
_______________ 

*Corresponding author 

E-mail address: AJassar@su.edu.om 

Received December 18, 2025 

1 

 

          Available online at http://scik.org 

          Commun. Math. Biol. Neurosci. 2026, 2026:49 

https://doi.org/10.28919/cmbn/9743 

ISSN: 2052-2541 

 

 

SEMI-ANALYTICAL TREATMENT OF FUZZY RISK DIABETES MODEL IN 

OMAN 

A. F. JAMEEL1,*, E. B. BASHIER1, A. K. ALOMARI2, WALID WANNES1,3, KHAMIS AL KALBANI1 

1Mathematics Education Program, Faculty of Education and Arts, Sohar University, Sohar 311, Oman, 

2Department of Mathematics, Faculty of Science, Islamic University of Madinah, 42351, Madinah, Saudi Arabia, 

3Faculty of Sciences of Sfax, Department of Mathematics, Soukra road km 3.5, B.P. 1171, 3000, Sfax, Tunisia 

Copyright © 2026 the author(s). This is an open access article distributed under the Creative Commons Attribution License, which permits 

unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited. 

Abstract: Diabetes mellitus is a growing public health concern in Oman, with rising prevalence linked to lifestyle 

changes and genetic factors. Effective risk prediction models are essential for early intervention and management. In 

the interim, the semi-analytical approaches may offer simpler solutions without requiring large-scale numerical 

calculations or linearization and discretization techniques which could be difficult to use with fuzzy differential 

equation models. This study proposes a semi-analytical approach to develop a robust diabetes risk model tailored to 

the Omani population. By integrating clinical, demographic, and biochemical variables, the model employs a 

combination of analytical techniques to enhance predictive accuracy while maintaining interpretability. Additionally, 

solving the fuzzy differential equations, a semi-analytical method is employed, combining analytical techniques with 

numerical approximations to handle the inherent fuzziness in the system. This approach ensures robust and 

interpretable solutions while accounting for imprecise data common in medical studies. The model is validated using 

real-world clinical data from Oman, demonstrating its effectiveness in predicting diabetes risk trends under different 

scenarios. The proposed solution offers a scalable tool for policymakers and healthcare providers to implement 

targeted prevention strategies, potentially reducing the diabetes burden in Oman. The results highlight the flexibility 

of the FDE-based model in addressing uncertainty, providing healthcare policymakers with a valuable tool for early 

intervention strategies. 



2 

JAMEEL, BASHIER, ALOMARI, WANNES, KALBANI 

Keywords: fuzzy differential equations; diabetes model; semi-analytical method; mathematical modeling in 

epidemiology. 

2020 AMS Subject Classification: 34A07, 92C50. 

 

 

1. INTRODUCTION  

have gained popularity in a number of fields, such as learning theory, linguistics, automata, 

decision-making, pattern categorization, algorithms, and mathematical modeling. Due to 

numerous applications in physics, applied sciences, biology, and engineering, fuzzy differential 

equations (FDEs) have unquestionably become an indispensable tool for modeling a variety of 

everyday occurrences as well as potential uncertainties [1]. Real-world understanding of the 

development of unitizing epidemiological biological problems has been greatly aided by 

mathematical models [2]. However, mathematical modeling of diabetes that involves system of 

ordinary differential equations is a complex process that involves capturing the physiological, 

metabolic, and behavioral factors influencing blood glucose dynamics [3]. The impact of these 

factors varies between individuals due to biological heterogeneity, lifestyle differences, and 

disease progression such as physiological & metabolic, Pharmacokinetic & Pharmacodynamic, 

behavioral lifestyle and disease progression & comorbidities [4]. Therefore, the appearance of 

system FDEs model for diabetes models, incorporating uncertainty in parameters through fuzzy 

numbers. utilized to analyze the behavior of phenomena that are subject to imprecise or uncertain 

factors. Thus, it is crucial to examine the solution of FDEs models in applications, particularly 

when the parameters are uncertain and cannot be estimated using the commonly used techniques. 

In such cases, using FDEs is a logical way to represent dynamic systems with embedded 

uncertainty.  Unlike numerical approaches, this type of approach has the flexibility to give 

approximate and exact solutions to both linear and nonlinear problems without any requirement 

for discretization and linearization and provide a simple way to ensure the convergence of solution 

series including fuzzy diabetes models [1,5]. Those fuzzy models' solutions will be shown as a 

series of polynomial functions. This will make it easier to show the convergence solution's degree 
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through graphical representation. The well-known standard variational iteration technique (VIM) 

has been discovered to be one of the approaches that may guarantee the convergence of solutions 

in FDEs [6-9].  Comparing this approach to other semi-analytical techniques such as the homotopy 

perturbation method (HPM) and the Adomian decomposition method (ADM), less computing 

work is needed [10,11]. Meanwhile, Multistage Variational Iteration Method (MVIM) is an 

extension of the standard VIM that divides the domain into multiple subintervals (stages) and 

applies VIM sequentially over each subinterval [12]. It found that the series solution of some 

mathematical models via MVIM computed step-by-step over small intervals, improving accuracy 

for long-time simulations and handling abrupt changes in fuzzy parameters or initial conditions 

[13]. The use of MVIM and VIM to solve fuzzy models in the form of system of initial value 

problems is limited which involves HIV infection model [13,14] but in recent years MVIM used 

in serval applications of differential equations in crisp biological models [15,16]. According to 

[17-22], because the high-risk population is a major reservoir for future diabetes cases, the 

prevalence of diabetes in Oman is expected to rise in the upcoming years. Consequently, it's 

intriguing to create a model that uses FDEs and simulates the model data using a new MVIM 

extension. This work's innovation is divided into two stages. The first involves creating a fuzzy 

differential equation model for diabetes risk dynamics in Oman (FRD) and using fuzzy sets theory 

techniques to incorporate ambiguity in the model parameters in the form of fuzzy numbers.  In 

phase two, the produced model's numerical outputs are simulated by analyzing the standard VIM 

to obtain a new form of MVIM. It is crucial to remember that many basic fuzzy definitions, claims, 

and ideas that are not included in this work are well known.  As demonstrated in references [19-

23], the concepts pertaining to fuzzy level sets, fuzzy numbers and associated operations, fuzzy 

functions, fuzzy Zadeh extension theory, integration of fuzzy functions, and fuzzy initial value 

problems are easily accessible in previous research. 

