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Abstract. This study develops a unique fractional-order model comprising nine compartments to explore the dy-
namical behavior of the progression of filariasis and the immunosuppressive retrovirus (HIV) comorbidity under
explicit vector influence. The study utilizes fractional order stochastic to examine the dynamics of randomness
in the epidemiological model. Using fractional stability theory, we determined the reproduction number, the
pathogen-absent state equilibrium, and the requirements for dual-level stability analytically. A center manifold
approach is used to investigate bifurcation behavior at the critical threshold, demonstrating the forward bifurcation
which the disease transmission can be early controlled by reducing Ry less than zero. A fractional optimal control
framework is developed; utilizing Pontryagin’s Maximum Principle in the context of fractional order to provide
the best strategy to manage the spread of the co-infection. We then did the numerical simulations to verify the
theoretical findings and demonstrated how fractional stochastic models provide better understanding of the fluctu-
ations in epdermiological models, and how fractional order can affect disease persistence and the effectiveness of
combination therapies. According to our findings, in areas where HIV/AIDS and filariasis are endemic, memory
effects play a crucial role in co-infection dynamics and provide guidance for developing integrated, economically

sound public health programs. We also found out that, the strategic implementation of intense initial interventions
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is crucial in managing filariasis and HIV/AIDS co-infection. Thus, by prioritizing early intervention measures, the
overall burden of the diseases would be significantly minimized. Therefore, the insights from our study will inform
targeted interventions, optimize resource allocation, and improve the overall efficacy of public health strategies in
regions burdened by multiple endemic diseases.

Keywords: filariasis; HIV; co-infection; fractional calculus; mathematical modeling; fractional optimal control.
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1. INTRODUCTION

HIV co-infection with filariasis is a complex public health problem, particularly in areas
where both ailments are endemic [1]. Managing co-infections presents unique challenges due
to the need for integrated treatment approaches that address both diseases simultaneously. This
is complicated by the potential for drug interactions and the increased risk of adverse side
effects. Additionally, co-infections can exacerbate the progression of each disease, making
it more difficult to achieve successful health outcomes for affected individuals. Integrating
biomedical, clinical, and mathematical modeling approaches is necessary for effective control
and treatment options, as illustrated by immunological interactions and therapeutic outcomes.

According to [2] areas with high HIV incidence are frequently also areas with high LF preva-
lence, particularly in endemic regions across tropical Africa and southern Asia. This epidemio-
logical convergence raises questions regarding co-infection dynamics, public health, and thera-
peutic interactions. HIV/AIDS depletes CD4+ T cells which will decrease the bodies’ ability to
cotrol the filarial worms. Filariasis causes a chronic immune activation leading to replication of
the HIV virus which also welcomes more infections. It has been reported that filarial infections
can alter the immune response of the host to HIV, leading to a The dominant profile of immunity
[2].

About 40 million individuals are deformed and disabled, out of an estimated 120 million
afflicted people globally, according to [3]. The fact that someone has HIV/ AIDS puts one at risk
of infection because their immune system is very weak. Having a Filariasis co-infection makes
the disease progression rapid compared to an individual without HIV/AIDS. The effectiveness
of antiretroviral therapy (ART) may be diminished by filarial infections, which may also make

an individual more susceptible to other opportunistic infections [2]. This is because filarial
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parasites can alter immune responses, reducing the body’s ability to control HIV replication
[4]. Additionally, the presence of filarial infections may lead to increased inflammation, further
exacerbating HIV-related complications and potentially reducing the overall effectiveness of
ART in managing the disease. Due to its severity, there have been numerous studies which have
explored the interaction between filarial infections and HIV, aiming to understand how these
parasites influence immune function and disease outcomes [5, 6].

The co-infection of HIV/AIDS with filariasis results in intricate interactions that affect treat-
ment efficacy as well as the course of the illness. A parasite infection spread by mosquitoes,
filariasis mainly affects the lymphatic system, causing immunological modulation and chronic
inflammation. HIV, on the other hand, depletes CD4 T-cells, which weakens the immune sys-
tem. When both infections coexist, the persistent immunological activation brought on by filari-
asis might hasten HIV replication and the development of AIDS, while the immune suppression
brought on by HIV increases the persistence and intensity of filarial parasites. Both diseases’
natural course is altered by this reciprocal interaction, which also makes therapeutic care more
difficult [7, 8].

From an epidemiological perspective, areas with high HIV prevalence and filariasis-endemic
zones overlap, especially in sub-Saharan Africa, which raises the possibility of co-infection
within afflicted people. By affecting susceptibility and infectiousness, the interactions between
the two pathogens might alter the dynamics of transmission. For instance, whereas HIV-induced
immunosuppression might prolong the existence of microfilariae in the circulation, boosting
vector infection rates, filarial infection may raise HIV viral load and enhance transmission po-
tential. As a result, by maintaining dual transmission cycles, the co-infection not only affects
individual health outcomes but also presents more significant public health issues [9, 10].

A useful foundation for comprehending these coupled dynamics and creating efficient con-
trol measures is provided by mathematical modeling of filariasis—HIV co-infection. In example,
fractional-order models have been used to describe illness progression more accurately by cap-
turing the memory and genetic characteristics inherent in biological systems. These models in-
clude human and vector compartments, emphasizing the impact of immune response, treatment,

and prevention on the spread of both diseases. These models identify crucial thresholds, such as
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the fundamental reproduction number, that control the co-infection’s persistence or eradication
through numerical simulations and bifurcation analysis. In order to achieve sustainable disease
control, insights from these analyses help build integrated intervention plans that address both
diseases at the same time [11, 12].

Mathematical modeling has evolved into an indispensable framework for analyzing infectious
disease transmission and informing public health policy. Mathematical modeling is widely used
to analyze the interplay between co-infecting pathogens and their influence on the host immune
response. For example, the studies of [13] introduced a quantitative model capturing the syn-
ergistic transmission between two interacting pathogens, highlighting the complex dynamics of
co-infection. [14] Provides a comprehensive analysis of dengue fever dynamics within a math-
ematical construct that embeds awareness. [15], formulated a mathematical model to examine
the interactive transmission patterns between malaria and COVID-19 infections. Also, [16]
formulated a mathematical framework to explore the interaction between malaria and cholera
co-infections. This highlighted malaria’s influence on cholera dynamics. These models help
identify key factors that influence co-infection outcomes, supporting the development of tar-
geted interventions to improve patient health and treatment efficacy. These models also provide
insights into how co-infections interact and influence each other’s progression. By identifying
critical parameters, such as transmission rates and immune responses, researchers can develop
more effective strategies for managing and preventing co-infections, ultimately improving pub-
lic health outcomes.

In recent decades, fractional calculus has gained prominence as a compelling framework for
modeling real-world phenomena, owing to its intrinsic memory properties, which offer greater
flexibility than classical integer-order formulations [17, 18, 19]. Fractional calculus, a gener-
alization of traditional calculus, offer fractional-order formulations analytical platform capable
of capturing the memory-driven and hereditary mechanisms that govern complex epidemic dy-
namics. By incorporating derivatives and integrals of non-integer orders, it enables a more nu-
anced understanding of complex biological interactions. It enhances the accuracy of predictive
models, revealing subtle dynamics that standard calculus might overlook. as such most studies

on coinfections have focused on the incorporation of fractional calculus to model the dynamics
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of co-infections, emphasizing the interplay between immune responses and pathogen behavior.
The studies of [20] presented a fractional-order model for analyzing malaria and COVID-19 co-
infections, highlighting disease stages and model stability. [21] examined the interplay between
malaria and HIV co-infection using a delay fractional order model. [22] developed a fractional
model describing the co-infection dynamics of HBV and HCV, employing the Mittag-Leffler
derivative and fixed point theory for the analysis.

Relying on these studies, we present a mathematical model based on fractional-order dynam-
ics that explores the transmission dynamics of filariasis and HIV/AIDS to guide the progression
of the disease dynamics from an undesirable endemic state toward a targeted controlled out-
come. We contribute to literature by highlighting the interaction between the two infections and
their shared impact on the health of the population. By incorporating fractional calculus, our
model captures the memory-dependent nature of disease transmission, offering a more realistic
representation of the dynamics. Thus providing valuable insights for designing effective control
strategies. Our work bridges a gap in existing literature by incorporating a more accurate rep-
resentation of the time-dependent behavior of disease transmission. By employing fractional-
order calculus, the model accounts for memory and non-local effects dynamics, which are often
overlooked in traditional integer-order models, enhancing the predictive accuracy and provid-
ing deeper insights into the interplay between filariasis and HIV/AIDS. Thus, our study seeks
to identify strategies that maximize public health benefits while minimizing economic costs to
provide policymakers with actionable insights for implementing efficient disease management

programs.

2. PRELIMINARIES

2.1. Mathematical Model Formulation. In this section, a filariasis—HIV/AIDS co-infection
mathematical model is presented in which the total human population, Ny (t), is partitioned into
the following compartments: susceptible individuals (Sj), individuals infected with filariasis
(Ir), HIV-positive individuals (/;), HIV-infected individuals under management or treatment
(Im), co-infected individuals with both filariasis and HIV (If;), treated co-infected individuals
(Trp), and individuals who have recovered from filariasis (Ry). The mosquito (vector) popula-

tion, N, (1), is categorized into susceptible mosquitoes (S,) and infected vector insects (,,).
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2.2. Model Diagram.

fruh
I

m
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—

FIGURE 1. Model flow diagram

Parameter Description

Ay Recruitment rates of humans

A, Recruitment rates of vectors

Bi Transmission rates for filariasis

B Transmission rates for HIV

B3 Transmission rates for co-infection

Ba Transmission rates for vectors

01,0, Enhancement factors for co-infection dynamics
(o] Recovery rate from filariasis

oy, Transmission rates to managed HIV

() Transmission rates to managed co-infection
Uy Natural death rates of humans

Wy Natural death rates of vectors

TABLE 1. Parameter descriptions for the filariasis—-HIV/AIDS co-infection

model.
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2.3. Model Equations.

das
d_th = Ah — ﬁ] Shlv — ﬁZShIh - ﬁSShIfh - AIJ'hSl’H
dl
d_f = BiSpl, — Sl el — (0 + w1,
dl
d_th = BaSuly, — Sul sy — (@ + ) I,
" — ol — w,l
It ndh — Undm,
dls
(1) — = B3Sulpn+ Sulply + Sl ply — (@ + ta) L g,
dTy,
4" — w1 — T
dt clfn — Upd fn,
Ry _ R
dr = Olf — Upiy,
ds
dtv = Ay = BuSuly — Sy,
dl,
d—tv = BVSVIf — ,uvlv.

