20].

Of particular relevance is the recent deployment and testing of pre-erythrocytic malaria vac-

cines in Papua and West Papua, Indonesia. Using local epidemiological data, studies have

applied nonlinear least-squares estimation to calibrate model parameters [21, 22], highlighting

the inadequacy of existing interventions and the need for strengthened measures, such as bed

net usage, environmental control, and community engagement [23].

Building on prior work [24], this study introduced a vaccinated subpopulation into a malaria

transmission model and evaluated the effectiveness of multiple control strategies. These include

preventive measures (e.g., mosquito screens and bed nets), enhancement of vaccination impact

through nutritional support (e.g., vitamin supplementation), and optimized treatment aimed at

shortening the recovery duration. The model was specifically tailored to the epidemiological

context of Papua Province, where recent vaccination trials are supported by national health

authorities. Through mathematical analysis and numerical simulation, we aimed to identify

optimal control strategies that minimize infection and enhance recovery while considering both

biological dynamics and practical intervention constraints.

2. MATHEMATICAL MODEL OF MALARIA SPREAD

The model developed in this study builds on a previous SEIR-type compartmental framework

and divides the population into nine subpopulations. The human population was classified into

seven epidemiologically distinct groups. These include S(t), representing susceptible individu-

als who are healthy and vulnerable to malaria infection; V (t), denoting vaccinated individuals

who have received the malaria vaccine; Is(t), comprising malaria-infected individuals who are

sensitive to antimalarial drugs; Ir(t), representing infected individuals who are resistant to an-

timalarial drugs; Ist(t), referring to drug-sensitive infected individuals who have undergone

treatment; Irt(t), representing drug-resistant infected individuals who have received treatment;

and R(t), which denotes recovered individuals who have acquired immunity to malaria. The
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mosquito population is divided into two groups: X(t), which represents susceptible mosquitoes

that have not yet been infected by the Plasmodium parasite, and Y (t), which represents infected

mosquitoes that carry the Plasmodium parasite and are capable of transmitting the disease.

The model is based on the following assumptions. First, the total population was assumed to

remain constant over time. Second, vaccinated individuals who do not come into contact with

infected mosquitoes are considered to have gained immunity, whereas those who may still be-

come infected. Third, malarial infections are transmitted through contact between mosquitoes

and either susceptible or vaccinated humans. Fourth, individuals who become infected are

assumed to eventually recover and transition to the recovered class following treatment. Sus-

ceptible mosquitoes become infected when they bite an infected human host.

FIGURE 1. A schematic diagram illustrating the spread of malaria with vacci-

nation factors.

Based on these assumptions, a schematic diagram of the disease transmission is shown in

Fig. 1. Based on this figure, we have the following system of differential equations describing

the dynamics of malaria transmission:

dS
dt

= µNh−
(

θ +
pβ1

Nh
Y +

(1− p)β2

Nh
Y +µ

)
S+ωR,(1a)
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dV
dt

= θS−
(

qβ3

Nh
Y +

(1−q)β4

Nh
Y + τ +µ

)
V,(1b)

dIs

dt
=

pβ1

Nh
SY +

qβ3

Nh
VY − (γ +µ)Is,(1c)

dIr

dt
=

(1− p)β2

Nh
SY +

(1−q)β4

Nh
VY − (δ +µ)Ir,(1d)

dIst

dt
= γIs− (σ +µ)Ist ,(1e)

dIrt

dt
= δ Ir− (ρ +µ)Irt ,(1f)

dR
dt

= τV +σ Ist +ρIrt− (ω +µ)R,(1g)

dX
dt

= ηNv−
(

β5

Nh
Is +

β6

Nh
Ir +η

)
X ,(1h)

dY
dt

=

(
β5

Nh
Is +

β6

Nh
Ir

)
X−ηY,(1i)

where

Nh = S+V + Is + Ir + Ist + Irt +R and Nv = X +Y.

Model (1) has a nonnegative initial condition as follows:

S(0)> 0,V (0)≥ 0, Is(0)≥ 0, Ir(0)≥ 0, Ist(0)≥ 0, Irt(0)≥ 0, R(0)≥ 0,

X(0)> 0, Y (0)≥ 0.

The parameters used in the model (1) are defined in Table 1.
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TABLE 1. Parameter descriptions and values for the malaria transmission

model.

Symbol Description Value Reference

µ Natural birth/death rate 4.19175×10−5 [22]

ω Resusceptibility rate 0.025 [6]

θ Vaccination rate 0.001 [21]

p Proportion exposed to sensitive strain 0.59999 [21]

q Proportion of vaccinated exposed to sensitive strain 0.29999 [21]

β1 Transmission rate (sensitive) for S 0.4 assumed

β2 Transmission rate (resistant) for S 0.4 assumed

β3 Transmission rate (sensitive) for V 2.37749×10−6 [21]

β4 Transmission rate (resistant) for V 1.11742×10−6 [21]

τ Recovery rate of vaccinated 0.53 [21]

γ Treatment rate for sensitive infected 0.049999 assumed

δ Treatment rate for resistant infected 0.05 assumed

σ Recovery rate for treated sensitive infected 5×10−9 [10]

ρ Recovery rate for treated resistant infected 5×10−9 [10]

η Birth/death rate of mosquitoes variable [6]

β5 Infection rate of mosquitoes (sensitive) 0.48 [6]

β6 Infection rate of mosquitoes (resistant) 0.24 assumed

To ensure the epidemiological feasibility of the malaria model (1), it is essential to demon-

strate that solutions remain within biologically meaningful bounds over time. The theorem

below outlines the positive criteria for the solution of model (1). The proof is presented in

accordance with the style in [25].

