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Abstract. A prey-predator model involving anti-predator behavior and fear of predation with disease in a predator is 

proposed and studied. The main objective of this study is to find out the influence of anti-predator and fear on the 

population dynamics of the model in the presence of disease. It is assumed that the disease in the predator is of the 

SIS type. For this purpose, a mathematical model with a Holling- type II functional response was proposed and 

analyzed. The existence conditions and stability of different equilibrium points for the model were analyzed to 

determine the qualitative behavior of the model. Investigations of local bifurcations had been conducted. It can be 

shown that the results of numerical simulations are consistent with analytical results. 
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1. INTRODUCTION  

        For many years, one of the main areas of ecology research has been the relationship between 

predators and their prey. A well-known and important topic in population dynamics and applied 

mathematical modeling is the prey-predator interaction. The behavior of the intricate ecological 

systems is largely determined by the various types of interspecies interactions, of which these 

relationships are only one [1]. Indirect effects, such as fear or panic, have been shown to play a 
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crucial role in influencing the dynamics of prey-predator relationships and the ecosystem at large. 

Even though Cannon first proposed the idea of fear in 1915 [2], it is still a relatively new idea in 

mathematical modelling. After that, many researchers have proposed and studied extensively a 

prey-predator model with the impact of fear on the dynamics of the model; see [3-6]. Recently, 

various ecological models were introduced that have been used in investigating the role of fear on 

the dynamical behaviour of ecological systems, see for example [7-10].  

Because there are several species in the ecosystem that interact with one another on a constant 

basis in various ways, there has been an increase in interest in studying illnesses in prey-predator 

models. This facilitates the quick spread of illness among species. In actuality, the ecological 

environment naturally contains disease in either the predator, the prey, or both populations. 

Understanding eco-epidemiological systems is essential to comprehending how diseases spread 

and how to prevent them. As a result, many researchers studied eco-epidemiology systems in 

which the disease affects either the prey, predator, or both populations [11–14]. While some 

researchers concentrated on studying disease in predators alone [10,15-18], several others only 

looked at disease in prey [19–24]. Nonetheless, significant research has been done on the illnesses 

that affect both predators and prey [25–27]. 

Prey often defend themselves by engaging in defensive and counterattacking actions. The final 

anti-predator tactic used by animals to defend themselves against predators is counterattack [10, 

28–30]. Recently, a food chain model that included fear, foraging cooperation, and anti-predator 

behaviors was studied by Jabbar and Naji [31]. They observed that the system has rich dynamics, 

including periodic dynamics. Furthermore, Alwan and Satar [32] have developed and examined a 

three-dimensional system of ordinary differential equations that represents an eco-epidemiological 

model of a diseased predator with hunting cooperation and anti-predator properties. It has been 

noted that the system exhibits a variety of attractors, such as point and periodic attractors, because 

it is highly sensitive to changes in the majority of its parameters.  

Keeping the above in mind, it is concluded the necessary to study a prey-predator model having 

the entire previous biological factor together to understand the influence of them on the dynamical 

behavior of the model. Therefore, a novel prey-predator system is proposed in this paper so that it 
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has all these factors. This paper is organized in the following manner. Section 2 deals with model 

formulation. Section 3 existence conditions and stability of different equilibrium points for model 

were analyzed to determine the qualitative behavior of the model. The conditions that guarantee 

the occurrence of local bifurcation are determined in section 4. Section 5 deals with the numerical 

simulation of the system, and finally, the discussion and conclusion is addressed in Section 6. 

2. MATHEMATICAL FORMULATION 

       In this section, the mathematical model used in this study is formulated, and the dynamics of 

the prey-predator system is described in a case with the existence of an infectious disease 𝑆𝐼𝑆 − 

type in the predator population, treatment, fear and anti-predator effect. Formulation of an eco-

epidemiological system in terms of mathematical equations helps us to analyze the system 

dynamics and to extract the essential behaviors of the model. So, in order to make a simple model, 

the following system of nonlinear equations 

                      

𝑑𝑥

𝑑𝑡
=

𝑟𝑥

1+𝛼𝑠
− 𝑑1𝑥 − 𝑏𝑥

2 −
(𝑐1𝑠+𝑐2𝐼)𝑥

𝑎+𝑥
   

    
𝑑𝑠

𝑑𝑡
= 𝑏1

𝑐1𝑠𝑥

𝑎+𝑥
− 𝑑2𝑠 − 𝛿𝑠𝐼 −

ℎ1𝑥𝑠

𝑒1+𝑠
+ 𝛽𝐼    

                
𝑑𝐼

𝑑𝑡
= 𝛿𝑠𝐼 + 𝑏2

𝑐2𝑥𝐼

𝑎+𝑥
− (𝑑2 + 𝑑3)𝐼 − 𝛽𝐼 − ℎ2𝑥𝐼.

                                              (1) 

Let the biomass of prey and susceptible predator, and infected predator populations at time 𝑡 be 

represented by 𝑥, 𝑠, and 𝐼 , respectively. with 𝑥(0) = 𝑥0 ≥ 0, 𝑠(0) = 𝑠0 ≥ 0, and 𝐼(0) = 𝐼0 ≥ 0 

representing the initial condition of the system (1), other parameters are shown in Table 1, and all 

the parameter values are regarded as nonnegative. 

Table 1. The description of the model parameters 

Parameters Description 

𝑟 The prey’s intrinsic growth rate. 

𝛼 Level of fear. 

𝑏 The intraspecific competition. 

𝑐1, 𝑐2 The attack rate of the susceptible predator and infected predator on the prey. 

𝑚 The predator cooperation in hunting. 

𝛽 The treatment rate. 
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As a result, the system (1) solution exists and is unique. In addition, the following theorem 

establishes that the solutions of the system (1) are uniformly bounded. 

Theorem 1.  Solutions of system (1) starting in ℝ+
3 , are uniformly bounded  under the prey’s 

survival condition 

                                              𝑟 > 𝑑1.                                              (2) 

Proof. From the first equation in system (1), we get 𝑥 ≤
(𝑟−𝑑1)

𝑏
= Υ1. 

It is sufficient to prove that the total population size 𝑀 = 𝑥 + 𝑠 + 𝐼 is bounded for all 𝑡. 

Then applying some calculations gives that  

𝑑𝑀

𝑑𝑡
=

𝑟𝑥

1+𝛼𝑠
− 𝑑1𝑥 − 𝑏𝑥

2 −
𝑐1𝑥𝑠

𝑎+𝑥
−
𝑐2𝑥𝐼

𝑎+𝑥
+ 𝑏1

𝑐1𝑥𝑠

𝑎+𝑥
− 𝑑2𝑠 − 𝛿𝑠𝐼

−
ℎ1𝑥𝑠

𝑒1+𝑠
+ 𝛽𝐼 + 𝛿𝑠𝐼 + 𝑏2

𝑐2𝑥𝐼

𝑎+𝑥
− (𝑑2 + 𝑑3)𝐼 − 𝛽𝐼 − ℎ2𝑥𝐼.

  

Therefore, it is yield that 

 
𝑑𝑀

𝑑𝑡
≤ 𝑟𝑥 − 𝑑1𝑥 − 𝑑2𝑠 − (𝑑2 + 𝑑3)𝐼 . 

Thus, we obtain that 
𝑑𝑀

𝑑𝑡
≤ 𝑁 − Υ2𝑀, where Υ2 = 𝑚𝑖𝑛{𝑑1, 𝑑2}, and 𝑁 = 𝑟Υ1.Therefore, solving 

the differential inequality gives 𝑀(𝑡) ≤
𝑁

Υ2
= Υ3 𝑎𝑠 𝑡 → ∞. Thus, every solution of system (1) is 

uniformly bounded in the region Λ = {(𝑥, 𝑠, 𝐼) ∈ ℝ +
3 : 𝑥(𝑡) + 𝑠(𝑡) + 𝐼(𝑡)} ≤ Υ3}. 

Remark 1. If the natural death rate exceeds the birth rate of the prey population, then the species 

ultimately goes extinct from the system with time. 

 

𝑑1 The death rate of the prey populations. 

𝑏1, 𝑏2 The conversion efficiency from susceptible and infected prey biomass to predator biomass. 

𝑑2 The death rates of the susceptible predator populations. 

𝛿 The infection rate. 

ℎ1,ℎ2 The anti-predator rate. 

𝑑3 The death rates of infected predator populations. 

𝑒1 Half saturation constant. 
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3. EQUILIBRIUM POINTS AND STABILITY ANALYSIS  

    The equilibria and stability analysis of system (1) are examined in the following. The system (1) 

is shown to have the following equilibrium points 

• The extinction equilibrium point (𝐸𝐸𝑃), 𝑞0 = (0,0,0), always exists. 

