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Abstract: While outlier detection and control are not fundamental to the estimation of Bayesian Vector Autore-
gressive (BVAR) models, they represent a significant improvement that may enhance the robustness and reliability
of estimation and forecasting. The increasing prevalence of big data pose challenges for monitoring and maintain-
ing data quality for estimation. In this paper, the standard BVAR model is extended through Outlier Detection and
Control (ODC), known as Extended BVAR-ODC model. The Extended BVAR-ODC decomposes the data gener-
ating process into three explicit components: a core VAR process with coefficient matrices and Gaussian innova-
tions, an outlier component, and a multivariate normal-tempered innovation structure. Also, the ODC mechanism
operates through a two-stage Bayesian procedure: posterior inference on outlier indicators, and simultaneous esti-
mation of outlier impact coefficients and VAR parameters. It is shown in simulation that the Extended BVAR-ODC
provides superior fit compared to the standard BVAR. Across all diagnostics, including parameter recovery, poste-
rior trace convergence, mixing and predictive calibration, the Extended BVAR-ODC consistently outperforms the
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standard BVAR. Particularly, the posterior estimates of intercepts, lagged coefficients, and covariance matrices ex-
hibit higher stability and smaller posterior dispersion. Additionally, residual analyses and goodness-of-fit confirm
that the Extended BVAR-ODC effectively mitigates distortions induced by outliers. All performance measures
favour the Extended BVAR-ODC, highlighting its superior generalization performance. Therefore, the Extended
BVAR-ODC would be very useful in modeling financial systems that are subject to structural breaks or extreme
events. Its outlier-induced specification ensures more robust inference under contaminated data distributions.
Keywords: ARIMA; Bayesian; BVAR; multivariate time series; outlier detection and control.

2020 AMS Subject Classification: 62C10, 62F15, 62H30, 62M10, 68T07, 68T10, 91B84.

1. Introduction

Time series models have gained significant importance in forecasting, and are widely used in
various research settings [2]. Autoregressive Moving Average (ARIMA) models have achieved
significant success and recognized as standard forecasting tools [1, 2]. In ARIMA models, only
correlation between a predicted variable and its historical data is used. As a result, different
methods for predicting time series have emerged [3, 4]. A variant of these expanded models are
known as Vector Autoregressive (VAR) models. These models are effective in macroeconomics
[5, 6]. The development of VAR models is a reaction to the increasing doubt about the “incred-
ible identifying restrictions” that affected large-scale macroeconomics models [7]. However, a
significant limitation of VAR is the “curse of dimensionality” due to high degree of general-
ity and ability to capture complicated dynamic interactions. An alternative to overcoming the
over-parameterization problem of VAR is Bayesian estimation. That is, Bayesian VAR (BVAR)
models resolve the issue of parameter instability [3]. By including priors, these constraints ef-
fectively address the issue. The approach may be seen as an hybrid estimation process. The
motivation for the use of BVAR is to obtain accurate estimates and forecasts [3].

In spite of the effectiveness of BVAR , technological advances have facilitated the accumula-
tion of large amounts of data with substantial complexities over time in several domains which
have posed considerable challenge to these models. Ensuring data quality is essential for any
reliable research. The increasing prevalence of big data poses unique issues for monitoring
and maintaining data quality. Literature show tasks such as outlier detection, classification, and

clustering [8]. An essential component of data quality monitoring is detecting and controlling



OUTLIER DETECTION AND CONTROL IN BAYESIAN VECTOR AUTOREGRESSIVE PROCESSES 3
outliers. Statistical models such as conventional VAR and BVAR are well-known for their sen-
sitivity to outliers and lack ability to detect and control outlier effects. Hence, there is the need
to incorporate outlier control features into BVAR.

An outlier is a data point that does not follow the normal pattern, or aligns closely with a
known aberrant pattern [9]. They may occur due to: malicious behaviours, instrumental mis-
takes, human or setup errors, environmental changes, and catastrophic events. Irrespective of
the source, outliers are interesting to the researcher since they provide distinct information com-
pared to others [10]. Outliers manifest in many ways across different applications. Outliers are
put into 3 categories: Category I refers to individual data points that are isolated within a dataset.
These are the most basic and easily detectable. In terms of attributes, they are significantly dis-
tant from others [11]. Category II usually includes additional contextual factors like time and
place [11]. For Category III, a certain subset of the data points exhibit outlier behaviour in
relation to the overall data. Individually, none of the data points in a tiny subset deviates signifi-
cantly from others. However, when considered as a whole, the subset exhibits outlier behaviour.
For contextual data like time series, the data is organized as a sequence. Hence, a certain sub-
sequence may be considered an outlier in relation to the full sequence, known as innovation
outliers. These are challenging to detect due to their ability to impact others within the same
context and attempt to conceal their presence. The control of outliers in time series focuses on
aberrant behaviours of the series throughout time [12]. Due to their effect on the estimation of
parameters, it is of interest to robustify the standard BVAR to outlier effects.

