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Abstract. Cervical cancer is the fourth most common cancer in women worldwide. Cancer treatments are often

used to kill or remove tumors or metastases, reduce the risk of recurrence, and slow the development of tumors or

metastases. They are also used to prevent and manage symptoms and complications caused by the disease and its

treatments, ensuring the best possible quality of life. However, the effects of cancer treatments on patients are not

always positive. The treatment of cervical cancer using a combination of radiotherapy and chemotherapy affects

red and white blood cells as well as plasma. These side effects, known as hematological toxicity, led us to construct

a mathematical model based on a population of hospitalized cervical cancer patients. This population is divided

into five sub-populations classified according to disease stages, and the model is built using a system of differential

equations. We analyzed the equilibrium points and performed stability analysis to study the population’s dynamics

over time. Finally, we conducted numerical simulations to verify the results of the analysis.
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1. INTRODUCTION

Cervical cancer is characterized by abnormal, anarchic, and autonomous cell proliferation

that destroys the cervix through local and distant invasion. According to the World Health Or-

ganization (WHO), cervical cancer is the fourth most common cancer in women worldwide,

with approximately 660,000 new cases and 350,000 deaths linked to the disease in 2022 [23].

About 94% of these deaths occur in poor, low-, and middle-income countries. Cervical can-

cer mortality rates are particularly high in sub-Saharan Africa, Central America, and Southeast

Asia [23]. In Morocco, cervical cancer is a public health issue with a high mortality rate. It

is the second most common cancer affecting Moroccan women after breast cancer, with ap-

proximately 2,165 new cases and 1,199 deaths annually [1]. This situation reflects significant

inequalities due to insufficient access to national services for human papillomavirus (HPV) vac-

cination, cervical cancer screening, and treatment, as well as the impact of social and economic

determinants.

Cervical cancer is classified into two main types. The first type is squamous cell carcinoma,

which accounts for almost 90% of cervical cancers. This type develops from the cells of the

ectocervix. The second type is cervical adenocarcinoma, which originates in the glandular cells

of the endocervix. A rare subtype of adenocarcinoma, known as clear cell adenocarcinoma (also

called clear cell carcinoma or mesonephroma), occurs infrequently [14].

One of the primary causes of cervical cancer is the human papillomavirus (HPV). According

to the WHO, there are approximately 200 types of HPV, though not all pose a risk. Among

them, 40 types are associated with cervical cancer, and 14 high-risk types (HPV-16, 18, 31, 33,

35, 39, 45, 51, 52, 56, 58, 59, 66, and 68) are particularly significant. Of these, HPV-16 and

HPV-18 are the leading causes of cervical cancer [23, 14, 17].

Detecting cervical cancer at an early stage is challenging because early-stage cervical can-

cer usually has no symptoms. Symptoms often appear only after the cancer has progressed.

Early-stage symptoms may include vaginal bleeding between periods, heavier or longer periods

than usual, postmenopausal bleeding, vaginal bleeding after sexual intercourse, watery vaginal

discharge with a strong odor or containing blood, and pelvic pain or discomfort during sex.
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Symptoms of advanced cervical cancer may include those of early-stage cancer, as well as dif-

ficulty or pain during bowel movements, rectal bleeding, painful urination, blood in the urine,

dull back pain, leg swelling, abdominal pain, and fatigue [14].

Cancer staging describes the extent to which cancer has spread in the body and helps de-

termine the appropriate treatment. In 2018, the FIGO classification was revised to incorporate

iconographic and/or anatomopathological data. Stage I refers to tumors confined to the cervix.

Stage II extends beyond the cervix but does not reach the pelvic wall or the lower third of the

vagina. Stage III involves hydronephrosis or lymph node invasion, and Stage IV refers to can-

cers that invade adjacent organs (rectum, bladder) (IVA) or present distant metastases (IVB)

[14, 21].

Traditionally, the general treatment of cervical cancer has been based on radiotherapy and/or

surgery. The use of chemotherapy, especially since the late 1990s, has enhanced treatment effec-

tiveness. Multicenter studies have demonstrated that combining radiotherapy with chemother-

apy significantly improves outcomes, including survival rates and the reduction of distant metas-

tases.

While radiochemotherapy has shown significant benefits, including improving overall sur-

vival and reducing recurrence rates, it is associated with side effects. In this article, we focus

on hematological toxicity as a frequent and undesirable side effect of radiochemotherapy.