• The axial equilibrium  point (𝐴𝐸𝑃), 𝑞1 = (𝑥̂, 0,0), where 𝑥̂ =
𝑟−𝑑1

𝑏
, which is exists under 

condition (2). 

• The infected predator extinction equilibrium point (𝐼𝑃𝐸𝐸𝑃), 𝑞2 = (𝑥̅, s̅, 0), where 

                         𝑠̅ =
ℎ1𝑥̅

2−𝑥̅((𝑏1𝑐1−𝑑2)𝑒1−𝑎ℎ1)+𝑎𝑑2𝑒1

𝑥̅(𝑏1𝑐1−𝑑2)−𝑎𝑑2
 .                                                      (3a) 

While  𝑥̅ is a positive root of the following polynomial  

                         𝐴5𝑥
5 + 𝐴4𝑥

4 + 𝐴3𝑥
3 + 𝐴2𝑥

2 + 𝐴1𝑥 + 𝐴0 = 0,                                 (3b)           

where 

𝐴5 = −𝑏𝛼ℎ1(𝑏1𝑐1 − 𝑑2). 

𝐴4 = −𝑏𝑏1
2𝑐1
2 + 2𝑏𝑏1𝑐1𝑑2 − 𝑏𝑑2

2 + 𝑏𝛼𝑏1
2𝑐1
2𝑒1 − 2𝑏𝛼𝑏1𝑐1𝑑2𝑒1 + 𝑏𝛼𝑑2

2𝑒1

− 2𝑎𝑏𝛼𝑏1𝑐1ℎ1 − 𝛼𝑏1𝑐1𝑑1ℎ1 + 3𝑎𝑏𝛼𝑑2ℎ1 + 𝛼𝑑1𝑑2ℎ1 − 𝛼𝑐1ℎ1
2 

𝐴3 = −𝑎𝑏𝑏1
2𝑐1
2 + 𝑟𝑏1

2𝑐1
2 − 𝑏1

2𝑐1
2𝑑1 + 4𝑎𝑏𝑏1𝑐1𝑑2 − 2𝑟𝑏1𝑐1𝑑2 + 2𝑏1𝑐1𝑑1𝑑2 − 3𝑎𝑏𝑑2

2 +

             𝑟𝑑2
2 − 𝑑1𝑑2

2 + 𝑎𝑏𝛼𝑏1
2𝑐1
2𝑒1 + 𝛼𝑏1

2𝑐1
2𝑑1𝑒1 − 4𝑎𝑏𝛼𝑏1𝑐1𝑑2𝑒1 − 2𝛼𝑏1𝑐1𝑑1𝑑2𝑒1 +

             3𝑎𝑏𝛼𝑑2
2𝑒1 + 𝛼𝑑1𝑑2

2𝑒1 − 𝑎
2𝑏𝛼𝑏1𝑐1ℎ1 − 𝑏1𝑐1

2ℎ1 − 2𝑎𝛼𝑏1𝑐1𝑑1ℎ1 + 3𝑎
2𝑏𝛼𝑑2ℎ1 +

             𝑐1𝑑2ℎ1 + 3𝑎𝛼𝑑1𝑑2ℎ1 + 2𝛼𝑏1𝑐1
2𝑒1ℎ1 − 2𝛼𝑐1𝑑2𝑒1ℎ1 − 2𝑎𝛼𝑐1ℎ1

2. 

𝐴2 = 𝑎𝑟𝑏1
2𝑐1
2 − 𝑎𝑏1

2𝑐1
2𝑑1 + 2𝑎

2𝑏𝑏1𝑐1𝑑2 − 4𝑎𝑟𝑏1𝑐1𝑑2 + 4𝑎𝑏1𝑐1𝑑1𝑑2 − 3𝑎
2𝑏𝑑2

2 +

           3𝑎𝑟𝑑2
2 − 3𝑎𝑑1𝑑2

2 + 𝑏1
2𝑐1
3𝑒1 + 𝑎𝛼𝑏1

2𝑐1
2𝑑1𝑒1 − 2𝑎

2𝑏𝛼𝑏1𝑐1𝑑2𝑒1 − 2𝑏1𝑐1
2𝑑2𝑒1 −

          4𝑎𝛼𝑏1𝑐1𝑑1𝑑2𝑒1 + 3𝑎
2𝑏𝛼𝑑2

2𝑒1 + 𝑐1𝑑2
2𝑒1 + 3𝑎𝛼𝑑1𝑑2

2𝑒1 − 𝛼𝑏1
2𝑐1
3𝑒1

2 +

          2𝛼𝑏1𝑐1
2𝑑2𝑒1

2 − 𝛼𝑐1𝑑2
2𝑒1

2 − 𝑎𝑏1𝑐1
2ℎ1 − 𝑎

2𝛼𝑏1𝑐1𝑑1ℎ1 + 𝑎
3𝑏𝛼𝑑2ℎ1 + 2𝑎𝑐1𝑑2ℎ1 +

          3𝑎2𝛼𝑑1𝑑2ℎ1 + 2𝑎𝛼𝑏1𝑐1
2𝑒1ℎ1 − 4𝑎𝛼𝑐1𝑑2𝑒1ℎ1 − 𝑎

2𝛼𝑐1ℎ1
2. 

𝐴1 = −2𝑎
2𝑟𝑏1𝑐1𝑑2 + 2𝑎

2𝑏1𝑐1𝑑1𝑑2 − 𝑎
3𝑏𝑑2

2 + 3𝑎2𝑟𝑑2
2 − 3𝑎2𝑑1𝑑2

2 − 2𝑎𝑏1𝑐1
2𝑑2𝑒1 −

          2𝑎2𝛼𝑏1𝑐1𝑑1𝑑2𝑒1 + 𝑎
3𝑏𝛼𝑑2

2𝑒1 + 2𝑎𝑐1𝑑2
2𝑒1 + 3𝑎

2𝛼𝑑1𝑑2
2𝑒1 + 2𝑎𝛼𝑏1𝑐1

2𝑑2𝑒1
2 −

          2𝑎𝛼𝑐1𝑑2
2𝑒1

2 + 𝑎2𝑐1𝑑2ℎ1 + 𝑎
3𝛼𝑑1𝑑2ℎ1 − 2𝑎

2𝛼𝑐1𝑑2𝑒1ℎ1. 
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𝐴0 = 𝑎3𝑟𝑑2
2 − 𝑎3𝑑1𝑑2

2 + 𝑎2𝑐1𝑑2
2𝑒1 + 𝑎

3𝛼𝑑1𝑑2
2𝑒1 − 𝑎

2𝛼𝑐1𝑑2
2𝑒1

2. 

Straightforward computation shows that there is at least one when 𝐴5 and 𝐴0 have opposite 

signs and the following condition holds: 

 
𝑥̅(𝑏1𝑐1 − 𝑑2) − 𝑎𝑑2 > 0

ℎ1𝑥̅
2 − 𝑥̅((𝑏1𝑐1 − 𝑑2)𝑒1 − 𝑎ℎ1) + 𝑎𝑑2𝑒1 > 0

}.                                  (3c) 

• The positive equilibrium point (𝑃𝐸𝑃), denoted by 𝑞3 = (𝑥∗, 𝑠∗, 𝐼∗), where 

𝑠∗ =
𝛽(𝑎+𝑥∗)−𝑏2𝑐2𝑥

∗+(𝑑2+𝑑3+ℎ2𝑥
∗)(𝑎+𝑥∗)

𝛿(𝑎+𝑥∗)
.                                                                   (4a) 

𝐼∗ =
(𝑎+𝑥∗)(−𝑏2𝑐2𝑥

∗+(𝑎+𝑥∗)(𝛽+𝑑2+𝑑3+ℎ2𝑥
∗))

𝑏2𝑐2𝑥∗−(𝑎+𝑥∗)(𝑑2+𝑑3+ℎ2𝑥∗)
[−

𝑏1𝑐1𝑥
∗

(𝑎+𝑥∗)2𝛿
+

𝑑2

(𝑎+𝑥∗)𝛿
+

                      
ℎ1𝑥

∗

−𝑏2𝑐2𝑥∗+(𝑎+𝑥∗)(𝛽+𝑑2+𝑑3+𝛿𝑒1+ℎ2𝑥∗)
].                                                                                (4b) 

 While 𝑥∗ is a positive root of the following equation: 

                                  
𝑟

1+𝛼𝑠∗
− 𝑑1 − 𝑏𝑥 −

(𝑐1𝑠
∗+𝑐2𝐼

∗)

𝑎+𝑥
= 0                                  (4c) 

 Direct computation shows that 𝑞3 exists provided that: 

 

(𝑎 + 𝑥∗)(𝑑2 + 𝑑3 + ℎ2𝑥
∗) < 𝑏2𝑐2𝑥

∗ < (𝑎 + 𝑥∗)(𝛽 + 𝑑2 + 𝑑3 + ℎ2𝑥
∗)

𝑏1𝑐1𝑥
∗

(𝑎+𝑥∗)2𝛿
<

𝑑2

(𝑎+𝑥∗)𝛿
+

ℎ1𝑥
∗

−𝑏2𝑐2𝑥∗+(𝑎+𝑥∗)(𝛽+𝑑2+𝑑3+𝛿𝑒1+ℎ2𝑥∗)

𝑜𝑟
𝑏2𝑐2𝑥

∗ < (𝑎 + 𝑥∗)(𝑑2 + 𝑑3 + ℎ2𝑥
∗)

𝑑2

(𝑎+𝑥∗)𝛿
+

ℎ1𝑥
∗

−𝑏2𝑐2𝑥∗+(𝑎+𝑥∗)(𝛽+𝑑2+𝑑3+𝛿𝑒1+ℎ2𝑥∗)
<

𝑏1𝑐1𝑥
∗

(𝑎+𝑥∗)2𝛿 }
  
 

  
 

.                    (4d) 

The local stability (LS) of the equilibrium points (EPs) of system (1) is investigated by computing 

the Jacobian matrix (JM) of the system at each of these points and then computing their eigenvalues. 

