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Abstract: For ecological interactions and plant reproduction, scents play a critical part in the food chain, which 

includes flowers, pollinators, and predators. Floral volatiles are important cues that attract pollinators, which in turn 

help plants reproduce. Additionally, these smells can affect predators and other higher trophic levels, thereby altering 

the dynamics of a community. To comprehend how the odor affects their dynamics, this work suggests and examines 

a food chain model of the aforementioned kind. The food chain model's stability analysis is examined locally with the 

help of linearization techniques and globally utilizing suitable Lyapunov functions. The possibility of local 

bifurcations occurring is examined, along with determining their kind using the Sotomayor theorem for local 

bifurcations. To validate the acquired analytical results and comprehend the influence of parameter values, a numerical 

simulation is performed. 
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1. INTRODUCTION 

In the disciplines of ecology, community biology, and computational biology, the prey-predator 

model has been thoroughly studied and applied. It helps scientists better grasp the factors 

influencing population dynamics and provides a lens through which to examine the  complex 
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relationships among various species. The model has been updated to include more elements, such 

as more complex community structures (food chains and food webs) and many environmental 

parameters including fear [1-3], refuge [4-6], harvesting [7-9], group defense [10-12], seasonality 

[13-15], cannibalism [16-18], Allee effect [19-21], infectious diseases [22-24], and many more 

others. 

Thus, the classic Lotka-Volterra model was presented to build a prey-predator interaction 

centered on the Malthus growth rate [25, 26]. The Lotka-Volterra model is based on differential 

equations that describe the dynamics of populations of predators and prey. Over time, researchers 

have further developed and modified the model to include more realistic ecological scenarios [27–

29] and the citations therein. The Lotka-Volterra framework is a fundamental concept in 

environmental modeling, despite its flaws, and that the real ecosystems are often more complex 

than the model predicts. It has made it possible to develop increasingly intricate models that aim 

to capture the intricacies of ecological systems. Because prey-predator interactions aid in 

understanding ecosystem dynamics and biodiversity, they remain an important field of study in 

ecology. For many years, scientists have been building many models to study the behaviors of this 

kind of ecological model and many other ecological scenarios [30–32].   

As one organism consumes another, nutrients and energy go through the food chain, which is 

a linear arrangement of species. It symbolizes how matter and energy move through an 

environment. Since it enables us to recognize how ecosystems work and how human activity might 

impact them, an understanding of food chains is essential to ecology and environmental science 

[33]. The aforementioned makes it abundantly evident that food chains are an extension of the 

prey-predator system to higher levels, which are connected via the response function. From an 

ecological point of view, "functional response" describes the relationship between the number of 

prey and the rate at which a predator feeds on them [34]. It demonstrates how the presence of prey 

causes a consumer to alter the rate at which it feeds. Prey-dependent [35-36], predator-dependent 

[37-38], and ratio-dependent [39] are the three main categories that are employed. To make it more 

biologically realistic, a logistic growth term was employed for the prey species rather than a linear 

growth term. Functional responses play an important role in identifying population dynamics and 

prey-predator relationships in ecosystems. Ecologists and researchers can influence the overall 

stability and structure of ecological communities by simulating and predicting how predators affect 

prey populations and vice versa. 
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The majority of animals use odor to gather information, according to ecologists. For example, 

wolves use odor information to pursue prey [40], while female moths produce odor that contains 

unique enzymes to relay information [41]. Even though the sense of smell steadily deteriorates 

over animal evolution, it nevertheless plays a role in many different animal activities, including 

attracting enemies, foraging, stress reaction, and reproduction. Shen and Xue [42] examined the 

dynamics of the system and the impact of shelter on the prey population when predator odor was 

disrupted. Additionally, they used the Dulac-Bendixson principle to demonstrate the worldwide 

stability of the positive equilibrium point. The impact of odor disruption on the predator-prey 

relationship has not received much attention up to this point. Later on, a food chain model with 

collective defense and odor disruption was put up by Xu et al. [43]. In this model, prey are agitated 

by the smell of predators and band together to protect. However, Debasish et al. [44] investigated 

the effect of prey odor on predator population and, in turn, the food chain.  

In contrast to the reviewed studies, this paper suggests a novel Lotka-Volterra food chain made 

up of flowers, pollinators, and predators to comprehend the effects of pollinator- and flower-

induced odors on the dynamic behavior of the food chain. This is because there aren't many studies 

that focus on the role of odors in the dynamics of food chains in the environment. A 

multidisciplinary approach that combines biology, ecology, mathematics, and chemistry is the 

study of modeling and analysis of the dynamics of the food chain that includes flowers, pollinators, 

and predators, emphasizing the significance of scents. This field of study is essential for 

comprehending the complex interactions that exist within ecosystems and has broad ramifications 

for sustainable development, agriculture, and biodiversity protection. Moreover, Section 2 treats 

the model formulation. The dynamical behavior of the model is studied in Section 3. However, 

Section 4 solves the model numerically. Finally, the conclusion of our study is given in Section 5. 

2. MATERIALS AND METHODS 

Let that 𝑥(𝑡), 𝑦(𝑡), and 𝑧(𝑡) be the density of the flowers, pollinators, and predators at time 

𝑡 , respectively. The following biologically feasible assumptions are adopted to formulate the 

dynamics of such a food chain system. 