Theorem 1. Assume that all model parameters in system (1) are nonnegative and that the

initial conditions are both nonnegative and finite. Then, every solution of model (1) remains

nonnegative for any t > 0.
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Proof. According to model (1), at the boundary of set R9
+, we obtain the following outcome:

dS
dt

(S = 0) = µNh +ωR > 0,
dV
dt

(V = 0) = θS > 0,

dIs

dt
(Is = 0) =

pβ1

Nh
SY +

qβ3

Nh
VY > 0,

dIr

dt
(Ir = 0) =

(1− p)β2

Nh
SY +

(1−q)β4

Nh
VY > 0,

dIst

dt
(Ist = 0) = γIs > 0,

dIrt

dt
(Irt = 0) = δ Ir > 0,

dR
dt

(R = 0) = τV +σ Ist +ρIrt > 0,

dX
dt

(X = 0) = ηNv > 0,
dY
dt

(Y = 0) =
(

β5

Nh
Is +

β6

Nh
Ir

)
X > 0.

Because all directions along the boundary are nonnegative, every solution is directed inward

toward R9
+. Consequently, if the initial condition is nonnegative within R9

+, the solution remains

in this region for any time t > 0. This completes this proof. �

Having established the positivity of the state variables, we now prove that the model solutions

are bounded from above. This ensures that the populations do not grow without bounds, thereby

validating the well-posedness of the model within a realistic epidemiological context.

Theorem 2. Let all model parameters in system (1) be nonnegative and the initial conditions be

nonnegative and finite. Subsequently, the solutions of the malaria model (1) are bounded above

for all t ≥ 0. In particular, the total human population Nh(t) and total mosquito population

Nv(t) satisfy

Nh(t) = S(t)+V (t)+ Is(t)+ Ir(t)+ Ist(t)+ Irt(t)+R(t)≤ Nh, ∀t ≥ 0,

Nv(t) = X(t)+Y (t)≤ Nv, ∀t ≥ 0,

where Nh and Nv are constants determined by initial conditions.

Proof. Summing the equations for the human compartments in system (1) yields

dNh

dt
=

dS
dt

+
dV
dt

+
dIs

dt
+

dIr

dt
+

dIst

dt
+

dIrt

dt
+

dR
dt

.

Substituting from equations (1)(a)–(g), we find that all transition terms cancel, and only the

recruitment and natural death terms remain:

dNh

dt
= µNh−µ(S+V + Is + Ir + Ist + Irt +R) = µNh−µNh = 0.
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Therefore, the total human population remained constant.

Nh(t) = Nh(0) = Nh, ∀t ≥ 0.

Similarly, summing the equations for the mosquito compartments (1)(h)–(i) gives

dNv

dt
=

dX
dt

+
dY
dt

= ηNv−ηNv = 0.

Thus, the mosquito population was constant.

Nv(t) = Nv(0) = Nv, ∀t ≥ 0.

Because all compartment values are nonnegative (positivity has been assumed), and the total

population is constant, it follows that each compartment is bounded above by the respective

total population. That is,

0≤ S(t),V (t), Is(t), Ir(t), Ist(t), Irt(t),R(t)≤ Nh,

0≤ X(t),Y (t)≤ Nv,

for all t ≥ 0. Therefore, the solutions were uniformly bounded. �

3. EQUILIBRIUM POINTS AND BASIC REPRODUCTION NUMBER

Analyzing the model of malaria transmission necessitates the identification of the nonen-

demic equilibrium point, which offers insights into periods of stability when malaria does not

propagate within the population. The equilibrium point in model (1) under nonendemic con-

ditions is ascertained by setting the malaria infection rates in both hosts and vectors to zero,

resulting in

E0 = (S,V ,0,0,0,0,R,X ,0),

with

S =
(τ +µ)(ω +µ)Nh

µ2 +(ω + τ +θ)µ +(τ +θ)ω + τθ
,

V =
(ω +µ)θNh

µ2 +(ω + τ +θ)µ +(τ +θ)ω + τθ
,

R =
θ µNh

µ2 +(ω + τ +θ)µ +(τ +θ)ω + τθ
,
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X = Nv.

The basic reproduction number, represented by R0, is a vital parameter for assessing the

potential for disease transmission within a population. The determination of R0 is achieved

using the next-generation matrix, which incorporates the Jacobian matrix of the infected sub-

populations in relation to other subpopulations. The set of equations (1) was analyzed at the

nonendemic equilibrium point (E0).

F =



0 0 0 0 pβ1(τ+µ)(ω+µ)+qβ3(ω+µ)θ
µ2+(ω+τ+θ)µ+(τ+θ)ω+τθ

0

0 0 0 0 (1−p)β2(τ+µ)(ω+µ)+(1−q)β4(ω+µ)θ
µ2+(ω+τ+θ)µ+(τ+θ)ω+τθ

0

0 0 0 0 0 0

0 0 0 0 0 0

β5
Nv
Nh

0 0 0 0 0

0 β6
Nv
Nh

0 0 0 0


The Jacobian matrix pertaining to the infected subpopulation, which remains isolated from

the other subpopulations upon entering the host or vector, is represented by the following ma-

trix:

W =



γ +µ 0 0 0 0 0

0 δ +µ 0 0 0 0

−γ 0 σ +µ 0 0 0

0 −δ 0 ρ +µ 0 0

0 0 0 0 η 0


The basic reproduction number associated with system equation (1) is determined as the

largest eigenvalue of the matrix FW−1 [26], represented as

(2) R0v =

√
β5Nv(δ +µ) [pβ1(τ +µ)(ω +µ)+qβ3(ω +µ)θ ]+β7 +β8

(δ +µ)(γ +µ)(µ2 +(ω + τ +θ)µ +(τ +θ)ω + τθ)Nh

with

β7 = β6Nv(γ +µ) [(1− p)β2(τ +µ)(ω +µ)] , β8 = (1−q)β4(ω +µ)θ .