Now, the JM of system (1)  

                                                            𝐽 = [𝐽𝑖𝑗
∗ ]
3×3

                                                                       (5) 

where 

𝐽11 = −𝑏𝑥 −
𝑐1𝑠 + 𝑐2𝐼

𝑎 + 𝑥
+

𝑟

1 + 𝛼𝑠
+ 𝑥 (−𝑏 +

𝑐1𝑠 + 𝑐2𝐼

(𝑎 + 𝑥)2
) − 𝑑1;  𝐽12 = 𝑥 (−

𝑟𝛼

(1 + 𝛼𝑠)2
−

𝑐1
𝑎 + 𝑥

) ; 

 𝐽13 = −
𝑐2𝑥

𝑎 + 𝑥
; 𝐽21 =

𝑎𝑏1𝑐1𝑠

(𝑎 + 𝑥)2
−

ℎ1𝑠

𝑒1 + 𝑠
; 𝐽22 = 

𝑏1𝑐1𝑥

𝑎 + 𝑥
− 𝛿𝐼 − 𝑑2 +

ℎ1𝑒1𝑥

(𝑒1 + 𝑠)
2
; 𝐽23 =  𝛽 − 𝛿𝑠 

𝐽31 =
𝑎𝑏2𝑐2𝐼

(𝑎 + 𝑥)2
− ℎ2𝐼 ; 𝐽32 =  𝛿𝐼; 𝐽33 = 𝛿𝑠 +

𝑏2𝑐2𝑥

𝑎 + 𝑥
− 𝛽 − (𝑑2 + 𝑑3) − ℎ2𝑥. 
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The JM at 𝑞0 = (0,0,0) is given by 

                                     𝐽(𝑞0) = (

𝑟 − 𝑑1 0 0
0 −𝑑2 𝛽
0 0 −(𝑑2 + 𝑑3) − 𝛽

)                                           (6) 

 However, 𝜆01 = 𝑟 − 𝑑1, 𝜆02 = −𝑑2, and 𝜆03 = −(𝑑2 + 𝑑3) − 𝛽 , then 𝑞0  is locally 

asymptotically stable (L.AS) if 𝑟 <  𝑑1. 

The JM at 𝑞1 = (𝑥̂, 0,0) can be calculated as 

                         𝐽(𝑞1) =

(

 
 

−𝑏𝑥̂ −𝑟𝛼𝑥̂ −
𝑐1𝑥̂

(𝑎+𝑥̂)
−

𝑐2𝑥̂

(𝑎+𝑥̂)

0
𝑏1𝑐1𝑥̂

(𝑎+𝑥̂)
− 𝑑2 −

ℎ1𝑥̂

𝑒1
𝛽

0 0
𝑏2𝑐2𝑥̂

(𝑎+𝑥̂)
− (𝑑2 + 𝑑3) − 𝛽 − ℎ2𝑥̂)

 
 

               (7a) 

implies, 𝜆11 = −𝑏𝑥̂, 𝜆12 =
𝑏1𝑐1𝑥̂

(𝑎+𝑥̈)
− 𝑑2 −

ℎ1𝑥̂

𝑒1
 and 𝜆13 =

𝑏2𝑐2𝑥̂

(𝑎+𝑥̂)
− (𝑑2 + 𝑑3) − 𝛽 − ℎ2𝑥̂ , then 𝑞1 

is L.AS provided that:  

                                                       
𝑏1𝑐1𝑥̂

(𝑎+𝑥̂)
< 𝑑2 +

ℎ1𝑥̂

𝑒1
,                                                                  (7b) 

                                                      
𝑏2𝑐2𝑥̂

(𝑎+𝑥̂)
< (𝑑2 + 𝑑3) + 𝛽 + ℎ2𝑥̂                                               (7c) 

The JM at  𝑞2 = (𝑥̅, 𝑠̅, 0) can be calculated as: 

 𝐽(𝑞2) =

(

 
 

−𝑏𝑥̅ +
𝑐1𝑥̅𝑠̅ 

(𝑎+𝑥̅)2
−

𝑟𝛼𝑥̅

(1+𝛼𝑠̅)2
−

𝑐1𝑥̅

(𝑎+𝑥̅)
−

𝑐2𝑥̅

(𝑎+𝑥̅)

𝑎𝑏1𝑐1𝑠̅

(𝑎+𝑥̅)2
−

ℎ1𝑠̅

(𝑒1+𝑠̅)
  

𝑐1𝑏1𝑥̅

(𝑎+𝑥̅)
− 𝑑2 −

𝑒1ℎ1𝑥̅

(𝑒1+𝑠̅)2
−𝛿𝑠̅ + 𝛽

0 0 𝛿𝑠̅ +
𝑏2𝑐2𝑥̅

(𝑎+𝑥̅)
− (𝑑2 + 𝑑3) − 𝛽 − ℎ2𝑥̅ )

 
 

      (8a) 

Obviously, the eigenvalue 𝜆23 = 𝛿𝑠̅ +
𝑏2𝑐2𝑥̅

(𝑎+𝑥̅)
− (𝑑2 + 𝑑3) − 𝛽 − ℎ2𝑥̅ , and the other two 

eigenvalues are given 

 𝜆21 =
𝑇̃

2
+
1

2
√𝑇̃2 − 4𝐷̃; 𝜆22 =

𝑇̃

2
−
1

2
√𝑇̃2 − 4𝐷̃,  

where 𝑇̃ = −𝑏𝑥̅ +
𝑐1𝑥̅𝑠̅

(𝑎+𝑥̅)2
+

𝑐1𝑏1𝑥̅

(𝑎+𝑥̅)
− 𝑑2 −

𝑒1ℎ1𝑥̅

(𝑒1+𝑠̅)2
, and 𝐷̃ = (𝑎11𝑎22 − 𝑎12𝑎21). The eigenvalues 𝜆21, 

𝜆22 have negative real parts with the following conditions  

                                        
𝑐1𝑥̅𝑠̅

(𝑎+𝑥̅)2
+

𝑐1𝑏1𝑥̅

(𝑎+𝑥̅)
< 𝑏𝑥̅ + 𝑑2 +

𝑒1ℎ1𝑥̅

(𝑒1+𝑠̅)2
,                                                    (8b) 
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(−𝑏𝑥̅ +
𝑐1 𝑥̅𝑠̅

(𝑎+𝑥̅)2
) (

𝑐1𝑏1𝑥̅

(𝑎+𝑥̅)
− 𝑑2 −

𝑒1ℎ1𝑥̅

(𝑒1+𝑠̅)2
) + (

𝑟𝛼𝑥̅

(1+𝛼𝑠̅)2
+

𝑐1𝑥̅

(𝑎+𝑥̅)
) (

𝑎𝑏1𝑐1𝑠̅

(𝑎+𝑥̅)2
−

ℎ1𝑠̅

(𝑒1+𝑠̅)
) > 0.                  (8c) 

Thus 𝑞2 is L.AS if, in addition to the above last conditions, the following condition holds: 

                                        𝛿𝑠̅ +
𝑏2𝑐2𝑥̅

(𝑎+𝑥̅)
< (𝑑2 + 𝑑3) + 𝛽 + ℎ2𝑥̅.                                          (8d) 

Finally, the JM evaluated at the 𝑃𝐸𝑃, 𝑞3 = (𝑠
∗, 𝐼∗, 𝑦∗), is given by  

                                                    𝐽(𝑞3) = (𝑤𝑖𝑗)3×3                                                                     (9a) 

 𝑤11 = −𝑏𝑥∗ +
(𝑐1𝑠+𝑐2𝐼)𝑥

∗

(𝑎+𝑥)2
, 𝑤12 = −

𝑟𝛼𝑥∗

(1+𝑠𝛼)2
−

𝑐1𝑥
∗

𝑎+𝑥∗
, 𝑤13 = −

𝑐2𝑥
∗

(𝑎+𝑥∗)
, 

 𝑤21 =
𝑎𝑏1𝑐1𝑠

(𝑎+𝑥∗)2
−

ℎ1𝑠

𝑒1+𝑠
, 𝑤22 =

𝑏1𝑐1𝑥
∗

𝑎+𝑥∗
− 𝛿𝐼 − 𝑑2 +

𝑒1ℎ1𝑥
∗

(𝑠+𝑒1)2
,     𝑤23 = −𝛿𝑠

∗ + 𝛽 , 

 𝑤31 =
𝑎𝑏2𝑐2𝐼

∗

(𝑎+𝑥∗)2
− ℎ2𝐼

∗,  𝑤32 = 𝛿𝐼
∗,  𝑤33 = 0.  

