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Abstract: A novel ecological model involving carcasses, prey, and scavengers under the influence of fear and
predator-dependent refuge is proposed and examined in this research. The main objective of studying such an
ecological model is to comprehend the complex trophic interactions and population dynamics within an ecosystem.
Beyond simple predator-prey relationships, this type of model takes into account several significant factors that
influence the behavior and survival of many species. Since the model is built as a system of nonlinear differential
equations, we looked at the existence and stability of equilibria. The prerequisites for persistence were established.
The study looked at bifurcation analysis, which shows that altering certain parameters can result in qualitative changes.
Furthermore, our obtained results are validated by the use of numerical simulation. The results highlight that the
suggested system has only a point attractor and lacks the periodic dynamics typical of a prey-predator system. This
indicates that the prey-predator dynamics were stabilized by the presence of carcasses in the habitat.
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1. INTRODUCTION
Mathematical models are commonly used to simulate the dynamics of interacting populations.
The fundamental prey-predator models developed by Lotka (1925) and Volterra (1926) serve as

the foundation for mathematical ecology [1]. Since then, the Lotka-Volterra model paradigm has
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been used to propose and extensively study several mathematical models; see [2-6] and the cited
works. These models were extended to incorporate more species and a range of biological
characteristics, enabling the production of more realistic simulations. Numerous studies, some
involving omnivore species, have constructed food chains or food webs by incorporating a third
species into the prey-predator paradigm; see [7—13] and the references therein.

Scavengers are creatures that feed on carrion, which is defined as the remains of animals that have
either died naturally or been killed by other species. It's important to keep this in mind.
Scavengers are therefore crucial to cleaning up the environment. Few researchers have examined
the impact of scavenging in their models, despite the significance of scavengers and the necessity
of maintaining their influence on predator-prey dynamics. Nolting et al. [14] examined a three-
species system comprising a predator, its prey, and a scavenger. They believed that neither the
predator nor its prey was directly impacted by the scavenger species. Even while this assumption
seems implausible from a biological standpoint, there are biological circumstances in which this
may happen, and it clarified the study. A third predator species that consumed the prey and the
predator's carcasses but did not deter the predator population was later incorporated into a predator-
prey model developed and investigated by several authors, see [15-18].

To understand how different resources are transported as a trap from one prey-predator system to
another, Jansen and Van Gorder [19] created and studied a five-dimensional predator-prey-quarry-
resource-scavenger model. This model is an expansion of an already-existing quarry-resource-
scavenger model. Predators affect the structure of food webs since it is commonly recognized that
they have a detrimental effect on prey biomass and growth efficiency. Fear may be just as
effective in lowering prey populations as predation by predators, because it can kill prey and reduce
productivity [20-21]. Many prey-predator models have been proposed and examined in detail,
where the predator either kills the prey or changes the behavior of the prey population due to fear
of predation [22—24]. Later on, Maghool and Naji [25] examined the effects of prey fear and team
defense against predation on the dynamics of the food-web model. They discovered that the fear
factor leads the predator to extinction after stabilizing the system to a certain extent. Additionally,
the quantity and quality of food, with anti-predator behavior, were examined since they have an
impact on the system's behavior in relation to the fear element [26-27]. Ibrahim, Bahlool, Satar,
and Naji [28] hypothesized and investigated a prey-predator system with a Holling type II

functional response, which combines a predator-dependent refuge with predation fear. They
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discovered that while the system is bistable between a limit cycle and a coexistence equilibrium
point, the dread destabilizes the system's dynamics.

In this paper, however, we proposed and analyzed a novel food web model that includes carcasses,
prey, and scavengers under the influence of fear and predator-dependent refuge. This model does
not negatively affect the predator population because the scavenger is also a predator of the prey
and consumes the carcasses of both the prey and the predators that it kills.

The following is the order in which the paper is structured. Section 2 treats the mathematical model
formulation with the basic properties of its solution. The conditions of the existence of equilibria
and their stability are given in Section 3. Section 4 investigates the persistence of the model. While
the global stability is studied in Section 5. Section 6 treats the bifurcation of the system. However,
the numerical simulation is the main subject of Section 7. Finally, Section 8 is focused on the main

conclusion of the study.

2. FORMULATION OF THE MODEL

In this section, the dynamics of the carcasses-prey-scavenger system under the influence of
fear and predator-dependent refuge are formulated mathematically to study. To formulate the
dynamics of such a real-life system, the following hypotheses are adopted:

1) Let C(T), X(T),and Y(T) represent the densities at time T for the carcasses (or subsidies
for resources), prey, and scavengers, respectively. It’s assumed carcasses decay
exponentially in the absence of scavengers. However, it is attacked by the scavenger
according to the Lotka-Volterra type of functional response.