Having previously derived the basic reproduction number R0v under the assumption that vac-

cination is incorporated into the model, we now consider a scenario in which vaccination is
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absent. The basic reproduction number in the absence of vaccination is determined as follows:

(3) R0 =

√
β5Nv(δ +µ)pβ1µ(ω +µ)+β6Nv(γ +µ)(1− p)β2µ(ω +µ)

(δ +µ)(γ +µ)(µ2 +ωµ)Nh

A comparison of the expressions for R0 and R0v reveals that the numerator of R0 is signifi-

cantly larger than that of R0v, whereas the denominator of R0 is comparable or slightly smaller

than that of R0v. Thus, we have

R0 > R0v.

This analytical observation is further supported by numerical evaluation using the parameter

values listed in Table 1, which yields

R0 = 4.12173313 > 0.00394931 = R0v

as expected.

This result clearly indicates that incorporating vaccination into the malaria transmission

model substantially reduced the basic reproduction number. In other words, vaccination ef-

fectively lowers the potential for disease spread compared with scenarios in which vaccination

is not implemented. This finding reinforces the conclusion drawn from the analysis of the

nonendemic equilibrium and provides a strong justification for the inclusion of vaccination in

malaria control strategies.

To assess the stability of the nonendemic equilibrium, we analyze the basic reproduction

number R0v derived earlier. This threshold parameter serves as a key indicator of whether the

disease will persist or die in the population. The following theorem provides the condition under

which the nonendemic equilibrium is locally asymptotically stable.

Theorem 3. The nonendemic equilibrium of the system (1) is locally asymptotically stable if

the basic reproduction number R0v < 1 and unstable if R0v > 1.

Next, we study the local stability of nonendemic equilibrium of the system (1).



MALARIA TRANSMISSION MODEL WITH VACCINATION 11

Proof. The Jacobian matrix of system (1) is

(4) J =



[
−
(

θ + pβ1
Nh

Y + (1−p)β2
Nh

Y +µ

)
0 0 0 0 0 ω 0 −

(
pβ1
Nh

+ (1−p)β2
Nh

)
S
]

[
θ −

(
qβ3
Nh

Y + (1−q)β4
Nh

Y + τ +µ

)
0 0 0 0 0 0 −

(
qβ3
Nh

+ (1−q)β4
Nh

)
V
]

[
pβ1
Nh

Y qβ3
Nh

Y −(γ +µ) 0 0 0 0 0 pβ1
Nh

S+ qβ3
Nh

V
]

[
(1−p)β2

Nh
Y (1−q)β4

Nh
Y 0 −(δ +µ) 0 0 0 0 (1−p)β2

Nh
S+ (1−q)β4

Nh
V
]

[
0 0 γ 0 −(σ +µ) 0 0 0 0

]
[
0 0 0 δ 0 −(ρ +µ) 0 0 0

]
[
0 τ 0 0 σ ρ −(ω +µ) 0 0

]
[
0 0 − β5

Nh
X − β6

Nh
X 0 0 0 −

(
β5
Nh

Is +
β6
Nh

Ir +η

)
0
]

[
0 0 β5

Nh
X β6

Nh
X 0 0 0

(
β5
Nh

Is +
β6
Nh

Ir

)
−η

]


Let

∆ = µ
2 +(ω + τ +θ)µ +ω(τ +θ)+ τθ ,

B1 = β1 p(µ +ω)(µ + τ)+β3qθ(µ +ω),

B2 = β2(1− p)(µ +ω)(µ + τ)+β4(1−q)θ(µ +ω),

B3 =
β5Nv

Nh
, B4 =

β6Nv

Nh
.

Then, the Jacobian matrix evaluated at the nonendemic equilibrium E0 is:

J(E0) =



−µ−θ 0 0 0 0 0 ω 0 0

θ −µ− τ 0 0 0 0 0 0 0

0 0 −γ−µ 0 0 0 0 0 B1
∆

0 0 0 −δ −µ 0 0 0 0 B2
∆

0 0 γ 0 −µ−σ 0 0 0 0

0 0 0 δ 0 −µ−ρ 0 0 0

0 τ 0 0 σ ρ −µ−ω 0 0

0 0 −B3 −B4 0 0 0 −η 0

0 0 B3 B4 0 0 0 0 −η


The first three eigenvalues are
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λ1 =−(γ +µ), λ2 =−(µ +σ), λ3 =−η ,

λ4,5 =
1
2

(
−(δ +µ +η)±

√
(δ +µ +η)2−4

[
(δ +µ)η− B1B4

∆

])
,

and the next two eigenvalues form the characteristic equation below

(5) p(λ ) = λ
2 +a1λ +a2 = 0,

where
a1 = δ +µ +η , a2 = (δ +µ)η− B1B4

∆
,

and the remaining four eigenvalues form the following characteristic equation

(6) p(λ ) = λ
4 +b1λ

3 +b2λ
2 +b3λ +b4 = 0,

where

b1 = 4µ +θ + τ +ω +ρ,

b2 = (µ +θ)(µ + τ)+(2µ +θ + τ)(2µ +ω +ρ)+(µ +ω)(µ +ρ),

b3 = (µ +θ)(µ + τ)(2µ +ω +ρ)+(2µ +θ + τ)(µ +ω)(µ +ρ),

b4 = (µ +θ)(µ + τ)(µ +ω)(µ +ρ)+ωθτ.