2. ANALYSIS OF FUZZY RISK MODEL DIABETES 

On the basis of [1,2], we construct the FRD model as a linear system of fuzzy initial value problems, 

which can be found in the form below. 
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{

𝑑𝑋̃(𝑡)

𝑑𝑡
 =  𝑎̃𝑋̃(𝑡)  +  𝑏̃𝑌̃(𝑡)  −  𝑐̃𝑋̃(𝑡)  −  𝜇𝑋̃(𝑡)        

𝑑𝑌̃(𝑡)

𝑑𝑡
 =  𝑤̃(𝑃 − 𝑋̃(𝑡) − 𝑌̃(𝑡))  −  𝑏̃𝑌̃(𝑡)  −  𝜇𝑌̃(𝑡)

                            (1) 

Subject to fuzzy initial conditions  

                      𝑋̃(0) = 𝑋̃0, 𝑌̃(0) = 𝑌̃0    

In this model (1), 𝑋̃(𝑡)  is a fuzzy variable represents population with diabetes in Oman, 𝑌̃(𝑡)  is a 

fuzzy variable represents population at high risk of developing diabetes in Oman, while the change 

of these populations is in the form of fuzzy Hukuhara derivative where 𝑃 is the total population of 

Oman. The fuzzy parameters in (1) are described in Table 1 as follows: 

Table 1. Notation of the fuzzy parameters corresponding to model (1) 

Fuzzy parameter Parameter description  

𝑎̃ Incidence rate of diabetes 

𝑏̃ Progression rate from high risk to diabetes per year 

𝑐̃ Rate of diagnosis and treatment 

𝑤̃ Rate of developing high risk factors 

𝜇̃ Natural mortality rate 

According to the fuzzy analysis in [14], the following defuzzification are defined as follows for all 

fuzzy level sets 𝑟 ∈ [0,1]: 

𝑑𝑋̃(𝑡;𝑟)

𝑑𝑡
= {

𝑑𝑋(𝑡;𝑟)

𝑑𝑡

𝑑𝑋(𝑡;𝑟)

𝑑𝑡

                                                                           (2) 

𝑑𝑋̃(𝑡;𝑟)

𝑑𝑡
= {

𝑑𝑌(𝑡;𝑟)

𝑑𝑡

𝑑𝑌(𝑡;𝑟)

𝑑𝑡

                                                                            (3) 

where 𝑋̃(𝑡; 𝑟) = [𝑋(𝑡; 𝑟), 𝑋(𝑡; 𝑟)] and 𝑌̃(𝑡; 𝑟) = [𝑌(𝑡; 𝑟), 𝑌(𝑡; 𝑟)]. Also, the fuzzy parameters of 

model (1) can be defined as bellow: 

{
 
 
 

 
 
 
[𝑎̃]𝑟 = [𝑎, 𝑎]

𝑟
    

[𝑏̃]
𝑟
= [𝑏, 𝑏]

𝑟
    

[𝑐̃]𝑟 = [𝑐, 𝑐]𝑟     

[𝑤̃]𝑟 = [𝑤,𝑤]𝑟 

[𝜇]𝑟 = [𝜇, 𝜇]
𝑟
   

                                                                       (4) 
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where the fuzzy initial conditions are 𝑋̃(0; 𝑟) = [𝑋(0; 𝑟), 𝑋(0; 𝑟)]  and 𝑌̃(0; 𝑟) =

[𝑌(0; 𝑟), 𝑌(0; 𝑟)] , such that the initial values are [𝑋̃0]𝑟 = [𝑋0, 𝑋0]𝑟  and [𝑌̃0]𝑟 = [𝑌0, 𝑌0]𝑟 . 

Applying Eqs (2-4), the model (1) can be identified as the lower and upper bound of FRD model 

followed the properties of fuzzy Hukuhara derivative such that  

{
 
 
 
 

 
 
 
 

𝑑𝑋(𝑡;𝑟)

𝑑𝑡
 =  [𝑎]

𝑟
𝑋(𝑡; 𝑟) + [𝑏]

𝑟
𝑌(𝑡; 𝑟)

− [𝑐]
𝑟
𝑋(𝑡; 𝑟)  −  [𝜇]

𝑟
𝑋(𝑡; 𝑟)        

𝑑𝑌(𝑡;𝑟)

𝑑𝑡
 =  [𝑤]

𝑟
(𝑁 − 𝑋(𝑡; 𝑟) − 𝑌(𝑡; 𝑟))

− [𝑏]
𝑟
𝑌(𝑡; 𝑟) − [𝜇]

𝑟
𝑌(𝑡; 𝑟)  

𝑋(0; 𝑟) = [𝑋0]𝑟, 𝑌
(0; 𝑟) = [𝑌0]𝑟

                                             (5) 

{
 
 
 

 
 
 

𝑑𝑋(𝑡;𝑟)

𝑑𝑡
 =  [𝑎]𝑟𝑋(𝑡; 𝑟) + [𝑏]𝑟𝑌

(𝑡; 𝑟)

− [𝑐]𝑟𝑋(𝑡; 𝑟)  −  [𝜇]𝑟𝑋(𝑡; 𝑟)        
𝑑𝑌(𝑡;𝑟)

𝑑𝑡
 =  [𝑤]𝑟 (𝑁 − 𝑋(𝑡; 𝑟) − 𝑌(𝑡; 𝑟))

− [𝑏]
𝑟
𝑌(𝑡; 𝑟) − [𝜇]𝑟𝑌(𝑡; 𝑟) 

𝑋(0; 𝑟) = [𝑋0]𝑟 , 𝑌
(0; 𝑟) = [𝑌0]𝑟

                                             (6) 

 

3. FUZZY MULTISTAGE METHOD DEVELOPMENT  

The fundamental analysis of VIM in a fuzzy environment, which was taken from [13], is utilized 

in the development of fuzzy MVIM, which is designed to be compatible with the FRD model.  As 

stated in [14], the system of fuzzy differential equations for any fuzzy level set 𝑟 on the interval 

[0,1] is presented as follows: 

𝐷̃𝑖[𝑞̃𝑖(𝑡; 𝑟)] + 𝑁̃𝑖[𝑞̃𝑖(𝑡; 𝑟)] = 𝐺̃𝑖(𝑡; 𝑟) for 𝑖, … ,𝑚    (7) 

where 𝐷̃𝑖 =
𝜕

𝜕𝑡
 is first order fuzzy H-derivatives considered as  the linear operators of Eq. (7) in 

terms crisp variable represent the time 𝑡, 𝑁̃𝑖 is a nonlinear operators involving linear and nonlinear 

terms of the fuzzy variable 𝑞̃𝑖(𝑡; 𝑟). Also, 𝐺̃𝑖(𝑡; 𝑟) denoted as fuzzy inhomogeneous terms of Eq. 