From literature, numerous challenges associated with outlier detection and control are iden-
tified. These challenges range from loss of information and linear relationships to overfitting
and computational complexity. In dealing with these challenges, some techniques were pro-
posed. While some focus on outliers in VAR [13], others focused on outliers in BVAR [14, 15].
Some of these studies focused on modeling effects of COVID-19 pandemic related outliers by
incorporating a stochastic volatility [14, 15]. It is found that these outliers have significant ef-
fects on coefficients without stochastic volatility [16], unless prior for coefficient is adjusted
to be highly restrictive. The issue of outliers are controlled using techniques like BVAR with

and without stochastic volatilities [14, 15, 16]. This is because earlier work [16] advocate for
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stochastic volatility specifications for controlling outlier effects on models other than triangu-
lar decomposition. The resultant models are referred to as BVAR with and without stochastic
volatility. Also, [17] emphasizes the importance of identifying outliers and structural breaks in
time series, as they significantly affect parameter estimation and forecasting accuracy. Further,
[18, 17] establishes that statistical properties of time series change at unknown points, and that
outliers are conceptually related to but distinct from change points, and that neural networks are
valid tools for both detection and estimation in this setting. In this study, the outlier problem is
solved through deep learning and density-based outlier detection technique application.
Different from others, [14, 15] obtained parameter estimates by optimizing marginal like-
lihood to control outliers. In an earlier study, [19] in solving outlier problem, derived an ex-
plicit expression for one of the sum of squares cross product matrices involved in outliers, and
showed that the discordancy of multiple outliers is preserved along multiple-outlier display-
ing components with much lower dimensions than the original high-dimensional data. The
current study, however, focuses on outlier detection and control concurrently. The explicit
outlier detection using the hybrid DNN-DBSCAN technique [20] contrasts with the stochas-
tic volatility method of [21], providing interpretable discrete outlier identification instead of
smooth time-varying volatility. Both strategies tackle non-Gaussian innovations through com-
plementary mechanisms. The existing BVAR [22, 23] is enhanced by integrating Minnesota
shrinkage with Student-t robustness and structured outlier effects through a diagonal matrix C
[24]. To address the challenges of outlier contamination and parameter estimations, a mixture
modeling framework that distinguishes between normal and contaminated data is proposed. The

BVAR assumes the innovations follow a multivariate normal distribution is define as

1 1 _
(1) f(y|l~hz):WeXP <—§(y—H)TZ l(y—ﬂ))

where y € R" is a random vector, it € R" is the mean vector, X is an n X n positive definite covari-
ance matrix, n is the dimension of the distribution and 7 appears in the normalizing constant
(27r)”/ 2. While this specification provides computational tractability and efficient estimation
under Gaussian assumptions, it is highly sensitive to outliers due to exponential decay of the

tails [25, 26]. The quadratic component, (y — ) "~ !(y — i) in the exponent assigns negligible



OUTLIER DETECTION AND CONTROL IN BAYESIAN VECTOR AUTOREGRESSIVE PROCESSES 5
probability to observations far from the mean, causing extreme values to exert disproportionate
influence on parameter estimates. This phenomenon is known as the leverage effects [27].

To accommodate the heavy-tailed behaviour of observations and reduce outlier sensitivity,

the multivariate Student-t distribution with v degrees of freedom is incorporated, defined as

(%o 1 1 B
) fy I mEv) = r( v )
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where p € R”" is the location vector, X is an n X n positive definite scale matrix, v > 0 is the
degrees of freedom parameter, and I'(+) is the Gamma function. Unlike the normal distribution,
the t-distribution exhibits polynomial rather than exponential tail decay, making it more robust
to outliers [28]. The v controls the tail heaviness. Hence, as v approaches infinity, the Student-t
converges to the normal distribution, as shown in Equation (1), while smaller v values pro-
duce fatter tails that assign substantial probability to extreme observations [29]. This makes the
Student-t distribution naturally robust to outliers, as extreme values receive non-negligible like-
lihood and exert bounded influence on parameter estimates [30]. The critical difference between
Equations (1) and (2) lies in the rate of tail decay. The multivariate normal assigns probability
proportional to exp(—d? /2), resulting in exponentially vanishing probability for large d. In con-
trast, the Student-t assigns probability proportional to (v)~(V+")/2 yielding polynomial decay
of order d—(V+") [31]. For low (V ~ 5), this polynomial decay produces substantially heavier
tails. This characteristic enables robust estimation, where outliers contribute to the likelihood
without dominating it, and reducing their leverage on coefficient estimates [6].