The corresponding characteristic equation is 

                                              𝜆3
3 + 𝜌1𝜆3

2 + 𝜌2𝜆3 + 𝜌3 = 0                                                           (9b) 

where, 

   𝜌1 = −(𝑤11 + 𝑤22) 

   𝜌2 = (𝑤11𝑤22 −𝑤12𝑤21) − 𝑤13𝑤31−𝑤23𝑤32. 

  𝜌3 = −[𝑤23(𝑤12𝑤31−𝑤11𝑤32) + 𝑤13(𝑤21𝑤32−𝑤22𝑤31)]. 

After the simple calculating, we obtain that  ∆= 𝜌1𝜌2 − 𝜌3 

= −(𝑤11 + 𝑤22)(𝑤11𝑤22 − 𝑤12𝑤21) + 𝑤13(𝑤11𝑤31 + 𝑤32𝑤21) + 𝑤23(𝑤22𝑤32 + 𝑤12𝑤31). 

Based on the criterion of Routh -Hawirtiz, whole eigenvalues of 𝐽(𝑞3) possess roots with negative 

real portions if  𝜌𝑖, (𝑖 = 1,3) > 0 and  ∆= 𝜌1𝜌2 − 𝜌3 > 0. Then, 𝑞3 is L.AS if  

                                                         
(𝑐1𝑠+𝑐2𝐼

∗)𝑥∗

(𝑎+𝑥)2
< 𝑏𝑥∗                                                                (9c) 

                                                
𝑏1𝑐1𝑥

∗

𝑎+𝑥∗
+

𝑒1ℎ1𝑥
∗

(𝑠∗+𝑒1)2
< 𝛿𝐼∗ + 𝑑2                                                          (9d) 

                                                                   
ℎ1𝑠

𝑒1+𝑠
<

𝑎𝑏1𝑐1𝑠

(𝑎+𝑥∗)2
                                                              (9e) 

                                                        𝑤11𝑤22 − 𝑤12𝑤21 > 0                                                          (9f) 

                                        𝑤13(𝑤11𝑤31 + 𝑤32𝑤21) + 𝑤23(𝑤22𝑤32 + 𝑤12𝑤31) > 0                    (9h) 
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In the following theorems, the globally asymptotically stable G.AS of all the locally stable 

equilibrium points is studied with the help of the Lyapunov method.  

Theorem 2. The 𝐸𝐸𝑃, 𝑞0 = (0,0,0) is G.AS  whenever its L.AS.  

Proof. We select an appropriate positive definite function about 𝑞0 as 

𝑃0 = 𝑥 + 𝑠 + 𝐼 

Then, the derivative 
𝑑𝑃0

𝑑𝑡
 can be determined as 

𝑑𝑃0

𝑑𝑡
= [

𝑟𝑥

1+𝛼𝑠
− 𝑑1𝑥 − 𝑏𝑥

2 −
(𝑐1𝑠+𝑐2𝐼)𝑥

𝑎+𝑥
] + [𝑏1

𝑐1𝑠𝑥

𝑎+𝑥
− 𝑑2𝑠 − 𝛿𝑠𝐼 −

ℎ1𝑥𝑠

𝑒1+𝑠
+ 𝛽𝐼 ]

+[𝛿𝑠𝐼 + 𝑏2
𝑐2𝐼𝑥

𝑎+𝑥
− (𝑑2 + 𝑑3)𝐼 − 𝛽𝐼 − ℎ2𝑥𝐼  ].

  

By using system (1) with some algebraic manipulations, we obtain that 

 
𝑑𝑃0

𝑑𝑡
≤ (𝑟 − 𝑑1)𝑥 − 𝑑2𝑠 − 𝑞2𝑦 − (𝑑2 + 𝑑3)𝐼. 

So, the function 
𝑑𝑃0

𝑑𝑡
 is negative definite under the L.AS condition. Thus 𝑞0 is G.AS. 

Theorem 3. The 𝐴𝐸𝑃 given by 𝑞1 = (𝑥̂, 0,0) is L.AS, then it is GAS if the following condition 

met. 

                                                           𝑟𝛼𝑥̂ +
𝑐1𝑥̂

𝑎
< 𝑑2                                                                 (10a) 

                                                            
𝑐2𝑥̂

𝑎
< (𝑑2 + 𝑑3)                                                             (10b) 

Proof. We select an appropriate positive definite function about 𝑞1 as 

                𝑃1 = [𝑥 − 𝑥̂ − 𝑥̂ln (
𝑥

𝑥̂
)] + 𝑠 + 𝐼 

Now, it is clear to see that 
𝑑𝑃1

𝑑𝑡
 as follows  

𝑑𝑃1

𝑑𝑡
= (𝑥 − 𝑥̂) [

𝑟

1+𝛼𝑠
− 𝑑1 − 𝑏𝑥 −

(𝑐1𝑠+𝑐2𝐼)

𝑎+𝑥
] + [𝑏1

𝑐1𝑠𝑥

𝑎+𝑥
− 𝑑2𝑠 − 𝛿𝑠𝐼 −

ℎ1𝑥𝑠

𝑒1+𝑠
+ 𝛽𝐼 ] + [𝛿𝑠𝐼 +

               𝑏2
𝑐2𝐼𝑥

𝑎+𝑥
− (𝑑2 + 𝑑3)𝐼 − 𝛽𝐼 − ℎ2𝑥𝐼  ].  

By using system (1) with some algebraic manipulations, we obtain that 

𝑑𝑃1

𝑑𝑡
≤ −𝑏(𝑥 − 𝑥̂)2 − [𝑑2 − 𝑟𝛼𝑥̂ −

𝑐1𝑥̂

𝑎
] 𝑠 − [(𝑑2 + 𝑑3) −

𝑐2𝑥̂

𝑎
] 𝐼. 

Therefore, 𝑞1 is G.AS if the conditions (10a) and (10b) hold. 
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Theorem 4. The 𝐼𝑃𝐸𝐸𝑃  given by 𝑞2 = (𝑥̅, 𝑠̅, 0) is L.AS then it is G.AS if the following condition 

met. 

                                                        
𝑐1𝑠̅

𝑎𝐵̅
< 𝑏 +

𝐿1

2
                                                                               (11a) 

                                                     
𝑏1𝑐1𝑥

𝑎
<

ℎ1𝑒1𝑥

(𝑒1+Υ3)𝐶̅
+
𝐿1

2
+𝑑2                                                     (11b) 

                                                        
𝑐2𝑥̅

𝑎
< 𝛽 + (𝑑2 + 𝑑3) + 𝛽𝑠̅                                                    (11c) 

Proof. We select an appropriate positive definite function about 𝑞1 as 

  𝑃2 = [𝑥 − 𝑥̅ − 𝑥̅ln (
𝑥

𝑥̅
)] +

(𝑠−𝑠̂)2

2
+ 𝐼 

Now, it is clear to see that 
𝑑𝑃2

𝑑𝑡
 as follows  

 
𝑑𝑃2

𝑑𝑡
= (

𝑥−𝑥̅

𝑥
)
𝑑𝑥

𝑑𝑡
+ (𝑠 − 𝑠̂)

𝑑𝑠

𝑑𝑡
+ 

𝑑𝐼

𝑑𝑡
  

and, 

𝑑𝑃2
𝑑𝑡

= (𝑥 − 𝑥̅) [
𝑟

1 + 𝛼𝑠
− 𝑑1 − 𝑏𝑥 −

(𝑐1𝑠 + 𝑐2𝐼)

𝑎 + 𝑥
]