(7). According to analysis in section 2, Eq. (7) defuzzification by using these concepts leads as to 

the following forms.  
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{
[𝐷𝑖]𝑟𝑞𝑖

(𝑡; 𝑟) + [𝑁𝑖]𝑟𝑞𝑖
(𝑡; 𝑟) = 𝐺𝑖(𝑡; 𝑟)  

[𝐷𝑖]𝑟𝑞𝑖
(𝑡; 𝑟) + [𝑁𝑖]𝑟𝑞𝑖

(𝑡; 𝑟) = 𝐺𝑖(𝑡; 𝑟) 
     (8) 

such that 

𝑞̃𝑖(𝑡; 𝑟) = [𝑞𝑖(𝑡; 𝑟), 𝑞𝑖(𝑡; 𝑟)], 

𝐷̃𝑖(𝑡; 𝑟) = [
𝜕𝐷𝑖(𝑡;𝑟)

𝜕𝑡
,
𝐷𝑖(𝑡;𝑟)

𝜕𝑡
], 

𝑁̃𝑖(𝑡; 𝑟) = [𝑁𝑖(𝑡; 𝑟),𝑁𝑖(𝑡; 𝑟)], 

𝐺̃𝑖(𝑡; 𝑟) = [𝐺𝑖(𝑡; 𝑟), 𝐺𝑖(𝑡; 𝑟)]. 

The FVIM form is shown by the following formula, which is based on VIM in [12]. Eq. (7) can 

be stated as follows: 

𝑞̃𝑖,𝑛+1(𝑡; 𝑟) = 𝑞̃𝑖,𝑛(𝑡; 𝑟) + ∫ 𝜆𝑖{𝐷̃𝑖𝑞̃𝑖,𝑛(𝑠; 𝑟) + 𝑁̃𝑖𝑞̃𝑖,𝑛(𝑠; 𝑟) − 𝐺̃𝑖(𝑠; 𝑟)
𝑡

0
}𝑑𝑠  (9) 

From variational theory [30].  the optimal solution of Eq. (7) relay on the Lagrange multiplier 𝜆̃𝑖, 

𝑁̃𝑖𝑞̃𝑖,𝑛(𝑡; 𝑟)  is considered as restricted variation, in the other word 𝛿𝑁̃𝑖𝑞̃𝑖,𝑛(𝑡; 𝑟) = 0 . Eqs. (7) 

describe the aforementioned correction functional, and [29] states that the stationary condition of 

this equation can drive the generic Lagrange form as follows. 

𝜆̃𝑖(𝑠) =
(−1)𝑚

(𝑚−1)!
(𝑠 − 𝑡)𝑚−1      (10) 

where 𝑚 is order of the fuzzy differential equation. Now the final formulation of the fuzzy MVIM 

corresponding with FRD model (1) has the following system iteration:  

{
𝑋̃𝑗+1(𝑡; 𝑟) = 𝑋̃𝑗(𝑡; 𝑟) − ∫ (

𝑑𝑋̃𝑗(𝑠;𝑟)

𝑑𝑠
− [𝑎̃]𝑟𝑋̃𝑗(𝑠; 𝑟) −  [𝑏̃]𝑟𝑌̃𝑗

(𝑠; 𝑟) +  [𝑐̃]𝑟𝑋̃𝑗(𝑠; 𝑟) + [𝜇̃]𝑟 𝑋̃𝑗(𝑠; 𝑟)   ) 𝑑𝑠
𝑡

0

𝑌̃𝑗+1(𝑡; 𝑟) = 𝑌̃𝑗(𝑡; 𝑟) − ∫ (
𝑑𝑌̃𝑗(𝑠;𝑟)

𝑑𝑠
− [𝑤̃]𝑟 (𝑃 − 𝑋̃𝑗(𝑠; 𝑟) − 𝑌̃𝑗(𝑠; 𝑟)) + [𝑏̃]𝑟𝑌̃𝑗

(𝑠; 𝑟) + [𝜇̃]𝑟  𝑌̃𝑗(𝑠; 𝑟) ) 𝑑𝑠
𝑡

0

       (11) 

From the analysis in Section 2 and the fuzzy Hukuhara derivative, the fuzzy solution of model (1) 

via MVIM can be written as follows  

Lower bound solution  

{
 
 

 
 𝑋𝑗+1(𝑡; 𝑟) = 𝑋𝑗(𝑡; 𝑟) − ∫ (

𝑑𝑋𝑗(𝑠;𝑟)

𝑑𝑠
− [𝑎]

𝑟
𝑋𝑗(𝑠; 𝑟) −  [𝑏]𝑟𝑌𝑗

(𝑠; 𝑟) +  [𝑐]
𝑟
𝑋𝑗(𝑠; 𝑟) + [𝜇]

𝑟
 𝑋𝑗(𝑠; 𝑟)   ) 𝑑𝑠

𝑡

0
    

𝑌𝑗+1(𝑡; 𝑟) = 𝑌𝑗(𝑡; 𝑟) − ∫ (
𝑑𝑌𝑗(𝑠;𝑟)

𝑑𝑠
− [𝑤]

𝑟
(𝑃 − 𝑋𝑗(𝑠; 𝑟) − 𝑌𝑗(𝑠; 𝑟)) + [𝑏]𝑟𝑌𝑗

(𝑠; 𝑟) + [𝜇]
𝑟
 𝑌𝑗(𝑠; 𝑟)   ) 𝑑𝑠 

𝑡

0

𝑋(𝑡; 𝑟) = [𝑋0]𝑟 , 𝑌
(𝑡; 𝑟) = [𝑌0]𝑟

  (12) 
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   Upper bound solution 

{
 
 

 
 𝑋𝑗+1(𝑡; 𝑟) = 𝑋𝑗(𝑡; 𝑟) − ∫ (

𝑑𝑋𝑗(𝑠;𝑟)