3. MAIN RESULTS
3.1. Model analysis.

3.1.1. Well Posedness of the model. To prove the well posedness of our model, we express

system 1 into the form:

aw
@) —=FW),

where W = (S, If, Iy, I, Ith, T¢h, Ry, Sy, 1,) € R%, and
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An— BiSply — B2Suln — B3Splrh — UnSh
BiSpl, — o1y — 0111y — uply
BaSulh — 62lply — tiply — Wyl

Oply — Upln
3) FW) = | BsSplth+ &lply+ 81,1 r — wulph — @clph
Ol rh — u,Trh
ol — Ry
Ay = BuSuly — Sy
BuSvlr — w1,

subject to the initial condition W(O) =Wy = (Sh071f07lh071m071fh07 Tthva07Sv07Iv0> S R;O'
Theorem 1 Picard-Lindelof Theorem [23]: For dd—‘f = F(W), where W(0) = W, a single

solution exists on the interval [0, 7| provided that:

e W e DCR’ with Wy € D;
e F (W) is continuous on W.
e F(W) satisfies the Lipschitz condition in D; that is, there exists a constant L > 0 such

that for all W,Y € D, |[F(W) —F(Y)|| < L|W —Y||

Proof:

We consider a compact domain:
D=10,K]’ = {(Sn, T¢Iy I I, Teh, R ¢, S, 1) | O < Sy I g Iy Ly I eh, Trh Ry, Sy, 1, < K}

The constant K > 0 is taken to include Wy and to represent biologically admissible values.
Given that F (W) is a polynomial function of the state variables: Sp,If, 1y, Ln,I¢h, Trh,Ry,S,,1,
with constant coefficients, it is continuous in W for all W € R®. Thus, F(W) is continuous in

the compact domain D = [0,K]°.

Lipschitz Continuity of F(W). To verify Lipschitz continuity, we consider the Jacobian matrix

J(W) of F(W) in D, which is the matrix of partial derivatives (df;)/dw;, where w; = S,
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wo = Iy, w3 = Ip, wa = Iy, ws = Ith, we = Trh, w7 = Ry, wg = Sy, wo =1,

—Bily — Boly, — B3l — 0 —B2Sh 0 —B3Sh 0 0 0 —BiSh

Bl (G + 8l + 1) —81; 0 0 0 0 0 1S,
Baln —&Iy BaSn— &l —p —@, 0 0 0 0 0 0
0 0 o — Wy 0 0 0 0 0
J(W) = Bl 161+ 8) 1581+ 8) 0 BSi—m-@ 0 0 0 0
0 0 0 0 @. w0 0 0
0 o 0 0 0 0 —u, 0 0
0 “B.S, 0 0 0 0 0 —Bl—pm O

0 BySy 0 0 0 0 0 0 — My

In the compact domain D = [0, K]°, the non-zero entries of J(W) are bounded as follows:
| = (Bily — BaSh — B3l th— )| < BiK + BoK + B3K + p,

[£BiSuly |, |£BiSuln | BsSulsh| < (BiK)?

Constants like o, 1, @y, W, are fixed. Using the infinity norm (maximum row sum of |J(W)]),
we compute the bounds for each row and obtain the Lipschitz constant as: L = maX{Z( B1 +
Ba+B3)K + wp, 2B1 K + 0 + 281K + Wy, 2o K + 26, K + Wy + @, @y, + iy, 23K +2(81 + 6)K +
W, + @, O + Uy, 6 + Wy, fK + ,uv} which is finite for K < oo, confirming F (W) is Lipschitz
continuous in D. Since F (W) is continuous (as a polynomial) and Lipschitz continuous in D,
the Picard-Lindelof theorem ensures the existence of a single solution on the interval [0, 7’| for

any Wy € D. Thus, the solution exists uniquely for all # > 0.

3.1.2. Positivity Analysis. We demonstrate that all state variables
SholfsIny by Iph, Trh, Ry, Sy, I, remain non-negative for all ¢+ > 0 under non-negative initial
conditions W (0) = (Sp0,770, 250, In0s L0, Tynos R0, $v0,1v0) € Ry where all model parameters

are non-negative. For each State Variable:

e S,: The derivative is ‘% = Ay — (Bily + Body + B3l th+ py)Sy. If S, = 0, % =N, >0,

maintaining or increasing Sj. For S, > 0, the solution remains positive.

o I;: The derivative is 2L = BiSyl, — (6 + Sily + p)ly. 1f Ir = 0, 2L = BiS,1, > 0,

keeping Iy > 0.
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e [;,: The derivative is Cfih = BoSuly — (82l + py + @y) 1. If I, =0, ‘g{' = 0, preserving

I, > 0.

e [,: The derivative is d’" = oyl — uply. 1f 1, =0, d;;" = oyl > 0, ensuring 1,,, > 0.

e Irh: The derivative is % = (BsSulrh + 611¢ly + Salpl ) — (Up + @c)Iph. If Irh = 0,
dIfh = B3Sply + 811¢1 + Slpls > 0, keeping Irh > 0.

e Tth: The derivative is dd”‘ = @l th — W, Trh. If Trh =0, dT”’

= O:lyh > 0, ensuring

Tfh > 0.

® Ry: The derivative is %Rf =oly— Ry If Ry =0, dft = oly >0, keeping Ry > 0.

e S,: The derivative is ddSZV =Av+ (W — BuIf)S,. If S, =0, ‘ZSIV = A, > 0, maintaining or
increasing S,.

e [,: The derivative is dt = BySuly — u,l,. If I, = 0, Cgt = B,S,1y > 0, ensuring I, > 0.

The system <z~ dW = F (W) ensures that the derivative of each component is non-negative when the
component is zero, provided the other variables are non-negative, due to non-negative source
terms (A, and other parameters). The continuity and Lipschitz continuity of F (W) (established
earlier) ensure smooth evolution, and the Picard-Lindelof theorem guarantees a unique solu-
tion that remains in R%O starting from non-negative initial conditions. It follows that all state

variables stay non-negative for every r > 0 under non-negative initial conditions.

3.1.3. Boundedness and Finiteness of the Model. To show that the model is bounded and
finite, we analyze the entire human population N, = S, +17 + I, + I, + 1th + Trh + Ry and the
entire vector population N, = S, 4 1,. For the total human population we compute the time

derivative and obtain:

dN,
(4) dth = Ap— W (Sp AL+ I+ Ly + I+ Trh+Rp) = Ap — Wy,

The solution of 4, assuming t;, > 0, is:

5) Ni(t) :Nh<o>e-“h’+%<1—e—“hf>.
h

As t — oo, Nj(t) — Ay/pp. Given that the initial conditions are non-negative, N;(0) > 0,

Ny(t) < max(Ny(0),An/uy). Thus, N, is bounded above by the finite value A;/uy,. For the
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total Mosquito Population, we compute the time derivative and obtain:

dN,

© dt

= [Av = BuSy(Iy +Irh) — mwSi] + [BuSy(If +1rh) — k).
The solution 6, assuming u, > 0, is:

7 Ny() = Ny(0)e 0 4 220 (1 — gt

My
As t — oo, Ny(t) — A,/1,. With non-negative initial conditions N,(0) > 0, N,(t) <
max (N, (0),A,/u,). Thus, N, is bounded above by the finite value A, /u,. Each state variable
(Sny I dps I, Igh, Trh, Ry, S, 1,) is non-negative. Since N, and N, are bounded, the individual
components are also bounded. Hence, the model is bounded and finite because: The total popu-
lations Ny, and N, approach finite steady-state values A,/ and A, /U, respectively, under the

condition that py, i, > 0.
3.2. Equilibrium Analysis.

3.2.1. Disease-Free Equilibrium (DFE). To determine the disease-free equilibrium, all in-
fected compartments are set to zero (I = 0,1, =0, I,, =0, Ifh =0, Tfh = 0, I, = 0) and solve
for the non-infected compartments S;,Ry,S,. Therefore, the disease-free equilibrium is given

by:

A A
(8) E(): ( h7070707070707 V,O).
Hhn H

1%
3.2.2. Endemic Equilibrium. To analyze the endemic equilibrium of the model, all time
derivatives are equated to zero, and the resulting system of algebraic equations is solved ac-

cordingly. Therefore, the endemic equilibrium point can be expressed as:

S*:ﬁ I*:I}Avﬁv I — F
AT wA u, + @’
Ap
S;,; == . ﬁgF )
My + I, o+ ( rE=cy +C)
g O g OF . O
"o wmm+o.) T,
with auxiliary variables:
I;Avﬁlﬁv

A:uﬁ—l}ﬁv, B=uwA, C= B
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F
D=y +Ih*Bs+ I B+ C =y + hs +1IB+C,
.uh"’wc
AN B3
f hixy P3Py * v
E=t—p—, F =TI (8 +&)+E.