The Routh-Hurwitz criteria to guarantee the real part of all eigenvalues in (5) and (6) are

negative, is given as follows

(i)a1 > 0, (ii)a2 > 0,

and

(iii)b1 > 0, (iv)b4 > 0, (v)b1b2−b3 > 0, (vi)(b1b2−b3)b3−b2
1b4 > 0,

respectively.

Clearly, a1, b1, and b4 were positive. In the cases of (v) and (vi), both long expressions can

be expanded and guaranteed to be positive. For the case of a(ii), we have a2 > 0 if and only if

R0v =
B1B4

∆(δ +µ)η
< 1.

�
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Theorem 4. Let R0v < 1. Then the disease-free equilibrium point E0 is globally asymptotically

stable within the biologically feasible region

Ω =
{

X ∈ R9
+

∣∣S+V + Is + Ir + Ist + Irt +R≤ Nh, X +Y ≤ Nv
}
,

where Nh and Nv denote the total populations of humans and vectors (mosquitoes), respectively.

Proof. To establish the global asymptotic stability of the disease-free equilibrium E0, we con-

struct a Lyapunov function of the form

L (t) = a1Is +a2Ir +a3Ist +a4Irt +a5Y,

where a1,a2,a3,a4,a5 > 0 are positive constants to be determined. Taking the time derivative

of L (t) along the trajectories of the system yields

dL (t)
dt

= a1

(
pβ1SY

Nh
+

qβ3VY
Nh

− (γ +µ)Is

)
+a2

(
(1− p)β2SY

Nh
+

(1−q)β4VY
Nh

− (δ +µ)Ir

)

+ a3 (γIs− (σ +µ)Ist)+a4 (δ Ir− (ρ +µ)Irt)+a5

((
β5Is +β6Ir

Nh

)
X−ηY

)
.

To ensure that dL (t)
dt ≤ 0 for all X ∈Ω, we choose the coefficients ai to satisfy the following

inequalities:

a1(γ +µ)> a3γ +
a5β5X

Nh
, a2(δ +µ)> a4δ +

a5β6X
Nh

, a3(σ +µ)> 0, a4(ρ +µ)> 0,

a5η > a1

(
pβ1S̄
Nh

+
qβ3V̄

Nh

)
+a2

(
(1− p)β2S̄

Nh
+

(1−q)β4V̄
Nh

)
,

where S̄ and V̄ denote the maximum values of the susceptible human and vector populations,

respectively, within the domain Ω.

Under these conditions, the derivative dL (t)
dt is negative definite in Ω except on the invariant

set where Is = Ir = Ist = Irt =Y = 0. Consequently, we define an equivalent Lyapunov function:

L (t) = a1Is +a2Ir +
a1γ

σ +µ
Ist +

a2δ

ρ +µ
Irt +a5Y,

with a1,a2 > 0 and a5 sufficiently large such that dL (t)
dt ≤ 0.

According to LaSalle’s Invariance Principle [27, 28], all trajectories initiated in Ω approach

the largest invariant set, where dL (t)
dt = 0, which corresponds to disease-free equilibrium E0.

Therefore, E0 is globally asymptotically stable in Ω. �
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To determine the endemic equilibrium of the system (1), we consider the steady-state condi-

tion in which the disease persists within the population. This implies that the time derivatives

are all set to zero and the infected compartments satisfy I∗s > 0, I∗r > 0, and Y ∗ > 0. Let the

endemic equilibrium be denoted by

E∗ = (S∗,V ∗, I∗s , I
∗
r , I
∗
st , I
∗
rt ,R

∗,X∗,Y ∗) .

From the steady-state equations for the treated human compartments, we obtain

I∗st =
γ

σ +µ
I∗s ,

I∗rt =
δ

ρ +µ
I∗r .

Substituting the expressions for I∗st and I∗rt into the equation for the recovered class R, we get

R∗ =
1

ω +µ

(
τV ∗+

γσ

σ +µ
I∗s +

δρ

ρ +µ
I∗r

)
.

Next, define the force of infection from humans to mosquitoes as

Λh =
β5

Nh
I∗s +

β6

Nh
I∗r .

Then, the mosquito population at equilibrium satisfies

X∗ =
ηNv

Λh +η
,

Y ∗ =
Λh

η
X∗ =

ΛhNv

Λh +η
.

The equilibrium values for the infected human compartments were obtained using the fol-

lowing equation:

I∗s =
1

γ +µ

(
pβ1

Nh
S∗Y ∗+

qβ3

Nh
V ∗Y ∗

)
,

I∗r =
1

δ +µ

(
(1− p)β2

Nh
S∗Y ∗+

(1−q)β4

Nh
V ∗Y ∗

)
.

By substituting Y ∗, I∗s , I∗r , and R∗ into the equilibrium equations for S and V , the system is

reduced to two nonlinear equations:

0 = µNh−
(

θ +
pβ1 +(1− p)β2

Nh
Y ∗+µ

)
S∗+ωR∗,
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0 = θS∗−
(

qβ3 +(1−q)β4

Nh
Y ∗+ τ +µ

)
V ∗.

These equations are implicitly coupled through nonlinear expressions for Y ∗, I∗s , I∗r , and R∗,

and thus cannot be solved analytically in a closed form. Instead, a numerical solution was used.

4. MALARIA CONTROL

The malaria control strategies considered in this study are defined as follows. First, pre-

ventive control, denoted by u1(t), involves the use of insecticide-treated bed nets at night to

minimize contact between susceptible and infected female mosquitoes. Second, vaccination

control, represented by u2(t), focuses on enhancing the effectiveness of vaccination by admin-

istering supplementary treatments such as multivitamins. Third, treatment control, denoted by

u3(t), aims to improve treatment outcomes through community-based educational programs

that emphasize adherence to antimalarial medications and healthy lifestyle practices.