𝑑𝑠
− [𝑎]𝑟𝑋𝑗(𝑠; 𝑟) −  [𝑏]𝑟𝑌𝑗

(𝑠; 𝑟) + [𝑐]𝑟𝑋𝑗(𝑠; 𝑟) + [𝜇]𝑟 𝑋𝑗(𝑠; 𝑟)   ) 𝑑𝑠
𝑡

0
       

𝑌𝑗+1(𝑡; 𝑟) = 𝑌𝑗(𝑡; 𝑟) − ∫ (
𝑑𝑌𝑗(𝑠;𝑟)

𝑑𝑠
− [𝑤]𝑟 (𝑃 − 𝑋𝑗(𝑠; 𝑟) − 𝑌𝑗(𝑠; 𝑟)) + [𝑏]𝑟𝑌𝑗

(𝑠; 𝑟) + [𝜇]𝑟 𝑌𝑗(𝑠; 𝑟)   ) 𝑑𝑠 
𝑡

0

𝑋(𝑡; 𝑟) = [𝑋0]𝑟 , 𝑌
(𝑡; 𝑟) = [𝑌0]𝑟

 (13) 

where 𝑡 ∈ [  0, 𝑇]  and  𝑗 = 1,2,3, …  such that the MVIM solution of Eqs (12-13) converge 

according to [19]. Next step is to divide the time interval of the problem into a sequence of small-

time intervals and solving them separately. This approach allows for more accurate and reliable 

solutions for long time span, as it takes into account the complex dynamical behaviours of the 

proposed model. By considering approximate solution of model in a sequence of intervals, [𝑡0 =

0, 𝑡1),  [𝑡1, 𝑡2),  [𝑡2, 𝑡3), ,, [𝑡𝑘−1, 𝑡𝑘 = 𝑇], 𝑘 = 1,2, …  . Then Eqs (12-13) can solve via VIM for 

each subinterval, using the solution from the previous interval as an initial approximation for the 

next interval until reaches the final subinterval to obtain the improved Eqs. (12-13). According to 

[2], The fuzzy MVIM formulas of Eqs (12-13) are given by: 

{
 
 

 
 𝑋𝑗+1(𝑡; 𝑟) = 𝑋𝑗(𝑡; 𝑟) − ∫ (

𝑑𝑋𝑗(𝑠;𝑟)

𝑑𝑠
− [𝑎]

𝑟
𝑋𝑗(𝑠; 𝑟) −  [𝑏]𝑟𝑌𝑗

(𝑠; 𝑟) +  [𝑐]
𝑟
𝑋𝑗(𝑠; 𝑟) + [𝜇]

𝑟
 𝑋𝑗(𝑠; 𝑟)   ) 𝑑𝑠

𝑡

0
    

𝑌𝑗+1(𝑡; 𝑟) = 𝑌𝑗(𝑡; 𝑟) − ∫ (
𝑑𝑌𝑗(𝑠;𝑟)

𝑑𝑠
− [𝑤]

𝑟
(𝑃 − 𝑋𝑗(𝑠; 𝑟) − 𝑌𝑗(𝑠; 𝑟)) + [𝑏]𝑟𝑌𝑗

(𝑠; 𝑟) + [𝜇]
𝑟
 𝑌𝑗(𝑠; 𝑟)   ) 𝑑𝑠 

𝑡

0

𝑋(𝑡; 𝑟) = 𝑋(0; 𝑟) = 𝑧1
∗, 𝑌(𝑡; 𝑟) = 𝑌(0; 𝑟) = 𝑧2

∗

    (14) 

{
 
 

 
 𝑋𝑗+1(𝑡; 𝑟) = 𝑋𝑗(𝑡; 𝑟) − ∫ (

𝑑𝑋𝑗(𝑠;𝑟)

𝑑𝑠
− [𝑎]𝑟𝑋𝑗(𝑠; 𝑟) − [𝑏]𝑟𝑌𝑗

(𝑠; 𝑟) +  [𝑐]𝑟𝑋𝑗(𝑠; 𝑟) + [𝜇]𝑟 𝑋𝑗(𝑠; 𝑟)   ) 𝑑𝑠
𝑡

0
    

𝑌𝑗+1(𝑡; 𝑟) = 𝑌𝑗(𝑡; 𝑟) − ∫ (
𝑑𝑌𝑗(𝑠;𝑟)

𝑑𝑠
− [𝑤]𝑟 (𝑃 − 𝑋𝑗(𝑠; 𝑟) − 𝑌𝑗(𝑠; 𝑟)) + [𝑏]𝑟𝑌𝑗

(𝑠; 𝑟) + [𝜇]𝑟 𝑌𝑗(𝑠; 𝑟)   ) 𝑑𝑠 
𝑡

0

𝑋(𝑡; 𝑟) = 𝑋(0; 𝑟) = 𝑧3
∗, 𝑌(𝑡; 𝑟) = 𝑌(0; 𝑟) = 𝑧4

∗

 (15) 

where 𝑡∗ is the left-end point of each sub intervals, and 𝑧1
∗,𝑧2,   

∗ 𝑧3
∗, 𝑧4

∗ are considered as the initial 

approximations of Eqs. (14-15). Having the first initial conditions, one would be able to solve Eqs. 

(14-15) for all unknowns  𝑋̅𝑗(𝑡; 𝑟), 𝑋𝑗(𝑡; 𝑟), 𝑌̅𝑗(𝑡; 𝑟) ,  𝑌𝑗(𝑡; 𝑟) , 𝑗 = 1,2, …  In order to perform 

iteration in every subintervals of the same length, [𝑡0, 𝑡1), [𝑡1, 𝑡2), [ 𝑡2, 𝑡3),, [ 𝑡𝑘−1, 𝑡𝑘]. The values 

of the following need to be determined beforehand:  

          {
𝑋̅0
∗(𝑡, 𝑟) = 𝑋̅(𝑡∗, 𝑟), 𝑋0

∗(𝑡, 𝑟) = 𝑋(𝑡∗, 𝑟),

 𝑌̅0
∗(𝑡, 𝑟) = 𝑌̅(𝑡∗, 𝑟), 𝑌0

∗(𝑡, 𝑟) = 𝑌(𝑡∗, 𝑟).
                                                          (16) 

All the initial approximations can be derived from the beginning value 𝑡∗ = 𝑡0.  Therefore, using 

the earlier n-term estimates, a straightforward method for obtaining the required values may be 
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found. 𝛽̅1,𝑛(𝑡
∗; 𝑟), 𝛽2,𝑛(𝑡

