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Abstract. In this paper, we propose a dynamical model for the immune system’s reaction to HIV-1 that includes
three temporal delays distributed in the presence of inflammatory cytokines. The model contains six components:
uninfected CD4 T cells, infected CD4 T cells, inflammatory cytokines, HIV-1 virus, CTLs, and antibodies. The
model contains the general functions for the incidence rates of the healthy CD4" T cells with viruses, infected
cells, and inflammatory cytokines. Moreover, the production/proliferation and removal/death rates of the virus and
cells are represented by general functions, too. The model was developed to better understand HIV-1 infection by
describing two immune responses (antibody and cytotoxic T lymphocyte (CTLs)), three forms of distributed time
delays, and inflammatory cytokines in the context of an infection through cell-to-cell (CTC) transmission. First,
the system’s basic properties were investigated; then the equilibria points of the system were determined. The
reproduction numbers for the model have been calculated and investigated, too. The model has five reproduction
numbers, basic one (Rg), CTLs immune response (R;), antibody immune response (R;), CTLs immune com-
petitive (R3), and antibody immune competitive (R4). Using the Lyapunov approach and LaSalle’s invariance
principle, we have demonstrated the global asymptotic stability of all equilibria under a set of restrictions on the
general functions and the threshold parameters. The numerical simulations has been performed to demonstrate

the theoretical results. By adding a time delay for the model can reduce the quantities of free HIV-1 particles
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and infected cells while also dramatically raising the concentration of healthy CD4"T cells. However, the addi-
tion of CTC transmission raises the concentrations of infected cells and free HIV-1 particles while decreasing the
concentration of healthy CD4" T cells.

Keywords: HIV-1; inflammatory cytokines; cell-to-cell spread; distributed delays; immune response; Lyapunov
method; global stability.
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1. INTRODUCTION

Many viruses are affect on the human life and causes many of diseases. the virus HIV-1
is one of the viruses that affect the human body, as it affects the CD4™"T cells lymphocytes,
which are the backbone of the immune system. In the paper published by the World Health Or-
ganisation(WHO) in 2022, there are approximately one 1,180,000 people infected with human
immunodeficiency virus-1 (HIV-1), including 640,000 men and 540,000 women [1]. AIDS’s
most severe stage is known as acquired immune deficiency syndrome. Patients with untreated
HIV-1 typically wait many years before developing AIDS. Over this time frame, the CD4"T
cell count gradually drops to less than 200 cells/mm?>[2]. Scientists have been interested in re-
cent years to study the HIV-1 analysis using mathematical modelling. The first mathematical
model to describe the interaction between infected and uninfected cells and the free viruses
of HIV-1 were proposed by Nowak and Bangham [3]. A number of biological characteristics,
such as time delay [4]-[9], CTLs immune response [3], pharmacological treatments [10]- [11],
antibody immune response [12]-[13], reaction-diffusion [14], and stochastic effects [15], have
been taken into account by additional mathematical models to developed and expand the funda-
mental HIV-1 mathematical model. A model with humoral immunity was examined by Murase
et al. [16] on the assumption that the incidence rate of infection is bilinear. In actuality, the
dynamics of the virus over the entire period of infection cannot be accurately described by a

bilinear incidence rate. Recently, Wang et al. [17] have proposed the following model:

C;_f =a—wP—-Y (P(),V(1))V,
‘il_f — W (PV)V—E&T(1),
(1) & _pr-av O -w 02" ().

dt
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where P = P(t), T = T(t), V = V(t) and Z¥ = ZV(t) are the concentrations of uninfected
CD4*T cells, infected CD4 ™ T cells, free HIV-1 particles and antibodies at time ¢, respectively.
o denotes the production rate of healthy CD4 1T cells. Parameter 3 refers to production rate of
the HIV-1 particles. @ represents the stimulation rate of antibodies while y donates the neutral-
ization rate of HIV-1. All the compartments have natural death rates that are, respectively, ®,
&r, &y and &,v. Nonlinear generic expressions W, (P,V), indicate the impact of viral infection
virus-to-cell (VTC). The model has been extended by Wang and Liu [18] and Wang et al. [19]
to include, respectively, two forms of distributed delays and a saturated incidence rate. This
model was expanded by Elaiw and AlShamrani to account for two different kinds of distributed

time delays [20]:

=¥ (P) ¥, (P0).T().V )V,

‘;_f - /0%l Bi(9)e MW, (Py, Ty, Vo) Vopdo — ErT (1),
) % —B 0”2 By(@)e P Todp—EyV (1) —ywV (1) 2" (1),

oV -2 ).

For the purpose of simplification, if we assume ¥ (P (¢)) = @ — P and we use the notation
Py =P(t—¢), To=T(—¢) and Vy, = V(t — ¢). Here k; and s for i = 1,2 are positive
constants. The delay parameter ¢ is random taken from a probability distribution function
Bi(¢) over the time interval [0, 5], i = 1,2, where s is the limit superior of this delay period.
The factor By (@)e 1% represents the probability that the CD41T cell contacted by viruses at
time ¢ — @ will survive ¢ time units and become active HIV-1-infected at time z. By (¢@)e *2?
demonstrates the probability that new immature HIV-1 particles at time ¢ — ¢ will survive for
¢ time units and become mature at time ¢f. In addition to virus infection from cell to cell,
researchers have discovered in recent years that there is another way for viruses to infiltrate
the human body: cell-to-cell transmission (CTC) (see e.g. [21]-[22]). As a result, even during

antiviral therapy, CTC transmission contributes significantly to the HIV-1 infection process
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[23]. Two discrete-time delays and the CTC transmission were added by Guo et al. [24] to
the same Yan and Wang [25] model. Adaptive immune response A model of HIV-1 dynamics
that includes two distributed-time delays and both VTC and CTC transmission was examined
in [26].

Although highly active anti-retroviral medication is very effective at limiting the spread of
HIV-1 and preventing its reproduction, it is unable to eradicate the virus entirely from the body.
The major barrier to HIV-1 clearance is the silent (latent) CD4 " T and Inflammatory cytokines
cells. Increased CD4 " T cell death and increased CD4 " T cell recruitment to inflammatory areas
are caused by inflammatory cytokines (cytokine-enhanced HIV-1 infection) [27]. Cytokine-
enhanced viral infection models were recently created and examined while taking age structure
[28] and reaction—diffusion [29]-[32] into account. A mathematical model is created by Aeshah
A. et al. [33] to investigate the dynamics of HIV-1 infection with inflammatory cytokines.
The model includes two immune responses antibody and cytotoxic T lymphocyte (CTLs), two
infection modalities (viral and cellular), and two kinds of distributed-time delays.

In this paper, the research conducted on the three distributed time delays and both VTC
and CTC transmissions mentioned above are expanded upon. The incidence rates of cytokine-
enhanced viral infection, active HIV-1-infected cells, and healthy CD4 1T cells with free HIV-1
particles are provided by general functions. Additionally, general functions represent the pro-
duction/proliferation and removal/death rates of every compartment. This is the structure of the
remainder of the paper: We develop an HIV-1 dynamics model in Section 2. The nonnegativity
and roundedness of the suggested model’s solutions are demonstrated in Section 3. Next, we
examine whether all of the model’s potential equilibria which rely on five threshold parameters
exist in Section 4. In Section 5, Lyapunov functions and LaSalle’s invariance principle are used
to demonstrate the global stability of all equilibria. We demonstrate the dependability of our

theoretical findings with a few numerical simulations in Section 6.

2. MODEL DEVELOPMENT

We formulate a six-dimensional system of delayed differential equations (DDEs) as follows:

dP

) =¥ (P@O) =¥, (P().V () -¥2(P().T (1) = ¥3(P(1).E (1)),
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‘2—{ _ /0%1 Bi(0)e™ 1% [W, (Py. Vo) + P2 (Pp, Tp) +W5 (Pp.Ey) | do
@) — (&) Ry (T (1) = AR (T (1) X4 (Z (1)
6 et [ Bale)e B (Ty)do— & ¥a (1),
O B[ Bsle)e SR (Ty)do— & V(1) ~ wis (V () K5 (2 (1),
D o (T 0) R4 (7 1) - & a7 ().
) % =@R;3(V (1) X5 (2" (1) =& X5 (27 (1)),

where P=P(t), T =T(t), E=E(t), V=V(t), ZT =Z(t), and Z" = Z"(¢t) are the con-
centrations of uninfected CD4 T cells, infected CD4" T cells, inflammatory cytokines, free
HIV-1 particles, (CTLs) and antibodies at time 7, respectively. Function ¥ (P (¢)) is the in-
trinsic growth rate of healthy CD4" T cells that takes into consideration both natural mortality
and production. Nonlinear generic expressions W, (P,T), and W3 (P,E) indicate the impact of
CTC and cytokine-enhanced viral infection, respectively. u; X (7) is the rate at which pyrop-
tosis kills infected CD4 " T cells. The natural death rates in each compartment are, respectively,
ErXi(T), EeXo(E), EvR3(V), &Ry (Z7), and E,v X5 (ZV) . The rate at which CTLs im-
mune cells eliminate the infected cells is described by the phrase A X (T') ¥4 (ZT). Where as
yX;3 (V) Ns (ZV) refers to the rate at which the antibodies neutralise HIV-1 particles. For the
purpose of simplification, we use the notation E, = E(t — ¢). Here &; and »; for i = 1,2,3
are positive constants. The delay parameter ¢ is random taken from a probability distribution
function B;(¢) over the time interval [0, 4], i = 1,2,3 where ¢ is the limit superior of this
delay period. The factor B,(¢)e"2? indicates that HIV-1-infected cells survive for t — ¢ time
units to release new inflammatory cytokines at time . The term B3(¢)e™"3? demonstrates the
probability that new immature HIV-1 particles at time ¢ — ¢ will survive for ¢ time units and
become mature at time 7. The function B;(¢), i = 1,2,3 satisfies B;(¢) > 0,

'Bi(@)dp=1and | Bi(¢)e Pdp <o, i=1,2,3,
0 0

where z > 0. Let us denote
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9) Z"(6) =15(0), 2V (8) = £4(6), £;(8) >0, 6 € [-5,0], j=1,2,...,6,

where " = max {s,s0,:3}, £;(0) € € ([-",0],R>9), j=1,2,...,6 and € is the Ba-
nach space of continuous functions mapping the interval [—3*,0] into R>¢ with norm
151 sup .- <e<o

= ‘6 j(s)‘ for ¢; € €. Therefore, based on the fundamental theory of functional differential
equations, we can say that system (3)-(8) with initial conditions (9) has a singular solution. The
functions ¥, ¥; ,i = 1,2,3 and Xy, k =1,2,3,4,5, are continuously differentiable and satisfy
the following conditions in(see [34]-[36]):

Condition (H1).

(i) there exists Py such that ¥ (Py) = 0 and ¥(P) > 0 for P € [0, P),

(i) ¥(P) < 0 for all P > 0,

(iii) there are & > 0 and @y > 0 such that ¥ (P) < ao— ayP for P > 0.

Condition (H2).