These control measures are incorporated into the model dynamics, as represented by the

controlled system of equations (7), which modifies the original malaria transmission model (1)

by integrating time-dependent control functions.

dS
dt

= µNh−
(

θ +
pβ1(1−u1)

Nh
Y +

(1− p)β2(1−u1)

Nh
Y +µ

)
S+ωR,(7a)

dV
dt

= θS−
(

qβ3

Nh
Y +

(1−q)β4

Nh
Y + τ(1+u2)+µ

)
V,(7b)

dIs

dt
=

pβ1(1−u1)

Nh
SY +

qβ3

Nh
VY − (γ +µ)Is,(7c)

dIr

dt
=

(1− p)β2(1−u1)

Nh
SY +

(1−q)β4

Nh
VY − (δ +µ)Ir,(7d)

dIst

dt
= γIs− (σ(1+u3)+µ)Ist ,(7e)

dIrt

dt
= δ Ir− (ρ(1+u3)+µ)Irt ,(7f)

dR
dt

= τ(1+u2)V +σ(1+u3)Ist +ρ(1+u3)Irt− (ω +µ)R,(7g)

dX
dt

= ηNv−
(

β5

Nh
Is +

β6

Nh
Ir +η

)
X ,(7h)

dY
dt

=

(
β5

Nh
Is +

β6

Nh
Ir

)
X−ηY.(7i)
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In the controlled system of equations (7), control variables u1, u2, and u3 are introduced to

regulate the spread of malaria by targeting specific intervention strategies. To determine the

optimal levels of these controls over time, the following objective function is formulated:

(8) J(u1,u2,u3) =
∫ t f

t0

(
A1Is +A2Ir +A3Ist +A4Irt +C1u2

1 +C2u2
2 +C3u2

3
)

dt,

where A1,A2,A3,A4 are nonnegative weighting parameters that reflect the relative importance

of minimizing the populations of untreated and treated infected individuals, namely, Is, Ir, Ist ,

and Irt , respectively. The constants C1,C2,C3 represent the relative costs associated with imple-

menting controls u1,u2, and u3, respectively. The goal is to minimize both the disease burden

and intervention costs over the time horizon [t0, t f ].

To derive the necessary conditions for optimal control, we applied the Pontryagin Maximum

Principle, as detailed in [3]. According to this principle, the Hamiltonian function is constructed

by combining the integrand of the objective functional with the inner product of the adjoint

variables and the state equations. The resulting Hamiltonian is given by

H = A1Is +A2Ir +A3Ist +A4Irt +C1u2
1 +C2u2

2 +C3u2
3

+λ1

(
µNh +ωR−θS− pβ1(1−u1)SY

Nh
− (1− p)β2(1−u1)SY

Nh
−µS

)
+λ2 (θS−ψV −µ(1+u2)V )

+λ3

(
pβ1(1−u1)SY

Nh
+ψV − (γ +µ)Is

)
+λ4

(
(1− p)β2(1−u1)SY

Nh
+ψV − (δ +µ)Ir

)
+λ5 (γIs− (σ(1+u3)+µ)Ist)

+λ6 (δ Ir− (ρ(1+u3)+µ)Irt)

+λ7 (τ(1+u2)V +σ Ist +ρIrt− (ω +µ)R)

+λ8

(
η− β5IsX

Nh
− β6IrX

Nh
−µX

)
+λ9

(
β5IsX

Nh
+

β6IrX
Nh
−ηY

)
,(9)
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where λi for i = 1,2, . . . ,9 are adjoint (co-state) variables associated with each state variable.

The Hamiltonian expression in Equation (9) forms the foundation for establishing the necessary

optimality conditions and proving the existence of optimal controls for the system (7).

Theorem 5. There exists an optimal control u∗ = (u∗1,u
∗
2,u
∗
3) ∈Ω such that

(10) J(u∗1,u
∗
2,u
∗
3) = min

(u1,u2,u3)∈Ω

J(u1,u2,u3).

Proof. The controlled system (7) is governed by bounded state variables and admissible controls

u1,u2,u3 that are assumed to lie within a closed and convex set Ω ⊂ [0,1]3. Furthermore,

the right-hand side of each equation in the system is continuous and satisfies the Lipschitz

condition with respect to the state variables, thereby ensuring the existence and uniqueness of

the solutions.

The objective functional J(u1,u2,u3) given in (8) is convex in the control variables and is

composed of a linear combination of state variables and quadratic control terms. This convexity,

combined with the boundedness of the state solutions and the compactness of the admissible

control set Ω, guarantees a lower semi-continuity of J.

Let ζ1,ζ2 be positive constants, and κ > 1. Then J(u1,u2,u3) can be bounded below by

J(u1,u2,u3)≥ ζ1(|u1|2 + |u2|2 + |u3|2)κ −ζ2,

to ensure coercivity of the functional.

Therefore, by the standard results in optimal control theory (see, e.g., [29]), the existence of

an optimal control u∗ ∈Ω that minimizes the objective functional J is guaranteed. �

By applying the Hamiltonian function of equation (9), the adjoint function of state equa-

tion (7) is obtained according to Theorem 3.