The first use of mathematical modeling in epidemiology dates back to 1760 when Daniel

Bernoulli used it to demonstrate the effectiveness of variolation in preventing smallpox by re-

ducing mortality and increasing life expectancy [16]. Today, epidemiological modeling is ap-

plied to both infectious diseases (e.g., HIV, hepatitis C, influenza) and non-infectious diseases

(e.g., cancer). The objectives of epidemiological modeling include describing complex data,

identifying fundamental laws governing disease spread, estimating parameters not directly mea-

surable, predicting future disease cases, and optimizing experimental designs. Compartmental

models, which classify populations based on infection or disease status, simulate population

dynamics over time using theoretical formulations.

In the context of cervical cancer, several researchers have developed models to analyze its

dynamics. For example, Abdulsamed Engida Sado [6] proposed a compartmental model to
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examine the impact of HPV vaccination on controlling and reducing cervical cancer. Other

studies, such as [17], explored the use of fractional-order models to understand memory effects

and genotype-related factors in HPV transmission and cervical cancer dynamics.

In this research, we constructed a mathematical model to study cervical cancer dynamics

and the hematological toxicity associated with radiochemotherapy. The model comprises five

sub-populations: stage I and II (denoted as A), stage III (denoted as B), stage IV (denoted

as C), recovered patients (denoted as D), and patients with hematological toxicity (denoted as

H). The model is represented by a system of differential equations. The stability analysis of

the equilibrium point helps determine the dynamics of these sub-populations over time, and

numerical simulations validate the results of the dynamic analysis.

Using this model, we aim to better understand the mechanisms leading to hematological tox-

icity after radiochemotherapy and to improve treatment strategies to reduce these side effects.

2. FORMULATION OF THE MODEL

During the construction of the model, we considered a population of patients suffering from

cervical cancer in a hospital setting. It is assumed that all individuals are diagnosed with cervical

cancer upon their initial arrival at the hospital, and patients are classified into sub-populations

based on the stage of their disease.

Throughout the hospital treatment period, it is assumed that all patients, regardless of their

cancer stage, undergo radiochemotherapy. Over time, patients may experience changes in their

cancer stages, leading to variations in the number of individuals in each sub-population. Specif-

ically, some patients may progress to more severe stages of the disease, others may recover

without experiencing adverse effects, and some may develop hematological toxicity as a result

of the radiochemotherapy treatment.

These variations in the dynamics of the sub-populations are represented in a compartmental

diagram to illustrate the transitions between different states.

We developed a model comprising five compartments representing sub-populations of pa-

tients with cervical cancer, classified according to disease stages. Each sub-population is as-

sociated with one of the variables A, B, C, D, and H. Sub-population A includes patients with

stage I and II cervical cancer, B represents patients with stage III cancer, and C corresponds to
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patients with stage IV cancer. Sub-population D comprises patients who have been cured fol-

lowing Radio-Chemotherapy, while H represents patients who have developed hematological

toxicity.

Below, Figure 1 illustrates the compartmental diagram, which classifies the sub-populations

according to the stages of cervical cancer. The dynamics of these sub-populations are described

by a system of differential equations, as expressed in equation (1).

D

H

A B C
λAB λBC

λCH

λCDλAD

λBD

λDB λBH

λDC

λDH

α1 β1 α2 β2 α3 β3

β4

FIGURE 1. Compartment Diagram

(1)



dA
dt

= α1−λABA−λADA−β1A

dB
dt

= α2 +λABA+λDBD−λBDB−λBCB−λBHB−β2B

dC
dt

= α3 +λBCB+λDCD−λCDC−λCHC−β3C

dD
dt

= λADA+λBDB+λCDC−λDBD−λDCD−λDHD

dH
dt

= λDHD+λBHB+λCHC−β4H

with a vector’s initial condition being appropriate

A(0) = A0 > 0; B(0) = B0 > 0; C(0) =C0 > 0; D(0) = D0 ≥ 0; H(0) = H0 ≥ 0.
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All parameters described in TABLE (1) are assumed to have positive values.

Stage I and II patients are placed in the same sub-population because their numbers upon

arrival at the hospital are small compared to the other sub-populations. Therefore, patients who

are diagnosed for the first time with stage I and II cancer are placed in the compartment with

a rate α1. After receiving a combined treatment of chemotherapy and radiotherapy, patients

in sub-population A have two possible outcomes: either they recover at a rate λAD, or their

condition progresses to stage III cancer at a rate λAB. Additionally, patients in this compartment

may die due to cervical cancer at a rate β1.

In many cases, patients are diagnosed with stage III cancer, so they are placed in compartment

B at a rate α2. After undergoing chemo-radiotherapy, they may recover at a rate λBD or progress

to stage IV cancer, moving to compartment C at a rate λBC. Patients in this compartment may

also die at a rate β2. Since patients in stage III receive a higher treatment dose compared to

those in compartment A, they may develop hematological toxicity at a rate λBH .