∗; 𝑟), 𝛽3,𝑛(𝑡
∗; 𝑟), and 𝛽̅4,𝑛(𝑡

∗; 𝑟) of the preceding subinterval such that the 

approximate solution of model (1) by fuzzy MVIM is as follows  

       

{
  
 

  
 𝑋̅0

∗(𝑡, 𝑟) = 𝛽̅1,𝑛(𝑡
∗; 𝑟) = 𝑙𝑖𝑚 

𝑗→𝑛−1
𝑋𝑗(𝑡; 𝑟),

𝑋0
∗(𝑡, 𝑟) = 𝛽2,𝑛(𝑡

∗; 𝑟) = 𝑙𝑖𝑚 
𝑗→𝑛−1

𝑋𝑗(𝑡; 𝑟),

𝑌̅0
∗(𝑡, 𝑟) = 𝛽3,𝑛(𝑡

∗; 𝑟) = 𝑙𝑖𝑚 
𝑗→𝑛−1

𝑌𝑗(𝑡; 𝑟),

𝑌0
∗(𝑡, 𝑟) = 𝛽̅4,𝑛(𝑡

∗; 𝑟) = 𝑙𝑖𝑚 
𝑗→𝑛−1

𝑌𝑗(𝑡; 𝑟).

                                                          (17) 

4. MODEL ANALYSIS 

A state in which the system does not undergo any changes is referred to as an equilibrium point 

in a dynamical system. In model (1), the equilibrium points convert into fuzzy sets when 𝑟 belongs 

to the interval [0,1]. In other words, rather than each numeric point, as is the case with crisp models, 

the healthy range is defined relative to the degree of fuzzy membership functions that correspond 

to the fuzzy parameters and initial conditions of model (1). This ensures that the conditions of the 

patients converge to the equilibrium point for each fuzzy level set. To obtain the equilibrium points 

of model 1, redefine model one as follows: 

{

𝑑𝑋̃(𝑡;𝑟)

𝑑𝑡
 =  [𝜃̃]

𝑟
𝑋̃(𝑡; 𝑟)  +  [𝑏̃]

𝑟
𝑌̃(𝑡; 𝑟)                 

𝑑𝑌̃(𝑡;𝑟)

𝑑𝑡
 =  [𝑤̃]𝑟𝑃 − [𝑤̃]𝑟𝑋̃(𝑡; 𝑟) − [𝜎̃]𝑟𝑌̃(𝑡; 𝑟) 

                                           (18) 

where the new fuzzy parameters are  𝜃̃ = 𝑎̃ − 𝑐̃ − 𝜇 and 𝜎̃ = −(𝑤̃ + 𝑏̃ + 𝜇). As can be seen below, 

the equilibrium points(𝑋̃𝑒,𝑟 , 𝑌̃𝑒,𝑟 ) for each fuzzy level set 𝑟 ∈ [0,1] by setting the fuzzy derivatives 

of model (18) equal to zero as demonstrated in [3]. 

{
𝑋̃𝑒,𝑟 = [

𝑤̃𝑏̃𝑃

𝑤̃𝑏̃+𝜃̃𝜎̃
]
𝑟

𝑌̃𝑒,𝑟 = [
−𝜃̃𝑤̃𝑃

𝑤̃𝑏̃+𝜃̃𝜎̃
]
𝑟

                                                                      (19) 

Define the fuzzy linear system in the following form: 

𝑑

𝑑𝑡
[
𝑋̃(𝑡; 𝑟)

𝑌̃(𝑡; 𝑟)
] = JO [

𝑋̃(𝑡; 𝑟)

𝑌̃(𝑡; 𝑟)
] + [

0
[𝑤̃]𝑟𝑃

], 

JO stands for the Jacobian matrix, which, in the case of a linear system, is nothing more than the 

coefficient matrix because: 
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JO = [
[𝜃̃]

𝑟
[𝑏̃]

𝑟

−[𝑤̃]𝑟 [𝜎̃]𝑟
] = [

[𝑎̃ − 𝑐̃ − 𝜇]𝑟 [𝑏̃]
𝑟

−[𝑤̃]𝑟 [−(𝑤̃ + 𝑏̃ + 𝜇)]
𝑟

] 

According to the defuzzification analysis in Section 2, system (18) becomes crisp per each value 

𝑟 ∈ [0,1] The eigenvalues of the JO matrix are what determine whether the equilibrium point of a 

linear system with dimensions of 2 rows and 2 columns is stable [5,31].  If both eigenvalues 

[𝛾̃1]𝑟 , [𝛾̃2]𝑟 of system (18) have negative real portions, then the equilibrium is considered to be 

stable. According to [32], the use of the trace-determinant conditions are as follows: 

Set 𝜏 = Trace(JO) = [𝜃̃ + 𝜎̃]
𝑟
 

Set Λ = |JO| = [𝜃̃𝜎̃ + 𝑤̃𝑏̃]
𝑟
 

The equilibrium is considered to be stable if Λ > 0 and 𝜏 < 0 such that  

𝜏 = [𝑎̃ − 𝑐̃ − 𝑤̃ − 𝑏̃ − 2𝜇]
𝑟
 , and  

Λ = [−(𝑎̃ − 𝑐̃ − 𝜇)(𝑤̃ − 𝑏̃ − 𝜇) + 𝑤̃𝑏̃]
𝑟
 . 

Given that natural mortality and diagnostic rate are both stabilizing influences, it is highly probable 

that the condition 𝜏 < 0 will remain stable.  When the criterion Λ is greater than zero, it guarantees 

that the interaction between compartments does not result in uncontrolled development. 