+ (𝑠 − 𝑠̅) [𝑏1
𝑐1𝑠𝑥

𝑎 + 𝑥
− 𝑑2𝑠 − 𝛿𝑠𝐼 −

ℎ1𝑥𝑠

𝑒1 + 𝑠
+ 𝛽𝐼 ] + [𝛿𝑠𝐼 +  𝑏2

𝑐2𝐼𝑥

𝑎 + 𝑥

− (𝑑2 + 𝑑3)𝐼 − 𝛽𝐼 − ℎ2𝑥𝐼  ] 

By using system (1) with some algebraic manipulations, we obtain that 

𝑑𝑃2
𝑑𝑡

≤ − [𝑏 −
𝑐1𝑠̅

𝐵𝐵̅
] (𝑥 − 𝑥̅)2 − [

𝑟𝛼

𝐴𝐴̅
+
𝑐1
𝐵
+
ℎ1𝑠̅

𝐶̅
−
𝑏1𝑐1𝑎𝑠̅

𝐵𝐵̅
] (𝑥 − 𝑥̅)(𝑠 − 𝑠̅)

− [𝑑2 −
𝑏1𝑐1𝑥

𝐵
+
ℎ1𝑒1𝑥

𝐶𝐶̅
] (𝑠 − 𝑠 ̅)2 − [𝛽 + (𝑑2 − 𝑑3) + 𝛽𝑠̅ −

𝑐2𝑥̅

𝐵
] 𝐼 

Hence, 

𝑑𝑃2
𝑑𝑡

≤ − [𝑏 −
𝑐1𝑠̅

𝐵𝐵̅
+
𝐿1
2
] (𝑥 − 𝑥̅)2 − [𝑑2 −

𝑏1𝑐1𝑥

𝐵
+
ℎ1𝑒1𝑥

𝐶𝐶̅
+
𝐿1
2
] (𝑠 − 𝑠 ̅)2

− [𝛽 + (𝑑2 + 𝑑3) + 𝛽𝑠̅ −
𝑐2𝑥̅

𝐵
] 𝐼 

where 𝐴 = 1 + 𝛼𝑠, 𝐴̅ = 1 + 𝛼𝑠̅ , 𝐵 = 𝑎 + 𝑥, 𝐵̅ = 𝑎 + 𝑥̅, 𝐶 = 𝑒1 + 𝑠, and 𝐶̅ = 𝑒1 + 𝑠̅ , and  𝐿1 =

                       
𝑟𝛼

(1+𝛼Υ3)𝐴̅
+

𝑐1

(𝑎+Υ1)
+
ℎ1𝑠̅

𝐶̅
−
𝑏1𝑐1𝑎𝑠̅

𝑎𝐵̅
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Therefore, 𝑞2 is G.AS if the conditions (11a) and (11c) hold. 

Theorem5. The 𝑃𝐸𝑃 given by 𝑞3 = (𝑥∗, 𝑠∗, 𝐼∗) is L.AS then it is G.AS if the following condition 

met 

                                                     
(𝑐1𝑠

∗+𝑐2𝐼
∗)

𝐵𝐵∗
< 𝑏 +

(𝐿2+𝐿3)

2
                                                        (12a) 

                                                 
𝑏1𝑐1𝑥

𝐵
< 𝑑2 + 𝛿𝐼

∗ +
ℎ1𝑒1𝑥

𝐶𝐶∗
+
(𝐿2+𝐿4)

2
                                           (12b) 

Proof. We select an appropriate positive definite function about 𝑞3 as 

         𝑃3 = [𝑥 − 𝑥∗ − 𝑥∗ln (
𝑥

𝑥∗
)] +

(𝑠−𝑠∗)2

2
+ [𝐼 − 𝐼∗ − 𝐼∗ln (

𝐼

𝐼∗
)] 

Then, the derivative 
𝑑𝑃0

𝑑𝑡
  can be determined as 

         
𝑑𝑃3

𝑑𝑡
= (

𝑥−𝑥∗

𝑥
)
𝑑𝑥

𝑑𝑡
+ (𝑠 − 𝑠∗)

𝑑𝑠

𝑑𝑡
+ (

𝐼−𝐼∗

𝐼
)
𝑑𝐼

𝑑𝑡
 

        
𝑑𝑃3

𝑑𝑡
= (𝑥 − 𝑥∗) [

𝑟

1+𝛼𝑠
− 𝑑1 − 𝑏𝑥 −

(𝑐1𝑠+𝑐2𝐼)

𝑎+𝑥
] + (𝑠 − 𝑠∗) [𝑏1

𝑐1𝑠𝑥

𝑎+𝑥
− 𝑑2𝑠 − 𝛿𝑠𝐼 −

ℎ1𝑥𝑠

𝑒1+𝑠
+

                     𝛽𝐼 ] + (𝐼 − 𝐼∗) [𝛿𝑠 +  𝑏2
𝑐2𝑥

𝑎+𝑥
− (𝑑2 + 𝑑3) − 𝛽 − ℎ2𝑥] 

By using system (1) with some algebraic manipulations, we obtain that 

      
𝑑𝑃3

𝑑𝑡
≤ −[𝑏 −

(𝑐1𝑠
∗+𝑐2𝐼

∗)

𝐵𝐵∗
] (𝑥 − 𝑥∗)2 − [

𝑟𝛼

𝐴𝐴∗
+
c1

𝐵
−
𝑏1𝑐1𝑎

𝐵𝐵∗
+
ℎ1𝑠

∗

𝐶∗
] (𝑥 − 𝑥∗)(𝑠 − 𝑠∗) − [

c2

𝐵
−

                          
𝑏2𝑐2𝑎

𝐵𝐵∗
+ ℎ2] (𝑥 − 𝑥

∗)(𝐼 − 𝐼∗) − [𝑑2 −
𝑏1𝑐1𝑥

𝐵
+ 𝛿𝐼∗ +

ℎ1𝑒1𝑥

𝐶𝐶∗
] (𝑠 − 𝑠∗)2 + [𝛿(𝑆 −

                           1) − 𝛽](𝑠 − 𝑠∗)(𝐼 − 𝐼∗)       

 

Hence  

𝑑𝑃3
𝑑𝑡

≤ − [𝑏 −
(𝑐1𝑠

∗ + 𝑐2𝐼
∗)

𝐵𝐵∗
+
(𝐿2 + 𝐿3)

2
] (𝑥 − 𝑥∗)2 − [

(𝐿3 + 𝐿4)

2
](𝐼 − 𝐼∗)2

− [𝑑2 −
𝑏1𝑐1𝑥

𝐵
+ 𝛿𝐼∗ +

ℎ1𝑒1𝑥

𝐶𝐶∗
+
(𝐿2 + 𝐿4)

2
] (𝑠 − 𝑠∗)2 

where 

𝐴∗ = 1 + 𝛼𝑠∗, 𝐵∗ = 𝑎 + 𝑥∗, 𝐶∗ = 𝑒1 + 𝑠
∗, 𝐿2 =

𝑟𝛼

(1 + 𝛼Υ3)𝐴∗
+

c1
(𝑎 + Υ1)

−
𝑏1𝑐1
𝐵∗

+
ℎ1𝑠

∗

𝐶∗
,  𝐿3

=
c2

(𝑎 + Υ1)
−
𝑏2𝑐2
𝐵∗

+ ℎ2, and  𝐿4 = 𝛿(𝑆 − 1) − 𝛽. 
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Therefore, the derivative 
𝑑𝑃3

𝑑𝑡
 is negative definite under the conditions (12a) and (12b) then 𝑞3 is 

G.AS. 

4. LOCAL BIFURCATION   

     In this section, the possibility of the occurrence of (L.B) near the equilibrium points of system 

(1) is investigated, and to understand how the system behavior varies when the model's parameters 

change, local bifurcation is used by applying the Sotomayor's theorem [33], and obtained results 

are summarized in the next theorems. 

Now for simplifying the notations rewrite the system(1) in the vector form as follows  

                       
𝑑𝑿

𝑑𝑇
= 𝐹(𝑋), with 𝑿 = (𝑥, 𝑠, 𝐼)𝑡 and 𝐹 = (𝑥𝑓1, 𝑠, 𝐼𝑓3)

𝑡                                           (13) 

So, according to the JM of system (1) at (𝑥, 𝑠, 𝐼), it is easy to verify that for any vector 𝑉 =

(𝑣1, 𝑣2, 𝑣3)
𝑡, we have that 

                                   𝐷2𝑭(𝑿)(𝑉, 𝑉) = [𝑔𝑖𝑗]3×1                                                                 (14)         

where    

 𝑔11 = 2(−𝑏 +
𝑎(𝑐1𝑠+𝑐2𝐼)

(𝑎+𝑥)3
)𝑣1

2 +
2𝑟𝛼2𝑥𝑣2

2

(1+𝛼𝑠)3
−
2𝑣1((𝑟(𝑎+𝑥)

2𝛼+𝑎(1+𝛼𝑠)2𝑐1)𝑣2+𝑎(1+𝛼𝑠)
2𝑐2𝑣3)

(𝑎+𝑥)2(1+𝛼𝑠)2
 

 𝑔21 =
2𝑎𝑏1𝑐1𝑣1(−𝑠𝑣1+(𝑎+𝑥)𝑣2)

(𝑎+𝑥)3
+ 2𝑣2(−

𝑒1ℎ1((𝑠+𝑒1)𝑣1−𝑥𝑣2)

(𝑠+𝑒1)3
− 𝛿𝑣3) 

𝑔31 = 2(−ℎ2𝑣1 + 𝛿𝑣2)𝑣3 +
2𝑎𝑏2𝑐2𝑣1(−𝐼𝑣1 + (𝑎 + 𝑥)𝑣3)

(𝑎 + 𝑥)3
. 