(i) ¥;(P,U) > 0 and ¥;(0,U) =¥;(P,0) =0forall P >0,U >0,i=1,2,3,

(i) Z¥AEY) ¢, 9*UPY) - 0, and C¥LPY) | o > 0 forall P> 0,U > 0,i=1,2,3,
(i) d,,("‘l‘ (PU)), _0)>Of0rallP>O i=1,2,3.
Condition (H3).

(i) Xy (p) >0 forall p >0, X (0) =0,k =1,2,3,4,5,

(i) X, (p) > Oforall p >0,k =1,2,3,4,5. Further, X, (0) >0,k =1,2,3,4,5,
(iii) there are wy > 0 such that Xy (p) > wyp forallp >0,k =1,2,3,4,5.
Condition (H4).

7 () <0, 5 (R0 <0.and 3 (BB ) <0foral RT.E,V > 0.
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3. NON-NEGATIVITY AND BOUNDEDNESS OF SOLUTIONS

Proposition 1 Suppose that Conditions H1 and H3 are satisfied. Then the compact set ® is
positively invariant for system (3)-(8).
Proof: First, we show the nonnegativity of solutions. The proof is similar to the
one given in [37]. System (3)-(8) can be written as: X(r) = Z(X(t)), where X(¢) =
(P(6), T(6),E(0),V (1),27 (1),2" (1)),

7= (Z1,Z,73,74,75,7¢)", and

ZX() ¥(P(t)) =Y, (P(t),V () =¥ (P(t),T (t)) — W3 (P(t),E (1))

ZoX (1) o Bi(@)e ™ 1P [, (Py, V) +¥2 (Pp,Tp) +¥3 (P, Ep) | do

73X (1) — (W +&r) Ry (T (1)) — AR (T (1) R4 (27 (1))

ZaX (1) - 12 [5? Ba(@)e PRy (T (1)) do — E R (E (1))

ZsX (1) B [P Bs(@)e PR (Typ)de —EvR3(V (1)) —wX3(V (1) X5 (ZV (1))
X (T (1)) Xa (27 (1) = Epr X (27 (1))

ZeX (1)

@3 (V (1) Xs (2 (1)) — & X5 (2" (1))
It is easy to see that the function Z satisfies the following condition

Z(X (1)) |Xi(t):07x(t)ecg§02 0,i=1,2,...,6.

Due to Lemma 2 in [38], any solution of system (3)-(8) with initial conditions (9) satisfies
X(t) € R>p for all + > 0. It means that model (3)-(8) is considered biologically acceptable as
long as no population declines. In addition, the orthant R>¢ is positively invariant for system
(3)-(8). The boundedness of the model’s solutions is then established. The nonnegativity of the

model’s solution together with condition H1 implies that [lgn supP(t) < %. Further we let
»xr o A T
Q) = /O Z1(9)Ppd @+ T + -7,
Determine the equation above, we get
) o A T
Q1 = [7 (0¥ (Po) dop— (1 +&) X1 (T (1) = S84 (27 ()

<a% - (00/0%l B1(@)Popdp — o (11 + &) T (1) — wzg‘zTZT (1)
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n 2{
<a—¢ (/0 «@1((P)P<pd§0+T+EZT) = o — ¢1Q,

where € = min{wy, @; (U1 +E7), &, }. Hence, tlim supQ (¢) < o7, where &) = %. There-
—>00
fore, we can obtain that tll)m sup7(t) < 7] and llim supZ’ (t) < $.off = ah. Then Eq. (5)
oo —>00
implies that

n

E=p | Ba()e PN (Ty (1)) dp — Ep R (E (1)) < o B K1 (Qu) — anEpE (1),

which confirms that lim supC(7) < @4, where o3 = “25—“;{1 Further, we assume that
f—>o0

Q, =V + £Z". Then, from Egs. (6) and (8), we have
=B [ Ba(p)e O (Ty) dp— & Xa (V (1))~ b X5 (2 (1)
< BANL (1)~ 0uEyV (1) — 03t 22V (1)
<BRI(Q) =0 (V+22") = BR1 Q1) — 422,

where & = min{m&y, wsE,v }. Hence, tli_>m sup Qs (1) < oy, where o) = ﬁg—i{‘ Therefore, we
can obtain that tli_>m supV (t) < o7, and tli_>m supZY (¢) < %42%3 = 5.

Based on Proposition 1, one can establish the compact set

E={(RT.E,V.Z"Z") € 6% : |P| <, ||T|| < A, ||E|| < 2, ||V < 4,

Z"|| < @,

ZV|| < a5},

which can be easily proved that it is positively invariant with respect to system (3)-(8).

4. EXISTENCE OF EQUILIBRIUM POINTS

In this section, we study the equilibria of the model (3)-(8) and derive the conditions for
their existence. Let (P,T,E,V,Z,Z") be any equilibrium satisfying the following system of

algebraic equations:

(10) 0=¥(P)-¥,(PV)—¥,(PT)—¥;(PE),

(1) 0= ¥, (PV)+¥2(P,T)+¥5(PE)] — (w1 +&r) X (T) - AKX (T) R4 (27),
(12)  0=w% X (T)—CeX2(E),

(13)  0=BA R (T) —Ev X3 (V) —yR3(V) Rs5(Z"),

(14)  0=0X(T) X4 (Z27) —ExRa (Z27),
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(15) 0=0X3(V)Xs5(Z")—ExRs5(Z").

Obviously, eqs. (14) and (15) admits two solutions X5 (ZV) =0 and X4 (ZT) = 0. Let us
consider the case when X5 (ZV) = Ny (ZT) = 0, we get two equilibria for system (3)-(8) as
follows:
(D) Infection-free equilibrium point, Dy = (Py,0,0,0,0,0), where ¥ (Py) = 0. This case de-
scribes the situation of healthy state where the infection is absent.
(IT) Point of balance for chronic infections with dormant immunological responses,
D, = (P, T1,E1,V1,0,0), from eqs (10)-(13) we get

e

~Se(m+ér) S (mtér)
{10 BB ¥2(E) = B %1% X3 (V).

¥(P)=Y¥, (PV)+¥Y2(PT)+¥Y3(PE)=

Condition H3 implies that X Iexists, is continuous and strictly increasing. From Eq. (16), we

obtain
_ -l @ff(f’))_ _ 1(#2%1@2¥(P)>_
rexit (G5g) = =t (ST ) = re
B\ B¥X (P
avex () =n e
From condition H1, f;(P) =0 for all P € [0, ) and fi(Py) =0, i = 1,2,3. Let us define
FL(P) =0, (s (P) + 92 (s (P) + 95 (s () — 2SS s () =0
153
Then from conditions H1-H3, we have
P10 = -2 s (o) <o, R =0,
Moreover,
' 0 0 / d 8 d
PP = S 5P S S (1) G2 S ) S - B () ),
then
/ oY, (P, 0¥, (R,0) JY, (R, ¥, (Py,0
F1(P0)—% + /3 (R) ;VO )+ a(PO 0 f1(Po)$

o, (R, 0)
JoP

Ws (P0,0) _ &v (i +&r)
e g SOf®R).

+ f (Po)
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Condition (H2) implies that M =0,i=1,2,3. Also, from Condition (H3), we have N; (0)

> 0, then

v (N1+§T) B %\ %5 ¥, (P,0) ﬁ«%«%ﬂ (Po)
Fi(h)= B %% Xa(0) 2 (R )<‘§V(.ul+§T>N/3( 0) JV +§ (11 +&r) R5(0) £5 (P)
9%2(R,0) B%\ B3 f; (Py) 0¥s(R,0)
aT & (Wi +&r) X5(0) f3(R)  OE ‘

From Egs. (16) and (17), then

B %% ¥, (P,0) n Z ¥ (P,0)
w +&r)R5(0) 9V (i +&r) X} (0) OE
% 0¥ (R,0) |
Ee (i +6&r) X5(0) T
From Condition (H1), we have ¥ (Py) < 0. Therefore, if

ﬁ%1<%3 3‘? (P(), )+ %1 8‘1‘2 (P(),O) X ,liz%]%z 8‘1‘3 (P(),O)
&v (i +&r) X5(0) o (m+&r)X;(0)  0JE Ee(m+Er)X5(0) 9T

then /', (Ry) < 0 and there exists P; € (0, ). such that f | (P;) = 0. From Eq. (17) and Condition (H3),

Fi(R) =¥ (P) ( T

>0,

we have
_ %1¥(P)> 1 (“2%1%2¥(P)> 1 <B@1¢@3¥(P)>
T = X! y Er=Xy =, i=X )
! ! ( i +&r : 2 Ee (11 +&r) : 3 &v (i +&r)
It follows that D; = (P, T1,E1,V},0,0), exists when
ﬁggle%)g a\P (P(), ) %1 8‘1’2 (P(),O) [.12%1%2 8\1’3 (P(),O) ~0
& (11 +&r) X5(0) 8V (i +&r) X (0)  OE e (m +&r) X, (0)  IT

We refer to D; as an equilibrium of chronic HIV-1 infection with dormant immunological responses.
Determining the model’s fundamental HIV-1 reproduction number Ry is essential. The existence of the

chronic HIV-1 infection equilibrium with dormant immune responses is determined by the following

method:
Ro = Ro1 + Roz + Ros,
where
Ry, — B %1% ¥, (Py,0)
& (m +&r) X5(0) V7
Ry — <%l alpz (P070)
Ym0 E
Rz — Hzg@lc@z 8‘1’3 (Po,())
03 :

& (m+E) R, (0)  OT
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It is notable that the equilibrium D; exists when Ry > 1, It ultimately establishes whether a chronic
infection can be proven. In fact, Ro1, Rgz, and Ros refer to the role of viral infection, inflammatory
cytokines, and cellular infection, respectively.

(IIT) Point of equilibrium for chronic infection with just CTLs response, D, = (PZ,TZ,EZ,Vz,ZZT ,0),

o

where Z #0and X, (T) = . then T = X! (%T) From Egs. (10) -(11) we get

(18)  Y(P)=W,(BV) 4 ¥ (PT) 4 W (PE) = (“l+5T+“4(ZT)> % (7).

B
according to condition H3 and from Egs. (12)-(13) we have
R (Th) = Ep Ry (E2),
B#3R1(T2) =&y R3(V2).

Then

Er— x5! (Hzﬂle (T2)> oy (m%zéﬁ) -0,

Sk &g

From we using Eq. (18), we define

F2(P)=%¥(P)-Y, (PV2)—¥2(PTh)—¥;(PEy) =0.
H1 and H2 imply that f , (0) = ¥ (0) > 0 and

F2(R)=—(¥, (P,V2)+¥2 (R, Th) +¥3 (P, E)) <O,

which also means that there exists P, € (0,FP) such that f , (P,) = 0. According to Eq. (18), we can get

ST _ g <(/~11 +&r) [ B\, (P>, V2) $,¥> (P, T2) P\Y; (P,Ey) 1]) _
2o A% [((m+8r) % (B)  (m+Er) % () (i +&r) X (T2)

where

0B, (P,V2) 0B Y2(P,Th)  ©%\Y;(P,E)

C Er(wmtér)  Er(wmtér) & ()

Here, R is the CTLs response activation number. Obviously, D, exists if R > 1. Depending on the

R

value of the parameter R, the CTLs response is either activated or not.
(IV) Point of equilibrium for a chronic infection with only an antibody reaction, D3 =
(P, T3, E3,V3,0,2Y), here Z # 0 and X3 (V3) = Z° then V3 = X' (%V) From Egs. (10) -(13) we

get



12 ABDELLATIF, ZIDAN, DAHY, ALY

¥ (P) =2, (V) + ¥ (A7) + 93 (PE) = P (1) = (A ) o )

_ Ui +E&r
B %%

(19) [&v+yXs(Z)] X3(V).