The logistical expansion of flowers occurs when pollinators are scarce. The sweet scents released 

by flowers draw pollinators, including bees, butterflies, and birds. Pollinators visit flowers drawn 

by their scent to eat the nectar or gather pollen, which promotes the growth of the blooms. Because 

of their smell, these organisms may unintentionally draw pollinator-attracting predators to the 
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blooms, like spiders and insect-eating birds. Finally, pollinators and their predators decline 

exponentially in the absence of food. 

Then, a set of 1st order differential equations can be used to explain the dynamics of such a food 

chain. 

𝑑𝑥

𝑑𝑡
= 𝛼𝑥 (1 −

𝑥

𝛽
) − 𝛾1(1 + 𝜃1𝑥)𝑥𝑦 + 𝛾2(1 + 𝜃1𝑥)𝑥𝑦 = 𝑥𝑔1(𝑥, 𝑦, 𝑧),

𝑑𝑦

𝑑𝑡
= 𝑒1𝛾1(1 + 𝜃1𝑥)𝑥𝑦 − 𝜇(1 + 𝜃2𝑦)𝑦𝑧 − 𝑑1𝑦 = 𝑦𝑔2(𝑥, 𝑦, 𝑧),     

𝑑𝑧

𝑑𝑡
= 𝑒2𝜇(1 + 𝜃2𝑦)𝑦𝑧 − 𝑑2𝑧 = 𝑧𝑔3(𝑥, 𝑦, 𝑧),                    

               (1) 

where 𝑥(0) ≥ 0, 𝑦(0) ≥ 0, and 𝑧(0) ≥ 0. All the system parameters are positive constants and 

stand for the rates as stated in Table 1. 

Table 1: Parameter description 

Parameter Description 

𝛼 The intrinsic growth rate of the flower. 

𝛽 The environment-carrying capacity. 

𝛾1 The consume-nectar rate. 

𝛾2 The gather-pollen rate. 

𝜃1 The level of flower scents. 

𝜃2 The level of pollinator scents 

𝜇 The predator consumption rate of pollinators  

𝑒1 The conversion rate of flower nectar to pollinators' biomass 

𝑒2 The conversion rate of pollinators' biomass to predator biomass 

𝑑1, 𝑑2 The mortality rates of pollinators and predators, respectively. 

Since the growth functions 𝑔𝑖, 𝑖 = 1,2,3 belong to the set of functions 𝐶1, hence system (1) with 

any nonnegative initial condition has a solution and is unique.  

Therefore, when the value of 𝛾2 > 𝛾1, the gather-pollen will help to grow the flower population. 

However, when the value 𝛾2 < 𝛾1, this means the effect of the consume-nectar is stronger than 

the gather-pollen, and then the population of the flower will be decreased. Finally, when 𝛾2 = 𝛾1, 

then the population of the flower will depend on the logistic growth only. 

In the following theorem, the boundedness and positivity of solutions of the system (1) are 

established. 

Theorem 1. For any positive initial point with 𝛾1(1 − 𝑒1) > 𝛾2, the system’s (1) solution is still 

positive and bounded for all time. 

Proof of Theorem 1. Consider the positive initial point (𝑥(0), 𝑦(0), 𝑧(0)). Then from the flower 
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equation, it is obtained: 

 𝑥(𝑡) = 𝑥(0) exp [∫ (𝛼 (1 −
𝑥(𝑠)

𝛽
) − 𝛾1(1 + 𝜃1𝑥(𝑠))𝑦(𝑠) + 𝛾2(1 +

𝑡

0

𝜃1𝑥(𝑠))𝑦(𝑠))𝑑𝑠] > 0. 

Similarly, for the pollinators, and predators equations, it is obtained: 

 𝑦(𝑡) = 𝑦(0) exp [∫ (𝑒1𝛾1(1 + 𝜃1𝑥(𝑠))𝑥(𝑠) − 𝜇(1 + 𝜃2𝑦(𝑠))𝑧(𝑠) − 𝑑1)
𝑡

0
𝑑𝑠] > 0. 

 𝑧(𝑡) = 𝑧(0) exp [∫ (𝑒2𝜇(1 + 𝜃2𝑦(𝑠))𝑦(𝑠) − 𝑑2)
𝑡

0
𝑑𝑠] > 0. 

Hence, by integrating the equations of system (1) using the positive initial point, it is obtained that 

the solution is still positive all the time according to the properties of the exponential function. 

To prove the boundedness, the flower equation gives that: 

 
𝑑𝑥

𝑑𝑡
= 𝛼𝑥 (1 −

𝑥

𝛽
) − [𝛾1 − 𝛾2](1 + 𝜃1𝑥)𝑥𝑦 ≤ 𝛼𝑥 (1 −

𝑥

𝛽
). 

Therefore, by applying Lemma 2.2, [45], it was reached that: 

 𝑥(𝑡) ≤ 𝛽 (1 + (𝛽𝑥−1(0) − 1)𝑒−𝛼𝑡)−1. 

Therefore:  

 lim
𝑡⟶∞

𝑠𝑢𝑝𝑥(𝑡) ≤ 𝛽. 

Consider the function Λ(𝑡) = 𝑥(𝑡) + 𝑦(𝑡) + 𝑧(𝑡) then:  

 
dΛ(𝑡)

𝑑𝑡
≤ 2𝛼𝛽 − 𝛼𝑥 − 𝑑1𝑦 − 𝑑2𝑧 ≤ 2𝛼𝛽 − 𝜍Λ, 

where 𝜍 = min{𝛼, 𝑑1, 𝑑2}. 