2) The prey’s birth rate is affected due to the prey’s fear of the scavenger. Moreover, there is
intraspecific competition among individuals of the prey population. Additionally, prey
individuals face natural mortality. The environment provides partial protection of prey
species against the scavenger with refuge rate 0 < a, — b,Y < 1; therefore, there is a, —
b,Y of prey species available for predation.

3) The scavenger species faces a natural death rate. Moreover, the scavenger consumes the
carcasses and prey according to the mass action law represented by the Lotka-Volterra type
of function response.

Consequently, the dynamics of this model can be represented mathematically with the

following set of differential equations:
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dac

Ez A —d1C _a1CY,
ax X
= = 1:” —dyX — by X% — (a, — b,Y)XY, (1
% = e1(a2 —_ sz)XY + eza1CY - d3Y,

with initial conditions, C(0) > 0,X(0) > 0 and Y(0) > 0. While the parameters are described
in Table 1.

Table 1: Parameter descriptions

Parameter Description
0<d; <1 The natural decay rate of carcasses
a; >0 The maximum attack rate of carcasses
r>0 The prey’s net birth rate
h=0 The prey’s fear rate
b; >0 The intraspecific competition rate of the prey individuals
0<d,<1 The prey’s natural death rate
a, >0 The maximum attack rate of prey
b, The prey’s refuge rate
0<dy;<1 The scavenger’s natural death rate
0<e <1 The conversion rate from carcasses
0<e, <1 The conversion rate from prey

Now, rewrite the system (1). It becomes:

L~ A—d,C—a,CY = f,(C,X,Y),

ar
ax
=X |~ de — X = (a2~ BNY| = XK, )
Z_; = Ylei(az = bY)X + e;0,C — d3] = Yf3(C, X, Y),

In the following theorem, the positivity and boundedness of the solutions of the system (2) are
established.

Theorem 1. All solutions (C(T),X(T),Y(T))of the system (2) with initial conditions C(0) =
Co >0, X(0) =X,>0,and Y(0) =Y, > 0 are positive forall T > 0, and uniformly bounded.
Proof: According to equations of system (2), together with the given initial conditions, it is

obtained:

C(T) > Cyexp(— f(dl +a,Y(s))ds >0,
0

X(T) = Xyexp J £(C(T),X(S),Y(s))ds | >0,
0



DYNAMICS OF THE CARCASSES-PREY-SCAVENGER SYSTEM
T
v = Yoen | [ £, X(©),Y()ds | >0
0

Hence, all solutions starting from the interior of the first octant remain in it for all future time.

From the first equation, it is observed that

ac

Now, according to Lemma 2.1 [29], it is obtained that:
kL A _ -dyT
cm) <% [1+ (R —1)eaT|.
Hence,as T — oo,then C(T) < di.
1

From the second equation, it was observed that

ax X 1
ES 1:hY_ de_blxz SX(T'_dZ _b1X) S (r_dz)X<1 _T_bEX>
1

Then, according to Lemma 2.2 [29], it is obtained that:

X(T) < r‘bfz |1+ (T;j’z Xt -1) e—“—dz)T]_l.

Then, for T — oo ,then X(T) <

T'—dz
b

1

Let us consider {(T) = :—2 C+X(T)+ elY(T). Then the derivative along time of the solution of
1 1

system (2) is given by

) _

Q24 _¢ X g xy_px?_L
= A= 2diC T — dX — biX? — - dyY.

Therefore, it's obtained that:

ag(T)

ey ey 1

T’-dz

&2
SelA+r( P

)—r(BCHx+7) =4 - (D),

1

where u = min {d,, d,, ds}. Again, according to Lemma 2.1 [29], it is obtained that:
A L _ —uT
{(OEE [1 + (A1 2(0) 1) e ]

Hence, as T — oo, then {(T) < % Thus, the proof is complete.