From Eq. (19), we get

From H1, we know f; (Fy) =0 and f;(P) > Oforall P € [0,P), i =4,5, define
F3(P)=%(P)=¥ (PV2) = W2 (P, fa(P)) = W3 (P, f5(P)).

Then, we get
F3(0)=%¥(0)>0, F3(R)<O.

Since F 3 (P) is continuous on [0, P), then there exists P3 € [0, F), such that f 3 (P;) = 0, from H3 and
Eq. (19), we can get
2V _ g <<§v [ﬁ%’h@s (F, (P3,V3) + W2 (P3,T3) +¥3 (P3, E3)) 1])
’ > \y Sv (11 +8r) X3(V3) .

(‘I’l (P3 ,V3)+\Pz (P3 ,T3)+\P3 (P3 ,E3))
Ev(u+Er)R3(V3)

response reproductive number is defined as:

Clearly, Z{ > 0 if and only if A, > 1. The antibody immunological

_ oA B (Y, (P3,V3)+ Y2 (B3, T3) + W3 (Ps,E3))

= £ & (i 1 &)

Thus, Zé’ = Ngl (%V R, — 1]) Depending on the value R;, the antibody response is either initiated or
not. Therefore, the existence of the equilibrium D3 is ensured by the condition R, > 1.
(V) Point of equilibrium for chronic infections with both CTLs and antibody responses

Dy = (P4, T4, E4, Vs, Z1 | Z) ), where

(& _1 [ MaPBryr (&
=X (22 g =x;' (B2 =x;! (Z
4 1 <G P 2 ot > Va 3 \wo )’

from eqgs. (10) -(11) we get

£ (P) =, (PV) 42 (PT) 485 (PE) = (‘“ *5@’:&4(2”) 1 (7).

QD) BAR(T)= (& +yXs(Z')) R3(V).
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Let T, =T,E4 = E,V4 =V and define
Fa(P)=%¥(P)—, (PVs)— W2 (P,Ty) — V5 (P,E4).

Then, we have f 4(0) =¥ (0) >0 and F 4 (R) = — (P, (P, Va4) + V2 (P, Ts) + V3 (Py, E4)) < 0. Thus,
there exists Py € (0, Py) such that f 4 (P4) = 0. Moreover, from Eq. (21), we have

T gt (M +8r) B [0 (Y, (P V) +Wa (P, Ty) + W3 (P4, Es))
7= (M0 & (i + &) )

then, we get

-5 (58]

where R3 and Ry represent the competitive reproductive numbers of CTLs and antibodies, respectively,
and they are provided as

R — G(‘Pl (P4,V4) +¥, (P4,721)+‘P3 (P4,E4)) R, — (Uézrﬁgg3
3= ) 4

Ezr (1 +&r) - obvéy

Parameters determine the efficacy of the CTLs and antibody immune responses Rz and Ry. Therefore,

the existence of the equilibrium Dy is ensured by the condition R3 and R4 >1 and we can write ZZ =

x,! ((“H'flﬂ Rz — 1]> Z) = Ns_l (%" Ry — 1]) . The threshold parameters are given as follows:

 BBB ¥, (R0) 7 W, (P, 0) WLBB W (P,0)
CTE W TE)RS0) V(&)X (0 9E & (mté)Ry(0) 9T
9“:crgglll’l(Pz,Vz) c %Y, (P, T,) 0% Y;(PE)

S (m+&r)  Ep(m+ér) G (u+ér)
(22)
R, = OB% %5 (Y, (P3,V3) + W2 (P5, T3) + V5 (P3, E3))

&vzv (U1 +&r) ’
oty = OOV (Ve W (P T) 15 (P Ey) o, @Ep BBy
&z (1 +8r) ’ oy

5. GLOBAL STABILITY

In this part, we illustrate the global asymptotic stability of all equilibrium using Lyapunov func-
tional theory. Define y(A) = A — 1 —In(A). Furthermore, a Lyapunov functional candidate is defined
®;(P,T,E,V,Z",Z") and let I"; be the largest invariant subset of

dd;
I = {(P,T,E,V,ZT,ZV) : dTl :o}, i=0,1,2,3,4,
and define
.Y (PV) ¥ (P,T) Y3 (P,E)
23 Fi(P)= 1 L 7, (P) = 2 P (P) = ’
@3) 1(P) = lim vy 2P =lim sy AP = lim
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Based on Conditions (H2) and (H3), we obtain

71 (P) = N,;(O) PUED) o,

75 (P) = x;1<o> PR o

F3(P) = N;(O) 8‘{138553 0) for any P > 0,
moreover,
(24) Z, (P)>0, i=1,2,3.

Thus, the basic reproduction number R, can be rewritten as

_ BBB B U B\ %>
L mray P ey P e ey

to investigate the next Theorem 1, we give the following condition [39]:

EK0 93(1)0)7

Condition (H5)

(i) The supremum of “Z? Eg is achieved at P = Py for all P € (0, Py] ,

F5(P)

(ii) The supremum of P is achieved at P = R for all P € (0, Py].

Theorem 1. If Ry < 1 and conditions (H1)-(H5) Dy be satisfied, then is globally asymptotically stable
(G.A.S).

Proof. Construct a Lyapunov functional as:

P 7 (P 1 T3 (R 71 (P A 71 (P
Oxl(o)deJriTJr 3(0)EJr 1(0)V+ Y 1(R) v

R 1 (9) P gE év 0% wév

1

b [ B0 [ (P(0).V(0))+F2(P(9).T (9)) + ¥ (P(9) E (9))] dodp
170 t—@

+”2‘i3E(P°) 0%2%(<P)/t;pxl(T<¢)>d¢d¢+l3<@éyﬂ/O”3@3(¢)[t X, (T (9))dodeg.

—-¢

Dy =P—Py—

We note that, ®y(P,T,E,V,Z",Z") > 0 for all (P, T,E,V,Z",Z") > 0, and ®y(Py,0,0,0,0,0) = 0. We

calculate % along the solutions of model (3)-(8) as:

ddy <1 _Zi(R)
dr 71 (P)

) (¥ (P) ¥, (BV) ~ %2 (RT) W3 (RE)) + -

X < 0%1 B1(9) ¥, (Pp, Vo) + W2 (Pp,Tp) + W3 (Pp,Ep) | do — (1 + &) Xy (T) — AR (T) Ry (ZT)>

+ «?EZPO) (uz/(;”z PBo(9) %, (Tw)d¢—§EN2(E)>
+ﬁ1€(Po) (3 7 ()N (Tp) do— & %3 (V) — wa (V) Ns(ZV))
14 0
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V.71 (R)
oéy
1

+ @1/0%‘ P1(9) (¥, (P.V)+¥, (P.T) +¥; (PE))do

+ A (oX(T) Ry (Z") =& R4 (Z7)) +

o7 (@R3(V)Rs(Z2") —En s (Z2Y))

x| 1
—g/ %((P)/ (¥ (P, Vo) +W2 (P, Ty) +¥5 (Py. Ey ) ) dp
170 t—@

22 [ g gy (ryap- 2T [ oy (1) ap
(25) +IWI§V(PO) 0%3,%73(¢)R1(T)d(pﬁ‘%§v(1)0) 0%3(@73(¢)N1(T¢)d(p.

Collecting terms of Eq. (25), we get

oxe (-2 v en 2 W men 20 b e 20

(26) — %fl (1 +&r) X1 (T) = F3 (Po) Ro (E) = 1 (Po) K3 (V) — G;léﬁ Xq (2")

15

VAR e s (2v) 2T R /O%Z%UP)M(TM(HB% () Ak3@3(¢)N1(T)d¢-

Sk Ev

oSy
From condition H4 we get

¥ (V) _ . W(RY)

o) v Sy W ) S -
B BE)  jyy BBE) _ 5y,

NQ(E) T E—=0T NQ(E)

Then,
¥, (PV) < F1(P)R3(V), W,(RT)<X(T)F(P), Ws(PE)< Xy (E) F3(P).

Therefore, Eq. (26) will become

d®, 1 (R) pu F> (P) F3(P)
? §¥(P) (1 — 7, (P) ) + X (T)Jl (P()) 7 (P) + R2(E)</1 (PO) 7 (P)
- %11 (1 +8r) Xy (T) — F3(Ry) X2 (E) — 6/}%52 Xy (2") - w?épo)‘fz Xs(2")
LT (R) [ B (@)X, (T)de + B\ (R) /”3 B3(9) X (T)do.
ée 0 &y 0
Condition H5 implies that
20 2, (r) < 2 2, () = 2 (r), 20) 7, (1) < ) 2, () = 7, ()
Zp) S AR AP AR

then
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A

= T3 (B) ¥ (E) = - Eur R (21) - V71 (R)

oy

S 7 gy (g + BT 17 g, (1),
E 0 &v 0

Substituting inequality and using ¥ (Py) = 0, we get

A F1 (Py)
o <we-xm)(1- 20

(W +&r) (B«@h@}g\l (R)  P$1F2(Ry)  WPB1%rF3(R) _1> X, (T)
%, &(m+ér) (Wt T &e(mi+ér) 1

e (@) - YT g (27)

En X5 (ZY)

+

(¥ (P)-¥(R) (1—% (PO)) e @ 1yw, (1) —

A
%1 %1 ézT N4 (ZT)

Conditions H1, H2 and provide that ¥ (Py) = 0 is a strictly decreasing function of P, while .%; (P) is a

strictly increasing function of P . Then,

(¥ (P)—¥(R)) (1 _ (PO)) <0.

Z1(P)

If Ry < 1 then 42 <0 forall (P,T,E,V,Z",Z") > 0. Moreover, 42 =0 when P=PR), T =2" =7" =
0. The solutions of system (3)-(8) converge to I, and (P,0,E,V,0,0) € I',. According to LaSalle’s
invariance principle we have tlggP (t) = Py and }52 T (1) = ,ILIE,ZT (1) = }LrgoZV (t) =0. Then, P(r) =0
and T (1) = Z" (t) = Z" (t) = 0. From the Eq. (5) and the Eq. (6), we have E = &£ X, (E) <Oand V =
—Ey X3 (V (1)) < 0, this leads ,IEE,E (1) = tlggV (r) = 0. This implies that the largest invariant subset of
F6 = {Dy}. LaSalle’s invariance principle (L.I.P.) reveals that Dy is G.A.S [41]. O

Remark 1. From Condition H2 and Condition H4, we can get

an e ev)-wew) (ST S0 <o pvvisoi-1234

which leads to

_lPl (P,V,) lPl (P’V)_ N3(V) : .
(28) (1 ¥, (I’,V)) <‘P1 V) Rg(%)) <0, PV,Vi>0, i=1,2,3,4.