Theorem 6. Let the optimal controls u1,u2,u3 satisfy the system of equations in (10). The cor-

responding system of adjoint differential equations is then obtained for the state equation (7):

dλ1

dt
= (λ1−λ2)θ +

(λ1−λ3)pβ1(1−u1)Y
Nh

+
(λ1−λ4)(1− p)β2(1−u1)Y

Nh
+µλ1,

dλ2

dt
=

(λ2−λ3)qβ3Y
Nh

+
(λ2−λ4)(1−q)β4Y

Nh
+(λ2−λ7)τ(1+u2)+µλ2,

dλ3

dt
=−A1 +(λ3−λ5)γ +µλ3,
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dλ4

dt
=−A2 +(λ4−λ6)δ +µλ4,

dλ5

dt
=−A3 +(λ5−λ7)σ(1+u3)+µλ5,

dλ6

dt
=−A4 +(λ6−λ7)ρ(1+u3)+µλ6,

dλ7

dt
= (λ7−λ1)ω +µλ7,

dλ8

dt
=−(λ3−λ4)(β5Is +β6Ir)

Nh
+ηλ8,

dλ9

dt
=

(λ1−λ3)pβ1(1−u1)S+(λ2−λ4)(1− p)β2(1−u1)S
Nh

+
(λ3−λ4)(β3 +(1−q)β4)

Nh

+ηλ9.(11)

with the transversality condition

λi(t f ) = 0, for i = 1,2, . . . ,9,

and the optimal control values u∗1,u
∗
2,u
∗
3 are given by

u∗1 = min
{

1,max
[

0,
(λ3−λ4)β1SY +(λ4−λ1)(1− p)β2SY

2C1Nh

]}
,(12)

u∗2 = min
{

1,max
[

0,
(λ2−λ7)τV

2C2

]}
,(13)

u∗3 = min
{

1,max
[

0,
(λ5−λ7)σ Ist +(λ6−λ7)ρIrt

2C3

]}
.(14)

Proof. Based on the state equation (7), we derive a system of adjoint equations that corresponds

to the system of state equations:

S,V, Is, Ir, Ist , Irt ,R,X ,Y

as follows:

λ
′
1 =−

∂H
∂S

= (λ1−λ2)θ +
(λ1−λ3)pβ1(1−u1)Y

Nh
+ · · ·

λ
′
1 = (λ1−λ2)θ +

(λ1−λ3)pβ1(1−u1)Y
Nh

+
(λ1−λ4)(1− p)β2(1−u1)Y

Nh
+µλ1,

λ
′
2 =

(λ2−λ3)qβ3Y
Nh

+
(λ2−λ4)(1−q)β4Y

Nh
+(λ2−λ7)τ(1+u2)+µλ2,

λ
′
3 =−A1 +(λ3−λ5)γ +µλ3,
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λ
′
4 =−A2 +(λ4−λ6)δ +µλ4,

λ
′
5 =−A3 +(λ5−λ7)σ(1+u3)+µλ5,

λ
′
6 =−A4 +(λ6−λ7)ρ(1+u3)+µλ6,

λ
′
7 = (λ7−λ1)ω +µλ7,

λ
′
8 =−

(λ3−λ4)(β5 +β6)Ir

Nh
+ηλ8,

λ
′
9 =

(λ1−λ3)(1−u1)Spβ1 +(λ1−λ4)(1−u1)S(1− p)β2

Nh
+

(λ2−λ4)(β3 +(1−q)β4)

Nh
+ηλ9.

Based on the system of equations (9), the optimal control is obtained u∗1,u
∗
2,u
∗
3 as follows:

∂H
∂u1

= 0⇒ u1 =
(λ3−λ4)pβ1SY +(λ4−λ1)(1− p)β2SY

2C1Nh
,

∂H
∂u2

= 0⇒ u2 =
(λ2−λ7)τV

2C2
,

∂H
∂u3

= 0⇒ u3 =
(λ5−λ7)σ Ist +(λ6−λ7)ρIrt

2C3
.

By imposing constraints on the controls, a comprehensive control description can be derived,

as follows:

u∗1 =


0, if u1 ≤ 0,

(λ3−λ4)pβ1SY+(λ4−λ1)(1−p)β2SY
2C1Nh

, if 0 < u1 < 1,

1, if u1 ≥ 1,

u∗2 =


0, if u2 ≤ 0,

(λ2−λ7)τV
2C2

, if 0 < u2 < 1,

1, if u2 ≥ 1,

u∗3 =


0, if u3 ≤ 0,

(λ5−λ7)σ Ist+(λ6−λ7)ρIrt
2C3

, if 0 < u3 < 1,

1, if u3 ≥ 1.

In accordance with the above expression, the optimal control is given by:
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u∗1 = min
{

1,max
[

0,
(λ3−λ4)pβ1SY +(λ4−λ1)(1− p)β2SY

2C1Nh

]}
,

u∗2 = min
{

1,max
[

0,
(λ2−λ7)τV

2C2

]}
,

u∗3 = min
{

1,max
[

0,
(λ5−λ7)σ Ist +(λ6−λ7)ρIrt

2C3

]}
,

�

5. NUMERICAL SIMULATION

The numerical simulations were initialized using the following initial population sizes:

S(0) = 1,700,000, V (0) = 200,000, Is(0) = 45,000, Ir(0) = 25,000,

Ist(0) = 17,000, Irt(0) = 6,000, R(0) = 7,000, X(0) = 3,000,000, Y (0) = 100,000.

Figure 2 illustrates the numerical simulation of the malaria transmission model using the

aforementioned initial conditions and the parameter values provided in Table 1. The suscep-

tible (S) and vaccinated (V ) compartments declined rapidly owing to exposure to infectious

mosquitoes and subsequent transitions into infected classes. In contrast, both drug-sensitive

(Is) and drug-resistant (Ir) infected populations initially increased, reflecting active transmis-

sion in the early phase. Over time, these compartments peak and then decline as individuals

transition into treatment compartments (Ist and Irt), which exhibit sustained growth owing to

ongoing treatment influx. The recovered population (R) increased during the early epidemic

phase but gradually decreased owing to resusceptibility and natural death. Vector populations

(X and Y ) respond dynamically, with infected mosquitoes (Y ) initially rising as they acquire

infection from human hosts, while susceptible mosquitoes (X) decline and later recover owing

to recruitment. These dynamics confirm the capacity of the model to capture essential features

of malaria transmission and suggest the need for early intervention to curb the outbreak.
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FIGURE 2. Time evolution of the malaria transmission model compartments

(1). Each subplot (a)–(i) corresponds to one of the nine state variables:

S,V, Is, Ir, Ist , Irt ,R,X ,Y , respectively.