Patients diagnosed for the first time with an advanced stage of cancer are classified in sub-

population C at a rate α3. After undergoing intensive chemo-radiotherapy, these patients may

recover at a rate λCD or develop hematological toxicity at a rate λCH . Sub-population C also

experiences deaths due to cervical cancer at a rate β3.

Sub-population D consists of patients cured from sub-populations A, B, and C. Patients in

this sub-population may either remain cured indefinitely or relapse. This means they can re-

enter sub-population B at a rate λDB or sub-population C at a rate λDC. Over time, patients in

sub-population D may also develop hematological toxicity at a rate λDH . Patients who suffer

from hematological toxicity can die at a rate β4.
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TABLE 1. The description of the parameters

Parameter Description

α1 the rate of new cases suffering from stage IA ,IB and IIA, IIB cervical cancer

α2 the rate of new cases suffering from stage III cervical cancer

α3 the rate of new cases suffering from stage IV cervical cancer

λAB the growth rate from stage I or II to stage III

λBC the growth rate from stage III to stage IV

λAD Rate of cured stage I or II patients

λBD the number of cured stage III patients

λCD the number of cured stage IV patients

λBH Rate of stage III patients experiencing hematologic toxicity after Radio-Chemotherapy

λCH Rate of stage IV patients experiencing hematologic toxicity after Radio-Chemotherapy

λDH Rate of disease-free patients with hematological toxicity

λDB Rate of patients cured of disease that returns to stage III

λDC Rate of patients cured of disease that returns to stage IV

β1 Mortality rate of patients with stage I or II cancer

β2 Mortality rate of patients with stage III cancer

β3 Mortality rate of patients with stage IV cancer

β4 Mortality rate of patients with hematological toxicity

3. MODEL ANALYSIS

This part is dedicated to the study of the stability of the system of equations (1), focusing on

the existence and stability of the equilibrium points.

3.1. Existence and Uniqueness. We study the existence and uniqueness of model (1). To do

this, we present model (1) in the following form:

A′(t) = F1(t,A,B,C,D,H)

B′(t) = F2(t,A,B,C,D,H)

C′(t) = F3(t,A,B,C,D,H)

D′(t) = F4(t,A,B,C,D,H)
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H ′(t) = F5(t,A,B,C,D,H)

We choose the norm defined by:

‖A‖
∞
= sup

s∈I
|A(t)|,

where I ⊆ [0,T ].

We assume that A(t), B(t), C(t), D(t), and H(t) are all bounded in [0,T ] for all s ∈ [0,T ], and

there exist i1, . . . , i5 such that:

‖A‖
∞
< i1, ‖B‖

∞
< i2, ‖C‖

∞
< i3, ‖D‖

∞
< i4 and ‖H‖

∞
< i5.

Here, we will show that F1, . . . ,F5 are bounded.

|F1(t,A,B,C,D,H)|= |α1−η1A|

< α1 +η1|A|

< α1 +η1 sup
N
|A|

< α1 +η1‖A‖

< α1 +η1i1 < ∞

With : N = s ∈ [0,T ], and η1 = λAB +λAD +β1.

In the same way, we can easily prove the following result:

|F2(t,A,B,C,D,H)|= |α2 +λABA+λDBD−η2B|

< α1 +λAB|A|+λDB|D|+η2|B|

< α1 +λAB‖A‖+λDB‖D‖+η2‖B‖

< α1 +λABi1 +λDBi4 +η2i2 < ∞

Where, η2 = λBD +λBC +λBH +β2

|F3(t,A,B,C,D,H)|= |α3 +λBCB+λDCD−η3C|

< α3 +λBC|B|+λDC|D|+η3|C|

< α3 +λBC‖B‖+λDC‖D‖+η3‖C‖
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< α3 +λBCi2 +λDCi4 +η3i3 < ∞

Where η3 = λCD +λCH +β3.