 

5. SEMI ANALYTICAL SIMULATION  

The semi-analytical simulation that was performed with MVIM and described in Section 3 will be 

examined in this section. This will be followed by an examination of errors and solutions to the 

problems that were present in the simulation.  The parameters' values that are shown in Table 1 

and the initial conditions of the model (1), which are displayed in Table 2 below, should be 

configured according to the data instructions that have been provided by the World Health 

Organization.  in the year 2022 The Sultanate of Oman: A 2022 Report on the Noncommunicable 

Diseases of the Country Geneva: International Diabetes Federation, World Health Organization, 

2025. The International Diabetes Federation's Diabetes Atlas, Eleventh Edition and, based on the 

data and analysis that were presented in [17-23], we are able to derive the following defuzzification 

of the estimated fuzzy parameter:   
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Table 2. The defuzzification form of the estimated Parameters of model (1) 

Fuzzy parameter  Parameter estimation Parameter defuzzification  

𝑋̃0 450000~650000 [450000 + 100000𝑟, 650000 − 100000𝑟] 

𝑌̃0 750000~1250000 [750000 +  250000𝑟, 1250000 −  250000𝑟] 

𝑎̃ 1%~ 2% [0.01 +  0.015𝑟, 0.02 −  0.015𝑟] 

𝑏̃ 5%~12% [0.05 +  0.03𝑟, 0.12 −  0.04𝑟] 

𝑐̃ 70%~ 95% [0.7 +  0.15𝑟, 0.95 −  0.1𝑟] 

𝑤̃ 3%~ 8% [0.05 +  0.03𝑟, 0.08 −  0.03𝑟] 

𝜇̃ 2.8%~ 3.8% [0.028 +  0.04𝑟, 0.038 −  0.06𝑟] 

From the above parameters in Table 2, model (1) can rewrite as follows: 

  

{
  
 

  
 
𝑑𝑋(𝑡;𝑟)

𝑑𝑡
 = (0.01 +  0.015r)𝑋(𝑡; 𝑟) + (0.05 +  0.03r)𝑌(𝑡; 𝑟) − (0.7 +  0.15r)𝑋(𝑡; 𝑟)

 −(0.028 +  0.04r)𝑋(𝑡; 𝑟)        
𝑑𝑌(𝑡;𝑟)

𝑑𝑡
 = ( 0.05 +  0.03r) (𝑃 − 𝑋(𝑡; 𝑟) − 𝑌(𝑡; 𝑟)) − (0.05 +  0.03r)𝑌(𝑡; 𝑟)

−(0.028 +  0.04r)𝑌(𝑡; 𝑟)                         

𝑋(0; 𝑟) = 450000 + 100000r, 𝑌(0; 𝑟) = 750000 +  250000r

               (20) 

{
 
 
 

 
 
 
𝑑𝑋(𝑡;𝑟)

𝑑𝑡
 = (0.02 −  0.015r)𝑋(𝑡; 𝑟) + (0.12 −  0.04r)𝑌(𝑡; 𝑟) − (0.95 −  0.1r)𝑋(𝑡; 𝑟) 

−(0.038 −  0.06r)𝑋(𝑡; 𝑟)        
𝑑𝑌(𝑡;𝑟)

𝑑𝑡
 = (0.08 −  0.03r) (𝑃 − 𝑋(𝑡; 𝑟) − 𝑌(𝑡; 𝑟)) − (0.12 −  0.04r)𝑌(𝑡; 𝑟)

−(0.038 −  0.06r)𝑌(𝑡; 𝑟)                         

𝑋(0; 𝑟) = 650000 − 100000r, 𝑌(0; 𝑟) = 1250000 −  250000r

              (21) 

where Oman's population is 𝑃 =  5357663, according to the National Center for Statistics and 

Information (NCSI) of Oman. The next step is to analyze Eq. (20-21) on the new MVIM that is 

described in Section 3 to simulate model (1) from different values of fuzzy level set. Additionally, 

an error analysis is defined in terms of accuracy of MVIM approximate solution via residual error 

as follows: 

{
𝑅𝐸𝑥 =

𝑑 ∑ 𝑋̃𝑖(𝑡;𝑟)
𝑛
𝑖=0

𝑑𝑡
− 𝑎̃ ∑ 𝑋̃𝑖(𝑡; 𝑟)

𝑛
𝑖=0 − 𝑏̃ ∑ 𝑌̃𝑖(𝑡; 𝑟)

𝑛
𝑖=0 + 𝑐̃ ∑ 𝑋̃𝑖(𝑡; 𝑟)

𝑛
𝑖=0 + 𝜇∑ 𝑋̃𝑖(𝑡; 𝑟)

𝑛
𝑖=0               

𝑅𝐸𝑦 =
𝑑 ∑ 𝑌̃𝑖(𝑡;𝑟)

𝑛
𝑖=0

𝑑𝑡
− 𝑤̃(𝑃 − ∑ 𝑋̃𝑖(𝑡; 𝑟)

𝑛
𝑖=0 − ∑ 𝑌̃𝑖(𝑡; 𝑟)

𝑛
𝑖=0 ) + 𝑏̃ ∑ 𝑌̃𝑖(𝑡; 𝑟)

𝑛
𝑖=0 + 𝜇∑ 𝑌̃𝑖(𝑡; 𝑟)

𝑛
𝑖=0   

  

where ∑ 𝑋̃𝑖(𝑡; 𝑟)
𝑛
𝑖=0  and ∑ 𝑌̃𝑖(𝑡; 𝑟)

𝑛
𝑖=0  represent the fuzzy MVIM series solution of model (1) that 

can be summarized in Figures 1-12 as follows:  
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(a) 

 

(b)                                                                                         (c) 

Fig 1. Lower Solution and accuracy of MIVM for Eq. (19) at 𝑟 = 0 for ten years 𝑡 = 10. 

 

(a) 

 

(b)                                                                                    (c) 

Fig 2. Lower Solution and accuracy of MIVM for Eq. (19) at 𝑟 = 0.5 for ten years 𝑡 = 10. 
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(a) 

 

(b)                                                                           (c) 

Fig 3. Lower Solution and accuracy of MIVM for Eq. (19) at 𝑟 = 1 for ten years 𝑡 = 10. 

 

      (a) 

          

                                              (b)                                                                (c)  

Fig 4. Upper Solution and accuracy of MIVM for Eq. (20) at 𝑟 = 0 for ten years 𝑡 = 10. 
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(a) 

.  

                                             (b)                                                               (c) 

Fig 5. Upper Solution and accuracy of MIVM for Eq. (20) at 𝑟 = 0.5 for ten years 𝑡 = 10. 

 

      (a) 

 

                                            (b)                                                               (c) 

Fig 6. Upper Solution and accuracy of MIVM for Eq. (19) at 𝑟 = 1 for ten years 𝑡 = 10. 
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      (a) 

 

                                                          (b)                                                    (c) 

Fig 7. Lower Solution and accuracy of MIVM for Eq. (19) at 𝑟 = 0 for 25 years 𝑡 = 25. 