We conducted a local sensitivity analysis using the elasticity index (EI) to examine how small

perturbations in the individual parameters affect the basic reproduction number. This approach

evaluates the relative contribution of each parameter to the changes in R0v by measuring the

proportional change in R0v resulting from a proportional change in the parameter value. The

analysis was performed using the baseline parameter values listed in Table 1. EI is defined as

follows

EI =
∂R0v

∂ parameter
× parameter

R0v
.
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The results in Figure 3 indicate that the transmission rates from mosquitoes to susceptible

humans (β1) and from infected sensitive individuals to mosquitoes (β5) have the highest posi-

tive elasticity indices, suggesting that vector-host transmission pathways are the most influential

drivers of malaria spread. By contrast, the treatment rate of drug-sensitive infected individuals

(γ) exhibited the most negative elasticity, implying that an increase in treatment effectiveness

could substantially reduce the basic reproduction number R0v. Other parameters, such as the

proportion of individuals exposed to the sensitive strain (p) and the proportion of vaccinated in-

dividuals exposed to the sensitive strain (q), display moderate positive elasticity, signifying their

notable but secondary impact on transmission dynamics. Parameters including the natural death

rate (µ), resusceptibility rate (ω), vaccination rate (θ ), and other treatment-related parameters

(δ , τ) showed relatively small elasticity values, indicating a limited marginal influence under

baseline conditions. These findings underscore the importance of targeting mosquito-human

transmission efficiency and treatment coverage, particularly for drug-sensitive infections, in the

development of effective malaria control strategies.

FIGURE 3. Bar plot of elasticity indices of the basic reproduction number R0v with re-

spect to selected model parameters. The results indicate that β1 and β5 have the strongest

positive influence on R0v, while β6 exhibits the most negative effect.

Figure 4 presents contour plots of the basic reproduction number R0v as a function of the most

influential parameters identified through elasticity index analysis: the transmission rates from

mosquitoes to susceptible humans (β1) and from infected humans to mosquitoes (β5), and the
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treatment rate of drug-sensitive infections (γ). In panel (a), R0v increases monotonically with

both β1 and β5, confirming their synergistic role in amplifying malaria transmission through

the vector-human cycle. Panel (b) illustrates the interaction between β1 and γ , showing that

increasing the treatment rate γ leads to a significant reduction in R0v, particularly when the

transmission is high. Similarly, Panel (c) demonstrates that increasing γ can effectively reduce

R0v, even in the presence of elevated values of β5. These findings emphasize the importance

of reducing vector-to-human transmission and enhancing treatment effectiveness in strategies

aimed at suppressing malaria outbreaks.

FIGURE 4. Contour plots of the basic reproduction number R0v with respect to

the most influential parameters based on elasticity analysis: (a) R0v(β1,β5), (b)

R0v(β1,γ), and (c) R0v(β5,γ).

Pontryagin’s Maximum Principle was employed to derive the optimal control strategy for the

malaria transmission model governed by the system (7). The numerical implementation begins

with an initial guess for the control variables, which are then utilized to solve the state system

over the prescribed time horizon. The state equations are integrated forward in time using

a fourth-order Runge–Kutta scheme, ensuring both accuracy and stability in approximating

system dynamics.
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Consistent with the transversality conditions outlined in equation (11), the adjoint equations

are solved backward in time using the fourth-order Runge–Kutta method, incorporating previ-

ously computed state trajectories. The control functions are subsequently updated via a convex

combination of the control values from the preceding iteration and those obtained from the char-

acterization in Equation (10). This iterative procedure is repeated until convergence, which is

defined as the point at which the differences between successive approximations of the control

and state variables fall below a prescribed tolerance, as discussed in [3].

A numerical investigation was conducted to assess the efficacy of various malaria preven-

tion and treatment strategies under different control scenarios. These scenarios include the

application of individual control measures, pairwise combinations of two controls, and simulta-

neous implementation of all three control strategies. The simulation results were analyzed and

compared systematically to evaluate the relative effectiveness of each intervention scheme in

reducing malaria transmission.

The administrative costs associated with the infected subpopulations are incorporated into

the objective functional through weighting constants A1,A2,A3,A4, which correspond to the

populations Is, Ir, Ist , Irt . These weights reflect the relative burden of managing each infected

group and are assigned as follows:

A1 = 10, A2 = 10, A3 = 20, A4 = 20.

Similarly, the implementation costs of the control strategies u1,u2,u3, representing the preven-

tion and treatment measures, are captured by the constants C1,C2,C3. These cost parameters

were set uniformly as follows:

C1 = 30, C2 = 30, C3 = 30.

The simulation results indicate that the number of individuals in the vaccinated compartment

remains consistently lower under scenarios involving vaccination than under those without vac-

cination, as depicted in Figure 5.
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(A) (B)

(C) (D)

(E)

FIGURE 5. Time evolution of the human subpopulations under vaccination and

non-vaccination scenarios: (a) drug-sensitive infected Is(t); (b) drug-resistant

infected Ir(t); (c) treated drug-sensitive infected Ist(t); (d) treated drug-resistant

infected Irt(t); (e) recovered individuals R(t). Vaccination significantly reduces

infection levels and enhances recovery.
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Figure 5(a) illustrates that the implementation of vaccination leads to a substantial reduction

in the number of individuals within the Is compartment compared to the scenario without vacci-

nation. In Figure 5(b), the Ir subpopulation exhibits rapid growth in the absence of vaccination.