3. EXISTENCE AND STABILITY OF EQUILIBRIA

To comprehend how ecosystems react to minor disturbances near their equilibrium states, it
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is essential to study local stability analysis in ecological systems. Ecologists and mathematicians
can use this methodology to forecast whether a system will diverge and possibly cause severe
changes like population collapse or ecosystem upheavals, or whether it will return to equilibrium
after a small shock. There are at most four nonnegative equilibrium points of the system (2). The

existing conditions and stability analyses of them are described below:

The axial equilibrium point P, = (di, 0,0) of system (2) exists irrespective of any parametric
1

restriction:
The first boundary equilibrium point in CX —plane is given by P.yx = (C,X,0) = (di,r_bﬁ, 0),
1 1
which is feasible under the condition:
r>d,. 3)

The second boundary equilibrium point in CY — plane is given by Py = (C,0,7) =

d Aa;—dqd ) ) ) .
( 30,2 A 3), which exists under the parametric restriction:
e,0a4 a1d3
e,Aa; > dqds. 4)
There is a unique interior equilibrium point P, = (C,, X,,Y,) where
A
C, =
d1+a1Y* 5
X — r—d2(1+hY*)—(a2—sz*)Y*(1+hY*) ) ( )
* b1(1+hY,)

With Y, being a positive root of the fifth-order equation:
BiY® + BoY* + BsY3 + BY? + BsY' + B = 0,
where:
f1 = e;b?a;h > 0.
S, = —2ha,a,b,e; + a;b2e; + hb2d,e.
f; = ha,a%e; — 2a,a,b,e; — 2ha,b,d e, + b3d e, — ha,b,d,e;.

ﬁ4 = ha1b1d3 + ala%el + ralbzel + ha%dlel - 2a2b2d1€1
+ha1a2d261 - a1b2d261 - hb2d1d261 '

ﬁs == a1b1d3 + hb1d1d3 - ralazel + a%dlel + T‘bzdlel + a1a2d2€1
+ha2d1d261 - b2d1d281 - hAa1b162 '

ﬁ6 = —Ta2d161 - Aa1b162 + a2d1d281 + b1d1d3.
Accordingly, P, exists uniquely in the interior of the positive octant int. R provided that the

following sufficient conditions are met.
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[d, + (a, — b, Y)Y, ](1 + hY,) <. (6)
With one set of the following conditions:

,32>01133>OMB4>0',85>0',86<0
B2<0,B3<0,6,<0,85<0,B<0
182>01183>0'B4<01185<01186<0 (7)
B2>0,B3>0,6,>0,85<0,B,<0
182>01183>0'B4>01185<01186<0

For the stability analysis of the above equilibrium points, consider the Jacobian matrix M at point

(C, X, Y) that can be written as:

[ 24 of 9 ]
ac ax Y |
_|y22 yOf 9f2
MCXY)=|X22 X2+f, X2 | , (®)
9fs s 9fs
lyac Yax Yay+f3J
where:
0fi _ _ g _ 9h _ g 94 _ _
= d, —a,Y, x 0, P a,C,
ofy _ aﬁ —_ % — —Th _
ac =0 T Thy 5y T Gy~ %2+ 202,
0fs _

a
= el(az - sz), a_f; = _elbzx.

23 -3
ac . €201
Now, by substituting the above equilibrium points in M(C,X,Y), and then computing their

eigenvalues, it is observed that:

At the axial equilibrium point P, = (di, 0,0), the eigenvalues of M(P.) aregivenby A,; = —d;,
1

ezalA—dgdl

212=T'—d2 , and /113: d
1

. Thus, the axial equilibrium point P; is locally

asymptotically stable if the following set of conditions holds.

r<d, }
e, A < dszdqi)

)

Moreover, the axial equilibrium point P, loses its stability when at least one of the above

conditions is violated, and it becomes a saddle node.

At the first boundary equilibrium point Py = (C,X,0) = (di,r;ﬁ,O). The eigenvalues of
1 1
M(Pcx) are given by Ay =-d;<0
ezalAb1+d1€1a2(T—dz)—d3d1b1
diby

, 122=d2—r<0 , and 123=

. Then, the first boundary equilibrium point Py 1is locally

asymptotically stable if the condition
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e,a,Aby + dyeja,(r —d,) < dsdb;. (10)
The first boundary equilibrium point loses its stability when the above conditions are violated, and

it becomes a saddle node.

ezAal—dl d3

At the second boundary equilibrium point Pgy = (é, 0, 17) = (edz ,0, ), the
2¢1

a;ds

eigenvalues of M(Pgy) are given by:

—(d1+a; 9+ (d1+a,¥)2—4a,2e,¥C
2 b

Asg = s = — (a; — b,Y)Y.
The second boundary equilibrium point is locally asymptotically stable if the following condition
holds:
r < [d, + (a; — b,Y)Y](1 + hY). (11)

131! /133 -

Otherwise, it is unstable.