3.2.3. Basic Reproduction Number (R). The basic reproduction number (Ry) is determined
through the application of the next-generation matrix approach, based on the model equations
and evaluated at the disease-free equilibrium point (DFE). The susceptible populations at the

DFE are N, = Ay, /W, and N, = A,/ W,

Next-Generation Matrix Method. Infected compartments: If, 1y, Ly, Iy, 1,. New infections:

BiSuly
B2Suln
0
B3Snlsn
B.S1y

)
|

Transitions:

oly+ 61l + wply

S lply + pply + Oy,

V= Oplp + Undm

Ol ply + Solply + Upl gy + @l gy

.uvav
At the DFE, the matrices are:
A
0 0O 0 0 pB “—Z
A
0 52;7'2 0O O 0
F = 0 0O 0 O 0 ;
Ap
0 0O O ﬁ3“—; 0
B 0 0 0 0
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—(o+uy) 0 0 0
0 —(+@,) 0 0
V= 0 oy — Uy 0
0 0 0 —(wm+o.)
0 0 0 0
1
s 0 0 0 0
|
0 & 0 0 0
-1 — ()] L
v i (Up+@,) My, 0 0
1
0 0 0 1z 0
0 0 0 0 iv
0 0 0 0
0 BoAs BoAp @y, 0
(i +on) i (uy+oy)
Fv!= 0 0 0 0
B3 An
0 0 0 (@)
B.A,
ty(o+Hy) 0 0 0

The spectral radius is:

p(FV™) =Ry = \/M

Thus,

©)

3.3. Stability Analysis.

O + M) M

RO _ ﬁleAhAv
(0 + Up) Hppt?

o o o O

BiAy

=
=
=
<

o o o O

3.3.1. Local Stability Analysis of the Disease-Free Equilibrium. To determine the local sta-

bility of 8 of the given system 1, we compute the Jacobian matrix, evaluate it at the DFE El h,
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and analyze its eigenvalues. Thus, we obtain:

(10)
—wp 0 — ot 0 — BB 0 0 0 —piy
0 —o—u 0 0 0 0 0 0 B
0 0 Bt~ —@ 0 0 0 0 0 0
0 0 @y, — 0 0 0 0 0
J(Eo)=| 0 0 0 0 Bft—w-@ 0 0 0 0
0 0 0 0 @, —uy 00 0
0 —c 0 0 0 0 —u O 0
0 By 0 0 0 0O 0 —u O
0 B 0 0 0 o 0 0 —pu

From 10, the diagonal eigenvalues are:
o A1 =—u, <0,
e L=—0—w, <0,
o A3 =Byt — iy — @, < 0if Bk <0 (which holds at DFE),

o Ay =—u, <0,
o As =Byt — iy — @, < 0if B35 < 0 (which holds at DFE),
o Ag=—, <0,
o b7 =—u, <0,
o Ag=—u, <0,
o Lo =—u,<0.

The only potentially non-negative eigenvalue comes from the infected subsystem involving /¢

and /,,, which is controlled by Ry. Hence, the DFE is locally asymptotically stable if

BlﬁvAhAv
Ry=4| ———= < 1.
’ \/(G+I~lh)ﬂhuv2

3.3.2. Local Stability Analysis of the Endemic Equilibrium. We analyze the local stability of

the endemic equilibrium for a 9-dimensional HIV-filariasis co-infection transmission model.
The endemic equilibrium is:

_LAB . F
v A’ v T .uvA ) fh_“h+wc7
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Ay I I;:wh

Sh= v Im
w5+ (2 + ) Hi

* wCF * I}G
fh =, Rf —=
(U + @) U

with auxiliary variables:

« I*Avﬁlﬁv
A=, +1pfy, B=WA, C:fTa
DZHh+1}hl33+1?[l32+czuh+F—ﬁ3+Iifl32+C>
Up + O
ARN, B3 B
FEMRYP3 Py % 7ok
E:T, F=I1,(01+&)+E.

The equilibrium depends on I}‘- > 0, I; > 0, which are not explicitly solved due to nonlineari-
ties. We assume a valid endemic equilibrium exists. To determine local stability, we compute
the Jacobian matrix, evaluate it at the endemic equilibrium, and analyze its eigenvalues. The
equilibrium is locally asymptotically stable if all eigenvalues have negative real parts. The

Jacobian at the endemic equilibrium is:

LABy " * * *
,(,31 ox +Boli + Bt + uh) 0 —BaS;, 0 —BsS;; 0 0 0 —BiS;
IiABy * * *
Biaa —(o+ 811} + ) —8i1IF 0 0 0 0 0 BiS;
BaAjy &0} B:S;— Salf —py— @, 0 0 0 0 0 0
0 0 oy, —Up 0 0 0 0 0
Joe = Bits (61 + &)1} (81 + &) 0 BSi—w—-@ 0 0 0 0
ee 3 o, 1 h 1 ¢ 3y, — Up — B
0 0 0 0 @, —u, 0 0 0
0 c 0 0 0 0 —u 0 0
0 —B.5 0 0 0 0 0 -BL-p 0
0 B 0 0 0 o 0 B -

The equilibrium is considered stable when all the eigenvalues of J;, possess negative real parts.

The diagonal entries Jy4 = Jg5 = J77 = — U, yield three eigenvalues:

M=2A =1 =—u, <0,
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These correspond to the decoupled dynamics of 1, Trp,, and Ry, which are stable. The remain-

ing 6 x 6 submatrix will be analyzed for (Sy,, 17,1, In, Sy, 1):

AP, . ) " “ «
- (ﬁl i Bl +B3ﬁ+ﬂh> 0 —B.S;; —BsS;; 0 —BiS;;
1A By . .
Blf#T 7(64’511,;“1’[1},) 7511[’» 0 0 ﬁISZ
J* _ ﬁZ[ZF *621; stifsllgfﬂhfwh 0 0 0 12
ee(reduced) — , ‘ ( )
Bmia 81+ &)} 1+ &)} BsS;—m-® 0 0
0 —BA 0 0 -BS; -, O
0 ﬁt% 0 0 ﬁvS: —Hv

Block Decomposition. The sub-matrix has a block structure:
Human block (Sy,, 17,1, 17p):
1D

I*A"B" * * *
~(Bipx + Bl +ﬁ3ﬁ + Up) 0 —B2S;, —BsS;,
LAy . .
. Bi-ia —(0+ 811, + 1p) —6117 0
ee(human) — N . " .
BZI}, _821f ﬁ2Sh_611h — Uy — O 0
Bt (81 +&)I; (81 + &)1} B3S;, — i — @
Vector block (S,,1,):
" _ﬁvl; — My 0
(12) ‘Iee(vector) = y
Bvlf —Hy

Vector Block Eigenvalues: Computing the characteristic polynomial of Jyector:

Bl +uw+A 0
—BVIJ’? A+ Uy

det(Al — Jyector) = det = (Bul; + 1y +A) (A + 1) =0,

Mg = —Buli— 1, <0, Ag=—p, <O0.

Since I;? >0, B, > 0, u, > 0, both eigenvalues are negative, indicating stability in the vector

dynamics.

Human Block Analysis. The 4 x 4 human block is complex due to nonlinear terms. Define

shorthand notations for clarity:

A B F
fovEY *

: , b=RI,, c=p——.
WA ﬁzh ﬁ3uh+(ifc

a=p
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—(a+b+c+u) 0 —B.S;; —BsS;
a —(o+ oI + —o1I% 0
(13) Jhuman = ( i ‘uh) =
b —&I; BaS; — o1l — Wy, — oy, 0
¢ (01 +&)I; (61 + &)1} B3Sj, — tn — @

From f, =0:
BiS,I; = (o + 411, —i—uh)I;? — a= I}(G + 610, + ) = —I}‘ng.
From f3 =0:
BaSpl; = (621;2 +up+o,)l;, = b= 12(521} +up+ @) =1, (—J33+ BaS;)-

From f5 =0:
B3Splpy + (81 + )7L, = (W + @c)

and since [}, = F /(14,4 @), this is consistent with F' = [}1;/(81 + &) + E.

Trace of Human Block:

17

Trace = Ji1 +Jo2 +J33 +Jas = —(a+b+c+uy) — (0 + 8ilj; + ) + (BaS), — 82l — iy — @) + (B3S), — iy — @)

— —a—b—c— 4y — 6 — 81 — &I — B — .+ BS;, + BaS].

Since a, b, c, Uy, 6,01, 6, Wy, @ > 0, and BoSy, B35} > 0 but bounded by equilibrium dynamics,

the trace is negative if removal rates dominate infection terms. The determinant is intricate and

depends on I7,1;;, and parameters. For stability, det(Jhyman) > 0.
Routh-Hurwitz Criteria. For a 4 x 4 matrix, the characteristic equation is:
A+ a3+ aA* +asd +as =0,

where a; = —Trace, a4 = det(Jhyman)- The Routh-Hurwitz criteria for stability are:

ea >0
o a3 >0
o as>0
® aiay > aj

(a1ay —az)az > a%a4
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Since a; = —Trace > O (if trace is negative), and a4 > 0 when Ry > 1, we hypothesize stability
when Ry > 1, as the endemic equilibrium exists. The endemic equilibrium exists when Ry >
1, indicating sustained disease transmission. Epidemiological models typically show that the

endemic equilibrium is stable when Ry > 1, as the disease persists.

3.4. Global Stability Analysis of the Disease-Free Equilibrium. We analyze the global as-
ymptotic stability (GAS) of the disease-free equilibrium (DFE) using the [24] theorem. The
theorem states that the DFE is globally asymptotically stable if Ry < 1 and:
H1: The system W = F(W,0) is globally asymptotically stable at X*.
H2: The infected dynamics satisfy G(W,Y) = AY — G(W,Y), where A = DyG(W*,0) is an
M-matrix, and G(W, Y) > 0 in the feasible region Q.

Partition the system: uninfected X = (Sj,,S,, Ry, Tsp), infected Y = (17,1, L, I p, 1,).