Therefore, utilizing Lemma 2.1, [45], yields that as 𝑡 → ∞ that supΛ(𝑡) ≤
𝜍

2𝛼𝛽
. Hence, the proof 

is complete.  

Note that the nectar consumption rate is assumed to be higher than the pollen-gathering rate, as 

shown in Theorem 1, for keeping the population of the flowers bound; otherwise, it becomes 

unbounded, and this is what happens in nature.  

The careful balance between this system of blooms, pollinators, and predators guarantees the 

existence of both plant and animal species. Pollinators aid in plant reproduction, the flowers give 

them food, and predators control pollinator populations to prevent any one species from taking 

over the environment. Each element is essential to preserving ecological health and biodiversity. 

There are many examples of such a system, from which Milkweed, Monarch Butterflies, and Birds; 
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Sunflowers, Bees, and Bee-eater Birds; Wild Blueberry Bushes, Bumblebees, and Robber Flies; 

and Apple Trees, Honey bees, and Hornets. 

3. DYNAMICAL BEHAVIOR 

 For the components of this food chain to remain stable and continue to exist over time, it is 

crucial to comprehend the dynamic behavior of the flower-pollinators-predators food chain. The 

dynamic picture between these organisms may be complicated by the range of biological 

interactions found within the proposed food chain, such as the symbiosis between flowers and 

pollinators, the predation interaction between pollinators and predators, and the impact of odors 

from flowers and pollinators. Therefore, to research dynamic behavior, one must first identify the 

food chain's steady-state points (SSPs) system (1) and then investigate the dynamic behavior 

surrounding those points, including stability and bifurcation, as described in the following theories. 

Four SSPs have been identified in the system through a study; their forms and constraints are 

outlined below. 

The vanishing-SSP (VSSP) is denoted by Γ1 = (0,0,0) and always exists. 

The flower-SSP (FSSP) is denoted by Γ2 = (𝛽, 0,0), and always exists. 

The flower-pollinator-SSP (FPSSP) is denoted by Γ3 = (𝑥̅, 𝑦̅, 0), where 

 
𝑥̅ =

−𝑒1𝛾1+√𝑒1𝛾1√𝑒1𝛾1+4𝑑1𝜃1

2𝑒1𝛾1𝜃1

𝑦̅ =
𝛼(𝛽−𝑥̅)

𝛽(𝛾1−𝛾2)(1+𝜃1𝑥̅)

}.                                  (2) 

It exists provided that the following constraint is satisfactory: 

 𝛾2 < 𝛾1;  𝑥̅ < 𝛽.                                 (3)  

The cohabitation-SSP (CSSP) is denoted by Γ3 = (𝑥̂, 𝑦̂, 𝑧̂), where: 

 

𝑦̂ =
−𝜇𝑒2+√𝜇𝑒2√𝜇𝑒2+4𝑑2𝜃2

2𝜇𝑒2𝜃2

𝑥̂ =
𝛽[𝛼−(𝛾1−𝛾2)𝑦̂]

𝛼+𝛽𝜃1(𝛾1−𝛾2)𝑦̂

𝑧̂ =
−𝑑1+𝑒1𝛾1𝑥̂(1+𝜃1𝑥̂)

𝜇(1+𝜃2𝑦̂) }
 
 

 
 

.                                   (4) 

It exists provided that the following constraint is satisfactory: 

 0 < (𝛾1 − 𝛾2)𝑦̂ < 𝛼.                                 (5) 

 𝑑1 < 𝑒1𝛾1𝑥̂(1 + 𝜃1𝑥̂).                            (6) 

Theorem 2. The VSSP is a saddle point. 

Proof of Theorem 2. The Jacobian matrix (JM) at the VSSP can be determined as: 
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 𝐴(Γ1) = [
𝛼 0 0
0 −𝑑1 0
0 0 −𝑑2

].                              (7)  

The eigenvalues are determined as 𝛼 > 0, −𝑑1 < 0, and −𝑑2 < 0. So, VSSP is a saddle point. 

Theorem 3. The FSSP is a sink under the following constraint. 

 𝛽𝑒1𝛾1(1 + 𝛽𝜃1) < 𝑑1.                             (8) 

It becomes globally stable under the constraint: 

 (𝛾1 + 𝛾2)(1 + 𝜃1𝛽)𝛽 < 𝑑1.                              (9) 

Moreover, system (1) undergoes a transcritical bifurcation (TB) near FSSP when: 

 𝛽𝑒1𝛾1(1 + 𝛽𝜃1) = 𝑑1.                                  (10) 

Proof of Theorem 3. The JM at the FSSP can be determined in the form: 

 𝐴(Γ2) = [

−𝛼 −𝛽(𝛾1 − 𝛾2)(1 + 𝛽𝜃1) 0
0 −𝑑1 + 𝛽𝑒1𝛾1(1 + 𝛽𝜃1) 0
0 0 −𝑑2

].                  (11) 

The eigenvalues are determined as −𝛼 < 0, −𝑑1 + 𝛽𝑒1𝛾1(1 + 𝛽𝜃1), and −𝑑2 < 0. So, FSSP is 

a sink provided that the constraint (8) is satisfactory. 

Consider, now the real-valued function Η1 = ∫
𝑠−𝛽

𝑠
𝑑𝑠 + 𝑦 + 𝑧

𝑥

𝛽
. It satisfies Η1(𝛽, 0,0) = 0, and 

Η1(𝑥, 𝑦, 𝑧) > 0  for every point belonging to {𝑥 > 0, 𝑦 ≥ 0, 𝑧 ≥ 0} . Furthermore, direct 

computation gives that: 

 
dΗ1

𝑑𝑡
≤ −

𝛼

𝛽
(𝑥 − 𝛽)2 − [𝑑1 − (𝛾1 + 𝛾2)(1 + 𝜃1𝛽)𝛽]𝑦 − 𝑑2𝑧. 