 

(a) 

     

                                     (b)                                                   (c) 

Fig 8. Lower Solution and accuracy of MIVM for Eq. (20) at 𝑟 = 0.5 for 25 years 𝑡 = 25. 
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       (a) 

      

                            (b)                                                                   (c) 

Fig 9. Lower Solution and accuracy of MIVM for Eq. (20) at 𝑟 = 1 for 25 years 𝑡 = 25. 

 

        (a) 

 

                     (b)                                                                              (c) 

Fig 10. Upper Solution and accuracy of MIVM for Eq. (20) at 𝑟 = 0 for 25 years 𝑡 = 25. 
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        (a) 

        

                             (b)                                                                     (c) 

Fig 11. Upper Solution and accuracy of MIVM for Eq. (20) at 𝑟 = 0.5 for 25 years 𝑡 = 25. 

 

       (a) 

    

                       (b)                                                                             (c) 

Fig 12. Upper Solution and accuracy of MIVM for Eq. (20) at 𝑟 = 1 for 25 years 𝑡 = 25. 
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From Eq. (19) the equilibrium points at 𝑟 = 0  for Eq. (20) is (𝑋𝑒,0, 𝑌𝑒,0 ) = 

(145510.77, 2,089334.66) . According to Section 4 when 𝑟 = 0  the Jacobian matrix can be 

defined as bellow: 

JO = [
−0.718 0.05
−0.05 −0.128

] , 𝜏 = −0.846 and Λ = 0.094404 > 0.  

Consequently, both eigenvalues of the matrix possess negative real components, indicating that 

the equilibrium is a stable node. In the asymptotically stable equilibrium, the solutions converge 

to (𝑋𝑒,0, 𝑌𝑒,0 ) as the equilibrium is reached in the case of 𝑡 →  ∞. At 𝑡 = 10 years, it is likely Eq. 

(20) is still in the transient phase if its initial conditions are distant from equilibrium such that at 

𝑟 = 0: 

𝑋(0; 𝑟) = 450000 > 𝑋𝑒,0, 𝑌(0; 𝑟) = 750000 <  𝑌𝑒,0  . Initially, there was not even close to 

equilibrium. Additionally, the eigenvalues of JO matrix at 𝑟 = 0  of Eq. (19) is −0.132  and 

−0.71375, such that the slowest decay rate 𝑒−0.123influences the long-term. The time constant is 

approximate 
1

0.132
≈ 7.5 years. After a period of ten years, the proportion of original displacement 

that is still present is about 𝑒−1.23≈ 0.267. This indicates that approximately 26.7% of the initial 

errors is still present along the slow eigenvector direction. For 𝑡 = 25 years 𝑒−3.3 ≈  0.0.0367, 

then only 3.7% is left, which is substantially closer to (𝑋𝑒,0, 𝑌𝑒,0 ). Therefore, Eq. (20) is more 

stable within time 𝑡 = 25 at 𝑟 = 0 as stated if Figures 1(a)-7(a). In the same manner, the stability 

of Equation (20) at 𝑟 = 0.5 is depicted as shown in the following illustration: 

The equilibrium point is approximately is (𝑋𝑒,0.5, 𝑌𝑒,0.5 ) = (157280.36,  1948504.76)  

JO = [
−0.8055 0.065
−0.065 −0.178

] , 𝜏 = −0.9835  and Λ = 0.37685625 > 0 . Then equilibrium 

(𝑋𝑒,0.5, 𝑌𝑒,0.5 )is asymptotically stable since the eigenvalues of JO is (−0.184798,−0.798702). 

for 𝑟 = 0.5: 

𝑋(0; 𝑟) = 500000 > 𝑋𝑒,0.5, 𝑌(0; 𝑟) = 875000 <  𝑌𝑒,0.5 

The greater eigenvalue, which is less negative, is the one that determines the rate. The time 

constant is approximate 
−1

−0.184798
≈ 5.42 years. So, by 𝑡 = 10 years 𝑒−1.84798 ≈ 0.16, Eq. (20) is 
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closed to (𝑋𝑒,0.5, 𝑌𝑒,0.5 ) . For 𝑡 = 25  years 𝑒−4.62 ≈ 0.0099 , Eq. (20) is essentially at 

(𝑋𝑒,0.5, 𝑌𝑒,0.5 ). Therefore, the system is stable since both of its eigenvalues are negative; after ten 

years, it is somewhat close to equilibrium, and after twenty-five years, it is quite close to 

equilibrium as displayed in Figures 2(a) and 8(a). To finish the analysis for the lower bound 

solution via three teams of MVIM for model (1) linked to Eq. (20) we check the stability at 𝑟 = 1 

such that: 

The equilibrium point is approximately is (𝑋𝑒,1, 𝑌𝑒,1 ) = (1.67465 × 10
5,  1.86868 × 106)  

JO = [
−0.893 0.08
−0.08 −0.228

] , 𝜏 = −1.121 and Λ = 0.210004 > 0. Then equilibrium (𝑋𝑒,1, 𝑌𝑒,1 )is 

asymptotically stable since the eigenvalues of JO is (−0.237767,−0.883233). for 𝑟 = 1: 

𝑋(0; 𝑟) = 600000 > 𝑋𝑒,1, 𝑌(0; 𝑟) = 1000000 <  𝑌𝑒,1 

The greater eigenvalue, which is less negative, is the one that determines the rate. The time 

constant is approximate 
−1

−0.237767
≈ 4.20 years. So, by 𝑡 = 10 years 𝑒−2.37767 ≈ 0.093, Eq. (20) 

is closed to (𝑋𝑒,1, 𝑌𝑒,1 ) . For 𝑡 = 25  years 𝑒−4.62 ≈ 0.00262106 , Eq. (20) is essentially at 

(𝑋𝑒,1, 𝑌𝑒,1 ). Consequently, the system exhibits stability as both eigenvalues are negative; after 10 

years, it approaches equilibrium, and after twenty-five years, it is significantly near equilibrium, 

as illustrated in Figures 3(a) and 9(a). Now, for the upper bound solution of model (1) 

corresponding to Eq. (21) is started when 𝑟 = 0: 

The equilibrium point is approximately is (𝑋𝑒,0, 𝑌𝑒,0 ) = (219795.9,  1773399.7)  

JO = [
−0.968 0.12
−0.08 −0.238

] , 𝜏 = −1.206 < 0  and Λ = 0.239984 > 0 . Then equilibrium 

(𝑋𝑒,0, 𝑌𝑒,0 )is asymptotically stable since the eigenvalues of JO is (−0.2514, −0.9546). for 𝑟 =