Define the following functions [39]:

U (RT) oy B(RE)

(29) 3 (PT)= ¥ (PV) i @ (PV)

. i=1,2,3,4.

~—

We state the following condition:
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Condition (H6).

_Sen) (SR x(T) g -
(1)(1 e ))(&T(P,-,m s ))<0 Pe(0,R), P,T,T;>0, i=1,273,4.

(RE) (SEPE) _ (k) L -
Gi) (1- ST(PE))(&E(&E) ) <0, PE(O.R), REE>0, i=1234

Using the definition of &T (P,T) given in condition (H6), we obtain
Y (PT)Y:(P,V:) Xi(T) W (PV) W2 (P, T;) X1 (T)

W (P T (BYV)  X(T) W (B (P.T) R (T)
(O FTED (SR X1
(30) ‘(l‘sﬂm)<s;<n,n>‘x1<n>>’ =haa
and
V3 (PE)Y (P,V:) Xa(E) P (P.Vi)¥5 (P, E;) X, (E)
Y5 (PLE) Y, (PV;) X (E) Y, (P,V;)Ws; (P.E) X2 (E;)
B 37 (PLE) ( SF(PE)  Xa(E) .
Gh - <1_ 57 (P.E) > <sf<a,a> - ME»)’ i=1,2,3,4

The following equalities are taken into consideration for usage in the following theorems:

N ¥, (Pp: Vo) I ¥, (Pp, V) Ri (T3) L(EEV)Y L RU(T) R (Ei)
I (>_1 ( >+1 <.)>+1 ()

Y (PV) ¥y (P, Vi) Ry (T) X (T;) X2 (E)

In ¥ (P, Typ) I ‘PZ(PWT(p)Nl(Tz) +ln<‘1‘1 Pi,Vi)>
Y, (PT) | ¥, (P, T;) X1 (T) ¥ (P,V;)
¥y (PV;)¥2 (B, T;) Xy (T)
i <‘Pi<a,v>\i<w>x <T,>>’
(3 (PoEg) \ | (5 (Po.Eg) X1 (T) +ln(‘P1(1’i,Vi)>
¥; (PE) Y3 (PL,Ei) X (T) ¥ (PV;)
1(T) Xa (E;) W1 (PV;)¥5 (P, E;) X2 (E)
i ( (T) X2 (E ))““(LP@, V)Ws (PE) X, (E >)’

NI(T) 1(1 E)

X
Xy (Tp) X1 (Tp) X2 (Ep) X (T;) X2 (E)
ln< ) " ) X2 Hn( ( Nz(ﬂ'))’
(32) ln<N1(T¢)>:1n i;l(T)§3(V")+ln<xl(mx3(v)>, i=1,2,3,4.

Xy (T) (T}) X3 (V) Xy (T) X3 (Vi)
Theorem 2. If Ry > 1, Ry <0 and R, < 0 conditions (H1)-(H4),(H6) D, be satisfied, then is (G.A.S).

Proof. Construct a Lyapunov functional as:

Py (P, V) 1 ( T Nl(Tl) )
® =p—p— [ Mg (71— 4o
: N SN TR 7 ') R (6)

X (
Y3 (P, Er) E X, (Er) ¥ (P, V1) V' X3(V1)
S BB L @) e (VL e )
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A yL(PLV) ¥ (PL,V1) [ 4 L[ (P(9),V(9))
+679312 +w§vx3(V1)Zv+ 2 /o %1(¢)Z¢X[ ¥y (P, V1) ]dgbd(p
¥, (P, Th) [* - O [¥2(P(9),T(9))
+ 20T 7 5) /wx[ <P1,T1> }d«pwp

Ww¥s (PLE) Ry (Th) (T(‘P))
HEE b '%("’)/-<p [ 7)

(
BY, (P,Vy) Ry (Th) [ - (9))
Sv X3 (V1) 0 %3(<p)/t_¢x[ X (T7)

We calculate % and summing terms, we derive

dd . ¥ (PI,V) ¥, (Pl,Vl) ¥, (Pl,Vl)
Tfl_¥(P) <1_ ‘Pll (P,V11) ) T EY) ¥ (PW) T¥2(PT) ¥ (PVh)

)‘Pl (P, W) _1/“'93, )‘P. (Pp, V) X1 (Th)

5 ]d¢d¢
1 (T

]d¢d¢.

+¥s3 (P,E

v (PV) B Jo Xy (T)
LIy [ g i
— (0 &) X1+ o G 6) X (7)) + AR (7)) R (21)
—‘2‘5;’3;’?3 S <>“<>“<> (e T
+ (g V) X5 (2V) — A A (z") - Igm% Xs (2")

¥ (PLVY) [ s ¥, (Py,Vy) W, (P, Ty) [ - Y, (Py, Tp)
+ 1‘%31 1 /0 %’1((p)ln< ¥, (§>d(p+ ZL%}I 1 /0 (@M(p)]n( ‘Pz(;P),Tq)) )d(p

(PV
W5 (P,E)) W3 (Py,Eg) w¥; (P, Er)
+%/o %’“(p)ln( v, (2 ) >d¢+2311

| #orxi(1)d9

E SeXo (Er)
W3 (P, Ey) Xy (Th) 1 (Ty) B‘Pl BY1 (P1,V1)
& %o (E1) ( (T) ) By PO ()

l
BY: (P, Vi) X4 (Th) - 1 (To
T E W) /o ‘@3("’)“‘< <>> ’

Using the following conditions for equilibrium D :

(w1 +&r) ET)

¥(P1):‘P (PI,V1)+lP2(P1,T1)+lP3(Pl,El) 7

X (Th),

U B Xy (Th)
e

B#:X1 (1)

X, (E)) = Z

, X3(Wy) =
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Then, we obtain

%:(¥(P)—¥(P1)) (1—\m)—‘r(‘Pl(P],V])+lP2(P1,T1)+lP3(P1,E1))
W, (P, V) W (V) W, (P.T)¥, (P, V1)
(1_ ¥ (PV1) ) +lpl (Pl’vl)‘l’l (P,V1) +T2(P1’T1)T2(P17T1)‘P1 (P,V1)
‘Pg,(P,E)‘P] (P],V]) ¥, (P],V]) L \Pl (P ,V)Nl(Tl)
+lP3(P1’E1)‘P3(P1,E1)‘P1 (PVI) % /0 i >‘P1 (E,V?)Nl(T)

W (PLh) W, (Pp, Tp) X1 (Th) W (PLE) [

) )%, (B 1) R (T) g |, A
¥ (Py, Eg) X1 (T1) X, (T)

do—¥, (P, Th) +W¥, (P,V1) +¥2 (P, Th)

X (Th)

lP3(P1,El) 2 . Nl(T(p) NZ(EO
= PO e

¥ (P, V1) [ - X, (Ty) X3 (V1)
7 /0 O v @

A
r%)l ézT N4 (ZT)

\P3 (P],E]) N] (T)
A
+ W3 (PI,E1)+§1N1 (Th) R4 (27) -

X, (E)
Ey)

1
V)

—lP3 (P] El)

+¥3(PLE) —

Ro (
N ( \PI(PI)VI)
iy AW+ s (1) -

N3
l[/‘P](P],V]) ‘P](P],V]) L™ lP1 (P7V)
s v N @)+ G | Al (wm) 0

+WA%IQ1(¢)1H (lPZ(P"”T"’)> d(p+w/0%la@1(¢’)

¥ (P1,V))

B, W, (P,T) 2
‘P3 (P ,E ) lP3(P1,E1) 2 . NI(T)
Xl“<M>d¢+%L %“”)“‘( w“})‘”’
Y (P, V1) [ - Xy (7o)
+7$3 /o %3(¢)In ( X, (7?) )d‘P

Using the equalities represented in Eqgs. (32) in case of i = 1, we get

dy
dt

:(¥(P)—¥(P1))<l_m

y Y (P,V1) - ¥ P17V1
¥ (V1) ¥ (PV1)

‘Pl(P1,V1)/"‘ - ¥, (P, Ve
_ DA g
B 0 1(9) ¥ (P, Vi

)—(wl (PLV) s (PLT}) s (P EY)

¥, (P, Ty) /%1 . W5 (Py, Ty
AR YA 7
7 A 1(@)

Y3 (PLE) [ - Y3 (Pp,Ey) X1 (Th) W3 (Py,Ep) X
_71[) %1()( o9 —l—ln< Ld (PN

de

19
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IR 17 g (SR (SR )
B [ e (S (M))
—‘*’ZSI’T”,/Z%W(iiiﬁféiﬁiiff;?ﬁﬁf?fi (G )

Y
PV "P3(P1,E1)N2( )lln<qj1 (P,V])lP3(P1 E])Nz(E)))

\P3 Pl;El / < (
W, (P,V1)¥; (P.E) X2 (E)) W, (P,V)) %5 (P.E) X2 (E1)
¥, (PV) X3(V) Wi (PV1) R3(V)
A, Vl)(%(avn %5 (1) ”wavm(v]))
W (PT)Y: (P, Vi) Xy (T) W (PVI) W2 (P, T) Xy (T)
+\P2(P1’Tl)(‘l’2(P W, PV X (1) ‘Pl(Pl,Vl)‘Pg(P,T)Nl(TI)>
Y3 (PE)Y (P1,V1) R(E) Y (PVI)¥s3(P1,E) X2 (E)
+\P3(P“E1)<\P3(P1 E\)Y, (PV)) xz(El)*1 ‘Pl(Pl,Vl)‘I’g(RE)Ng(El))
e (m (1) - 52) (@) 4 LY (xg V) - ég,) %5 (2Y).

Using the definition of 7 (P,T) and §¢ (P,E) given in condition (H6) and Remark 1 from Egs. (30)-

(31) in case of i = 1, we obtain

% = (¥(P)—¥(P)) (1 - ?l(fé’;l))) — (¥ (P, V1) + %2 (P, T1) + 95 (P Ey))

2 () 25 [ i (G

N Ly I (Ez(gfl?fg o gl))) tg- 5 [T o)
(T oo 100 [ o (e ’%i%iizivf)w

e ( NQITTq’I :: 5 ) Rl
(o 5 o G

LR <$i$l,véllp\§3pé’?x2<; )4

+W1 (P, V1) (l—ql;l((i‘:/l))> (\pl (P.V1) ))

+¥2 (P, T1) (1 - gg{{(g,g)) (;T(E: ;)) N ((;)))
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it (PhEl)) ( ST (PE) N2(E)>

+W¥;(P,E)) <1 —

5% (PE) §E(PLE)  Xa(E))
A ¥ (A1) Y v
+— (X (1)) = X (D)) Ry (Z7) + L (X3 (V) — N3 (V3)) ®5 (ZY).
%1( () — X1 (T2)) Xa (27) & Ra (V1) (X3 (V1) — ®3(V3)) X5 (2")
If R; < 0and R, <1 thenD; does not exist because 22 =X, <( [931 — 1]> <0and

ZY = x;! (%[9%2—1]) <0. Thus

ZT:o<§z1(T)—%T> X4 (Z") =0 (X (T)— X (T2)) X4 (Z") forall Z" >0,
Al :w<N3(V)—€aZ;> Xs(Z") =@ (X3 (V) — X3(V3)) Rs (Z") forall Z > 0,

which implies that X1 (7)) < X; (T2) and X3 (V) < X3 (V3). Therefore, <>t < 0forall P,T,E,V,2Z",Z" >

0. Moreover, dg;] =0whenP=P,T(t)=T,E(t)=E,V(t)=V;, x()=0,Z" =0and Z" = 0.

The solutions of model (3)-(8) converge to I}, where P(t) = P, T (t) =T, E(t) = E;, V(1) =V},
=0=Z2" =0 and this yields that I, ={D, }, and from L.L.P. we obtain that D; is G.A.S.[J

Theorem 3. If R; > 1 and R4 < 0 conditions (H1)-(H4), (H6) D, be satisfied, then is (G.A.S).