|F4(t,A,B,C,D,H)|= |λADA+λBDB+λCDC−η4D|

< λAD|A|+λBD|B|+λCD|C|+η4|D|

< λAD‖A‖+λBD‖B‖+λCD‖C‖+η4‖D‖

< λADi1 +λBDi2 +λCDi3 +η4i4 < ∞

Where η4 = λDB +λDC +λDH ,

|F5(t,A,B,C,D,H)|= |λDHD+λBHB+λCHC−η5H|

< λDH |D|+λBH |B|+λCH |C|+η5|H|

< λDH‖D‖+λBH‖B‖+λCH‖C‖+η5‖H‖

< λDH i4 +λBH i2 +λCH i3 +η5i5 < ∞

Where η5 = β4, it therefore follows that A(t), B(t), C(t), D(t), and H(t) are bounded, and

there exist s1, . . . ,s5 such that:

sup
N
|F1(t,A,B,C,D,H)|< s1

sup
N
|F2(t,A,B,C,D,H)|< s2

sup
N
|F3(t,A,B,C,D,H)|< s3

sup
N
|F4(t,A,B,C,D,H)|< s4

sup
N
|F5(t,A,B,C,D,H)|< s5

We will also show that:

|F1(t,A1,B,C,D,H)−F1(t,A2,B,C,D,H)|= |α1−η1A1−α1 +η1A2|

= |η1(A2−A1)|

< η1|A1−A2|
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Likewise, we prove that:

|F2(t,A,B2,C,D,H)−F2(t,A,B2,C,D,H)|< η2|B1−B2|

|F3(t,A,B,C1,D,H)−F3(t,A,B,C2,D,H)|< η3|C1−C2|

|F4(t,A,B,C,D1,H)−F4(t,A,B,C,D2,H)|< η4|D1−D2|

|F5(t,A,B,C,D,H1)−F5(t,A,B,C,D,H2)|< η5|H1−H2|

From this, we can conclude that model (1) has a unique system of solutions.

3.2. Equilibrium Point. According to the system of equations (1) we found an equilibrium

point denoted E∗ = (A∗,B∗,C∗,D∗,H∗) defined by:

A∗ =
α1

η1
, B∗ =

α

η1µ
, C∗ =

β

η1µ γ1
, D∗ =

δ

η1µ γ2
, H∗ =

ξ

η1µ γ3
.

where:

η1 = λAB +λAD +β1, η2 = λBD +λBC +λBH +β2, η3 = λCD +λCH +β3,

η4 = λDB +λDC +λDH , and η5 = β4

α =η1α2(λCD(λDB +λDH)+λCH(λDB +λDC +λDH)+η4β3)+α1λAB(λCD(λDB +λDH)

+η4(λCh +β3))+α1η3λDBλAD +α3η1λDBλCD.

µ =λDHλCD(λBD +λBC)+(λDH +λDC)(λCH +λBD +β3λBD)+η4(λBCλCH +β3λBC

+λBH(λCH +β3)+β2(λCH +β2))λBHλCD(λDB +λDH)+β2λCD(λDB +λBH)

β =η1η4α3µ +(η4λBC +λBDλDC)α +α1µλDCλAD

γ1 =λCD(λDB +λDH)+λCHη4 +β3η4

γ2 =γ1η4

δ =η1γ1α1µλAD +λBDγ1α +λCDβ

γ3 =γ2η5

ξ =λDHδ +λBHγ2α +η4λCHβ
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These equilibrium points are critical to understanding the cervical cancer model because

they provide important information about the environmental factors necessary for the spread of

cancer. The study’s conclusions are as follows:

Theorem 3.1. An equilibrium point exists according to the system of equations (1) for cervical

cancer without any conditions.

3.3. Analyzing the Stability of Equilibrium Points. In this part, we will study the stability

of the equilibrium point. To do this, we will first rewrite the equation in the following matrix

form:

F = KG+H

where

F =



Ȧ

Ḃ

Ċ

Ḋ

Ḣ


; K =



−η1 0 0 0 0

λAB −η2 0 λDB 0

0 λBC −η3 λDC 0

λAD λBD λCD −η4 0

0 λBH λCH λDH −η5


; G =



A

B

C

D

H


; H =



α1

α2

α3

0

0


Regarding the characteristic equation, we have calculated it using the following formula:

P(λ ) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

−η1−λ 0 0 0 0

λAB −η2−λ 0 λDB 0

0 λBC −η3−λ λDC 0

λAD λBD λDC −η4−λ 0

0 λBH λCH λDH −η5−λ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
We get,

(2) P(λ ) =−(η1 +λ )(η5 +λ )(λ 3 + p1λ
2 + p2λ + p3)

We can easily show that equation (2) has five eigenvalues: −λ1, −λ2, and the other three

eigenvalues are the roots of the following equation:

λ
3 + p1λ

2 + p2λ + p3 = 0

where the coefficients are:
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
p1 = η2 +η3 +η4.

p2 = η2η3 +η4η2 +η4η3−λDCλCD−λDBλBD.

p3 = η2η3η4−η2λDCλCD−η3λDBλBD−λBCλDBλCD

In this part, we worked with the Routh-Hurwitz criterion [4, 5] to check the stability of the

equilibrium points, which uses the characteristic equation obtained previously.