Therefore, 
dΗ1

𝑑𝑡
 becomes negative definite under the constraint (9), which leads to global stability. 

When the constraint (10) is satisfactory, then 𝐴(Γ2, 𝑑1) becomes:  

 𝐴1 = [
−𝛼 −𝛽(𝛾1 − 𝛾2)(1 + 𝛽𝜃1) 0
0 0 0
0 0 −𝑑2

]. 

Then the eigenvalues of 𝐴1 are 𝜆𝑥 = −𝛼, 𝜆𝑧 = −𝑑2, and 𝜆𝑦 = 0. Thus, the FSSP becomes a 

non-hyperbolic point. Let 𝐔𝟏 = (𝑣11, 𝑣21, 𝑣31)
𝑇 and 𝚿𝟏 = (𝜗11, 𝜗21, 𝜗31)

𝑇 be the eigenvectors 

associated with the 𝜆𝑦 = 0  of the 𝐴1  and 𝐴1
𝑇  respectively. Direct computation shows that 

𝐔𝟏 = (
−𝛽(𝛾1−𝛾2)(1+𝛽𝜃1)

𝛼
, 1,0)

𝑇

= (𝜁1, 1,0)
𝑇  and 𝚿𝟏 = (0,1,0)

𝑇. 

Using Sotomayor’s theorem [46] gives that: 

 
𝛛𝐆

𝜕𝑑1
(𝐘, 𝑑1) = (

0
−𝑦
0

), then 𝐆𝑑1(Γ2, 𝑑1) = (
0
0
0
), 
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where 𝐆 = (𝑥𝑔1, 𝑦𝑔2, 𝑧𝑔3)
T, 𝐘 = (𝑥, 𝑦, 𝑧)T. Therefore, 𝚿𝟏

𝑇𝐆𝑑1(Γ2, 𝑑1) = 0, and as a result, the 

first condition for TB is met. Moreover, since: 

 𝚿𝟏
𝑇𝐷𝐆𝑑1(Γ2, 𝑑1) 𝐔𝟏 = −1 ≠ 0. 

Also, direct computation gives that: 

𝐷2𝐆(Γ2, 𝑑1)(𝐔𝟏, 𝐔𝟏) =  (
−2𝜁1(𝛾1 − 𝛾2)(1 + 2𝜃1𝛽) −

2𝛼𝜁1
2

𝛽

2[𝑒1𝜁1𝛾1(1 + 2𝜃1𝛽)]
0

). 

As a result, the following is found: 

 𝚿𝟏
𝑇𝐷2𝐆(Γ2, 𝑑1)(𝐔𝟏, 𝐔𝟏) =  2[𝑒1𝜁1𝛾1(1 + 2𝜃1𝛽)] ≠ 0. 

Thus, a TB takes place around the FSSP. 

Theorem 4. The FPSSP is a sink under the following constraint. 

 𝜇𝑒2𝑦̅(1 + 𝜃2𝑦̅) < 𝑑2.                               (12) 

It is globally stable within a bounded domain of system (1) provided the following sufficient 

constraints are satisfied. 

 𝑒1𝛾1𝜃1𝑦̅𝑥̅ < (𝛾1 − 𝛾2 − 𝑒1𝛾1𝑦̅),                           (13) 

 𝑒1𝛾1𝛽(1 + 𝜃1𝛽) +
1

2
< 𝑑1,                            (14) 

 𝜇(𝑒2 + 𝑦̅)(1 + 𝜃2𝑦𝑚𝑎𝑥)𝑦𝑚𝑎𝑥 < 𝑑2,                     (15) 

[(𝛾1−𝛾2−𝑒1𝛾1𝑦̅)(1+𝜃1𝛽)−𝑒1𝛾1𝜃1𝑦̅𝑥̅]
2

2
<

𝛼

𝛽
+ (𝛾1 − 𝛾2)𝜃1𝑦̅,                 (16) 

where 𝑦𝑚𝑎𝑥 represents the upper bound of 𝑦 resulting from Theorem 1. Moreover, system (1) 

undergoes a TB at FPSSP when the following constraint holds: 

 𝜇𝑒2𝑦̅(1 + 𝜃2𝑦̅) = 𝑑2.                                (17) 

Proof of Theorem 4. The JM at the PFSSP can be calculated as:  

 𝐴(Γ3) = [

−𝑥̅ (
𝛼

𝛽
+ 𝜃1(𝛾1 − 𝛾2)𝑦̅) −𝑥̅(𝛾1 − 𝛾2)(1 + 𝜃1𝑥̅) 0

𝑒1𝛾1𝑦̅(1 + 2𝜃1𝑥̅) 0 −𝜇𝑦̅(1 + 𝜃2𝑦̅)
0 0 −𝑑2 + 𝜇𝑒2𝑦̅(1 + 𝜃2𝑦̅)

] .     (18) 

The characteristic equation of 𝐴(Γ3) can be written as: 

 
[𝜆2 + 𝑥̅ (

𝛼

𝛽
+ 𝜃1(𝛾1 − 𝛾2)𝑦̅) 𝜆 + 𝑒1𝛾1𝑥̅𝑦̅(𝛾1 − 𝛾2)(1 + 𝜃1𝑥̅)(1 + 2𝜃1𝑥̅)]

[−𝑑2 + 𝜇𝑒2𝑦̅(1 + 𝜃2𝑦̅) − 𝜆] = 0.
 