A — BiSuly — BoSnly — B3 Sl rn — WSk
Ay — ﬁvSva - ,quv

(14) FW.Y) = :
ol — Ry
Oclpn — WnTrn
BiSpl, — o1y — 011 ¢l — pply
BoSply — S2lply — pply — @y,
(15) GW,Y) = Opdy, — Uply

B3Sul s+ 611l + Salpdp — ppd gy — @l py,
ﬁvSva - .uvlv

The DFE is (X*,0), where X* = (A /up, Ay /Wy, 0,0).
H1: Uninfected System Stability

Ap — UpSp,

Ay, — WS

F(W,O) _ v — Hydy
_.uhRf

—UnTsp
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Lyapunov function:
1 A AN 1, 1.,
Vk == Sh—— S —— —R: 4+~
¥ 2<h Hh) +2<v .Uv) +2 f+2fh,
. Ay A,
x =S L (An— tnSp) + { Sv—— ) (Av — wSy) + Ry (=R ) + Tyn(—1nTyn)

v

A\ A2 5 )
= —Hp (Sh — E) — Wy <Sv — H_) — UpRy — T, < 0.

1%

Equality holds at W*. By LaSalle’s Invariance Principle, H1 is satisfied.
H2: Infected Dynamics

—(0+ ) 0 0 0 i

0 Bt — (i + @) O 0 0
(16) A= 0 o, — 1 0 o |,
0 0 0 Bft—(w+@) O

B A 0 0 0 —H

Ly

B (% - Sh) L+ 6117l
B> (% — Sh> Iy+ 0o lply
0
Bs (% - Sh) Iyn — Oulply — Srdply
ﬁv <% - Sv) If

Since G4 may be negative, H2 is not strictly satisfied. Instead, use a Lyapunov function:

(17) G

Vy = aly + bl + cly, + dl ¢, + el

Vy = a[BiSply — (0 + wp) Iy — Silply) + b[BaSply — Salpl s — (p + @) 1) + c[@ply — pdn]
+d[B3Spl s + 01l Iy + Oodpdp — (U, + @) I ] + e[BySuly — pyly).

Set:
(U, + @) — BaAn/
(Un + @) — BsAn/ 1y’

e aBlAh o b(Hh + @) — BoAn/ U

) 5 d - b
Mty Op,

assuming:

A A
ﬁz—h<uh+wh, B— < up+ @,.
Up Hn
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Then:

ﬁl ﬁvAhAv
(O + Wp) tapty?

The invariant set where Vy = 0 is the DFE, confirming global asymptotic stability when Ry < 1.

Vy <a(o+u) —1|I;=a(c+u)(RE—1)[; <0 ifRy< 1.

3.5. Bifurcation Analysis of the Epidemiological Model. We apply the center manifold the-

orem at Ry = 1 using f; as the bifurcation parameter. The system is:

f1 = Ap— BiSuly — BoSnly — B3Slrn — UnSh
f2 = BiSply — 0l — 81l ¢l — ply
13 = BoSply — Oalpl f — ndy — @l
Ja = @plyp — Wl

(18) w=f(w)= | fs = BsSulsn+ Silely + Sl — Wl — @elpy
fo = @clpp — upTyy
f1=0ly — Ry

fS = Av - BvSva - .quv
f9 = BvSva - ,uvlv

The bifurcation parameter is 3;., where:

Br, — (T T Hu)Huttnfly
e ﬁvAhAv ’

ensuring Ry = 1 when fB; = Bi.. At B = Bies R% = 1. The DFE is Ey =
(An/1,0,0,0,0,0,0, A, /p1,,0).
Theorem 2 [24]: Consider conditions near the DFE at 8| = Bi.:
A1 The Jacobian A = D, f(Ey, Bi.) has a simple zero eigenvalue, others have negative real
parts.

A2 A has nonnegative right eigenvector w and left eigenvector v for the zero eigenvalue.

Bifurcation coefficients:

9 aka 9 aka
a= viwiwj5—=—(Eo, Bic), b= ) viwi5 5 (Eo.Pic)-
k7i§’—l ! ’&xl-axj k,iz_’l laxiaﬁl
The local dynamics depend on a and b:

(1) a > 0, b > 0: Forward bifurcation.
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(iv) a <0, b > 0: Backward bifurcation possible.

Proof

Verification of Assumptions A1: The Jacobian at Ey, B; = Bi. has a simple zero eigenvalue
(confirmed from next-generation matrix and characteristic polynomial analysis). Other eigen-
values are negative under parameter constraints. A2: Right and left eigenvectors exist and are
nonnegative. Thus, when Ry > 1, a stable endemic equilibrium emerges via forward bifurcation

if a < 0, b > 0. We verify the assumptions of Theorem 2 from [24]:

A1l: The Jacobian A = D, f(Ey,0) has a simple zero eigenvalue, with all other eigenvalues
having negative real parts.

A2: A has right and left eigenvectors w and v for the zero eigenvalue.

Al: Jacobian Analysis. The Jacobian at Ey, B; = By, is:
(19)

— M 0 —[52% 0 —[ﬁ% 0 0 0 _(ffﬂl-glvli/n\zmz

0 —(c+m) 0 0 0 0 o0 o [(logmel

0 0 Bt — (wy+ @) 0 0 0 0 0 0

0 0 @ — 1y 0 o 0 0 0
A=10 0 0 0 Bi-—(w+@) 0 0 0 0 :

0 0 0 0 . —w, 0 0 0

0 c 0 0 0 0 —w O 0

0 By 0 0 0 0 0 —pu 0

0 B o 0 0 0 0o 0 0 —Hhy
where:

B, Ay _ (O + )bty Ap _ (0 + py) i’
My BvAhAv Up ﬁvAV

Compute eigenvalues via det(A — A1) = 0:

e Row 4: Ay = — .
e Row 6: g = — .
e Row 7: A7 = — .
e Row 3: A3 = ﬁz% — (L + @) < 0if By, < (U + @y).
e Row 5: 45 = 133% — (Up+ @) <O0if B3A, < (i + @)
e Row 8: g = —u,.



22 ACHIAA, BONYAH, DONTWI, AWASHIE

Forrows 1, 2, 9:

2
2
Gl 0 (orm)-r o
0 ﬁv% —Hy—A

Expand along row 1:

2
—(0+ ) — A (GJrﬂh),IJV
(= — 1) det g Py = (—tp =) [(0+ i+ 2A) (1 +A) = (0 + ) 1] -
VJ _”V_
L

At A =0:
(o+up)y— (0 +p)ty =0 = A; =0.
The quadratic factor is:

A+ (0 + i + ) A + (0 + ) iy = 0,

with positive coefficients, so roots have negative real parts. Row 1 also gives A9 = —u,. Thus,

eigenvalues are:

A
=0, Aa=Bo = (@), =A== o = i,

Ap
;LS :ﬁ3__(.uh+wc), A’SZ_.U'V?
Hn
and two other negative roots. Assuming:
A A
ﬁz—h < Up + Wp, ﬁ3—h < Up + @,
Up Hp

all non-zero eigenvalues are negative, satisfying Al.
A2: Eigenvectors.

Right eigenvector w, Aw = O:

O+ Up) Iy

20 wl = —(—,0,0,0,0,0,0,0,1 .
( ) ( .uh.BvAv >
Left eigenvector v, vA = 0:

(21) VT = (07“V7070707070707B\/AV)'

Both are nonnegative. A2 is satisfied.
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Direct Calculation of Bifurcation Coefficients.

2 9 2

2% fi Sk
22 Ep,0 b= —————(Ep,0
(22) klzlwcw,wja o -(Eo,0), kZ_’IVleaxiaﬁl( 0,0)
7.] 717
Non-zero second derivatives at Ey:
s i _
* fi: ashalz‘, ﬁlw ashazh —B2. ashath =B,
. 9%h ?h _
* fa ashazzv = Bie, azfaz, = =4,
o o Of5 —B ~5
3 aS,on, — P2 alhalf ’

. 9fs

* fs: 8ol — 133’ alfalh =61+,
. 02

. fs: asvjacslf =P

. 02
o f9- nglf :ﬁv-

92 f> 9% fo
a=vy | wiwg 25,01, +vg | wgwog asvalf .

Since w3 = wg =0:

_ _ (o mm? __(o+m)mBic
(23) a= V2W1W9BIC = Uy ( .uhﬁvAv (I)Blc = ,uthAv < 0.
For b:
9% f»
S5.0p; = b =0atEo = b=vaw-0=0.

Since b = 0, direct calculation is inconclusive. We proceed with center manifold analysis.

Center Manifold Analysis. Focus on infected variables I, 1,:

jf = ﬁlcSth - (G ‘|‘.uh)1f7 jv = ﬁvsvlf — Woly.

Near E, let:
If=cwy =cly, I,=cwg=cPA,,
Ay, Ay
S,=—+h Sy=—+gl(c).
(e, So= s
From f; =0:

A A
Ah - Blc <_h +h) (CBVAV) — Up (_h +h> = O,
Hp Hi,

(o +p)pie
.uhﬁvAv
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From fg =

ﬁvAvc

g~ —
Ly

Substitute into /;:

2,3
(G+ﬂhit“v BVAVCZ+0(C3)
h

3
Ir=Pic (2: - W) (ByAvc) — (o +up) (cty) = (04 pp) e —

Project onto center manifold:

_(otm)w? (0’1 By o

Z+0().
BuAy Uy ()
Comparing with ¢ = bc + 4¢?
2 2,3
A
24) p— T g O AN
BuAy My

With a < 0, b > 0, case (iv) of Theorem 2 from [24]applies: the DFE is stable for Ry < 1,
unstable for Ry > 1, and a positive, stable endemic equilibrium emerges for Ry > 1. This

confirms a forward transcritical bifurcation.