However, under the vaccination strategy, this subpopulation was eliminated by approximately

t = 10 days. Furthermore, Figure 5(c) demonstrates that without vaccination, the Ist subpopu-

lation undergoes a sharp increase, whereas with vaccination, its size remains stable over time.

Figure 5(d) shows that in the absence of vaccination, the Irt subpopulation increases rapidly

from the initial time to approximately t = 23 days, after which it begins to decline. By contrast,

under the vaccination strategy, the Irt compartment remained relatively stable throughout the

simulation period. Finally, Figure 5(e) indicates that the number of individuals in the recovered

compartment was consistently higher in the vaccination scenario than in the non-vaccination

case, thereby confirming the effectiveness of vaccination in promoting recovery.

Figures 6(a) and (b) further demonstrate that the populations in the Is and Ir compartments

were significantly larger in the absence of control interventions. Among the individual control

measures evaluated, control u2 was notably more effective than u1 in reducing the size of these

infected compartments, underscoring its superior efficacy in mitigating malaria transmission.

Figures 6(c)–(d) reveal that the Ist and Irt subpopulations experienced significant growth in

the absence of control interventions. However, the combined implementation of controls u1 and

u2 proved to be more effective at mitigating malaria transmission than scenarios without any

control. Notably, control u3, which targets the treatment, outperforms the combined effect of u1

and u2 in reducing the sizes of the Ist and Irt compartments.

Figure 6(e) shows that applying control u1 alone results in an increased number of individuals

in the recovered compartment relative to the uncontrolled case. Nevertheless, the simultaneous

application of controls u1 and u2 leads to a more substantial increase in the recovered popula-

tion, highlighting the synergistic effect of combining the prevention strategies.

Figure 6(f) shows the control profiles over the simulation horizon. Control u1, associated

with preventive measures, was most effective during the early phase of the outbreak, particularly

from the initial time up to t = 12 days. Control u2 remains optimal from the beginning until
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approximately t = 27 days. In contrast, control u3, which focuses on treatment, continues to be

the most effective strategy for reducing infection prevalence up to t = 48 days.

(A) (B)

(C) (D)

(E) (F)

FIGURE 6. Dynamics of infected and recovered subpopulations under various

control strategies: (a) drug-sensitive infected Is(t); (b) drug-resistant infected

Ir(t); (c) treated drug-sensitive infected Ist(t); (d) treated drug-resistant infected

Irt(t); (e) recovered individuals R(t); (f) control profiles. Control strategies u1,

u2, and u3, individually or in combination, effectively reduce infection levels and

enhance recovery compared to the uncontrolled scenario.
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6. DISCUSSION AND CONCLUSION

This study developed and analyzed a compartmental model to investigate malaria transmis-

sion dynamics, incorporating the effects of vaccination and multiple control strategies. A central

analytical finding was the derivation of the basic reproduction number in the presence of vac-

cination, which quantified the expected number of secondary infections generated by a single

infected individual. It was shown that this reproduction number was lower when vaccination

was included in the model, confirming that vaccination has the potential to substantially reduce

disease spread. Furthermore, the stability analysis demonstrated that the disease-free equilib-

rium becomes locally asymptotically stable when the vaccination-adjusted reproduction number

is less than one, reinforcing the importance of vaccine coverage in disease control.

Simulations of the temporal evolution of each compartment revealed important insights into

the dynamics of malaria transmission. In the absence of interventions, the number of infected

individuals increased sharply in both drug-sensitive and drug-resistant categories, whereas the

susceptible and vaccinated populations declined rapidly. These dynamics illustrate how malaria

can quickly spread within a population without control measures.

A local sensitivity analysis using the elasticity index highlighted the parameters that had

the greatest influence on the reproduction number. The transmission rates from mosquitoes

to susceptible individuals and from infected individuals to mosquitoes had the strongest pos-

itive influence, suggesting that vector-host interactions are the key drivers of malaria propa-

gation. In contrast, the treatment rate of drug-sensitive infections had the strongest negative

influence, indicating that enhancing the treatment effectiveness can significantly reduce trans-

mission. Contour plots of the reproduction number further demonstrated how combinations of

these key parameters shaped disease risk. Increasing treatment rates led to a clear reduction in

transmission potential, even in the presence of high mosquito-human contact rates.

To evaluate the effectiveness of the intervention, an optimal control framework was applied

using Pontryagin’s Maximum Principle. The control strategies included preventive efforts such

as bed net use, vaccination enhancement through auxiliary support, and treatment adherence

campaigns. Numerical simulations showed that all three control strategies reduced the burden

of infection, with vaccination and preventive efforts being particularly effective in reducing
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new infections. Treatment-focused control was the most effective in decreasing the number

of individuals in the treated infected classes and performed better than the other two controls

when applied alone. Moreover, combining preventive and vaccination strategies yielded better

outcomes than implementing either individually, but the treatment-based strategy still proved to

be the most impactful when the goal was to minimize infection across all stages.

These results emphasize the synergistic benefits of combining vaccination with other treat-

ment and preventive measures. The mathematical model illustrates how integrating multiple

strategies can enhance the effectiveness of malaria-control programs. In particular, these find-

ings support the continued development and deployment of malarial vaccines.

Future studies may extend this model by incorporating seasonality into mosquito dynamics,

spatial heterogeneity, or age structure to better reflect real-world transmission patterns. Integrat-

ing parameter uncertainty and cost-effectiveness analysis would also enhance its applicability

in public health decision-making.
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