Proof. Construct a Lyapunov functional as:

P, (P, Va) 1 ( T R1(7“2) >

O, =P—PB — — 2 d0+— T -1, — do

2 27 Jn, (0,15 B > ) xi(6)
)

l113(1:’2,E2) <E—E2_ E NZ(EZ)d ) ¥, (Pz, ) <V—V2— \4 N3(V2)de>

Se X2 (E2) E, R2(0) &y R3(Va) v, X3(0)
A T z' Xy (2 ) Y (P, V)
+o:%1 (Z -z _/ZT ( ) ) a’év%(vz)zv
‘P1 (P, V2)
G Mo [ 1 [P Gy oo
‘Pz(Pz,Tg) T(¢)

B /0 [ Pz,Tz) ]d(pd(P
wgg,liz)/o %((p)/t(px[ l(113((})2’)32(;?))]d(pd(p
[ [ (478

BY:1 (P, Vo) X1 (D) [ - ' X (T (9))
R A [ ) /t(p"[mm) ]d¢d<p.

We calculate dt2 and collecting the terms, we obtain

dCI)z _ ‘P] (PQ,VQ) \Pl (PQ,VQ) ‘P] (PQ,Vz)
— =¥ (P) (1 ~ W (V) ) +%¥, (PV) W, (V) +W¥,(PT) W (V)
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Y (P, V2) 1 Xi(D)

+¥3(PE) v, (PVy) % X(T) Jo

931(‘1’) (¥, (Pp, Vo) +¥2 Py, Tp) +¥3 (Pp, Ep) | do

- (&) N1<T>+$%<ul+éﬂ X1 (1) + A (27) 4 (1)
2 ;I:z(Ez)) X, ((E;)) w [ Beo)x, (Tp) dp — W5 (Py, Es) ;‘22((]?2)) + W5 (P, E>)
Y (P, W) X3(a) X3 (V)
5% (Va) Ra(V) B/ B3(9) X1 (Tp) dp — 1 (P2, V2) X5 (V) +¥1 (P, V2)
RACAON 2 ) )
Z, Xs(ZV) - %NI(T)N4(ZZT)_T%§ZT N4(ZT)+67%‘SZT X4 (2Z7)
v (P, V2) ¥ (P, Vo) [ P, (Pp, Vo)
B8 () Ev s (ZV) + — 2 /o %1(9)In ( ¥, (;’;7‘/‘1’ )d(p
PG o (i oo G o (o
W5 (P, E>) Ww¥s (P, Ey) Ry (Th) [ - X (7o)
SeXa(E2) Jo %2((1)) {(T)do+ SERo (En) /o #:(¢)In < X (T) )d(p
BY, (P, V3) BY: (P, V2) Ry (T2) [ - Ry (Typ)
R (V) o " F(9)%: (T)do+ 5% (V) /0 %(@)ln( X, (7) >d<p-

Using the following conditions for steady state D;:

¥ (P) =Y, (P,V2) +¥2 (P, T2) + V3 (P2, E2),

(Wi +8&r) X1 (1) = B1 ¥, (P, Va) + W2 (P2, T2) + W3 (Py, E2) — AR (T2) Ry (Z3),

Ro(Ex) 2 N3(V2) @3E X, (Ty) = ng

Xi(B) & Xi(D) Ev

then, we obtain

(¥ (P)_¥(P) (1 . ‘};fgvv;))

W, (P, V) ¥ (PV) W, (P.T) ¥, (P, V)
X <1_ ¥, (P,V2)> Y1 (P, V2) ¥, (P,Vs) +¥2(P, 1) Y, (P, To) ¥, (P,V5)
Y3 (PE)Y (P, V2)  Yi(P,Va) /%'%3 ((p)lpl (Pp: Vo) X1 (T2)
Y5 (P, E2) P, (P,V5) 2 Jo TV W (P V) R (T)
¥, (Pz,Tz) z . ¥, (P(p,T(p) NI(TZ) Yy (PQ,EQ) 71
S A E e, )
y W3 (Py,Ep) X (T2) X, (T)
Y3 (P, Er) X (T) X (T»)

Y3 (Pz,Ez) A N (T ) Nz(Ez)
P> /0 #2(9) Nl(;fz)xz(E)

dd,
dt

> + [, (P2, V2) +¥2 (P2, T2) + W3 (P2, Ey)]

+¥3 (P, E>)

do —¥, (P, Vs) +¥, (P, V1) + ¥ (P, Th)

+W¥s3 (P, Er) — do —¥; (P, Ey)
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_|_lp3(P27E2)_\Pl(Pz’VZ)/O%3 7 )Nl(T(P) N3(V2)d _p, (Pz,Vz) N3(‘/)

3 X (T2) X3 (V) ¢ X3 (V2)

¥y (P, V2) [ ¥, (Py,Vy) Vo (P, ) [ -
+wp,v+7/<@ 1 7d+7/@
1 (P2, Va) 7 | 1(p) n( ¥, (P,V) (0 7 A 1(p)

le (P ,T) ‘P_3 (Pz,Ez) S \PB (P 7E )
x In (‘PZ(;,T;)) d(p—I—Tl/O #1(@)In (‘{@((PP,E()p> do

Y3 (P, Ey) [ - X, (7p) Y (P, V) [ -
% /0 «%(w)ln(xl(;’)>d¢+ 7 /0 %(9)

(00 ) g M (4,2 Y, )

Xy (T) Sv X3 (V2) o

Utilizing Equalities (32) for i = 2, we obtain

% = (¥(P)-¥(P)) (1 ¥ (53,‘22))) —[¥, (P,V2) + 2 (P2, T2) + W5 (P3, E»)]
¥y (P, V2)
. (%(sz) <\p1 V) )
1 (P, V) . (P Vo) Xy (1) @, (Py,Vy) Xy (T2)
I T) l_ln< AT T)>>d(p

Y (P, T>) /"‘ -
_2Wnh) g
3 0

Vs (P, Er) [ -
- =222 [T )

e “’”(ir]l((%

B e (SR e )
e (wmvewy M (wevew)) @

SHABL) 7 ) (BB RN Dy (R ) ) a

ST [ ) (R N ] (i e )
e (B0 R 0)

1) (G R v R A TR ()

i) (EETE e B

PR (S )
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Using the definition of §7 (P,T) and ¥ (P,E) given in condition (H6) and Remark 1 from
Egs. (30)-(31) in case of i = 2, we obtain

do,

=¥ (P —¥(R)) (1_‘1%

¥y (P V2)
¥ (P, V2) ¥ (P, Vo) [ - W, (Py,Vp) Xy (T2)
XX ( ¥ (P V2) ) B /0 A(o)x ( ¥ (1(”;,‘/(2) X (T) ) 49

Y (P, ) [* - W, (Py,Tp) X1 (T2) Y3 (P, Ey) [ -
! ‘@“‘P)X(‘Pz(é,?s)m(T))d‘”_ w2

X X <T3 (Pp, Ep) X (T2)> do— P12 V2) /0%3 B3(0)x (Nl (To) N3(V2)) do

) W (P V) + W (P ) s (P, )

Y3 (Py,Ex) Xy (T)

Y3 (Pz,Ez) 2 Ny (T ) Nz(Ez) ¥, (PZaVZ) o
90 v )02

¥y (PV2) X3(V) ¥ (P, ) [ - ¥ (PV2)Y2 (P2, o) Xy (T)
"(%(Pvms(m)d"" G | A (G )
‘P3(P2,E2 <lP (P,V2) W3 (Py, E2) X5 (E ))

¥ Pz,Vz lIJ3 PE) 2 (E2)

¥, (PV,) 3(V)
+‘P1 PZ,VZ <1 1};1 PV > ‘I’l PV2 VZ))
(P [ §L(PT) 1(T)
—}—\Pz P27T2 <1 32 PT >< 2 PZ,TZ N](T2)>
§E(PLEy)\ [ BE(PE) Xa(E ))
Y3 (P,Ey) [ 1—
+¥3 (P2, Er < 35 (PE) >(32 (Py,Er) Nz(Ez)
Y, (P, V;
LY VD) ) s () s (2).

Sv 3 (V)

If R; > 0 and Ry < 1 then D, does not exist because and Z) = Ns_l (%V Ry — 1]) < 0.Thus

Z'=o <N3(V)€év> Xs(Z) =@ (X3 (V) — X3(V4)) X5 (Z") forall Z >0,

which implies that X3 (V,) < X3 (V4). Therefore, dg? <Oforall L,T,E,V,Z",Z" > 0. Moreover, dj;z =0

when P=P, T(t) =T, E(t) =E, V(t) =Va, x(.) =0, ZT (t) = ZI and Z" = 0. The solutions of

model (3)-(8) converge to I's, where P= P>, T (t) =T», E(t) = E», V(t) = V5, x (1) =0, ZT (¢) = ZZT,
= 0 and this yields that I, ={D, }, and from L.LP. we obtain that D, is G.A.S.0J

Theorem 4. If R, > 1 and R3 < 0 conditions (H1)-(H4), (H6) D5 be satisfied, then is (G.A.S).