On other hand we have also 

                                     𝐷3𝐹(𝑋, ∅)(𝑉, 𝑉, 𝑉) = [𝑛𝑖1],                                                           (15) 

where: 

𝑛11 = 6(
𝑎𝑐1𝑣1

2(−𝑠𝑣1+(𝑎+𝑥)𝑣2)

(𝑎+𝑥)4
+
𝑟𝛼2𝑣2

2(𝑣1+𝑠𝛼𝑣1−𝑥𝛼𝑣2)

(1+𝑠𝛼)4
+
𝑎𝑐2𝑣1

2(−𝐽𝑣1+(𝑎+𝑥)𝑣3)

(𝑎+𝑥)4
). 

𝑛21 =
6𝑒1ℎ1𝑣2

2((𝑠+𝑒1)𝑣1−𝑥𝑣2)

(𝑠+𝑒1)4
−
6𝑎𝑏1𝑐1𝑣1

2(−𝑠𝑣1+(𝑎+𝑥)𝑣2)

(𝑎+𝑥)4
. 

𝑛31 = −
6𝑎𝑏2𝑐2𝑣1

2(−𝑣1𝐼 + (𝑎 + 𝑥)𝑣3)

(𝑎 + 𝑥)4
      

The following theorems investigate the possibility of LB in the system (1). 
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Theorem 6. The system (1) at the 𝐸𝐸𝑃 undergoes a T.B when the parameter 𝑟∗ passes the value 

𝑟∗ = 𝑟. 

Proof. It is clear to verify that as 𝑟∗ = 𝑟, the JM in Eq. (6) at the EP. 𝑞0 has zero eigenvalue with 

two negative eigenvalues, then  

𝐽0 = 𝐽(𝑞0,𝑟∗) = [

0 0 0
0 −𝑑2 0
0 0 −(𝑑2 + 𝑑3) − 𝛽

] 

Let 𝑇0 = (ν01, ν02, ν03)
𝑇  be the eigenvectors of  𝜆01 = 0. Then simple computation gives that 

 𝑇0 = (𝑣01, 0,0)
𝑇, where 𝑣01 ≠ 0,then 𝐽0T0 = 0 

Now, let  π0 = (𝜋01, 𝜋02, 𝜋03)
𝑇 represents the eigenvectors 𝐽0

𝑇with the eigenvalue 𝜆̂01 = 0, Then 

 𝐽0
𝑇π0 = π0 = (𝜋01, 0, 0)

T, with (𝜋01 ≠ 0 ).  

Since 𝐹𝑟 = (
𝑥

1+𝛼𝑠
, 0, 0)𝑇. Hence  𝐹𝑟(𝑞0, 𝑟

∗) = (0, 0, 0)𝑇  

Therefore, π0
𝑇[𝐷𝐹𝑟(𝑞0, 𝑟

∗)] = 0.  

Thus system (1) at  𝑞0  with 𝑟 = 𝑟∗  does not experience S.NB. Moreover, since  

π0
𝑇[𝐷𝐹𝑟(𝑞0, 𝑟

∗)𝑇0] = ν01𝜋01 ≠  0. 

Also, π0
𝑇 [𝐷2𝐹(𝑞0, 𝑟

∗)(𝑇0, 𝑇0)] = −2𝑏ν01
2𝜋01

2 ≠  0 

Accordingly, by Sotomoyr’s theorem, system (1) near the EP, 𝑞0, with 𝑟 = 𝑟∗ possesses a T.B. 

Theorem 7. The system (1) at the AEP undergoes T.B when ℎ1
∗ = ℎ1 =

𝑒1𝑏1𝑐1

(𝑎+𝑥)
−
𝑒1𝑑2

𝑥̂
 under the 

condition                                      
𝑎𝑏1𝑐1𝜎1

(a+𝑥̂)2
≠

ℎ1𝑒1
2𝜎1+𝑥̂

𝑒13
                                                                       (16a) 

otherwise it has a P.B provided that the following  

                                                      
(ℎ1𝜎1−𝑥̂)

𝑒12
≠

𝑎𝑏1𝑐1𝜎2
2

(𝑎+𝑥)3
                                                                      (16b) 

 Proof.  It is clear to verify that as ℎ1
∗ = ℎ1, the JM in Eq. (7a) at the EP, 𝑞1 has zero eigenvalue  

with two negative eigenvalues,  

                    𝐽1 = 𝐽(𝑞1,ℎ1∗) =

(

 
 
−𝑏𝑥̂ −𝑟𝛼𝑥̂ −

𝑐1𝑥̂

(𝑎+𝑥̂)
−

𝑐2𝑥̂

(𝑎+𝑥̂)

0 0 𝛽

0 0
𝑏2𝑐2𝑥̂

(𝑎+𝑥̂)
− (𝑑2 + 𝑑3) − 𝛽 − ℎ2𝑥̂

)
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Let  𝑇1 = (ν11, ν12, ν13)
𝑇 be the eigenvectors of  𝜆12 = 0. Then simple computation gives that 

𝑇1 = (𝜎1 ν12, ν12, 0)
𝑇 , where 𝜎1 =

−𝑎̂11

𝑎̂12
< 0, (ν12 ≠ 0 ). then 𝐽1π1 = 0  

Now, let  π1 = (𝜋11, 𝜋12, 𝜋13)
𝑇 be eigenvectors with the eigenvalue  𝜆12̂ = 0, Then   𝐽1

𝑇π1 = 0 

with π1 = (0, 𝜋12, 𝜎2𝜋12)
T with 𝜎2 =

−𝑎23

𝑎33
, with (𝜋12 ≠ 0 ).  

Since  𝐹ℎ1 = (0,
−𝑥𝑠

𝑒1+𝑠
, 0)

𝑇

. Hence  𝐹ℎ1(𝑞1, ℎ1
∗) = (0, 0, 0)𝑇which yields 

 π1
𝑇[𝐹ℎ1(𝑞1, ℎ1

∗)] =  0, Thus system (1) at  𝑞1 with ℎ1 = ℎ1
∗
 does not experience S.NB. 

Moreover, since  π1
𝑇[𝐷𝐹ℎ1(𝑞1, ℎ1

∗)𝑇1] = −
𝑥̂

𝑒1
ν12𝜋12 ≠  0. 

Also, π1
𝑇[𝐷2𝐹(𝑞1, ℎ1

∗)(𝑇1, 𝑇1)] = 2[
𝑎𝑏1𝑐1𝜎1

(a+𝑥̂)2
−
ℎ1𝑒1

2𝜎1+𝑥̂

𝑒13
]ν12

2𝜋12
2 ≠  0 

Then, system (1) near the EP, 𝑞1, with ℎ1 = ℎ1
∗
 possesses a T.B. However violating condition 

(16a)  

π1
𝑇[𝐷3𝐹(𝑞1, ℎ1

∗)(𝑇1, 𝑇1, 𝑇1)] = 6[
(ℎ1𝜎1 − 𝑥̂)

𝑒12
−
𝑎𝑏1𝑐1𝜎2

2

(𝑎 + 𝑥)3
]𝑣2
3𝜋12

3 

Hence, system (1) undergoes P.B under the condition (16b).  

Theorem 8. The system (1) undergoes a T.B near 𝐼𝑃𝐸𝐸𝑃 when  𝑑3 = 𝑑3
∗ = 𝛿𝑠̅ +

𝑏2𝑐2𝑥̅

(𝑎+𝑥̅)
− 𝑑2 −

𝛽 − ℎ2𝑥̅ under the condition 

                                                     
𝑎𝑏2𝑐2𝜎3

(𝑎+𝑥̅)2
+ 𝛿𝜎4 ≠ ℎ2𝜎3                                                           (17a) 

Otherwise, it has a P.B . 