Finally, for the interior equilibrium point P, = (C,, X,, Y.), the Jacobian matrix can be written

_dl - alY* O _alc*
% -Th
M(P) = 0 —b, X X ((1+hY*)2 At szy*) = [aij]' (12)
e,a,Y. Y*(e1 (az — bzy*)) —e b X.Y,
The characteristic equation associated with M( P,) is given by:
AB+A2+A4,1+K=0, (13)
where:

Ay = —(a;1 + az; + azsz).

Ay = 11057 + 011033 + Q2033 — Q23032 — (13031.

K = —(a11022033 — @1102303; — A13A31077).

With:
A =A1A; — K = —a11a55(a11 + az3) — (@11 + azz)[assass — a13a31]
—(az2 + azs)lazaass — azsas;] — 2a11a;5;a33

Consequently, the local stability of the coexistence equilibrium point of system (2) can be
discussed in the following theorem.
Theorem 2. The coexistence equilibrium point of system (2) is locally stable in the interior of

R3 provided that the following sufficient condition holds.

2b,Y, < ——— + a,. (14)

(1+hY)2



DYNAMICS OF THE CARCASSES-PREY-SCAVENGER SYSTEM
Proof. According to the Routh-Hurwitz criterion, equation (13) has three roots with negative real
parts provided that A; >0, K > 0,and 4 > 0.
Direct computation shows that all requirements of the Routh-Hurwitz criterion are satisfied under
the sufficient condition (14). Hence, all the eigenvalues of M (P,) have negative real parts, and

therefore the proof follows. This implies P, is locally asymptotically stable.

4. PERSISTENCE

Understanding how ecosystems sustain their structure, function, and biodiversity over time,
despite disturbances and environmental changes, requires an understanding of persistence in
ecological systems. Accordingly, two subsystems can be driven from the system (2). These are
written as follows:

First Subsystem, which belongs to CX —Plane, is written as:

= =A—diC = £i(CX,Y) = hy(C,X)
ax . (15)
E = X(T - dz - b1X) = hz(C,X)
While the second subsystem, which is in the CY —Plane, is written as:
= = A—diC - a,CY = g,(C,Y)
T . (16)

ay
T Y(ea,C —d3) = g,(C,Y)

Consider the Dulac functions given by B;(C,X) = % and B,(C,Y) = %, which satisfy B; > 0,

i =1,2 and C' function in the int. R2 of CX — and CY —planes respectively.

Hence, direct computation shows that:

631h1 631h2 dl

A(C,X) :74' X = _?_bl <0.
0B aB d
A(C,Y) = #gw%: —2-a, <0

Then A(C,X) and A(C,Y) do not identify zero in the int. R% of their planes and does not
change the sign.

Thus, there is no closed cure in the int.R% of the CX — and CY —planes according to Dulac-
Bendixson criterion [30]. Furthermore, the Pioncare-Bendixson theorem [30] states that the unique
equilibrium point in the int.R2 ofthe CX — and CY —planes, as defined by Py and Py, are
globally asymptotically stable whenever they are locally stable.

Theorem 3: The system (2) is uniformly persistent if the following requirements are met:
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d, <r
or . (17)
dsd, < e;aq A
d; < eja,X + eya,C. (18)
[d; + (a; — b,Y)Y](1 4+ RY) < 7. (19)

Proof: According to the method of average Lyapunov function [31], define the function
o(C,X,Y) =C%1X9%2y% | where gq;,Vi=1,2,3 are positive constants. Hence, for all
(C,X,Y)) € int.R3, then ¢(C,X,Y) — 0, when any one of their variables approaches zero.
Furthermore, it is obtained that

p'(CXY) _q
Q(C,X,Y) = o CAD) ?1 1+ q2/2 + q3fs.

Now, since there are no periodic attractors in the boundary planes, the only possible omega limit
sets of system (2) are the equilibrium points P, Pcy, and Pgy. Thus, the system is uniformly

persistent if we can prove Q(.) > 0 at each of these points. Also we have
A
Q(Pc) = q2(r —d3) + g3 (32a1 T d3)-
1
0(Pcx) = q3(e1a,X + e3a,C — d3).

Q(Pey) = QZ(

Obviously, Q(P;) > 0 for a suitable choice of positive constants q;,i = 2,3 provided that the

T
1+hY

dz - (az - bz?)?)
conditions (17) are satisfied. However, Q(P;x) and Q(P.y) are positive provided that the

conditions (18) and (19) are satisfied, respectively. Then the system (2) is uniformly persistent.