Proof. Construct a Lyapunov functional as:

P, (P;,V3) ( TRy (T3) >
Py =P—P;— 7'0394-7 T—-T;— ~~d0
’ e ¥ (6,v3) P Y (0)
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Y53 (Ps,E3) E R (E3)
Ee¥s (Bs) (E‘E " e %2(0) d")

¥y (P, V3) v [V R3(V) At
(év—H//Ns(ZV)) N?,(V_O,) <V Vs V3 N3(9)d9)+0<@12
14
3

v (P, V3) 2" R4 (Z])
Jr(éerlI/Ns V) @ X3 (V3) (ZV Zg_/% X4(0) dG)

(%
p3v3/ B / [ %%VS(P ]dq,d(p

(
)
‘Pz P3,T3/ /t [ 1}12 P3,T3§¢ } dode

¥ 3 (P3,E3) - ! E(9))
=22 /O 5[ [ % PS’ ) }dmﬁp
W3 (P, E3) X (T3) [ 1(T(9))
- 8e X2 (E3) /0 %2((p)/t—¢x[ Xy (T3) ]dq)d(p
(

BY: (P3,V3) X (T3) - ! X (T(9))
AL 200 [ x|y |4ede

d<bq

We calculate and collecting the terms, we obtain

dd; W, (Py,Vs) W, (Py,V5) W, (Py,V5)
¥ (1‘  (2Va) ) RV g vy TP g )
¥, (P;,V3) 1 X (T3)
lPl(PVg) %1 N]( )

+W¥3(P,E)

/ B1(0) [P, (P, Vo) +W2 (Pp, Tp) +3 (Py, Ep) | do

—é(uwér)m( ) B+ E) R (1) AR (75) Ko ()
W3 (P, E3) X X, (E)
5;&2(E3) sz / %2 )Nl (T(P) d(P lP3 (P3 E3) Nz(E3)

¥ (P3,V3)
(gv + Y ¥ (Zé/)) N5 (V%
B ¥ (P3,V3) ¥ (Ps,V3)
G rwss () %00 VT G s ()
v (P, V3)

P, (Py,V3) A
1\£3,V3 ]I/N5 (Zv) _T%éZT N4( ) (§V+WN5( )) N3(V3)

(6v +w¥s (%))
s (2)

Epy¥ (P3,V3)
@ (&v+y¥s(Z))) X3(V3) @ (& +yXs(2))) };3(vs)

3
(V) /0 A(p)n (‘Pl (P(,,,Vq,)> do+ ¥, (;,n) /Om By(o)n (% (P(p,T(p)> do

B 1 ¥, (P,T)

Y, (P3,E3) I Ys (P ,E ) ‘uzlP3 (P3 E3)
= /0 «%((p)ln< By >d<p+§EN2(E3) A “Fa(9)R1(T)do

+W¥5 (P, E3) —

X V
el 33/ B(9)X, (T,) do

&v

R3 (V) Rs(ZY)
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W3 (P, E3) Xy (T3) [ - , X, (Ty) B¥: (P5,V3)
* Ee X, (E3) /0 (o)1 < X (T) )d * (&v +wRs(Z))) R3(V3)

ey BY: (P3,V3) X (T3) Sy X1 (7p)
A By(0) R (T)do + &+ us (20)) N3(V3)/o %’3((P)ln< %, (T )dfp.

Using the following conditions for steady state Ds:
¥(P3) = ‘Pl (P3,V3) +Y¥, (P3,T3) +¥; (P3,E3) ,
(+&r) X1 (T3) = %1 [¥, (P3,V3) + W2 (P3, T3) + W5 (P, E3)],

Ro(E3)  _, M2 _ —
ximy) g TV ()= Sy =T

then, we obtain

dt

¥ (P3,V3)> ¥ (PV) ¥, (P,T)¥; (P3,V3)
w (1- 235 g (py v LW (BT
< 1 (P 3)‘1’1 (P,V3) 2(Ps 3>‘P2(P3,T3)‘P1 (P,V3)

45 _ (¥ (P) — ¥ (P3)) (1 - w) + ¥, (P3,V3) + W2 (P, T3) + W3 (Ps, E3)]

) P 1)
G e s e G R R e
— ¥, (P;,T3) ::1 ((2)) +W¥, (P3,V3) + W2 (P, T3) + W5 (Ps, E3) + %xl (T3) R4 (Z7)
%(;32’&)/0 AC)) xl((n))z if)d(p W, (Py, E3) ;zz(g))+‘P3(P3,E3)
W/O AL i‘l({T“;))z gﬁdqa ¥, (P3,V3) N3<(“//3))+lpl (P, V3)
A o rRa(Z)+ Ll P3’V3 / (lm)d(p

¥, (P, T3) [ - W, (Py, Top) W3 (Ps,E3) [ -~ W3 (Py,Eyp)
= 3/0 %((P)ln(%(;’;;g )d<p+3%f1 3/0 %(w)ln<%(;E;’ >d<p

W5 (P3,E3) [ - X (7)) W, (P5,V3) [ - X (Ty)
e | %2((p)ln(xl(;f)>d(p+l ol %3((p)ln<xl(7?)>d(p.

Utilizing Equalities (32) for i = 3, we obtain

— (¥ (P)—¥(Py)) (1 _ ‘f{’,ll((l’;»‘g)) — ¥, (P3,V3) + W, (P, T3) + W5 (P, E3)]

(e Caei)

dds
dr
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B [ (BN (e 001 )
BT [ (BT (BTN,
BB [ g (B XL (Sl )

B e (S (S ) )

BB 7 ) (e i B (A Y Y ag
YSBE) [ g (EVP BN (YR )
P (G o e

) (G v ) s 0 1))

),
Y5 (P E)Y (Ps5,V3)

Xo(E) | W1 (PV3)¥5(Ps,E3) X (E)

Y5 (P E
¥ (B, 3)<‘P3(P37E3)‘P1 (P,V3

+g% (m(ﬂ)—%) Xq (27).

)

) Ra(Es)  Wi(Ps,V3)¥; (P.E) X, (E3)

Using the definition of §7 (P,T) and ¥ (P,E) given in condition (H6) and Remark 1 from

Egs. (30)-(31) in case of i = 3, we obtain

4@ _

o= - e (1-

¥ (B3, V3) ¥

¥ (P3,V3)
¥ (P,V3)

) —[¥, (P3,V3) +¥2 (P, T3) + W5 (P3, E3)]

(PB,V3 lPl (P(pvv(p) NI(T3)

(358)-

(B, T)
P

¥ (P V3)

'/0%1 957'1(‘/’)%(

)A”@me<

W2 (P, Tp) R (T3)
Y, (P;,T3) X (T)

>d¢

B Wi (P3,V3) X (T)

W5 (P, E3) (7 -~ W3 (Py,Ep) X1 (T3)
=G, Ao < Wi (P ) X1 (T) )d"’

¥, (P3,V3) 3 Ny (T ) Ng(V3)
= %“@X<xm£)m0/>d¢

Y3 (P3,E3) . Ny (T ) NQ(E3)
% 0 %z(qj)x< N1(7(5;”22(1'5 >d(p
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W ( P3,V3 / ¥ (PV3)N3( o
Y (PV)X3(V3
W P3,T3 / W1 (PV3) ¥ ( Pa,Tz)Nl( "\ do
X G, Py vy s (P.T) X, (T3)
s ( P3,E3 / Wi (P,V3) W3 (P3,E3) X (E) do
W, (Ps,V3) % PE)Nz(E3)

+W (P, Vs) [ 1— Fi(PVs)\ ([, (P
1(P5,V3) v, (PV) ) \¥, PV3 x3 Vg
( (T)
xl )

(
T
T, (P Ts) (1— 3 P3’T3))<33 >
(T

L (Ps,E3) S5 ( 2 (E)
s (P, ) (1 3E PE) > (3’35 (P3,E3 N2(E3)>

A
— (X1 (T3) — X (Tn)) R4 (Z7).
+%1(1(3) 1 (Ty)

P3>T3

If R, > 0 and R3 < 1 then D3 does not exist because Z! = NZI (M [Rs — 1]) < 0.Thus
T=0c (xl (T) — %’) R4 (Z") =0 (X (T)— X (T)) R4 (2") forall 2" >0,

which implies that X (73) < X (74) . Therefore, dg? <Oforall P,T,E,V,Z",Z" > 0. Moreover, d;l:* =0
when P=P;, T(t) =T, E(t) = E3, V(t) = V3, x(.) = 0,ZT =0 and Z" = 0. The solutions of model
(3)-(8) converge to I';, where P (t) = P5, T (t) =T, E (t) = E3, V (t) = V3, ZT =0, Z" = 0 and this yields
that I; ={D;}, and from L.LP. we obtain that D3 is G.A.S.0J

Theorem 5. If R3 > 1 and R4 > 0 conditions (H1)-(H4), (H6) D4 be satisfied, then is (G.A.S).

Proof. Construct a Lyapunov functional as:

P‘Pl (P4,V4) 1 < T Nl(T4) )
&, =pP-pP— | L2V ge — (7_1,— do
4 M AT RA) B, 7 X (0)

E—E;—

‘P3 P4,E4 E NQ(E4) > n ¥, (P4,V4)
Z;'ENZ Ey) B X2(0) (5\/4-1[/&5( )) X3 (V)

(
( / ‘2 > G;I <ZT_Z“T_/Z N;z44(((9))‘“9>

‘l’l}’ <P47V4> (ZV_ZX_/ZV NS(ZX)d9>

i (&v+wRs(Z))) oR3(Vy) 7 Xs5(0)
Ll P4,V4 / / {‘P ‘({’1((1’1, 4()¢))]d¢d¢
L P4,T4 / /, [‘le(yz((é? §¢))}d¢d(p
e P4,E4 / /’ [\h\(y;(q;i:g()(p))]d"’d"’
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o3 (Py, Eq) Xy (Ty) (> - ! X (T(9))
+ £, (B /0 %((p)/”px WA dode
1(T(¢9))

B, (P, Vi) X1 (Ty) [ -
(& +wXs(Z)) N3(V4)/0 %3(@/:(;)% [ Xy (Ta) ]d(])d(p.

We calculate % and collecting terms, we get

Y1 (P, Va)
Vi)

(
B1(0) [P, (Pp, V) +¥2 (Pp, Tp) + W3 (P, Ep) | do

Wi (P, Va)
Y (P Vy)

dd ) (P4, Va)
dt4:¥(P)(l— q}l (;V44))+w1 (PV)

lPl(P4,V4) 1 N](T4)/
Wi (PVs) % Xy (T)

+¥,(PT)

+¥; (PE)

—g%(uw&r)Nl(T)+§(u1+<§T)xl(T4)+iml(T4)m(zT)
N 2&(21:4(’5:)) }:222 o / Br(@) X1 (Ty) do — IP;(;?’E)A‘) Ry (E)+ Y5 (Py, Es)
¥, (P4 V4) N3 V4 ¥, (P4,V4)
ST R RO PR e e )
Wy (P4, Va) Wi (P, V) X3 (Va) v
G (@) G rwns @) mam) wym) VR )
IR R ()~ S (2) + S ()
YW1 (Py, Vi) vy v\ (Py,Vs)
R N FE A LT AR
v\ (Py,Vs) W (P, V) [ ¥, (Py,Vy)
- (év+1I/N5(ZX))(DN3(V4)§ZVN5(ZX>+ B /0 %1((p)ln< ¥ (;V(g >d(p

) g‘l’ 2 /0%1 $1(¢)In (lPZ (Po,Tp) ) do + W3 (Py, Eq) /O”‘ %1 (@)n (‘P3 (Pp,Eq) ) J

¥, (P.T) % wi(PE) )7
Vs (P, Eq) Xy (Th) (2 - Xy (T) Vs (P, Eq) Xy (Th) (72 - Xy (Tp)
AR R U NT A AR ‘%("’)I“< 1 (7) )d("

B (Py,Vy) X (Ty) 3 . Xy (7)
EETAZLE ;<v4>/ #(9) I

BY1 (Py,Vy) X1 (Ty) /m %3(¢)In ( %1 (Ty) ) d
] ;

(
(&v+wRs(Z))) R3(Vy
Using the following conditions for steady state Dy:

¥ (Py) =, (Py,Va) +¥2 (P4, Ta) + W3 (Py, Es),

(i +&r) Xy (T)
)

=¥, (Ps,Va) +¥2 (P4, Ty) + W3 (P4, Es)] — ;1 N (Ty) Ry (ZA{) ;