From the RH criterion, it is easy to verify that there are two negative real parts eigenvalues given 

by: 
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𝜆31, 𝜆32 =

−𝑥̅(
𝛼

𝛽
+𝜃1(𝛾1−𝛾2)𝑦̅)

2
                                       

±
1

2
√𝑥̅2 (

𝛼

𝛽
+ 𝜃1(𝛾1 − 𝛾2)𝑦̅)

2

− 4𝑒1𝛾1𝑥̅𝑦̅(𝛾1 − 𝛾2)(1 + 𝜃1𝑥̅)(1 + 2𝜃1𝑥̅)

. 

While the third eigenvalue is 𝜆33 = −𝑑2 + 𝜇𝑒2𝑦̅(1 + 𝜃2𝑦̅). Therefore, the FPSSP is a sink under 

the constraint (12). 

Consider, now the real-valued function Η2 = ∫
𝑠−𝑥̅

𝑠
𝑑𝑠

𝑥

𝑥̅
+
(𝑦−𝑦̅)2

2
+ 𝑧. It satisfies Η2(𝑥̅, 𝑦̅, 0) = 0, 

and Η2(𝑥, 𝑦, 𝑧) > 0  for every point belonging to {𝑥 > 0, 𝑦 > 0, 𝑧 ≥ 0} . Furthermore, direct 

computation gives that: 

dΗ2

dt
= −[

𝛼

𝛽
+ (𝛾1 − 𝛾2)𝜃1𝑦̅] (𝑥 − 𝑥̅)

2 − [𝑑1 − 𝑒1𝛾1𝑥(1 + 𝜃1𝑥)](𝑦 − 𝑦̅)
2

−[(𝛾1 − 𝛾2 − 𝑒1𝛾1𝑦̅)(1 + 𝜃1𝑥) − 𝑒1𝛾1𝜃1𝑦̅𝑥̅](𝑥 − 𝑥̅)(𝑦 − 𝑦̅)

−𝜇(𝑦 − 𝑦̅)(1 + 𝜃2𝑦)𝑦𝑧 + 𝑒2𝜇(1 + 𝜃2𝑦)𝑦𝑧 − 𝑑2𝑧.

. 

Further simplifying yields that: 

 

dΗ2

𝑑𝑡
≤ − [

𝛼

𝛽
+ (𝛾1 − 𝛾2)𝜃1𝑦̅ −

𝑀2

2
] (𝑥 − 𝑥̅)2 − [𝑑1 − 𝑒1𝛾1𝑥(1 + 𝜃1𝑥) −

1

2
] (𝑦 − 𝑦̅)2

−[𝑑2 − 𝜇(𝑒2 + 𝑦̅)(1 + 𝜃2𝑦)𝑦]𝑧,
  

where 𝑀 = (𝛾1 − 𝛾2 − 𝑒1𝛾1𝑦̅)(1 + 𝜃1𝑥) − 𝑒1𝛾1𝜃1𝑦̅𝑥̅ . Hence, using the constraints (13)-(16) 

makes 
dΗ2

𝑑𝑡
 negative definite and leads to global stability. 

When the constraint (17) is satisfactory, then 𝐴(Γ3, 𝑑2) that given in (18) becomes:  

 𝐴2 = [
−𝑥̅ (

𝛼

𝛽
+ 𝜃1(𝛾1 − 𝛾2)𝑦̅) −𝑥̅(𝛾1 − 𝛾2)(1 + 𝜃1𝑥̅) 0

𝑒1𝛾1𝑦̅(1 + 2𝜃1𝑥̅) 0 −𝜇𝑦̅(1 + 𝜃2𝑦̅)
0 0 0

]. 

The eigenvalues of 𝐴2 are given by 𝜆31, 𝜆32, and 𝜆𝑧 = 0. Thus, the FPSSP is a non-hyperbolic 

point. Let 𝐔𝟐 = (𝑣12, 𝑣22, 𝑣32)
𝑇 and 𝚿𝟐 = (𝜗12, 𝜗22, 𝜗32)

𝑇 be the eigenvectors corresponding 

to 𝜆𝑧 = 0  of the 𝐴2  and 𝐴2
𝑇  respectively. Direct computation shows that 𝐔𝟐 = (𝜁2, 𝜁3, 1)

𝑇 , 

and 𝚿𝟐 = (0,0,1)
𝑇, where:  

𝜁2 =
𝜇(1+𝜃2𝑦̅)

𝑒1𝛾1(1+2𝜃1𝑥̅)
 and 𝜁3 = −

𝜇(
𝛼

𝛽
+𝜃1(𝛾1−𝛾2)𝑦̅)(1+𝜃2𝑦̅)

𝑒1𝛾1(𝛾1−𝛾2)(1+𝜃1𝑥̅)(1+2𝜃1𝑥̅)
. 

Now, it is observed that: 

 
𝛛𝐆

𝜕𝑑2
(𝐘, 𝑑2) = (

0
0
−𝑧
), then 𝐆𝑑2(Γ3, 𝑑2) = (

0
0
0
). 