S. GLOBAL STABILITY

Gaining a thorough grasp of ecological systems' long-term behavior and resilience is the goal
of studying their global stability. This knowledge is essential for tackling urgent environmental
issues and guaranteeing the sustainability of our planet's ecosystems. Therefore, this section treats

the global stability of the system (2).
Theorem 4: Suppose that P, = (dA,O,O) is locally asymptotically stable, then it is globally
1

asymptotically stable, provided that:
alA

dy

< ds. (20)
Proof: Define the real valued function U; = (C —Cy—Cyln Ci) +X+Y,with Cy = dﬁ. Direct
0 1

computation shows that U;:U; - R, where U; = {(C,X,Y) €R3,C > 0,X > 0,Y > 0}, so that
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U,(P0)=0 and U,(CX,Y)>0,V(C,X,Y)EU, —P, . Moreover, straightforward

computation gives that:

dU C—Cp\ dC
d_le( CO)E"FE'{'_ __(C Co)z_(d3_a1C0)Y (dz_r)X

Hence, under the local stability condition (9) with the condition (20) given that d—Tl <0.

Hence, P, is globally asymptotically stable.

Theorem 5: The first boundary equilibrium point Pry = (A -

y— 0) is globally asymptotically
dy’ by

stable, if the following condition holds:
a,C + (rh+ a,)X < ds. (21)

Proof: Define the real valued function U, = (C -C-C ln%) +(X—-X—-XIn ;—f) +Y, with

C=2and X =%
dy

1

. Direct computation shows that U,:U, - R where U, = {(C,X,Y) €
R3,C>0,X>0,Y >0}, so that U,(Pcx) =0 and U,(C,X,Y) >0,V (C,X,Y) €U, — Pcy.
Moreover, straightforward computation gives that

< -2 -0~ (X —X)? — [ds — a,C + (rh + a)X]Y.

Hence, condition (21) yields % < 0. Hence, P;yx is globally asymptotically stable.

Theorem 6: The second boundary equilibrium point Pgy = (adz ,0, ezalaA;d3d1) is globally
1€2 143
asymptotically stable, if the following condition holds:
r < dy. (22)

AN 2 ~ A
Proof: Define the real valued function U3 = n, % (C - C) +n,X + n3 (Y —Y—-YIn ;) ,

? — ey alA—dg dq
ae;’ azds

with € = , and n;,i=1,2,3 are positive constants. Direct computation

shows that U3: U; - R, where U; = {(C,X,Y) ER3,C = 0,X =0,Y > 0}, so that U3(Pyy) =
0 and U5(C,X,Y) >0,V (C, X, Y) € U; — Pcy. Moreover, straightforward computation gives that:

dvs _ ) dc (Y ?) dy
ar nl(C C)'dT tn 2 dar S n3 ar’
Therefore, it is obtained that:
du
dT3 nl (dl + a]_Y)(C C) - n1a1C(C C)(Y Y) + nz 1+hY

—n,d, X — b X% — ny(ay — b,Y)YX + nge (a, — b,Y)XY
—nze;(a; — b,Y)XY + ngeya,(C— C)(Y = 7)

Then choosing the constants as n; = %2, n, = eq, and nz = 1, yield that:
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du A\ 2
d_: S _%z(dl + a1Y)(C - C) - el(dz - T)X

: i dus . ) . )
According to condition (22), d—T3 is negative semidefinite.

Furthermore, the Py turns into an attractive point using LaSalle's invariance principle because
. . . . . du
the singleton set {Py} is the only invariant set that belongs to the set of points that makes d—; =

0. The second boundary equilibrium point is hence globally asymptotically stable.
Theorem 7: The interior equilibrium point P, is globally asymptotically stable if the following
conditions hold: (C,,X,,Y.)

L [Th€1 - elbzy*]z < elbl. (23)

< e.b,X.. (24)

N~ N

Proof: Define the real valued function U, = m%(C - C)?% +ng (X —X,—X.ln xi) + ng (Y —

Y. - Y.In yi), with n;,i = 4,5,6 are positive constants. Direct computation shows that U,: U, —

R, where U, = {(C,X,Y)ER3,C>0,X>0,Y >0}, so that U4,(P,) = 0 and U,(C,X,Y) >
0,v (C,X,Y) € U, — P.. Moreover, straightforward computation gives that:

dU4 _ _ E (X_X*) d_X (Y_Y*) ﬂ
ar na(C C*)'dT s T 7 ar
Therefore, it is obtained that:
duv
d_; = —ny(dy + a,Y)(C — C,)* — [n4a,C,. — nge,a,](C — C)(Y = Y,)

— Thns()i:_)::i(y_y*) - n5b1 (X - X*)Z - n6€1b2X*(y - Y*)Z

+[ngea, — nge b,Y + nsb, (Y +Y,) —nsa,|(X —X,)(Y —Y,)

Then choosing the constants as n, = 2—2, ns = eq, and ng = 1, yield that:

s o _& —C)? — _1|rhes
ar = C. (dy +a,Y)(C =€) (elbl 2[1+hY

—(eaboX. —3) (¥ = 1.)?