@2* Ev+yXs (Z4) W

gT év
W &’ (1) = 25 s (V) = 2

Y
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then, we obtain

% — (E(P)—¥(R) (1 - ‘f;}ff;é“;) P, (P, Va) + W (Py, To) + s (Py, E3)] <1 _ lf;}l(fg’é“))
) G+ T L T (e B 3
G g ey e G [ A SR
P o e i

W3 (P, E4) /”2 ; )M
B 0 Xy (T4) X2 (E)

V1 (Py,Va) /”3 s( )Nl(Tfp)N3(V4)
By Jo TVVRU(T)R3 (V)

+ (¥, (P4, Va) +¥2 (Py, Th) + W3 (Py, E4)] — do

X, (E)
2 (E4)
\%

3(V)
X3 (Va)

+ P2 (P 1) /0%1 % (9)1n (lPZ (P‘P’T<P)> do+ W3 (Py, E4) /O%l %1(¢)1n <lP3 (P‘P’E‘P)> de

— W3 (P, Eq) + W3 (Py, Eq) —

Wi (Py,Va) /”‘ - ¥, (Po, Vo)
Y, (P, In| ———+~
+ Wi (Ps, V) + 2 Z1(¢)In ¥, (PV) de

X
X
— W (P, Va)

B Y, (P,T) B\ Y5 (PE)

Y3 (Py,Eq) [ - Xy (Ty) W (Py,Vy) [ - Xy (Ty)
-+ %, /0 %2(([))111( X, (7?) )a’q)+ 7 /0 %3(([))1[1( X, (;’) )d(p

Utilizing Equalities (32) for i = 4, we obtain

dd,
dr

(¥ (P)— ¥ (Ry)) (1 - ‘i((’;vz))) (¥, (P, Vi) s (P Ta) + W (P )

W (Py,Vy) /%1 . ¥, (Py,Vy
- P
2 A 1(9)

¥, (P4,T4) /’{1 ~ ¥, (P(p,Tq,
- A
2 A 1(9)

‘P.3(P4,E4) .
S [T e

( :
Y (P, V) [ ~ ¥ (T(p) N3 (Vy) Ny (T(p) N3 (V4
% /o %3(@( Xy (Ty) X3 (V _l_ln< Xy (T4) X3(V) ))dq)

Y3 (P4,E4) 2 .

- /0 #(9) (

75
¥ (;;I,Vz;) ./0'%‘ Z1(0) (

Y, (Py,Ty) /’41 -
- B
7 o 1(9)

P, Vy) X3 (V) Y (P Vs) X3 (V)
% “‘l“(WRP,v“)x;(vn))d"’

P,V4)q’z (P4,T4) Ny (T) - <‘P1 (P,V4)IP2 (P4,T4) Ny (T))) d
Py V) W2 (P.T) X, (Ta) W, (P V)W (PT) R, (Tn) ) ) ¢

~ ~|~ =
o
<
~—
%
w
£
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1tn (‘P1 (P,Va) Y5 (Ps, E4) Nz(@)) do

MEEIGI) /0”{@ ( )<‘P1 (P,Vi4) W3 (Py, Eq) X (

7 W, (Py,V4) W3 (P.E) xz(m; W1 (P4, V4) W3 (PE) R (E4)
) (GG )
€ L
05 P (G B (i)~ R (s PRS-

Using the definition of §7 (P,T) and §¥ (P,E) given in condition (H6) and Remark 1 from
Egs. (30)-(31) in case of i = 4, we obtain

Ao LA
= (¥ () ¥ (R)) <1‘Pll(;,v44)>

W1 (P4, Vs) /’“ - Y, (Py, Ve
B Sk LR 2
7 A 1(@)x

)
)
B [ (Bl

W3 (P, Eq) /”‘ .
_ Db [ g
2, . e

\P3 (P4,E4) /%2 ~
Bl
7 2(9)x

¥, (P4,V4) /”l ~
B REIACO Ry R
B, A 1(9)x

B [ o (AT
B8 [ ()
+ 1 (Ps, V) <1 zll I;“/j ) l;I:l](Pw Ns Vi) >
+¥2 (Ps, Ty) ( %4 f;i’;}) ;TZ (P, Ty) X (T4))>

W (PyES) (1 55 (P47E4)) ( §i(PE) X (E ))_

55 (PE) 5% (Py,Eq) X2 (Ea)
Hence, if R3 > 0 and Ry > 1 then Dy, d(b“ <O0forall PLT,E,V,Z",ZV > 0. Moreover, % = 0 when
P=P,T(t)=T4, E(t) =E4,V(t) =Va, x (.) =0. The solutions of model (3)-(8) converge to I}, where
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P(t)=Py, T(t)=T4, E(t) = E4, V (t) = V4. From Eq. (4) and Eq. (6)

T =% ¥, (Ps,Va) +¥2 (Py, Ts) + 3 (Ps, E4)] — (t + &) Xy (Ts) — ARy (T4) R4 (Z27) = 2" =7 forallt,

V=B%X(Ty)do — &y X3 (Va) — yR3 (Vs) X5 (Z2V) = Z¥ =Z] forallt,

this yields that Iy ={D, }, and from L.LP. we obtain that D4 is G.A.S. O

6. EXAMPLE AND NUMERICAL SIMULATIONS

In this part, we demonstrate our theoretical results using an example and a few numerical simulations.
We change the distributed-time delay model (3)-(8) to a discrete-time delay one for numerical reasons

using a dirac delta function 4 (.) as a particular version of the kernel %; (D) as [40]:
%I(D) = ‘@(D_(pl)a (ZBS [07%1'] 7i: 17213'

The discrete-time delays represented by the constants ¢; € [0, 5] ,i = 1,2,3 are special instances of the
three distributed-time delays shown in models (3)-(8). Let s; € 1, then using the properties of Dirac delta

function we get:

(=)

/%j(a)da:L @jz/@(a—@)e—'ﬁ@da:e—Kf‘P-f, =123
0 0

Furthermore, the related stability results of system (3)-(8) from Theorems 1-5 read as:
Corollary 1. Let R;, i =0, 1,...4 be defined as in (22). The following statements hold true.
(i) If Ry < 1 and conditions (H1)-(H5) Dy be satisfied, then is (G.A.S).
(i) If Ry > 1, Ry <0 and R, < 0 conditions (H1)-(H4),(H6) D, be satisfied, then is (G.A.S).
(iii) If ;R > 1 and R4 < 0 conditions (H1)-(H4),(H6) D, be satisfied, then is (G.A.S).
(iv) If R, > 1 and Rz < 0 conditions (H1)-(H4),(H6) D3 be satisfied, then is (G.A.S).
(v) If R3 > 1 and R4 > 0 conditions (H1)-(H4),(H6) D4 be satisfied, then is (G.A.S).
Let us consider the following example:
q
P=a-opP+Lp <1 B P:ax> 1 +P5Pq <1 -T;ZV 1 T}/TQT 1 T}iE) ’

T= e 9Py, ( mVe, M1, M3Eq,
14+6P) \14+nVy, 1+nT, 1+nEy

) (&) T-ATZ,
(33) E = pe ™" T, — EE,
V=Be "%, — &V —yvZ",

7t =or7" — &, 77,
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7V =aovz' -7V,
The healthy CD4"T cells’ intrinsic growth rate is selected as
P
¥(P)= oc—(oP+CP(1—>
PI’IIZLX

Here, we examine the development of the body’s natural healthy cells as an extra way to generate CD4™T
cells [11]. It is well recognised that the body includes a maximum number of healthy CD4 " T cells, as
shown by the Pyax > 0 parameter. The maximum proliferation rate of healthy CD4™T cells is provided

by { > 0. The concentration ought to drop if it hits Pp,c. We assume that { < @ [50]. It is clear that
¥ (0) = a > 0and ¥ (Py) = 0,where

Pmax 2 4“@
Py = -0+ —0) +
=0 | ¢ \/ -0+
Furthermore, we have
/ 2(P
(34) T P L)
Pmax

Clearly, ¥ (P) > 0 whereas ¥ (P) < Ofor all P € [0, Ry). Hence, condition H1 is hold true. The rates of

infection caused by virus-to-cell, cell-to-cell and cell-inflammatory cytokines are

. T]]PqV

YY) = sy
- T]quT

Y2 (PT) = 5P s pT)
- T]}PqE

Y3 (PE) = T 5p (15 pE)

and then,

¥, (PV)>0, ¥,(P,T)>0, W3(PE)>0, forall,T,E,V >0,

P, (P,0) =W, (0,V) =¥, (P,0) =¥, (0,T) = ¥; (P,0) = ¥ (0,E), forall L,T,E,V > 0.

Moreover,
oW (PV) qmPT 'V oV, (PT) gqmPI'T
P (1+48P)*(1+nV) 9P (146P)*(1+pT)
d¥; (P,E) qM3PTE ¥ (PV) NP
P (1+oP) (14 pE) IV (1+6P9)(1+nV) >0
8‘112 (P, T) nzpq 8‘1‘3 (P,E) T]3Pq

T (1+8P)(1+pT)*~ ~  9dE  (1+8P7)(1+pBE)
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a‘Pl(P,O)_ T]lpq > 8‘1‘2(}’,0)_ T]QPq >08‘P3(P,0)_ 7’]3Pq -0
oV 1+8P1” 7 9T  1+8P1” 7 JE  1+8P17

for all P, T,E,V > 0. Furthermore, we have
d (9 (RO _ qmP" _d (9%:(P0O)) _ gmP'
dP v ~ (1+6pP9)2 " T dP oT  (1+6P9)?

(2l g
dP OE (1+6P9)

5 >0, forall P> 0.

The discussion above guarantees that criterion H2 is confirmed. The natural death rate of the active

infection caused by virus-to-cell, cell-to-cell and cell-inflammatory cytokines are given by
Xp(p)=p, k=1,2,3.4,5.
Obviously, condition H3 is valid. In addition, we have

d (P1(PV)\ _ d n1 P _ mypP?

dv ( R3(V) > S dv <(1+5P‘1)(1+71V)>  (148P)) (14 7V)? <0
d <‘P2(RT)> :d< 2P >:_ P!

dT \ X(T) dT \ (146P7)(1+nT) (1+6P7) (14+%T)*

d <‘P3(RE)> :d< UELi >:_ Ui

dE \ X;(E) dE \ (14 6P9)(1+pE) (14 8P9) (1+1E)?

for all P,T,E,V > 0. Therefore, condition H4 is also verified. On the other hand, we have N/k(p) =1

and then

_8‘1‘1 (P,O)_ T]]Pq ()_a‘PZ(P,O)_ T]qu ()_8‘1‘3(13,0)_ T]3Pq
T 9va+xepe TPV T ot T axepe TPV T T 9E T 1+6P4

Clearly, f;fg% =2 and ;?Eg = %, hence, condition H5 is satisfied. In addition,

Y,(PT) m1+nV)T ¥, (P, T) m14+nV)T;
F(PT)= 2 ST (P T) = 2 = :
S BT =5 ey " marenv S B =5 By T masnhy,
E(pE) = Y, (PE) m(1+nW)E E(pE;) = ¥, (P E) _ m(1+nVi)Ei
Y Y (PV:) mA+pE)V: T W (R V) mi (L4 BE) VY

and

<1_ (1+72T)Ti> ((1+Y2Ti)T - T>

§T(P.T;) Wi(T;) (1+pH)T)\(1+pT)T T
2
_ -»(T-T,) <0,
T,(1+pT)(1+pnT)