0: 

𝑋(0; 𝑟) = 650000 > 𝑋𝑒,0, 𝑌(0; 𝑟) = 1250000 <  𝑌𝑒,0 

The greater eigenvalue, which is less negative, is the one that determines the rate. The time 

constant is approximate 
−1

−0.2514
≈ 3.98 years. So, by 𝑡 = 10 years 𝑒−2.514 ≈ 0.081, Eq. (20) is 

closed to (𝑋𝑒,0, 𝑌𝑒,0 ). For 𝑡 = 25 years 𝑒−6.28 ≈ 0.0019, Eq. (20) is essentially at (𝑋𝑒,0, 𝑌𝑒,0 ). 
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Consequently, the system exhibits stability as both eigenvalues are negative; after 10 years, it 

approaches equilibrium, and after twenty-five years, it is significantly near equilibrium, as 

illustrated in Figures 4(a) and 10(a). For 𝑟 = 0.5  

The equilibrium point is approximately is (𝑋𝑒,0.5, 𝑌𝑒,0.5 ) = (221257.25,1981355.79)  

JO = [
−0.8955 0.10
−0.065 −0.173

] , 𝜏 = −1.206 < 0  and Λ = 0.1614215 > 0 . Then equilibrium 

(𝑋𝑒,0.5, 𝑌𝑒,0.5 )is asymptotically stable since the eigenvalues of JO is (−0.182118,−0.886381). 

for 𝑟 = 0.5: 

𝑋(0; 𝑟) = 600000 > 𝑋𝑒,0.5, 𝑌(0; 𝑟) = 1.125 × 10
6 < 𝑌𝑒,0.5 

The greater eigenvalue, which is less negative, is the one that determines the rate. The time 

constant is approximate 
−1

−0.182118
≈ 5.49  years. So, by 𝑡 = 10  years 𝑒−1.82118 ≈ 0.162 , 

Approximately 16% of the initial disruption persists  

of Eq. (20) is closed to (𝑋𝑒,0.5, 𝑌𝑒,0.5 ). For 𝑡 = 25 years 𝑒−4.55 ≈ 0.0106, Eq. (20) is essentially 

very close to (𝑋𝑒,0.5, 𝑌𝑒,0.5 ). Consequently, the system exhibits stability as both eigenvalues are 

negative; after 10 years, it approaches equilibrium, and after twenty-five years, it is significantly 

near equilibrium, as illustrated in Figures 5(a) and 11(a). Finally, at 𝑟 = 1: 

The equilibrium point is approximately is (𝑋𝑒,1, 𝑌𝑒,1 ) = (236637,2434560  

JO = [
−0.823 0.08
−0.05 −0.108

] , 𝜏 = −0.931 < 0  and Λ = 0.092884 > 0 . Then equilibrium 

(𝑋𝑒,1, 𝑌𝑒,1 )is asymptotically stable since the eigenvalues of JO is (−0.113639,−0.817361). for 

𝑟 = 1: 

𝑋(0; 𝑟) = 550000 > 𝑋𝑒,1, 𝑌(0; 𝑟) = 1000000 <  𝑌𝑒,1 

The greater eigenvalue, which is less negative, is the one that determines the rate. The time 

constant is approximate 8.8 years. So, by 𝑡 = 10 years 𝑒−1.13639 ≈ 0.321, Approximately 32% of 

the initial disruption persists of Eq. (20) is closed to (𝑋𝑒,1, 𝑌𝑒,1 ). For 𝑡 = 25 years 𝑒−2.840975 ≈

0.058, Eq. (20) is essentially very close to (𝑋𝑒,1, 𝑌𝑒,1 ). Consequently, the system exhibits stability 

as both eigenvalues are negative; after 10 years, it approaches equilibrium, and after twenty-five 
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years, it is significantly near equilibrium, as illustrated in Figures 6(a) and 12(a). With only three 

terms of the new MVIM series solution, it is evident that the semi-analytical solution of model (1) 

is stable as a case study with time increasing, as validated by pictures 1 (b-c) to Figure 12 (b-c). 

This is evident from the analysis that was presented above. The fuzzy system presented in Eq. (20-

21) possesses a distinct stable equilibrium for each 𝑟, with the convergence is more rapid for 𝑟 =

 1  than for 𝑟 = 0  and 𝑟 = 0.5  . Moreover, at 𝑟 = 0.5 , Eq. (20) and Eq. (21) are relatively 

proximate in 𝑋̃, but exhibit greater variability in 𝑌̃. The ranges indicate considerable uncertainty 

regarding the long-term at-risk population 𝑌̃, whereas the diabetic population 𝑋̃ is more reliably 

constrained. In general, the convergence rate indicates that the spectral abscissa becomes 

increasingly negative as 𝑟  grows from 0 to 1  in the lower bound system. In the framework of 

Oman’s diabetic model, this indicates that the uncertainty band (attributable to fuzzy parameters) 

diminishes over the long term, allowing the system to consistently converge on these equilibrium 

populations irrespective of initial conditions within the specified fuzzy range. Public health 

planning may utilize equilibrium values as long-term forecasts.  

 

6. SYNOPSIS AND FINDINGS 

The study presented two developed phases; a new model is developed in the form of the FIVIs 

system to utilize the diabetes cases in terms of vague parameters in Oman. A new exaltation of 

VIM is developed to be fuzzy in terms of simulation and utilization of the proposed model, 

followed by model analysis in terms of stability analysis. The new extension of MFVIM 

demonstrates improved performance by generating polynomial functions that visually illustrate 

the easy convergence of the series solution. The conclusion that was reached was that when the 

MFVIM was combined with just a few terms, it exhibited enhanced results over an extended period 

of time while maintaining a high degree of accuracy. Additionally, the proposed simulated model 

concluded that it is stable for all fuzzy level sets that correlate with the fuzzy parameter, as well as 

for the semi-analytical solution obtained by MVIM. Overall, for Oman's diabetes model, this study 

band indicates that there is uncertainty in the populations at risk of developing diabetes and those 
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who already have the disease in the long term as a result of ambiguity in the parameters, but the 

system always stabilizes. These bands can be utilized for scenario planning in the context of public 

health planning. The study demonstrates the capability and precision of the new MFVIM in solving 

fuzzy models, suggesting its potential as an effective technique for tackling other types of fuzzy 

models, including fractional and nonlinear models, within chaotic systems in future applications.  
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