Therefore, 𝚿𝟐
𝑇𝐆𝑑2(Γ3, 𝑑2) = 0, the first condition for TB is met. Moreover, since: 

 𝚿𝟐
𝑇𝐷𝐆𝑑2(Γ3, 𝑑2) 𝐔𝟐 = −1 ≠ 0. 
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Furthermore, direct computation gives that: 

 𝐷2𝐆(Γ3, 𝑑2)(𝐔𝟐, 𝐔𝟐) =  (

−2𝜁2𝜁3(𝛾1 − 𝛾2)(1 + 2𝜃1𝑥̅) −
2𝜁2

2(𝛼+𝛽(𝛾1−𝛾2)𝜃1𝑦̅)

𝛽

2(𝑒1𝜁2
2𝛾1𝜃1𝑦̅ + 𝜁3[𝑒1𝜁2𝛾1(1 + 2𝜃1𝑥̅) − 𝜇(1 + 2𝜃2𝑦̅)])

2𝜇𝑒2𝜁3(1 + 2𝜃2𝑦̅)

). 

So, the following is found: 

 𝚿𝟐
𝑇𝐷2𝐆(Γ3, 𝑑2)(𝐔𝟐, 𝐔𝟐) =  2𝜇𝑒2𝜁3(1 + 2𝜃2𝑦̅) ≠ 0. 

Then a TB takes place around the FPSSP. 

Theorem 5. The CSSP is an unconstrained sink. It becomes globally stable when the following 

sufficient constraints are satisfied. 

 𝑒1𝛾1𝜃1𝑥̂ < (𝛾1 − 𝛾2 − 𝑒1𝛾1),                              (19) 

 𝑒2(1 + 𝜃2𝑦𝑚𝑎𝑥 + 𝜃2𝑦̂)𝑧𝑚𝑎𝑥 < 1,                            (20)

 
[(𝛾1−𝛾2−𝑒1𝛾1)(1+𝜃1𝛽)−𝑒1𝛾1𝜃1𝑥̂]

2

2
<

𝛼

𝛽
+ (𝛾1 − 𝛾2)𝜃1𝑦̂,                    (21) 

 
1

2
([𝜇(1 + 𝜃2𝑦𝑚𝑎𝑥)]

2 + 1) < 𝜇𝜃2𝑧̂.                           (22) 

 𝑒2𝜇𝑦̂(1 + 𝜃2𝑦̂) +
1

2
< 𝑑2.                              (23) 

Proof of Theorem 5. The JM at the CSSP can be determined by: 

 𝐴(Γ4) = [

−𝑥̂ [
𝛼

𝛽
+ 𝜃1𝑦̂(𝛾1 − 𝛾2)] −𝑥̂(𝛾1 − 𝛾2)(1 + 𝜃1𝑥̂) 0

𝑒1𝛾1𝑦̂(1 + 2𝜃1𝑥̂) −𝜇𝑦̂𝑧̂𝜃2 −𝜇𝑦̂(1 + 𝜃2𝑦̂)
0 𝜇𝑒2𝑧̂(1 + 2𝜃2𝑦̂) 0

]. 

Therefore, the characteristic equation of 𝐴(Γ4) can be written as: 

 𝜆3 + Σ1𝜆
2 + Σ2𝜆 + Σ3 = 0, 

where 

 Σ1 = 𝑥̂ [
𝛼

𝛽
+ 𝜃1𝑦̂(𝛾1 − 𝛾2)] + 𝜇𝑦̂𝑧̂𝜃2 > 0, 

 
Σ2 = 𝜇𝜃2𝑥̂𝑦̂𝑧̂ [

𝛼

𝛽
+ 𝜃1𝑦̂(𝛾1 − 𝛾2)] + 𝑒1𝛾1𝑥̂𝑦̂(𝛾1 − 𝛾2)(1 + 𝜃1𝑥̂)(1 + 2𝜃1𝑥̂)

+𝜇2𝑒2𝑦̂𝑧̂(1 + 𝜃2𝑦̂)(1 + 2𝜃2𝑦̂) > 0.
 

 Σ3 = 𝜇
2𝑒2𝑥̂𝑦̂𝑧̂ [

𝛼

𝛽
+ 𝜃1𝑦̂(𝛾1 − 𝛾2)] (1 + 𝜃2𝑦̂)(1 + 2𝜃2𝑦̂) > 0. 

Moreover, it is obtained that 

 
Σ1Σ2 − Σ3 = 𝜇𝑦̂𝑧̂𝜃2Σ2 + 𝜇𝜃2𝑥̂

2𝑦̂𝑧̂ [
𝛼

𝛽
+ 𝜃1𝑦̂(𝛾1 − 𝛾2)]

2

                        

+𝑒1𝛾1𝑥̂
2𝑦̂(𝛾1 − 𝛾2)(1 + 𝜃1𝑥̂)(1 + 2𝜃1𝑥̂) [

𝛼

𝛽
+ 𝜃1𝑦̂(𝛾1 − 𝛾2)] > 0.

 

Consequently, due to the RH criterion, CSSP is an unconstrained sink. 
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Define now the real-valued function Η3 = ∫
𝑠−𝑥̂

𝑠
𝑑𝑠

𝑥

𝑥̂
+ ∫

𝑠−𝑦̂

𝑠
𝑑𝑠

𝑦

𝑦̂
+
(𝑧−𝑧̂)2

2
 . It satisfies 

Η3(𝑥̂, 𝑦̂, 𝑧̂) = 0 , and Η3(𝑥, 𝑦, 𝑧) > 0  for every point belonging to {𝑥 > 0, 𝑦 > 0, 𝑧 > 0} . 