Proof. It is clear to verify that as 𝑑3
∗ = 𝑑3, the JM in Eq. (8a) at the EP, 𝑞2 has zero eigenvalue  

with two negative eigenvalues,  

    𝐽2 = 𝐽(𝑞2,𝑑3∗) = (

−𝑏𝑥̅ +
𝑐1 𝑥̅𝑠̅

(𝑎+𝑥̅)2
𝑟𝛼𝑥̅

(1+𝛼𝑠̂)2
−

𝑐1𝑥̅

(𝑎+𝑥̅)
−

𝑐2𝑥̅

(𝑎+𝑥̅)

𝑎𝑏1𝑐1𝑠̅

(𝑎+𝑥̅)2
−

ℎ1𝑠̅

(𝑒1+𝑠̅)

𝑐1𝑏1𝑥̅

(𝑎+𝑥̅)
− 𝑑2 −

𝑒1ℎ1𝑥̅

(𝑒1+𝑠̅)2
−𝛿𝑠̅ + 𝛽

0 0 0 

)  

Let 𝑇2 = (ν21, ν22, ν23)
𝑇  be the eigenvectors of 𝜆23

∗ = 0 . Then simple computation gives that 

𝑇2 = (𝜎3 ν23, 𝜎4 ν23, ν23)
𝑇 , where 𝜎3 =

𝑎13𝑎22−𝑎12𝑎23

𝑎11𝑎22−𝑎12𝑎21
 and 𝜎4 =

𝑎12𝑎23−𝑎22𝑎13

𝑎11𝑎22−𝑎12𝑎21
, (ν23 ≠ 0 ).  Then 

𝐽2π2 = 0  
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Now, let π2 = (𝜋21, 𝜋22, 𝜋23)
𝑇 be eigenvectors with the eigenvalue  𝜆23̂ = 0, Then   𝐽2

𝑇π2 = 0 

with π2 = (0,0, 𝜋23)
T with (𝜋23 ≠ 0 ).  

since  𝐹𝑑3 = (0, 0, −𝐼)𝑇 Hence 𝐹𝑑3(𝑞2, 𝑑3
∗) = (0, 0, 0)𝑇which yields 

π2
𝑇𝐹𝑑3(𝑞2, 𝑑3

∗) = 0. Thus system (1) at  𝑞2 with 𝑑3 = 𝑑3
∗
 does not experience S.NB. 

Moreover, since π2
𝑇[𝐷𝐹𝑑3(𝑞2, 𝑑3

∗)𝑇2] = −ν23𝜋23 ≠  0. 

Also, π2
𝑇[𝐷2𝐹(𝑞2, 𝑑3

∗)(𝑇2, 𝑇2)] = 2 (
𝑎𝑏2𝑐2𝜎3

(𝑎+𝑥̅)2
− ℎ2𝜎3 + 𝛿𝜎4) 𝜋23ν23

2  

Then, system (1) near the EP., 𝑞2, with 𝑑3 = 𝑑3
∗
 possesses a T.B if the condition (17a) hold. 

However violating condition (17a) then 

π2
𝑇[𝐷3𝐹(𝑞2, 𝑑3

∗)(𝑇2, 𝑇2, 𝑇2)] = −6
𝑎𝑏2𝑐2𝜎3

(𝑎+𝑥̅)3
𝑣2
3𝜋23

3 ≠ 0                                     (17b) 

Hence, system (1) undergoes P.B under the condition (17b).  

Theorem 9. The system (1) undergoes a S.NB near 𝑃𝐸𝑃, 𝑞3 = (𝑠
∗, 𝐼∗, 𝑦∗) when the parameter ℎ2 

crosses the value ℎ2 = ℎ2
∗ =

𝑤32(𝑤11𝑤23−𝑤13𝑤21)

(𝑤13𝑤22−𝑤12𝑤23)𝐼∗
+

𝑎𝑏2𝑐2

(𝑎+𝑥∗)2
 under the condition 

                                                             𝑔11 + 𝑔21 + 𝑔31 ≠ 0                                                       (18) 

Proof. The JM of the system (1) at (𝑞3, ℎ2
∗)  can be represented by    

𝐽3 = 𝐽(𝑞3,ℎ2∗) = (

𝑤11 𝑤12 𝑤13
𝑤21 𝑤22 𝑤23
𝑤31 𝑤32 0

) 

It is straightforward to check that the coefficient 𝜌3 = 0 at ℎ2 = ℎ2
∗  in equation (9b). Hence the 

characteristic equation has zero root.  

Let 𝑇3 = (ν31, ν32, ν33)
𝑇 be the eigenvectors corresponding to 𝜆31

∗ = 0. Thus 𝐽3𝑇3 = 0 gives that 

𝑇3 = (𝜎5ν33, 𝜎6ν33, ν33)
𝑇 , with 𝜎5 =

𝑤12𝑤23−𝑤22𝑤13

𝑤11𝑤22−𝑤12𝑤21
 and 𝜎6 =

𝑤21𝑤13−𝑤23𝑤11

𝑤11𝑤22−𝑤12𝑤21
 and, (ν33 ≠ 0). 

 Now, let π3 = (𝜋31, 𝜋32, 𝜋33)
𝑇 be eigenvectors 𝐽𝑇with the eigenvalue 𝜆31

∗ = 0 then 𝐽3
𝑇  π3 = 0 

with π3 = (𝜎7𝜋33, 𝜎8𝜋33, 𝜋33)
𝑇 with ( 𝜋33 ≠ 0)and 𝜎7 =

𝑤22𝑤31−𝑤21𝑤32

𝑤11𝑤22−𝑤12𝑤21
, 𝜎8 =

𝑤12𝑤31−𝑤32𝑤11

𝑤11𝑤22−𝑤12𝑤21
 

since  𝐹ℎ2 = (0, 0, −𝑥𝐼)𝑇 Hence 𝐹ℎ2(𝑞3, ℎ2
∗) = (0,0 , −𝑥∗𝐼∗)𝑇which yields 

  π3
𝑇𝐹ℎ2(𝑞3, ℎ2

∗) = −𝑥∗𝐼∗𝜋33 ≠  0.  

Also, π3
𝑇[𝐷2𝐹(𝑞3, ℎ2

∗)(𝑇3, 𝑇3)] = (𝑔11 + 𝑔21 + 𝑔31)𝑣3
2𝜋33 ≠ 0 
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 Hence, S.NB takes place near 𝑞3. 

5. NUMERICAL SIMULATION  

In this section, an investigation of the global dynamics of system (1) is carried out using numerical 

simulation. The objectives were to confirm our obtained findings and specify the role of each 

parameter in the dynamic system’s behavior. All numerical results are given in the form of phase 

portraits and time series using MATLAB version R2021a. Phase portraits of the resulting 

trajectories and their direction fields are shown in Figure 1 using the following set of parameters, 

with varying initial values used. 

𝑟 = 2, 𝛼 = 0.5, 𝑑1 = 0.1, 𝑏 = 0.25, 𝑐1 = 0.75, 𝑐2 = 0.6, 𝑎 = 2, 𝑏1 = 0.5, 𝑑2 = 0.1, 𝛿 =

                             0.3, ℎ1 = 0.01, 𝑒1 = 2, 𝛽 = 0.15, 𝑏2 = 0.3, 𝑑3 = 0.1, ℎ2 = 0.05.                           (19) 

It is observed, for this set of data, that the system (1) approaches asymptotically to the unique 𝑃𝐸𝑃,  

starting from three different initial values, as shown in the following figures (1). 

 

Figure 1. The trajectory of system (1) using data set (19) approaches asymptotically 𝑞3 =

(3.33,1.34,0.64) starting from different initial points (IP) (a) G.AS of the 𝑃𝐸𝑃. (b) Trajectories 

of populations versus time. 

Now, in order to discuss the effect of varying the parameters’ values of system (1) on the dynamical 

behavior of the system, the system is solved numerically for the data given in Eq. (19) and then 

the obtained solutions are drawn as shown below. It is observed that, for the values of parameter 

𝑟 ∈ [0.3,0.93] the solution of system (1) to 𝐼𝑃𝐸𝐸𝑃 , and the solution goes to 𝐴𝐸𝑃  when 𝑟 ∈

[0.1,0.29],  while when 𝑟 ≤ 0.09 the solution go to 𝐸𝐸𝑃, as illustrated Fig. (2). It is noted that 

system (1) approaches to 𝑃𝐸𝑃 of the system (1) for 𝑟 ≥ 0.94, as illustrated in Fig. (1). 
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Figure 2. The trajectories of system (1) versus time for the data given by Eq.(19) with different 

values 𝑟 .  (a) Approaches to  𝑞2 = (0.76,0.24,0) for 𝑟 = 0.4. (b) Time series for 𝑟 = 0.4. (c) 

Approaches to 𝑞1 = (0.76,0,0) for  𝑟 = 0.29. (d) Time series for 𝑟 = 0.29. (e) Approaches to 

𝑞0 = (0,0,0) for 𝑟 = 0.09. (f) Time series for 𝑟 = 0.09.  