3.6. Fractional Stochastic Model. In this section, a fractional stochastic model in the form
of the Atangana—Baleanu—Caputo (ABC) operator is incorporated to explore the randomness

dynamics in the HIV/AIDS and filariasis co-infection model:

oBCDTS), = (AL — BEShly — BESndn — BESuln — WESy) dt + APy (t,S,)d Qi (1),

05D I = (BESul, — 87 1ply — (° + puf)Ip) dt +AxPa(t,17) dQa(t),
05D, = (BISnly — 8T 1Dy — (®F + uf)1) dt +AsP3(t,1,) dO5 (1),
(25) 5D Ly = (@71, — Ui L) dt +AaPy(t,1,,) dQa(1),

= (B Suln+ 8{1sIy + 85 Inly — (@] + ;) ) di + AsPs(t,1p,) dQs (1),
O Ly — Wy Tyn) di +AePs(t, Tpn) dQs (1),

oIy — UfRy)dt +A7P;(1,Ry)dQ4 (1),

A B S If u, ;S )dl+A8P8(t7SV)dQ8(t)7

(=l
o]
i
<
~
=
I
an — — — an — — — —

= (BFSul — WTL) dt + AgPo(1,1,) dQo(t).
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where Q1(),02(t),...,Q9(t) represent independent standard Brownian motions, and

A1,Ay,...,Ag are stochastic intensity constants.

3.7. Existence and Uniqueness of Solution. To establish the existence and uniqueness of the

solution to the co-infected model, we reformulate the system as:
éBCDTSh =K (Z‘,Sh)dl‘ +A P (Z,Sh)dQl(t),
éBcDTIf = Kz(t,[f) dt+A2P2(t,1f) sz(t),
8BCDTL, = Ks(t,1,) dt + AsPs(t,1,) dQ5(t),
ABCD L, = Ky(t,1,) dt + AgPy(t,1,) dQ4 (1),
(26) 05D 1y, = Ks(t,1py) dt + AsPs(t,174) dQs (1),
0PCD Ty = Ko (t, Tyn) dt + AePs(t, Tyn) dQs(t),
éBcDTRf = K7(l‘,Rf) dt—l—A7P7(t,Rf) dQ7(l‘),
aBCDTS, = Kg(1,S,) dt + AgPs(t,S,)dQs(t),
8BCDTL, = Ko(t,1,) dt +AgPy(t,1,) dQo(t).
We show that for i € {1,2,...,9},
IKi(1,2) P < Hi(1+[zil?),  Ai(t,z)* < Hi(1+zif?), Ve e[0,T],
and
Ki(t,2)) = Kit, )1 < Hilei =27, |Ailr,z)) = A, )P < Hilzd =27, ¥ €[0,T).
In this regard, the Lipschitz condition is examined as follows:
K (t;Sh)’ = |Af = BESuly — B3 Sy — B3 Snlpn — HhSh\

(A%a #2154 210 P+ BEASU2 + B8, P +uh2|sh|)

2
( F(sup |L1%) + B> ( sup [f*)+Bi*( sup |1 )+H/fz>|5h|2)
0<t<T 0<t<T 0<t<T
3(A;2+3 s B2 7 ]+ sl
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. 11:2 2 °°+B72 12"00+1372 12 H +Hh
27 <3A;° | 143 AZZ
Under the condition that
1 e 1 el U MR
<1,
A,Sz

it can be written as
2
‘KI(I,S;,)‘ §H1<1+‘Sh|2>.
2 2
Ko (t,17)|" = |BEShly — 85171y — (67 + ) )|

2 2
< 3(BE2ISHP L7 + 832 ¢ |7l + (07 + )2 |1y [)

§3(Bf2( sup 14P)( sup L)+ 852( sup |1P) + <f+u;>2)\1f|2

0<t<T 0<t<T 0<t<T

2
<3(87 557+ (o7 s
872(| 2] oo+ (07 + 12

2

(8) <3372 s3] || ]| | 1+ : Iy
’ Br2||Sill el 22]].,
Under the condition that
87| || oo+ (07 + )2

2
<1,
2| Sill el 22]].. U

it can be written as

Ka(1,15) | < HE(1+]17])

K31, )| = | BFSuly — 87 1Ty — (@ + )|

2
< 3(BSISul* 14l + 872 |17 "\l + (@ + ) I1a)

VAN

3( 2 sup 153)+ 87 sup ")+ w;+u;>2) P
0<t<T 0<
sa( 72 T>2) A5

oo + G)'h —th)
> B

hH°°+6lT2

‘ 2

sil={ 1+
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Under the condition that
72
51

B oo+ (@ + )2
B2ISill e

|Ih|2 < 17
it can be written as

2
|K3(r, )| < HE(1+1,).

(Kt 1)|* = |@ 1y — 1|

2
< 2@ | + i 1)

<2( @7 swp 1)+ 147 )
0<t<T

<2(@f?

1,%‘

B )
2|l o “;fz 2
i) (”—w,fzuz,%||w"m' )

s
@ % (|5

(30) <2m7?

Under the condition that
IL* < 1,
it can be written as
2
|Ka(t,1) | < Hy(1 + {1 ).
|Ks(t,172)|” =|BF Sl yn — 85Il — S5yl — (@7 + )|

< 3<ﬁ§2|sh|2|1ﬂ,¢2+2(5f211f|2|1h|2+ 872 \1 [P |*) + (asg+u;)2|1fh|2>

IN

2 2
3( 22 sup Sy [1 + 265 sup |1
0<t<T

0<t<T 0

+(wf+uﬁ)2!lfh\2)

§3< 2

(31) <3-2(87?

3|0+ 2(67 i

i

B || + (@ +u;>2) 1

2 2 2
sup |I,*) +285%( sup |I7|")( sup |Ip|")
<t<T 0<t<T 0<t<T

S+ 7

B2 |82 | oo+ (@ + )2

12| co||I?]|00) [ 1+
f h 72| ¢2 2 T2
208728727 .. + 85

Under the condition that

T2
3

S%“oo+(wf+u,f)2

1) < 1,

2(872[Shll |23 | o=+ 852

72| o] 2] )

RIS

27
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it can be written as

|K5(f,1fh)}2 < Hs(1 "”Ifh’z)-

Ko (e, Tpn) | =| @10 — 17 T

<27 |In]* + 17| Tp|)

Sz(wfz( sup \Ifh|2)+u;fz>|7’fh|2
0<t<T

2

< 2@ |y oo+ 1 T )
.UTZ 2
(32) <2072 I}hHoo L [T

@F Ithoo
Under the condition that
Hrz 2
h |Tfh} < 1,
@2 Ij%hHoo

it can be written as

’K6(t, Tfh)}z < Hg(l +’Tfh|2)-

K7 (e, R)|* = |07 1y — iRy [’

<2(6”? |1 + 1P |Rs[)

2 2
<2(o% sl )+ 2 I8
0<t<T
2
<2 _+ui?R )
er 2
(33) <20%2|B|_| 1+ — IRy
oo
Under the condition that
IJT2 2
h ‘Rf’ < 1,
"

it can be written as

K7(1,Rp)|? < Hy(1+|Rs ).
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2 T_Be
IKs(2,S,)| =|AL — BES. I — S, |

2
< 3(AT 4 BRISP| |+ w2180 )

2
ss(A52+ﬁ52< sup |1y >|sv|2+u:2|sv|2)
0<t<T

2
<3 (A4 (B2 _+u?isP)
ﬁrz I%’ _|_[u172

\% 1%

(34) <3AT? | 1+ Ag; Sy
Under the condition that
B2 f‘
N |S <1,
1%

it can be written as
Ks(1,8,)|" < Hg(1+]S, ).
|Ko(1,1,)|” = | BESuly — ufl|

2 2 2
<2(BPS 7|1+ WAL [7)

2
sz( 2 sup |5,P)( sup 1] >+u$2) P
0<t<T

0<t<T

<282s2|_||3_ + il
.UTZ 2
<o)l 1+ 2
BIs3l| 7).
Under the condition that
ﬁ”HSZHWH H

it can be written as

2
|Ko(t,1,)[* < Ho(1+|1,]?).
Following V¢ € [0,T], we obtain:
2
A1 (t,80) | = pi2ISul* < pP2(1+ISu[%),

Aa(t, 1)) < (1 +]1 )

29
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As(t, )P < 3L+ 1),
|Aa(t, 1) < pa?(1+ 1),
|A5(talfh)|2 < psi(1 +‘1fh|2)7
A6, Tn) |* < pa(1+|Tp),
|47(1,Rp)|* < p3(1+|Rf),
45 (1,57 < ps[Su* < pE2(1+1S]7),
A9 (t,1,) > < poP(1+|L ).

Under the Lipschitz condition, the following condition is confirmed, for which:
(I(i(tazi))i € {17'”79}7 (Alr(t?Zl))l € {17 79}
2
|Ki(t,Sp1) — Ki(t,5m)|
2
=|(=BFL — B3I — B 1w — 1) (Sh1 — Si2) |
2
<2(3BPIE + B + B2 )+ 50— Sl
2
< 2(3([31’2( sup |1,[%)+B32( sup [I*)+BF*( sup |I|7)) +u;fz) [Sn1 = Sia|?
0<t<T 0<t<T

0<t<T
2(3( 2

(36) < Ki|Sh —Si|*.

IA

I;

B

i -85

Ij%hHw) +H§2> |Sp1 — Spa|*

K> (t,151) —Kz(t,1f2)|2 = (=851 — (6" + ) Up1 _Ifz)‘z

2 2
<2(8F2 | + (6" + i) |1y — 12

< 2(5;2( sup |I) +(c° +uz>2) 11— 1

0<t<T

<2(85°

1,3‘

2
RECARN IR AR /2

37 < K|l —If2|2-
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K3 (t, 1) — K (6,110) | = | (B S — 851 — (@F + 15)) (I — o) |

2
< 3(BFAISul* + 82| 1r|” + (@F + i) Inn — Il

2
§3( T2( sup [Syl*) + 8F2( sup |Iy| )+(@f+#;f)2) |y — Ina|?
0<t<T 0<t<T

<3(B5?