— eV ) (X - X2

Therefore, conditions (23) and (24) yield % < 0. Hence, P, is globally asymptotically stable.

6. LOCAL BIFURCATION ANALYSIS

Better-informed judgments in ecology, conservation, and resource management are ensured by
the mathematical toolkit that local bifurcation analysis offers to predict and control sudden
ecological changes. Ecologists can anticipate when and why systems may experience significant

shifts by researching bifurcations, which helps avert unfavorable events like extinctions or
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ecological collapses. Therefore, in this section, the occurrence of local bifurcation in system (2) is

investigated. Note that system (2) should be rewritten as Z—)T( = F(X),where X = (C,X,Y)"and

F(X) = (fu. Xf2 st)T-

The second directional derivative of the general Jacobian matrix can be represented as follows:
DZF(v! v) = [Ci1]3><17 (25)

where v = (v1,v,,73)T be a vector with:

C11 — —2(11171173.

rh
(1+hY)2

rh?Xx

REYIGE a, — ZbZY) vy U3.

€31 = —2byv3 + 2 (o + b X ) v — 2

C31 = 2e,a,V,V3 — 2e,b,Xv3 + 2(eja, — 2e,b,Y)v,vs.

While the third directional derivative of the general Jacobian matrix can be represented as follows:

D3F(v,v,v) = [ki1]3x1, (26)
where:
ki1 =0.
k _6(1+hY)(h2r+(1+hY)3bz)v2v3—6h3er3
21 (1+hY)*
k3, = —6bye v,v3.

Theorem 8: System (2) exhibits a transcritical bifurcation around P. = (dA,O,O), when the
1

A A
parameter d; passes through the value 92;11 =d; with r # d,.

Proof. The Jacobian matrix of the system (2) at P. with d3 = d3, can be written in the form:

B _dl O _%
M(Fods) =10 r-d, o0
0 0 0

Hence, the eigenvalues of M(P,,d3) are givenby A;; = —d; <0, A1, =r —d,, and 143 = 0.
Let ¥ = (V11,V12, V13)7, and P = (P11, P12, 113)7 be the eigenvectors of M(P.,d3), and

a1A

[M(P,, d3)] associated with A;5 = 0, then it obtain that ¥ = (—— 0,1)7, and ¥ = (0,0,1)7.

Moreover, direct computation using Eq. (25) shows that:

- 0.0,~V) = F[Fy, (P ds)] = .

6d
P [DF 4, (P, d)V] = —1.
A

PT[D2F (R, d5)(@,7)] = —2¢, %27

= Fq, =

3
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Hence, there is a transcritical bifurcation in the sense of Sotomayer's theorem [30].

o .. . . A r—d
Theorem 9: System (2) exhibits a transcritical bifurcation around Pgy = (d—, rb 2
1 1

, 0), when the

bydidz— eia,d,(r—d,)
alblA

parameter e, passes through the positive value é, =

Proof. The Jacobian matrix of the system (2) at P.y with e, = e, can be written in the form:

A
dq

M(Pcx, €;) = 0 —(r - dz) _ (rhtaz)(r-dz)|.
by
0 0 0

Hence, the eigenvalues of M(Pyx,&,) aregivenby Ay = —d;, Ay, = —(r —d,),and 1,3 = 0.
Let U = (Vyq, Uap U23)7, and P = (P1,P22,153)7 be the eigenvectors of M(Pcy,A), and

_ T —
[M(Pcx,&,)]" associated with 1,3 = 0, then it obtain that T = (—adl—zA, — (rh;aZ), 1) ,and P =
1 1

(0,0,1)T.

Moreover, direct computation using Eq. (25) shows that:

OF - —
= FEZ = (0’0) alcy)T 5 IPT[F'EZ (PCX’ eZ)] = O'

de;

alA

‘7’T [DFe2 (PCX: e’_2)1_7] = d_l'

2. d (rh+ay)
Y [D?F (P, &;)(,9)] = —28; adlz 2e1b, (7” 2) — 2e40, - b1a2 * 0.