FE(PLE)  Ra(E))

(1 &E(PuEi)> (%f(RE) Nz(E)> _ <1_ (1+73E)Ei) <(1+Y3Ei)E E)

3T (PE) (I+n»E)E) \(I+BE)E E
—p(E—E)’

TE(+pE) (1 +pE)
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for all T,E > 0,P € (0,P),where i = 1,2,3,4. Hence, condition H6 is ensured. The global stability
results shown in Theorems 1-5 are therefore guaranteed to be valid for this example due to the validity

of conditions H1-H6. Thus, the threshold parameters for system (33) are given by:

q,— K¢ —K33 —K202
Fo= (1 +P§O:) (1+6F)) [mﬁgv +n2+“2”3§2] ’
R = Pe % [ mVz D n3E> ]
(m+&r)(1+6P) 0 [(1+1V2)  (1+ph) (1+n5E)]|’
R, — @RPYe K199 ( mvs UPYE M3E3 )
vy (i +&r) (1+6P) \(1+nV3)  (1+nT3)  (1+n5E3)
Ry = oP] ( MVa M1y ME;, )
Er (i +8&r) (1+8P) \(1+mVa) ~ (1+ph)  (1+5Es) )
OPEre 39
-
TABLE 1. Model parameters
Parameter Value Source Parameter Value  Source
o 10 [42], [46] Y 0.3 [34], [36]
(0] 0.01 [36], [43], [47] Er 0.5 [10],[11]
g 0.005 [34], [36] & 0.1 [44]
0 0.7 [34], [36] &y 2 [36], [48]
T 0.1 [34], [36] Epr 0.1 (48]
) 0.2 [34], [36] Epv 0.2 [36]
% 0.3 [34], [36] Ki 0.1  [6], [44]
Wi 0.2 [34] K 1 [49]
1) 0.07 [44] K3 0.1 [44]
A 0.001 [44],[45] q 2 [34]
15 Assumed

To solve system (33) numerically we fix the values of some parameters (see Table 1) and the others
will be varied. In the coming subsections, we present some numerical simulations for model (33).
Stability of the equilibria

In this subsection, we select the delay parameters as ¢; = 3, ¢, = 0.5, and @3 = 3. Besides, we choose
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the following three different initial conditions for system (33):

L1: (P(9),T(9),E(9),V(9),Z"(¢),Z" (¢)) = (800,1,1,5,20,1),

L1.2: (P(9),T(9).E(9),V(9).Z" (9),Z" (9)) = (400,5,3,15,50,3),

L3: (P(9),T(9),E(9),V(0),ZT(9),Z" (¢)) = (100,10,6,30,80,5), where ¢ € [-3,0].

Under initial conditions we are choose different parameter values of 1, 12, 13, 6 and @ which gives the
following scenarios:

Scenario 1 (Stability of Dy): n; = 0.04, 1, = 0.01, 13 =0.02, 6 = 0.02 and @ = 0.001. These values
give Ry = 0.269 < 1 with the fact that the equilibrium Dy = (1061.32,0,0,0,0,0,0) is G.A.S as shown
in Figure 1. Theorem 1’s study results are in line with the numerical outcomes shown in Figure 1. This
implies the eventual eradication of HIV-1 particles.

Scenario 2 (Stability of D;): n; =0.4, 1, = 0.1, N3 = 0.2, 6 = 0.001 and @ = 0.001. These choice
give Rp=3.63> 1, R; =0.99 <1 and R, = 0.147 < 1. Further, they ensure the existence of the
equilibrium Dy = (646.991,5.31,2.256,29.52,0,0). As demonstrated in Figure 2, the concentrations of
every compartment eventually trend to D; over time, as demonstrated by Theorem 2. Because immune
cells are not being triggered to eliminate viruses and infected cells, this indicates that the infection will
spread broadly.

Scenario 3 (Stability of D;): 11 =0.4, 1, = 0.1, 13 = 0.4, 0 = 0.02 and @ = 0.001. These choice
give R; = 1.12 > 1 and Ry = 0.138 < 1. Further, they ensure the existence of the equilibrium D, =
(619.83,5,2.12,27.78,85.26,0). Figure 3 shows that, regardless of starting point, all compartment con-
centrations progressively shift towards D, over time. Theorem 3 states that when CTLs immunity is
present but the antibodies are not triggered to eradicate viruses, the illness will propagate throughout the
population.

Scenario 4 (Stability of D3): 71 = 0.4, 1, =0.1, 13 = 0.4, 6 = 0.002 and @ = 0.02. These choice
give Ry =2.24 > 1 and R3 = 0.1 < 1. Further, they ensure the existence of the equilibrium D3 =
(757.23,4.04,1.71,10,0,8.32). Figure 4 shows that, independent of starting point, all compartment con-
centrations gradually increase towards D3 with time. Though the CTLs are not triggered to eradicate
infected cells, Theorem 4 states that the presence of antibody immunity suggests the infection will be-
come endemic.

Scenario 5 (Stability of D,): 11 =04, 1, =0.1, n3 = 0.4, 6 = 0.02 and @ = 0.01. These choice
give R3 = 1.4 > 1 and R4 = 1.389 > 1. Further, they ensure the existence of the equilibrium Dy =

(657.83,5,2.12,20,27.149,2.59). Figure 5 shows that, regardless of starting point, all compartment
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concentrations gradually shift towards D4 over time. The presence of both CTLs and antibody immuni-
ties will result in the sickness becoming endemic, according to Theorem 5.

Effect of time delays on the HIV-1 dynamics

In this part we vary the delay parameters ¢;, i = 1,2,3 and fix the parameters 1; = 0.4, 2 = 0.1,
N3 = 0.4, 6 =0.02 and @ = 0.03. Additionally, table 1 will be used to obtain the remaining parameters.
For simplicity, let us take @; = @, = @3 = @4 = @ as a result, the basic reproduction number Ry turns

into

Pge*Kl(P |:n1[))e’(3(P ‘uzn3eK2¢:|
Ro =

+Mm+——F].
(1 +&r) (14 6F)) &v e
We observed that Ry is a decreasing function of ¢. Consequently, when ¢ varies, so will the system’s

stability. Since the stabilisation of the uninfected equilibrium Dy is of importance to us, we calculated

the delay’s critical value ¢.., which makes

Pqe_Kl Pcr nlﬁe*’Q Pcr “2n3677(2(pcr
Ry = 0 [ + 4—} =1.
Tlwrenver) & TP g

By solving Equation (35) numerically, we obtain ¢., =9.47217. Then, it is easily to notice that Ry < 1

(35)

if @ >9.47217. This guarantees that the virus will be eliminated from the body and that Dy is G.A.S. We
now examine how the delay parameter ¢ affects system (33) solutions with initial values:

L4: (P(9).T(9).E(9),V(9).27(9),2" (9)) = (500,4,1,50,150,10),

where @ € [—max{ @}, 2, ¢3},0].

The effect of ¢ on the system’s solutions is seen in figure 6 and table 2. We discovered that as rises ¢,

the quantity of healthy CD4 7T cells increases while the levels of other compartments decrease.

TABLE 2. Impact of delay parameters.

Delay parameters ¢ Steady states Ro
0 Dy = (775.344,5,3.5,6.66667,23.6917,30.8333) 6.89795
3 D3 =(862.17,2.74,0.09,6.66, ,0,8.57) 3.53233
6 D; = (820.94,2.42,0.004,9.96,0,0) 1.95
9.47212 Dy = (1061.32,0,0,0,0,0) 1
14 Dy = (1061.32,0,0,0,0,0) 0.42
20 Dy = (1061.32,0,0,0,0,0) 0.139

Time delays have a major impact on HIV-1 progression and provide valuable therapeutic insights.

Sufficient intervals of time can stop HIV-1 from spreading, aid in its containment, and perhaps possibly
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result in its extinction. This suggests a workable strategy to create new HIV-1 treatments to extend these
delay periods.

CTC transmission’s influence on HIV-1 dynamics

In this part, we demonstrate how CTC transfer affects HIV-1 dynamics. We used the parameters given in
table 1 and fixed the parameters 17; = 0.05, 13 =0.02, 6 = 0.03, @ = 0.03 ¢; =3, ¢, = 0.5 and @3 = 3.
We considered the following initial condition:

L6: (P(9),T(9),E(9),V(9),ZT(9),Z" (9)) = (300,2,1,5,200,6), where ¢ € [-3,0].

We varied the parameters 1), as shown in figure 7 , which shows that the dynamic behaviour of the virus
changes whenever the activity of the CTC transmissions changes. We observe that as the populations
of infected cells, inflammatory cytokines, and free HIV-1 particles decrease, the numbers of uninfected
CD4™T cells and antibodies rise.

Influence of the antibody on the HIV-1 dynamics

In this part, we demonstrate how antibody response affects HIV-1 dynamics. We used the parameters
given in table 1 and fixed the parameters N = 0.4, 17, = 0.1, 13 =0.4, ¢; =3, ¢ = 0.5 and @3 = 3. We
considered the following initial condition:

L5: (P(9),T(9),E(9),V(9),ZT (¢),Z" (9)) = (700,2,1,5,30,10), where ¢ € [-3,0].

We varied the parameters ¢ and @ as shown in figure 8, which displays that, the dynamic behaviour of
the virus changes whenever the activity of the antibody changes. We see that when o and @ increase,
the numbers of uninfected CD4" T cells and antibodies increase while the populations of infected cells,

inflammatory cytokines, and free HIV-1 particles decrease.
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7. CONCLUSIONS

This study established a model for studying HIV-1 that includes cytokine-enhanced CTLs and cell-
to-cell transmission infection. General functions provide the incidence rates of infected CD4™ T cells,
inflammatory cytokines, and healthy CD4* T cells with viruses. We established four distinct types of
distributed-time to improve our comprehension of HIV-1 infection. The model included both VTC and
CTC as transmission routes, CTC is caused by interaction between HIV-1-infected cells and healthy
CD4*T cells. We demonstrated that the model’s solutions are limited and nonnegative. The presence
and globally stability of these equilibria are represented by five threshold numbers, Ry, R, Ry, Rj
and Ry. Lyapunov functionals and LaSalle’s invariance principle were used to demonstrate the global
asymptotic stability for every equilibrium. The analytical results were validated by numerical simula-
tions, which demonstrated a high degree of agreement with the theoretical predictions. The impact of
inflammatory cytokines, time delays, and CTC transmission on the dynamics of HIV-1 were deliberated.
CTC transmission and inflammatory cytokines both contribute to the number Ry, consequently, if any
of They are neglected, Ry will be underestimated. Additionally, it has been shown the extending time
delays can successfully reduce Ry and stop HIV-1 replication. That means if we can give the patient
some treatments to delay of replication of HIV-1, that can be successfully stop the virus. This could in-
dicate that new treatments are being created, which would lengthen the wait. According to our findings,
CTC transmission, time delay and inflammatory cytokines are important elements of the HIV-1 model
that cannot be disregarded. Finally, this study recommended giving the patients some medicine that can

delay the appearance of the disease, which can help to stop HIV-1.
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