Sﬁ‘

+ 672

IJ%HDO-F (@ + 1)) — I |

(33) < Kj|ln —Ihz\z-

2 2
‘K4<talm1)_K4(t,Im2)| :‘_.u}f(lml _Im2)|
S ,u}fzvml _Im2|2

(39) < Kallm — Lo

2 2
|Ks(t,Ipn1) — Ks(t, Ino) | = | (B Sh — (@F + p3)) Upni — Ln2) |

2 2
<2(BF|Sul + (@ + 1)) [Im — Lo

2
§2<B§2( sup !Sh|2)+(wf+u/f)2) [ — Lymo|

0<t<T

<2(B}?

S,%’

2
@+ ) I — I

(40) < Ks|Ipn —Ifhz}z-

|Ks(t, Tm) — Ko (1, Tpnz) |2 = | =y (Tpn — Tpa) ‘2
< w3 Tyny — Tfh2‘2

(41) < Ke|Tym — Tpa|*

|K7(t,Rp1) —K7(laRf2)|2 = |-y (Rp1 —RfZ){z
< w7 |Rp Ry’

(42) §E7|Rfl_Rf2‘2
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2 2
|Ks(1,801) — Ks(£,82)|" = [(=B7 Ty — 117 ) (Su1 — S12) |
2
< 2( vfz‘lf| +“$2)’Svl _Sv2’2
2
<2( B sup )+ 7 )15 - Saf
0<t<T

<2(B7?

IJZ”H oo 117%)[Sy1 — Siaf

(43) < KS‘S” —SV2|2.

2 2
|Ko(t,1,1) — Ko(t,1,2)|” = | =} (It — 12)|
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Therefore, in the event that their growing situation is such that:

max
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then a unique solution exists for the model system.

4. NUMERICAL SIMULATION

)

33

In this section, we numerically solve model 1. The following parameter values were consid-

ered in the numerical stimulation

Ay, = 0.9,
B, = 0.008,
@, = 0.09,

Ay=08, B =0.0009, B, =0.0008,
8, =0.005, & =0.09, o =0.05,

1, = 0.006, 1, = 0.060.

with the initial conditions:

Sp=100,I; =10, I, =10, Iy =8, I, =5, Ty = 5, Ry = 10, S, =

B3 = 0.0008,

o, =0.9,

50, I, =
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with time 7 € [0,20] and time step Az = 0.025.
We investigate five distinct values of the fractional order 7, each selected to examine its

influence on the five infectious human compartments within model 1.

@

(A) (B) (©)

FIGURE 2

Figures 2a, 2b and 2c depict the dynamics of the susceptible humans Sj(¢), the infected
humans with filariasis /;(t), and the infected humans with HIV/AIDS I,(t), respectively, under
various values of the fractional order T connected to the Atangana—Baleanu Caputo derivative.
The findings show that the fractional order, which reflects the role of memory and genetic factors
in the transmission process, has a quantifiable impact on the course of the disease.

Figure 2aillustrates that, as the fractional order increases towards 1 (7 = 1), the number
of susceptible decreases with vast fluctuations, which depicts that it is difficult to predict the
dynamics in the community. This suggests that adding fractional-order effects slows down the
depletion of the susceptible class by lowering the effective force of infection. This behavior is
biologically consistent with systems where delayed immune response, behavioral adaptation, or
environmental feedback reduces the spread of illness.

The filariasis-infected population initially increased sharply before gradually declining, as
seen in Figure 2b. In the conventional framework, the decline is steeper for larger 7, suggesting
that infections clear more quickly because of treatment influence or faster passage through the
infection cycle. The decay becomes more gradual as 7 is decreased, indicating a longer duration
of filarial infection in the population. This is consistent with clinical evidence that filariasis
infections are persistent, take a long time to resolve, and are significantly impacted by long-

term immunological interactions, a characteristic that is better represented in fractional-order
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systems. After day five, the distance between curves increases, suggesting that memory effects
are not limited to the early stages but rather compound over time.

The HIV-infected class likewise gradually declines in Figure 2c, albeit more slowly than
I¢(t), which is in line with the fact that HIV infection is chronic. The rate of decline increases
as T increases, just like in the earlier subfigures. The fractional cases (T < 1) capture realistic
delays in ART commencement, immune suppression progression, and viral clearance response
by maintaining greater infection levels for a longer period of time. The outcome confirms that
when memory affects treatment adherence history, viral latency, and immune exhaustion are

disregarded, integer-order models may understate the durability of HIV infections.

ABG

¥
]

I(t)

o z 4 6 8 1 12 14 16 18 20
Tane{Days)

(A) (B) (©)

FIGURE 3

Figures 3a, 3b, and 3c show the dynamics of the co-infection humans Iz, (¢), the managed
HIV infected humans I,,(), and the treated co-infected Ty;(t), respectively.

In Figure 3a, I, exhibits a sharp increase followed by a stabilization period, reaching greater
levels as the fractional order rises. While lesser T values delay and lower the saturation thresh-
old, the classical situation (7 = 1) has the highest peak and final burden of co-infection. This
behavior demonstrates the moderating effect of memory: the accumulation of co-infected indi-
viduals is slower the longer previous infection states have an impact on current transmission.
The outcome is in line with clinical reality, which shows that filarial illness usually progresses
slowly but is much worse in immunocompromised hosts.

In contrast to a typical HIV-infected compartment, I, (¢) stands for people undergoing an-

tiretroviral therapy (ART) or HIV treatment. For all fractional orders, the size of this class
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grows gradually over time in Figure 3b. However, 7 has a significant impact on the rate of en-
trance into management: smaller T values result in a slower climb, whereas the classical model
forecasts the largest and fastest accumulation. This is a reflection of actual delays in HIV care
enrollment, such as delayed diagnosis, unequal access, difficulties with adherence, or delayed
ART initiation. Because of its intrinsic memory structure, the fractional model reflects these
delays, suggesting that integer-order models might overestimate the effectiveness and rate of
HIV treatment scale-up in co-endemic areas.

With the same hierarchical ordering of curves by 7, Figure 3c illustrates how the population
undergoing treatment for both infections increases with time. Lower 7 values hinder the shift
into dual therapy, while the greatest values once more appear in the classical scenario. This
finding supports the notion that co-infected patients must overcome extra obstacles prior to get-
ting combined therapy, including clinical diagnosis of infections, drug compatibility problems,
comorbidity effects, and health-system constraints. Ignoring memory effects could result in an
overestimation of treatment coverage and, consequently, an unrealistic forecast of programmatic

success, as indicated by the growing gap between 7 =1 and 7 < 1 over time.

D] 2z 4 6 Br 10 )|Z 14 16 18 ) )] 2z 4 6 ﬁr".;:;ays)ﬂ 14 16 18 n o z 4 6 Br 10 )|Z 14 16 18 2
(A) (B) (©)
FIGURE 4

Figures 4a, 4b, and 4c show the dynamics of the recovered from filariasis infected humans
Ry(t), the susceptible insects S,(¢), and the infected vector ,(t), respectively.

Figure 4a reflects the accumulation of people recovering from filariasis infection and initially
rises in the early phases of the simulation. For all values of 7, Figure 4c shows an initial
growth phase followed by a slow fall. When the system acts more like the traditional integer-

order model, higher fractional orders (e.g., T = 1) result in a sharper climb and earlier peak,
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suggesting a faster rate of recovery. Conversely, a delayed and smoother peak is linked to lower
fractional orders (e.g., T = 0.6), indicating that the recovery response is slowed by stronger
memory effects. This behavior suggests that human recovery dynamics are delayed because
the fractional-order term captures residual impacts of previous infection levels. The numerical
simulation’s incorporated stochastic effects could be the cause of the variations seen around the
paths.

As a result of ongoing exposure to infectious human hosts, the vulnerable mosquito com-
partment decreases monotonically over the course of the simulation. The fractional order 7
has a significant impact on the pace of depletion; lower values result in a sharper fall. This
suggests that the transmission process quickens and turns susceptible mosquitoes into infected
ones more quickly when memory effects are more noticeable. On the other hand, when 7 gets
closer to 1, the decrease in Figure 4b becomes less hostile, indicating a slower rate of infection.
These results highlight how the fractional derivative affects the vector population’s transmission
efficiency.

In Figure 4c, the rise-and-fall profile is distinctive; every simulation demonstrates an early
rise in I,(¢), then a gradual decline as the infection pressure drops. Once more, fractional-
order effects are important: larger T values result in more gradual increases with lower peak
intensities, whereas lower 7 values create stronger and earlier epidemic peaks. This behavior
is in line with the scientific hypothesis that when memory effects are dominant, there will be a
stronger infection force and a faster host-vector cycle. All curves eventually decline, indicating
that vector infection decreases with time as a result of either host recovery, vector mortality, or
a reduction in the number of mosquitoes that are susceptible. The ordering of curves indicates
once more that the rate of infection dissemination and persistence within the vector population
is controlled by the fractional index 7: higher 7 results in milder but longer-lasting transmission,

while lower 7 causes more severe but brief infection peaks.

5. FRACTIONAL OPTIMAL CONTROL PROBLEM

In this section, the control parameters u;(¢) are included in the model to explore the effort
designed to bring about prevention of the spread of filariasis, HIV, as well as filariasis—HIV

co-infection. For consistency, the controls are numbered from u to us:
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e u(t): vector control (example, insecticide spraying, environmental management).

[
S

2(t): prevention of filariasis (example, bed nets, health education).

treatment for filariasis-infected individuals.

[
N

(r):
(r):
e u3(1): prevention of HIV (example, safe sex practices, PrEP).
4(1):
(1)

e us(t): treatment for HIV-infected and co-infected individuals.
Each control satisfies:

0<ui(r)<1, i=1,2,3,4,5.