Hence, there is a transcritical bifurcation in the sense of Sotomayor’s theorem.
Theorem 10: System (2) exhibits a transcritical bifurcation around Py = (C,0,Y), when the
parameter 7 passes through the value # = [d, + (a; — b,¥)Y](1 + hY), provided that the

following condition holds:

e1(az—b,¥)(d1+a;Y)
e,a?C

—2b; - 2(—=+ ay - ZbZY)( ) £ 0. 27)

(1+h¥)2
Otherwise, a pitchfork bifurcation takes place.

Proof. The Jacobian matrix of the system (2) at P,y with r = can be written in the form:
_dl - a1? 0 _alé
M(Pcy, 7”\' ) == 0 0 O
e;a,Y  ei(a,—bY)Y 0

(d1+a1Y)+\/(d1+a1Y)2 4a1262YC
2

Hence, the eigenvalues of M(Pcy,#) are givenby A3q,A33 = , and

232 =0.
Let D = (D31, D30, U33)7, and P = (P31,13,,P33)T be the eigenvectors of M(Pgy,), and
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[M(Pgy, H)]T associated  with d3; =0 , then it obtain that V=
_91(‘12—172?) eq(az—b,¥)(d,+a,Y) T T T
( 2, e ) .and § = (0,1,0)".

Moreover, direct computation using Eq. (25) shows that:

oF X

T T A
Z=F=(0=-,0) = P[EPyP]=0.

P"[DE (Pey, 7)9] =

1+h?’

P ID2F (Poy, P)(®,9)] = ~2bs — 2 (G2 7) ().

anpz %2~ 2byY e,a2C

Hence, under the condition (27), there is a transcritical bifurcation in the sense of Sotomayor’s
theorem.

Otherwise, an application to Eq. (26) shows that:

6(h27‘+(1+h?)3b2) (el(az—bz?)(d1+a117))2 ¢ 0

NHTT1D3 MDD D) =
‘ll) [D F(Pcy, T)(v, v, V)] - (1+h17)3 eza%f

Hence, there is a pitchfork bifurcation in the sense of Sotomayor’s theorem.

Theorem 11: System (2) undergoes a saddle-node bifurcation near the interior equilibrium point

P, when the parameter b; passes through the value b; = a (;“(fzat T provided that the
—H11433 13431

following conditions:

rh
ZbZY* > m + a,. (28)
—=teyy (P, b}) = =21 (P, bY) + ¢31 (P, i) # 0. (29)
11 22

Proof. Consider the Jacobian matrix of the system (2) at b; = b] can be written in the form:

_d1 - aly* O _alc*
* vk —-rh
M( P, b’l") = 0 —le X, (m —a, + ZbZY*) = [aij],
exa, Y. Y*(€1(a2 - sz*)) —e b, X.Y,

where the characteristic equation given in Eq. (13), then for b; = by, which is positive under

condition (28), the value of K = 0. Hence, it reduces to A[12 + A;1 + A,] = 0.
—A+ }A§—4A2

Therefore, there is a zero eigenvalue A,; = 0, with the other two givenby A,,,4,3 = >

Thus P, is a nonhyperbolic equilibrium point for b; = b;. Now, to detect the occurrence of the
saddle-node bifurcation, Sotomayer's theorem is applied.

Let v, = (V4q, Va2, Va3)T, and P, = (Yu1, Yaz, Wa3)T be the eigenvectors of M (P, b;), and

T
[M(P,,b})]" associated with A,; = 0, then it obtain that v, = (—E, —%, 1) , and ¢, =

a1 azz
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)

asq asy T
I _Z:2 qyT,
a1 azz

Moreover, direct computation using Eq. (25) shows that:

F —F, =(0,-X%,0) = ¥."[F,. (P,bD)] =22X2 # 0.
0by 1 1 azz

Y. [D*F (P, b)) (0., v.)] = =2 11 (P b)) — 22 €21 (P b)) + €31(P, bY).

Hence, under the condition (29) there is a saddle-node bifurcation in the sense of Sotomayor’s

theorem.

7. NUMERICAL SIMULATION

An intensive numerical simulation of the system (2) is conducted in this section to gain a better
understanding of the global dynamics of the proposed system, and specifically the control set of
parameters. The Runge-Kutta of order four scheme was used to solve system (2) with the help of
Matlab version R2021a, and then the obtained numerical results are drawn in the form of a 2D
time series and a 3D phase picture using the following hypothetical set of parameters. Note that
the red dot used in the following figures represents the equilibrium points, while the blue dot refers

to different initial points.

A=2,d, =01,a, =027 =1h=02d, =0.15,
b1 = 02, a, = 05, bz = 02, e = 05, e, = 05, d3 =0.2"

As can be seen from Figure 1, the system (2) approaches asymptotically to the unique interior

(30)

equilibrium point P, = (3.02,3.31,2.8) using the data set (30), starting from different initial
values.