Furthermore, direct computation gives that: 

𝑑Η3
𝑑𝑡

= − [
𝛼

𝛽
+ (𝛾1 − 𝛾2)𝜃1𝑦̂] (𝑥 − 𝑥̂)

2 − [𝑑2 − 𝑒2𝜇𝑦̂ − 𝑒2𝜇𝜃2𝑦̂
2](𝑧 − 𝑧̂)2

−𝜇𝜃2𝑧̂(𝑦 − 𝑦̂)
2 − [(𝛾1 − 𝛾2 − 𝑒1𝛾1)(1 + 𝜃1𝑥) − 𝑒1𝛾1𝜃1𝑥̂](𝑥 − 𝑥̂)(𝑦 − 𝑦̂)

−[𝜇(1 + 𝜃2𝑦) − 𝑒2𝜇(1 + 𝜃2𝑦 + 𝜃2𝑦̂)𝑧](𝑦 − 𝑦̂)(𝑧 − 𝑧̂).

 

Further simplifying yields that: 

𝑑Η3
𝑑𝑡

< − [
𝛼

𝛽
+ (𝛾1 − 𝛾2)𝜃1𝑦̂] (𝑥 − 𝑥̂)

2 − [𝑑2 − 𝑒2𝜇𝑦̂ − 𝑒2𝜇𝜃2𝑦̂
2](𝑧 − 𝑧̂)2

−𝜇𝜃2𝑧̂(𝑦 − 𝑦̂)
2 +

𝑄1
2

2
(𝑥 − 𝑥̂)2 +

1

2
(𝑦 − 𝑦̂)2

+
𝑄2

2

2
(𝑦 − 𝑦̂)2 +

1

2
(𝑧 − 𝑧̂)2.

 

Consequently, it follows: 

  

𝑑Η3

𝑑𝑡
< − [

𝛼

𝛽
+ (𝛾1 − 𝛾2)𝜃1𝑦̂ −

𝑄1
2

2
] (𝑥 − 𝑥̂)2 − [𝜇𝜃2𝑧̂ −

1

2
(𝑄2

2 + 1)] (𝑦 − 𝑦̂)2

−[𝑑2 − 𝑒2𝜇𝑦̂ − 𝑒2𝜇𝜃2𝑦̂
2 −

1

2
] (𝑧 − 𝑧̂)2,

 

where 𝑄1 = (𝛾1 − 𝛾2 − 𝑒1𝛾1)(1 + 𝜃1𝑥) − 𝑒1𝛾1𝜃1𝑥̂ , and 𝑄2 = 𝜇(1 + 𝜃2𝑦) − 𝑒2𝜇(1 + 𝜃2𝑦 +

𝜃2𝑦̂)𝑧 . Hence, using the constraints (19)-(23) makes 
dΗ3

𝑑𝑡
  negative definite, and that leads to 

global stability. 

Note that, since the CSSP is a structurally stable local bifurcation in the sense of Sotomayor and 

Hopf bifurcation cannot occur. 

4. NUMERICAL SIMULATION 

Because ecological systems are complex and dynamic, numerical simulation is an effective 

tool for studying them. For ecologists to comprehend, forecast, and effectively manage complex 

ecological systems, it is a flexible and indispensable tool. To accomplish this, system (1) is solved 

numerically using the hypothetical set of parameter values listed below, beginning from various 

initial points that are part of the system domain. 

 
𝛼 = 2, 𝛽 = 20, 𝛾1 = 0.2, 𝛾2 = 0.1, 𝜃1 = 0.05, 𝜃2 = 0.15,

𝑒1 = 0.2, 𝑒2 = 0.2, 𝑑1 = 0.1, 𝑑2 = 0.2, 𝜇 = 0.1.
                   (24) 

It is observed that the system (1) solutions converge to Γ4 = (𝑥̂, 𝑦̂, 𝑧̂) = (11.39, 5.48, 3.37) 

starting from different points, as shown in Figure 1. 
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Figure 1: Using the set (24) with different initial points, the system (1) solutions converge to Γ4 =

(𝑥̂, 𝑦̂, 𝑧̂) = (11.39, 5.48,3.37). (a) 3D Orbits. (b) Solutions as a function of time. 

From Figure 1 it can be concluded that system (1) has globally asymptotically stable CSSP, which 

shows that all three populations in the proposed food chain are in a stable SSP at CSSP, which 

means that their densities don't go extinct or increase out of control over time. Now, it is verified 

that for 𝛼 ≤ 0.688, and 0.688 < α, the solution of system (1) attracts to Γ3 and Γ4, respectively; 

see for explanation Figure 2. This indicates the existence of one bifurcation value in the range of  

𝛼 once the parameter exceeds that value, the system becomes globally asymptotically stable at 

CSSP. Similar results were obtained as shown with increasing 𝛼 when the parameters 𝑒1, 𝑒2, 

and 𝜇 increase. 

 

Figure 2: Using the set (24) with different initial points, the time series of the system (1) solution:  

(a) Attracting to Γ3 when 𝛼 = 0.5. (b) Attracting to Γ4 when 𝛼 = 1.  

Figure 2 indicates that reducing the intrinsic growth rate of the flower or any of the conversion 
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rates or predator consumption rate of pollinators causes extinction in the predator. 

For 𝛽 ≤ 2, 2 < 𝛽 < 3.3, and 3.3 ≤ 𝛽, it is confirmed numerically that the solutions attract to 

Γ2, Γ3, and Γ4, respectively, as explained in Figure 3.  