After adding the control variables to system 1, we obtain the control system:

0%D™S) = Ay — Bi (1 — u2)Sply — Bo (1 — u3) Sl — B3 (1 — us)Sulpn — MaSh,
07D 1 = Bi(1 —u2)Suly — (0 + )1 — &l ¢l — ualy,
BCD I, = Bo(1 — uz)Suly, — Sulnly — (i + @)1 — usly,
0PCD Iy, = By(1 — us)Splpn + Salply + S11nlp — (W + @)Ly — sy,
07CD° Ly = @yl — il + uslh,
0BCD Ty, = @l — T+ usl g,
oBCD™Ry = o1y — Ry + ualy,
0°CD"Sy = Ay = Bo(1 —u1)Syly — S,

(46) 0ED°L, = Bo(1— w)Sply — wol,

under non-negative initial conditions.
The objective functional for system 46 is:
47
J(uy,up, u3,uq,us) = /Otf [cllf +ealp+c3ly +calpp +-csh, + Wlu% + Wgu% + W3u% + W4u421 + W5u§} dt.

The main emphasis of our control problem is the quantity of HIV infected humans, the vec-
tor, filariasis infected humans and coin-infected humans, as well as the related expenses for
prevention and treatment controls that are subject to the control system 46 that includes u(¢),

up(t), u3(t), us(t), and us(r). The coefficients, ¢; fori=1,..4,and W; fori = 1,...,5 in line with



MATHEMATICAL MODELING OF FILARIASIS AND HIV/AIDS CO-INFECTION 39
the scales and the importance of the nine components included in objective functional, indicate
weight and the balancing cost elements, while 71 represents the end time.

The goal is to have an ideal control, uy,us,u3,u4, and uf such that % = {(u1,us,u3,us,us)},
so that uy,up, u3, us,us are measurable with 0 < u; < 1,0<uy, <1,0<u3 < g7, 0 <uy < g3,
and 0 < us < g3, for t € [O,t_f]. Lebesgue integrable functions with bounded functions are
presumed to be the control functions provided by u(2), ux(t), u3(t), us(t), and us(t). System
47 specifies the following five recommended controls: u(z) is the vector control, whereas the
efforts to prevent HIV and filariasis infections are indicated by the controls, uy(¢) and us(z).
The fourth regulation filariasis treatment is indicated by u4(), where 0 < uy < g2, wWhere g,
indicates the effectiveness of the medication used to treat filariasis patients. The treatment of
HIV infected humans and co-infected humans is demonstrated by the control us(z), which is
intended to serve HIV infected humans and co-infected humans and fulfills 0 < us < g3, where
g3 indicates the medicine effectiveness for HIV infected humans and co-infected patients. Here,
g3 indicates the drug efficacy utilized to treat HIV and filariasis co-infected individuals. The
Pontryagin Maximum Principle, which originates from 47, is the essential requirement that an
ideal solution must meet. This idea transforms equation 46 and 47into a type considered as
a problem that involves minimizing a Hamiltonian H pointwise while taking into account the
controls uy,uy,us,us, and us. We define the Hamiltonian by using the adjoint variables with

respect to 48 as indicated by N;.

H = cily+caly + 3l + cal gy + sl +Wiug + Wau +Wsu3 + Waug + Wil

+ N1 (Ap = Bi(1 —u2)Sply, — Bo(1 — uz)Sply — B3(1 — us)Splp, — 1pSh)

_I_

Ny ﬁ] 1—u2 Sl —oly— 621f1h_ h[f—u4lf)

_|_

N3 (B2(1 = u3)Sply — 111§ — pply, — @yl — usly)

+ Ny (B3 (1 — us)Splpp + Sl ¢l + 8111 — pnl pp — @l gy, — uslyp)
+ N5 (@1} — il + usly)
+ N (@l — W Tpn + usl )

+ N7 (Glf—,LLhRf-i-LMIf)
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+Ng (Ay— By(1 —u1) Sl — wSy)
(48) +No (By(1 = u1)Suly — woly) .

Where N, le, Ny, Ni,, leh, NTfh, NRf, Ng, and N;, indicates the adjoint variables or the
co-state. It is possible to construct the system of adjoint equations by applying the proper partial
differentiations of the equation 48 of Hamiltonian with regard to the state variables.

Theorem 2. The optimal controls given by u; (), ux(t), u3(t), ua(t), us(t) and it’s solutions
Ng,, NIf, Ny, Np,,, leh, NTfh, NRf, Ns, and Nj, of the equations given by 46- 47 minimizing
J(ur,un,u3,u4,us) over % , hence, the adjoint variables given by Ng,, Ni;, Ny, Ni,,» N1, Ny,

Ng,, Ns, and Ny, exist and satisfies:

dN; OH

“9) Cdr o di

where i = N, ,Ny,, Ny, Ni,,., Niy,,, N1y, . NR -, N, . Ni, as well as the prerequisites of transversality:
Ns, (tr) = Ni,(tg) = Ny, (tf) = N, (tf) = Ni, (1) = Nty (tr) = Ng,(t7) = 0,
Ns, (t7) = Ny, (ty) = 0.
and the optimal control characterization:
= min<max(o, (LCH)/2), 1), i=1,2345,

Where A;(¢) are the adjoint variables C; are the control weight parameters 0 < u; < 1 ensures

biological feasibility.
w; = min <max (o, —(20s) /as Xa(T) Ex(—as(T - t)fﬁvsﬂ) : 1)

2Cy

45 = min <max o, NV Tl 180 (o1 T B 1>

ut = min [ max <0 _(2w1)/a1X1(T)E‘:(_a(T — I)TBZS;,I},) — (—(2W3)/a3 X3(T)Er(—a3(T — I)T,leh)> 1
3= ) 2C3 )

. —(2w2)/ay X5 (T)E<(—ax(T —1)")Iy
Uy = min (max <0, G, > , 1)

(50)  u%=min (maX (0’ —(2ws3) /a3 X3(T)E(—a3(T — )"l + (— (2w4) /as X4 (T ) E;(—asa(T — t)r[v)) | 1)

2Cs



MATHEMATICAL MODELING OF FILARIASIS AND HIV/AIDS CO-INFECTION 41

Proof: With respect to the controls uy, up, u3, u4, and us, the convexity of the integrand
of J establishes the existence of the system of an optimal control, as shown by Corollary 4.1
of 50, between the state variables and the Lipschitz property of the state system and the state
solutions. In order to produce the system of adjoint variables, the Hamiltonian equation must
be differentiated with the proper state variables of the control system and the optimality system.

The system of adjoint equations can be obtained by computing and rearranging
0D A = M (B (1 — wa) 1y + Ba(1—u3) Iy + Bale + )22 B (1 — ua) L3 Ba (1-u3 ) A B3 L
D" 2 = 20117 + Ao (0 + A ug + Solly) — AySoly—A76-Ag By (1 — u1)S,
SECDT" 25 = 2000y + 3@y, + 1 A us + 81 1) -Aa 81 i-As @y,
0ABCD~" Ny = 2031 fh+ Ay (@ + 1 + us)—Ae @
0BCD ™" As = 2wul + Asiy (9)
045D~ A = 25T fh+ Aslty,
07D A7 = Ay

07D g = As(By(1-u1 )1 + 1)

(51) 0D A9 = Aopt=A1 B1 (1-12) S},

With the boundary conditions A;(¢f) =0, where i = 1,2,3,...,9.
When the restrictions and optimal control characterisation values u; for i =1,...,5 are cal-
culated, the outcome displayed in the optimal control characterization will be obtained, and the

following can be acquired:

0= 351 =20, + _(2“’8)/“8X8(T)EI(—GS(T —0'BS)
0= gbi 2y + 2/ DEall ) Pih) — (=) ar BB —n(T = 1) i),
0= ;”Z _ 2, 4 @)/ X0 (T)Ec(—a(T —1)"BaSuly) - (~(@w3) /a3 X(T)Ee(~as(T —1)*Bh)
0— ng — 20+ —(2W2)/02X2(T)ff(—a2(T —t)f)jf’

(52) 0= gz oy 4 —(2w3)/a3 Xa(T)Ex(—as(T — )"y +1(—(2604)/04X4(T)Er(—a4(T —0)°h).
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Thus, we have, for instance, [25].

_ _(2w8)/a8X8(T)ET(_a8<T - I)TﬁvSv)

u = 20, )
u; _ _(2w1)/01X1(T)E1(—a(T —t)fﬁlSth) — (—(2w2)/a2X2(T)ET(—a2(T — Z)Tﬁllv))
2C, ’
u§ _ —(2601)/611)(1 (T)ET(—a(T — Z‘)Tﬁzsh[h) — (—(2W3)/613X3(T)ET(—613(T —t)rﬁzlh)
2C;5 ’
. —(2w)/ax Xo(T)Ec(—ar(T — 1))y
4= 2Cy ’
53wt = —293)/@Xs(T)Ee(—ay(T 1)Uy + (~(201) fas Xo(T)Ee(~as(T —1)°L)
Us = .

2C;s
The following is a summary of how the standard control arguments that explain about with

controls boundaries are used:

.

0 if& <0
wi =& fO<E <1,

1 if&r>1

\

Whereas i € {1,2,3,4,5} And:

(203)/as Xs(T)Ec(—as(T —1)*BySv)

5i=" ol ,
g = —(2w1) /a1 X\ (T)Ex(—a(T —1)"BiSply) — (—(2w2) /a2 Xo(T)Ec(—aa(T —1)"B11y))
2 2C, ’
o — ) a X (DE(—alT =) BaSil) — (~(2ws) /s Xa(T)Ee(—as(T —1)*Bi)
2C;5 ’
Er = —(2w2)/ax Xo(T )E<(—ax(T —1)°)Iy
4 — 2C4 )
(54) 55* _ —(ZW3)/a3X3(T)ET(—a3(T —t)rlh + (—(2(1)4)/614X4(T)ET(—614(T — Z)TIV) .