Routh’s table allows us to study their nature, and then we have:

λ 3 1 p2 0

λ 2 p1 p3 0

λ 1 b1 0

λ 0 p3

with b1 =
p1 p2−p3

p1
. According to Routh’s table, we found that the coefficients are all positive in

the first column, which means that all the real eigenvalues are negative.

We can easily show that p1, b1, and p3 are all positive. Therefore, according to the Routh-

Hurwitz criterion, it follows that the system of equations (1) is locally asymptotically stable.

4. NUMERICAL SIMULATION AND DISCUSSION

This section concerns the numerical simulation, where we will examine the results al-

ready found in the previous section using numerical simulations. We carried out the numer-

ical simulations with the following parameter values: α1 = 5; α2 = 20; α3 = 11; β1 =

0.5; β2 = 0.8; β3 = 0.4; β4 = 0.5; λAB = 0.56; λAD = 0.63; λBC = 0.12; λBD =

0.35; λBH = 0.41; λCD = 0.32; λCH = 0.52; λDB = 0.42; λDC = 0.42; λDH = 0.5.

Based on the values of the previous parameters, we found the equilibrium point

E∗(A∗,B∗,C∗,D∗,H∗) where: A∗ = 3, B∗ = 1, C∗ = 14, D∗ = 10, H∗ = 38. Thus, the

results of the numerical simulation are presented in Figure 2.
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FIGURE 2. The numerical simulation results of the model with initial conditions

(A0,B0,C0,D0,H0) = (55,40,4,1,1).

From Figure 2, it turns out that the equilibrium conditions begin from the sixth period. The

Phase I and II sub-populations are reduced from an initial case of 55 patients to 3 patients at

steady state. Similarly, the stage III sub-population, initially at 40 patients, decreased to 17

under steady-state conditions. For stage IV patients, we notice a slight increase from 4 to 10

people in equilibrium conditions. The cured sub-population increased significantly from 1 to

14 patients. The sub-population affected by hematological toxicity experienced a substantial

increase, from 1 patient at baseline to 38 patients at steady state. These results are considered

preliminary simulations.

In the following two simulations, we reduced the relapse rate and the hematological toxicity

rate.

FIGURE 3. The numerical simulation results of the model with λBH = 0.1 and

λCH = 0.1.



14 DOUNIA KHALOUQI, MARYEM EL KARCHANI, NADIA IDRISSI FATMI

After reducing the hematological toxicity rates λBH and λCH to both 0.1, we see the results

of this simulation in Figure 3. It is noted that the disease-free sub-population amounts to 20

patients. Additionally, a significant result was observed in patients affected by hematological

toxicity. The rate of patients in this sub-population fell to 12 in stable condition. Concerning

the stage IV sub-population, there was a notable increase that was not observed in the initial

simulation. However, for the other sub-populations, we found the same results as those of the

initial simulation.

FIGURE 4. The numerical simulation results of the model with λDB = 0.1,

λDC = 0.1, and λDH = 0.1.

Figure 4 illustrates the results of the simulation aimed at reducing the relapse rates λDB,

λDC, and λDH to 0.1. A significant increase was noted in people without the disease, up to

38 cases. At the same time, the number of patients affected by hematological toxicity also

increased significantly. On the other hand, there was no change in the other sub-populations, as

the results remained the same as those of the first simulation.

5. CONCLUSION

In this article, we developed a mathematical model consisting of five compartments. The

first three compartments represent sub-populations affected by cervical cancer, classified ac-

cording to stages I, II, III, and IV. One compartment represents patients who have been cured of

the disease, while the final compartment contains patients who have developed hematological

toxicity. We then performed a dynamic analysis to study the dynamics of affected individuals
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in each sub-population over time. Based on the results of the dynamic analysis, we identified

an equilibrium point that is stable under all conditions. Additionally, we conducted numerical

simulations to verify the solutions around the equilibrium point.

The results of the numerical simulations indicate that the population will stabilize over time,

regardless of the initial conditions, provided all parameters remain constant. This demonstrates

that the equilibrium point of the system is stable under these conditions. However, when we

minimized the relapse rate, we observed a negative outcome: an increase in the sub-populations

presenting hematological toxicity. On the other hand, reducing the rates of hematological toxi-

city yielded positive results. Specifically, the number of disease-free sub-populations increased,

while the number of sub-populations presenting hematological toxicity decreased.

Based on the simulation results, we propose an optimal solution to reduce the number of

patients suffering from hematological toxicity and increase the number of patients who fully

recover from the disease after receiving radio-chemotherapy treatment. This solution involves

reducing the hematological toxicity rates in stage III and IV sub-populations
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