The influence of parameter 𝑑1on the dynamic of system (1) is studied numerically and it is 

observed that for 𝑑1 ≥ 0.79  the system approaches to to  𝐼𝑃𝐸𝐸𝑃 , as illustrated in Fig.(3). 

Otherwise, it is noted that system (1) still to 𝑃𝐸𝑃.  
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Figure 3. The trajectories of system (1) versus time for the data given by Eq.(19) with different 

values 𝑑1.  (a) Approaches to  𝑞2 = (0.75,0.96,0) for 𝑑1 = 0.9. (b) Time series for 𝑑1 = 0.9.   

Further investigation of the remaining parameters, show that the parameters 𝛽 and 𝑑3  have a 

similar influence as that shown for 𝑑1on the dynamic of the system (1).  

 

Now, adjusting the value of 𝑏  affects the dynamics of the system (1). when 𝑏 ≤ 0.12 , the 

trajectories of system (1) approach to a stable limit cycle, as illustrated in Figure (4). Otherwise, 

the 𝑃𝐸𝑃 of the system (1) is a G.AS, as illustrated in Fig. (1).   

 

Figure 4. The trajectories of system (1) versus time for the data given by Eq.(19) with different 

values 𝑏.  (a) Periodic dynamics in  ℛ+
3  for 𝑏 = 0.1. (b) Time series for 𝑏 = 0.1.   

 

For the parameter 𝑐1 in the range of 𝑐1 ≤ 0.33, the system (1) approaches 𝐴𝐸𝑃, as illustrated in 

Fig. (5). Otherwise, the 𝑃𝐸𝑃 of the system (1) is a G.AS, as illustrated in Fig. (1).   
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Figure 5. The trajectories of system (1) versus time for the data given by Eq.(19) with different 

values 𝑐1.  (a) Approach to 𝑞1 = (7.6,0,0) for 𝑐1 = 0.2. (b) Time series for 𝑐1 = 0.2. 
the effect of changing the parameter ℎ2 on the dynamic of system (1) shows that the range 0.82 <
𝑎 < 0.55, system (1) undergoes a bi-stable between 𝑃𝐸𝑃and 3𝐷 periodic dynamics. While the 

system (1) has 2𝐷  periodic dynamics in 𝑥𝑠 − plane  when 𝑎 ≤ 0.54 , as illustrated in Fig.(6). 

Otherwise, the 𝑃𝐸𝑃 of the system (1) is a G.AS, as illustrated in Fig. (1).   

 

 
Figure 6. The bi-stable behaviour of the system (1) with data given by Eq.(19) with different 

values 𝑎.  (a) 3𝐷 phase portrait approaches 𝑞3 = (0.03,2.41,0.27) and 3𝐷 periodic attractor for 

𝑎 = 0.8. (b) Time series for for 𝑎 = 0.8. (c) (a) Periodic dynamics in  𝑥𝑠 − plane for 𝑎 = 0.52 

(b) Time series for 𝑎 = 0.52. 

The study of the effect of changing the parameter 𝑏1on the dynamic of system (1) shows that when 

𝑏1 ≤ 0.22, the system approaches 𝐴𝐸𝑃, the system approaches 𝐼𝑃𝐸𝐸𝑃 when 𝑏1 ∈ (0.22,0.24), as 

illustrated in Fig.(7). Otherwise, the 𝑃𝐸𝑃 of the system (1) is a G.AS, as illustrated in Fig.(1).   
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Figure 7. The trajectories of system (1) versus time for the data given by Eq.(19) with different 

values 𝑏1.  (a) Approaches to  𝑞2 = (7.60,0,0) for 𝑏1 = 0.1. (b) Time series for for 𝑏1 = 0.1. (c) 

Approaches to 𝑞2 = (3.59,1.38,0) for  𝑏1 = 0.23.. (d) Time series for 𝑏1 = 0.23.  

The effect of changing the parameter 𝑑2 on the dynamics of system (1) indicates that when 𝑑2 ∈

[0.22,0.35], the system approaches 𝐼𝑃𝐸𝐸𝑃, and the system approaches 𝐴𝐸𝑃 when 𝑑2 ≥ 0.26 , as 

illustrated in Fig.(8), Otherwise, the 𝑃𝐸𝑃 of the system (1) is a G.AS, as illustrated in Fig.(1).   

 

 

Figure 8. The trajectories of system (1) versus time for the data given by Eq.(19) with different 

values 𝑑2 . (a) Approaches to  𝑞2 = (3.75,1.38,0) for 𝑑2 = 0.23. (b) Time series for for 𝑑2 =

0.23 .(c) Approaches to 𝑞1 = (7.60,0,0) for  𝑑2 = 0.5 (d) Time series for 𝑑2 = 0.5.  
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Moreover, it is observed that for the parameter 𝛿 ≤ 0.14,the system (1) approaches 𝐼𝑃𝐸𝐸𝑃 as 

illustrated in Fig.(9), Otherwise, the 𝑃𝐸𝑃 of the system (1) is a G.AS, as illustrated in Fig.(1). 

 

Figure 9. The trajectories of system (1) versus time for the data given by Eq.(19) with different 

values 𝛿.  (a) Approach to 𝑞2 = (0.73,2.32,0) for 𝛿 = 0.14. (b) Time series for 𝛿 = 0.14. 

Now, the effect of changing the parameter ℎ2 on the dynamic of system (1) shows that when ℎ2 ≥

0.09, the system approaches to 𝐴𝐸𝑃. While for the range 0.07 < ℎ2 < 0.09 system (1) undergoes 

a bi-stable between 𝐴𝐸𝑃and 3𝐷 periodic dynamics, as illustrated in Fig.(10). Otherwise, the 𝑃𝐸𝑃 

of the system (1) is a G.AS, as illustrated in Fig.(1).   

 

 

Figure 10. The bi-stable behaviour of the system (1) with  data given by Eq.(19) with different 

values ℎ1 .(a) 3𝐷  phase portrait approaches 𝑞1 = (7.60,0,0) and 3𝐷  periodic attractor for ℎ1 =

0.08. (b) Time series for for ℎ1 = 0.08. (c) Approaches to 𝑞1 = (7.60,0,0) for  ℎ1 = 0.09. (d) 

Time series for ℎ1 = 0.09.  
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Now, the impact of varying the parameter 𝑒1 on the system’s dynamics shows the system (1) 

undergoes a bi-stable between  𝐴𝐸𝑃and 𝑃𝐸𝑃 , when 𝑒1 ≤ 0.08 , as illustrated in Fig.(11). 

Otherwise, the 𝑃𝐸𝑃 of the system (1) is a G.AS, as illustrated in Fig.(1).   

 
Figure 11. The bi-stable behaviour of the system (1) with  data given by Eq.(19) with different 

values 𝑒1. (a) 3𝐷 phase portrait approaches 𝑞1 = (7.60,0,0) and 𝑞3 = (3.35,1.35,0.58) for 𝑒1 =
0.08. (b) Time series for 𝑒1 = 0.08.  

The effect of varying the parameters 𝛼, 𝑐2, and 𝑏2 has a quantitative impact on the position of 𝑃𝐸𝑃. 

Finally, The effect of varying the parameter ℎ2on the system’s dynamic shows when 0.17 ≤ ℎ2 ≤
0.53 , the system has 3𝐷 perodic dynamics, and when ℎ2 ≥ 0.54 , the system(1) approaches 

𝐼𝑃𝐸𝐸𝑃. as illustrated in Fig.(12). Otherwise, the 𝑃𝐸𝑃 of the system (1) is a G.AS, as illustrated in 

Fig.(1).   

 
Figure 12. The trajectories of system (1) versus time for the data given by Eq.(19) with different 

values ℎ2 . (a) Periodic dynamics in  ℛ+
3  for ℎ2 = 0.6 . (b) Time series for for ℎ2 = 0.6 . (c) 

Approaches to 𝑞2 = (0.74,2.32,0) for  ℎ2 = 0.3. (d) Time series for ℎ2 = 0.3.  
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6. CONCLUSION  

       In this paper, a mathematical model considering anti-predator on the prey-predator system in 

case of the existence of disease in the predator, with treatment in infected predator and fear of 

predation plays an important role in the growth of a prey species in a prey-predator system is 

proposed and studied. The properties of the solution of the mathematical model, including 

existence, boundedness, and uniqueness, are discussed. All the possible EPs are found. The local, 

as well as global, stability of these equilibrium points is investigated. The local bifurcation 

conditions around each EP are also established. It is observed that the proposed model has a rich 

dynamic, and many of its parameters represent bifurcation parameters for the system. Finally, the 

numerical simulations of the system, with the help of the hypothetical set of data given by Eq. (19) 

have been shown in different types of dynamics. It is observed numerically that the system includes 

stable points, bi-stable, and periodic behavior. 
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