 

Figure 3: Using the set (24) with different initial points, a 3D Phase portrait of a system (1). (a) 

Γ2 is globally asymptotically stable when 𝛽 = 2. (b) Γ3 is globally asymptotically stable when 

𝛽 = 3. (c) Γ4 is globally asymptotically stable when 𝛽 = 10. 

As shown in Figure 3, the range of 𝛽  contains two bifurcation values. Once the value of 𝛽 

increases and passes through the first one the solution changes its stability from Γ2 to Γ3 and 

then to Γ4  after passing the second bifurcation value, which refers to stabilizing the system. 

Therefore, reducing the environment-carrying capacity leads to disappearing of both the 

populations of pollinators, and predators from the environment.   

Now, the numerical results show that the solution exchanges its stability from Γ4 to Γ3 once the 

parameter 𝛾1 increases and passes through the value 𝛾1 = 0.44 as presented in Figure 4. Similar 
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results were obtained as shown with increasing 𝛾1 when the parameters 𝜃1 and 𝑑2 increase.  

The trade-off between the existence of nectar/pollen rewards and the allure of floral scents 

determines how long the flower-pollinator relationship will last. Pollinators may not locate flowers 

if scents are too faint or deceptive, which would interfere with pollination and decrease flower 

reproduction. As a result, the system gets closer to the FPSSP when the predator faces extinction 

due to an increase in flowery scents. 

Moreover, it is obtained that changing the parameters 𝛾2 and 𝜃2 has a quantitative influence on 

the dynamics of the system (1), in which the position of CSSP is moving but still attracting all the 

solutions, see Figures 5 and 6. It is verified that for the large values of 𝛾2 > 0.22, the system loses 

its bounds. 

 

Figure 4: Using the set (24) with different initial points, 3D orbits of a system (1). (a) Γ4  is 

globally asymptotically stable when 𝛾1 = 0.1 . (b) Γ3  is globally asymptotically stable when 

𝛾1 = 0.5.  
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Figure 5: Using the set (24) with different values of 𝛾2, the time series of the system (1) solution:  

(a) The orbits of 𝑥 as a function of time. (b) The orbits of 𝑦 as a function of time. (c) The orbits 

𝑧 as a function of time.  

 

Figure 6: Using the set (24) with different values of 𝜃2, the time series of the system (1) solution:  

(a) The orbits of 𝑥 as a function of time. (b) The orbits of 𝑦 as a function of time. (c) The orbits 
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𝑧 as a function of time.  

It is clear from Figure 5 that both the populations 𝑥 and 𝑧 are increasing with an increase in 𝛾2, 

while 𝑦 is unaffected. However, Figure 6 reflects that an increase in the population of 𝑥 and a 

decrease in both the populations of 𝑦 and 𝑧 occur when the value of 𝜃2 is raised. Finally, for 

𝑑1 ≤ 0.72, 0.72 < 𝑑1 < 1.6, and 1.6 ≤ 𝑑1, the solutions attract to Γ4, Γ3, and Γ2 respectively, 

as explained in Figure 7. This referred to the bifurcation occurrence at two bifurcation points in 

the range of d1 in addition to losing the persistence of the system (1) with the increase of d1.   

 

 

Figure 7: Using the set (24) with different initial points, the time series of the system (1) solution:  

(a) Attracting to Γ4  when 𝑑1 = 0.5 . (b) Attracting to Γ3  when 𝑑1 = 1 . (c) Attracting to Γ2 

when 𝑑1 = 1.6. 
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5. CONCLUSION 

This work presents a mathematical simulation of a three-species food chain model that includes 

flowers, pollinators, and predators. Odors' function in this food chain's dynamics is examined and 

taken into account. A system of ordinary differential equations is used to formulate the dynamic 

behavior of this food chain. Stability analyses are examined both locally and globally to better 

understand the intricate relationships forming this ecosystem. To determine their impact on the 

dynamic system of the food chain, the role of scents and other characteristics is examined through 

numerical simulation and bifurcation analysis. It is observed that four potential nonnegative SSPs 

function as attracting the food chain's final state based on specific conditions.  

From an alternative perspective, the following outcomes are obtained from the numerical 

simulation using a fictitious set of parameter values provided by (24). Every analytical result that 

was acquired has been verified. Instead of having periodic dynamics, the system trades stability 

with the SSPs. The dynamic of the system at the CSSP is confirmed to be stabilized by an increase 

in the values of the flower growth rate, environment-carrying capacity, pollinator predator 

consumption rate, flower nectar conversion rate to pollinator biomass, or pollinator biomass 

conversion rate to predator biomass. However, extinction in predator species results from increases 

in the consume-nectar rate, floral fragrance levels, or predator death rates. This means that the food 

chain model's persistence is lost, and their solution approaches FPSSP. Furthermore, the system 

converges to FSSP when pollinator mortality rates rise above a particular threshold. Lastly, the 

pollinator death rate and environmental carrying capacity values have the opposite impact on the 

food chain's dynamics, indicating that the food chain is highly susceptible to these parameters. 

An essential feature of ecological and biological systems is memory. Instead of utilizing the 

classical temporal derivative utilized in this manuscript, it would be interesting to employ the novel 

Hattaf generalized fractional derivative and fractal-fractional derivative developed in [47–48] to 

examine the memory effect on the dynamics of our suggested model in future work. Moreover, the 

proposed model can be studied under the effect of delay in the response of the odor effect.  
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