2Cs
6. NUMERICAL STIMULATION OF THE CONTROL SYSTEM
Detailed numerical solution of the control system is provided below, along with the sys-

tem without controls and optimal control characterization. The solution would be displayed

as graphical results.A set of controls combinations and numerical solutions would be provided
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in details. The numerical results would be computed by the software MATLAB. The adjoint
system, controls characterization, and control system would all be solved numerically, and the
results would be displayed graphically. The optimal control solution would be obtained by cal-
culating the optimality system, which consists of the adjoint system and the state system. In
order to determine the system control solution, the solution with control is represented by a bold
blue line, and the solution without control is depicted using a dashed red line. The following

parameter values were used

Ay, = 0.9, A, =0.8, B =0.0009, B, =0.0008, B;=0.0008,
B,=0.008, & =0.005 & =0.09, o = 0.05, @, =0.9,
@, = 0.09, W, =0.006,  w, = 0.060,

with the initial conditions:

and the objective functional weight:
Al=1A=1A3=1A4=1A5=1
And Control weights:
B1=20B,=30B3 =50B4,=20Bs =10

The following results were achieved:
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FIGURE 5
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In order to achieve a desired system response, the graph’s control profile shows how various
control inputs (u1, u», u3, us, and us) change over time (days) as seen in figure 5. Phased control
efforts can efficiently manage complex systems while optimizing resource utilization, as the

control profile emphasizes, underscoring the significance of strategic intervention planning.
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FIGURE 6

The temporal evolution of the filariasis-HIV co-infected human compartments during a 100-
day simulation period is shown in Figures 6a—6f, which compare two scenarios: the absence
of control (blue dashed line) and the presence of control (magenta line). In order to reduce
the transmission and co-infection burden of filariasis in the presence of HIV, a combination
of intervention approaches, including treatment, prevention, and vector management methods,
have been put into place.

These results highlight the significance of integrated management tactics in reducing the dual
disease burden in co-endemic locations from a biological perspective. Preventive and treatment-
based actions, such as mass drug administration, vector reduction, and early therapeutic care,

can significantly lower the rate of new co-infections, as seen by the stark difference between the
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“with control” and “without control” scenarios. Overall, the findings indicate that among pop-
ulations at risk of HIV co-infection, a well-executed management strategy not only reduces the
prevalence of co-infection but also improves the sustainability of disease elimination programs

aimed at filariasis.
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FIGURE 7

Figure 7 is the dynamics of the four control variables for the prevention and treatment of
filariasis-infected humans. A multi-tiered intervention strategy is highlighted by the ideal con-
trol profiles: an ongoing backdrop prevention initiative a therapy attempt that was initially
effective but eventually declined as well as a well-planned, aggressive campaign. Throughout
the simulation, the control stays very low, suggesting that, given the specified cost and efficacy
characteristics, this technique gives little additional value. In order to maintain long-term ill-
ness reduction, this integrated approach effectively suppresses both single and co-infections,
reduces the danger of reinfection, and takes advantage of the memory-dependent dynamics of
the fractional-order model. The findings emphasize that the best strategy for controlling and
possibly eradicating filariasis in HIV-endemic areas is to combine consistent preventative mea-

sures with timely, enhanced therapies.
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In figures 8a — 8d, the temporal dynamics offer strong proof of the effectiveness of control
strategies in reducing the variable’s intensity or spread, which is assumed to reflect an infectious
burden or incidence rate. The “With Control” and “Without Control” scenarios’ compared
trajectories over a 100-day period show significant differences in results, highlighting the crucial
impact of intervention techniques.

The blue dashed line, which shows a classical epidemic curve in the absence of control mea-
sures, has an initial rise, a prominent peak that exceeds 25 units, and a slow fall. This pattern is
a sign of unregulated transmission, where the biological, social, or environmental system allows
the occurrence to continue to spread. The peak points to a saturation point that may be caused
by a lack of resources, changes in behavior, or a natural decline in the number of vulnerable

people.
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On the other hand, toward the end of the observation period, the “With Control” trajectory
(magenta solid line) shows a monotonic reduction from the same initial condition, getting close
to zero levels. This implies that the control measures that were put in place had a suppressive
effect, probably via mechanisms like decreased vulnerability, improved recovery, or decreased
contact rates. The lack of a peak and the consistent downward trend suggest that the control

measures were timely and strong enough to stop the situation from getting worse.
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FIGURE 9

Figure 9 shows the four time-dependent controls u (), u3(t), ua(t), and us(t) represent pre-
vention and treatment measures aimed at various components of the HIV/AIDS and filaria-
sis co-infection system. Their consequences are analyzed in relation to the dynamics of both
HIV/AIDS and HIV-managed class transitions, as well as the interactions between filarial in-
fection and HIV progression. The control profiles show that as the co-infection load increases,
HIV/AIDS interventions become more crucial. The optimal strategy strategically postpones
expensive HIV therapies until they achieve the greatest possible epidemiological impact. The
abrupt activation of HIV-related controls near the end of the time horizon indicates that tar-
geted, timely, and cost-effective implementation of antiretroviral therapy (ART) and preven-
tion measures is essential to effectively suppress the HIV epidemic in a filariasis-endemic
area—particularly during periods when co-infection feedback mechanisms amplify transmis-

sion potential.
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FIGURE 10

Those who actively carry the virus without receiving adequate care or treatment are repre-
sented by figure 10a — 10f. According to the model, this compartment tends to grow over time
in the absence of intervention, suggesting continuing transmission, disease progression, and a
persistent epidemic. This class’s continuous expansion highlights the serious problem of un-
treated HIV infections, which significantly increase the infected pool and promote continued
population spread.

The observed trends indicate that the percentage of HIV-positive people will either stay high
or rise in the absence of focused initiatives, such as broad testing, early diagnosis, and care
linkage, undermining control efforts. This increasing trend emphasizes how crucial it is to put
policies in place that concentrate on lowering the number of new infections and raising the
rate at which sick people are found and connected to treatment programs. Reducing overall

prevalence and stopping the epidemic’s momentum require addressing this compartment.
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Figure 11a — 11f includes people undergoing treatment, primarily antiretroviral medication
(ART), which is intended to inhibit viral replication and stop the disease from progressing. The
model shows that the size of this compartment tends to stabilize or decrease over time given
efficient management techniques. This suggests that HIV-positive people’s infectiousness can
be considerably reduced by treatment, which lowers the population’s potential for transmission.

This class’s dynamics highlight how important treatment coverage, adherence, and retention
are. The overall infectious pool decreases as the percentage of people in the managed class
rises, which aids in the control of epidemics. This compartment’s stabilization or decrease
demonstrates how well management techniques have changed the course of the pandemic. To
optimize the effectiveness of treatment programs, it emphasizes the significance of ongoing

healthcare interventions, enhanced accessibility, and adherence support.
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Figure 12 demonstrates that (vector control) stays at its greatest level for the duration of the
time, suggesting that the best method for lowering filariasis transmission in the co-infection
model is continuous, intense vector suppression. Because mosquito populations rebound
quickly and any drop in vector control would allow the disease to resurface, this is biologi-
cally sensible, therapy of sick humans, or , is high at first but quickly declines after 30 to 40
days. This indicates that early vigorous therapy helps lower the human infectious reservoir, after
which further treatment has no extra value. Because vector control reduces filariasis transmis-
sion more than HIV-related efforts, the other controls, , stay close to zero. Overall, the profile
demonstrates that the best strategy for controlling filariasis—HIV co-infection in the model is to

combine long-term vector management with brief early treatment attempts.
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FIGURE 13

By comparing the trajectories seen under conditions with and without control interventions
over a 100-day horizon Figure 13a — 13f clarify the temporal dynamics of infected-vector pop-
ulations within the modeled transmission framework. The study provides important new infor-
mation about how intervention tactics affect the prevalence of vector infections and the potential
for further transmission.

Figure 13a — 13f compartments first show a steady and nearly linear rising trajectory in the
absence of control measures, reaching significant increases by day 100. This pattern highlights
the vector infection’s unregulated growth, which presents a serious risk of long-term disease
transmission throughout the population. The consistent increase implies that, in the absence of
action, the vector infection reservoir continues to pose a hazard and promotes the pathogen’s
continuous spread.

On the other hand, the application of control techniques significantly modifies these dynam-
ics. Over the course of the examined period, infected-vector populations either remained rela-

tively steady or marginally declined, whereas the trajectories under control measures plateaued
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at low levels. The effectiveness of intervention efforts in reducing the prevalence of vector
infections is demonstrated by this striking discrepancy. The quick stabilization suggests that
control strategies can successfully stop the cycle of transmission, lowering the likelihood of
outbreaks.

The robustness of these results across different vector compartments or model parameters is
demonstrated by the comparative examination across the numerous graphs. The consistency of
the trend highlights how important control efforts are to vector management. Furthermore, the
observed variations emphasize how crucial it is to use control methods promptly and consis-

tently in order to maintain low levels of infection within vector populations.

7. CONCLUSION

In this work, we used a mathematical model to closely examine the dynamics of the co-
infection of HIV/AIDS and filariasis. Atangana—Baleanu in Caputo sense fractional differential
equations is used to efficiently represent combined infection. After examining the model’s
global and local asymptotic results, it was discovered that the model was both locally and glob-
ally asymptotically stable. The center manifold approach was used to study the bifurcation phe-
nomenon for the model, and it was found that the model has a forward transcritical bifurcation.
In order to investigate the randomness dynamics in the HIV/AIDS and filariasis co-infected
model and to investigate the existence and uniqueness of the solution of the co-infected model,
we integrated fractional stochastic in the form of ABC operator. In order to regulate and avoid
combination infections, we developed a fractional optimal control problem with five distinct
controls. We provided a detailed presentation of the mathematical conclusions necessary for
the optimality system. After that, the systems with and without control are numerically solved
while keeping in mind the various combinations of controls, and the results of the thorough sim-
ulations are provided. Each technique has some laminations regarding infection management,
according to the simulation findings, which are addressed in depth for each situation. Lastly, we
simulated the model with all controls, and the results demonstrated that utilizing the prevention
and treatment controls can reduce the infection of HIV/AIDS, filariasis, and its dual infection.
The current study of the dynamics of HIV/AIDS and filariasis as well as their codynamics is a

new subject that has not yet been investigated mathematically.
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