®)

—C

—¥|]

10 15 20
Time

Fig. 1: The solutions of system (2) starting from different initial points using the data set (30). (a)
All the solutions approach asymptotically to P, = (3.02,3.31,2.8). (b) The solutions as a function

of time.
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According to Figure 1, the system (2) has a globally stable interior equilibrium point, while the
others are unstable.
Now, for the range 0 < b, < 0.09, it is observed that the system approaches P;y, while for

0.09 < b,, it approaches P, as shown in Figure 2.

7 . __ ()

—C

—Y

=

78]

Populations

L

Populations
w = wn o -
~ 0

&

=

7

20 . 30 40 50
Fig. 2: The solutions of system (2) starting from different initial points using the data set (30). (a)
All the solutions approach asymptotically to Py = (2,0,4.5) when b, = 0.08. (b) The solutions
as a function of time for b, = 0.08. (c) All the solutions approach asymptotically to P, =
(2.1,2.16,4.24) when b, = 0.12. (d) The solutions as a function of time for b, = 0.12.
According to Figure 2, system (2) undergoes a bifurcation with bifurcation parameter b,. It's
observed that condition (11) is satisfied in the range 0 < b, < 0.09, which leads to stability of
Pcy, and otherwise it is violated.

Additionally, we observed that altering just one parameter results in a shift of the interior point's

location without causing bifurcation. In contrast, confirming bifurcation in system (2) requires
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changing two or more parameters simultaneously. This occurs because the availability of carcasses
as food, without the need for chasing, enhances the stability of the system at the interior point.
Now, for the data set (30) with r = 0.1 and e, = 0.1, it is observed that the system approaches
asymptotically to Pcy = (10,0,0.5) as the interior point disappears, and the condition (11) holds.
However, for the data set (30) with r = 0.1, e, = 0.1, and d3 > 0.385, all solutions of system
(2) will approach P, = (20,0,0) due to the disappearance of all other equilibrium points, and
condition (9) holds, see Figure 3.

(@) 12 . __ (I

6 4 2
—C|
o X|
4 J £ —7
B 3 |
04
60 80 100
Time
(d)
—C
X
—Y
04 r=0.1:e,~0.0:d,~0.4 1
=~ S
0.
0 50 100 150 200 250

Time
Fig. 3: The solutions of system (2) starting from different initial points using the data set (30). (a)
All the solutions approach asymptotically to Py = (10,0,0.5) when r = 0.1 and e, = 0.1. (b)
The solutions as a function of time for r = 0.1 and e, = 0.1. (c) All the solutions approach
asymptotically to P = (20,0,0) when r = 0.1, e, = 0.1, and d3; = 0.4. (d) The solutions as a
function of time for r = 0.1, e, = 0.1, and d; = 0.4.

For the data set (30) with e; = 0.1, e, = 0.1, and d; = 0.65, it is observed that the system
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approaches asymptotically to Pcy = (20,4.25,0) as the point P;y and the interior point disappear,
and the condition (10) holds, see Figure 4.

(@) 20 . ()

/

61 €=01e~01d=065

—C

—Y

Populations

0 20 40 . 60 80 100
Fig. 4: The solutions of system (2) starting from different initial points using the data set (30). (a)
All the solutions approach asymptotically to Py = (20,4.25,0) when e; = 0.1, e, = 0.1, and
d; = 0.65. (b) The solutions as a function of time for e; = 0.1, e, = 0.1, and d; = 0.65.
According to Figure 4, it is clear that when the conversion rates are reduced along with an increase

in the scavenger’s natural death rate, then the scavenger faces extinction and the system's solution

approach to Pcy.

8. CONCLUSION

In this paper, the carcasses-prey-scavenger system was proposed and studied. It is obtained
that there are at most four equilibrium points. All the requirements for their stability and
persistence are determined. The conditions of occurrence of local bifurcation are established, too.
It is obtained that the proposed system has only a point attractor, while periodic dynamics that
naturally exist in a prey-predator system do not exist. This means the existence of carcasses in the
environment stabilized the prey-predator dynamics. Moreover, although the numerical simulation
confirms our obtained results, it refers to the following results.

The presence of carcasses in the environment has a stabilizing effect on the system by the
disappearance of cyclic movement in the prey-predator system. The prey’s net birth rate, the
prey’s and scavenger’s natural death rate, the conversion rates, and the prey’s refuge rate are the

most effective parameters on the system dynamics.
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