Following the robust Bayesian framework proposed and extended for time-varying param-
eter models [28, 32], there is the need to formulate a mixture distribution that combines both
specifications. This formulation essentially explicitly separates the data-generating processes,
the normal component in Equation (1) governs normal observations arising from the underlying
VAR dynamics, while the Student-t component in Equation (2) captures outlying observations
[10]. Furthermore, a mixture weight 7 is estimated from the data, allowing the model to learn
the contamination level rather than assuming it a priori, a key advantage over fixed robustifica-

tion schemes [10]. The challenges of existing methods are addressed by proposing a technique
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to control outliers within BVAR through explicit modeling of heavy-tailed innovations. Out-
liers are first detected by a hybrid DNN-DBSCAN technique [20], and information on outliers,
including their locations, magnitudes, and estimated contamination proportion, is incorporated
into the standard BVAR to control outlier effects. Specifically, the detected outliers inform
the initialization of 7 and guide the specification of informative priors on Vv, ensuring that the
Student-t component adequately captures the observed tail behaviour [33, 34]. This paper there-
fore extends the standard BVAR to obtain what is referred to as the Extended BVAR-ODC
model, which jointly estimates AR parameters, covariance structure, mixture weights, and tail
heaviness parameters in a coherent Bayesian framework. The resulting model achieves robust-
ness without sacrificing efficiency for clean data, as posterior inference naturally down-weights
contaminated observations while preserving full statistical information from regular observa-
tions [6, 28]. The rest of the paper is organised as follows: In Section 2, the procedures for
Extending the standard BVAR are presented while in Section 3, the main results are presented.

Finally, Section 4 presents the conclusion of the paper.

2. Methods

2.1 Extended BVAR-ODC Model Development

In extending the standard BVAR, the hybrid DNN-DBSCAN technique [20] is used to detect
outliers. A binary indicator vector is defined for detected outliers, and information on outliers

are incorporated into the standard BVAR, as presented in the ensuing sections.

2.1.1 Distribution of clean data

The standard BVAR model for a k-dimensional time series, Y; of length 7 is defined as

p
(3) Y.= Ao+ Z AiYi—i + &
i=1 v
N e Innovation component
Core process component

where, Y, € R¥*1 js vector of endogenous variables at time 7, Ay € Rk*1 s a vector of intercepts,
A; € R*K is coefficient matrix for lag i, Y;_; € R**! is lagged vector of endogenous variables,

and & ~ Ni(0,X) is Gaussian noise with covariance matrix £. Assuming there are no outliers,
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the innovation, & in Equation (3) follows the Multivariate Normal Distribution (N ) defined as
4) & ~ Nk(Ok,Z), 1id over ¢

and the conditional distribution becomes

p
(%) Ye| Y1, Yo, Yo p ~ Ny (AO + ZAth—hZ)
i=1

2.1.2 Distribution of contaminated data

If a given multivariate time series data contain outliers, then, a binary indicator variable, O j;
18

1 If Y} is an outlier
(6) 0 =

0 Otherwise
where Oj, is #'" outlier at time ¢ for the j* component of the time series vector, Y} is ¢
observation at time ¢ for the j"* component of the time series vector, j = 1,2,3,---,k and t =

1,2,3,---,T. At each time point ¢, the indicators are collected into a k-dimensional vector as
(7) 0, = (011,0%,...,0y)" € {0,1}

where the O; are treated as fixed and external. Due to outliers, the Gaussian assumptions
in Equations (4) is violated. A flexible distribution that accounts for outliers without over-
penalizing them is student t-distribution, with a fat tail that downweights outliers naturally
[30, 3]. Hence, the outlier component follow the multivariate t-distribution, conditionally de-
fined as

p
®) Y| O ~1t, (v,A0+ ZA,-Y,,-,Z)

i=1
where, f, is t-distribution with v degrees of freedom, allowing for heavier tails than a normal
distribution and captures outliers robustly. The density function is in Equation (2). However,
to accommodate both structural outliers and stochastic heavy-tailed behaviour, the innovation

distribution is specified as a Mixture of Normal-Student-t (MNT) distribution is

9) E; ~ MNT (0,2, t,v), iid. overt
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with mixture density
(10) FE) =7 X @ (E;05,2) + (1 — 1) x tv,k(EﬁOkaZ)

where E,; is mixture of Gaussian Student-t noise, ¢ (+;0,X) is k-variate Normal density with
mean zero and covariance X, and #y i (-;0¢,X) is k-variate Student-t density with v degrees of
freedom, scale matrix is X and C is diagonal. The parameter & € (0,1) is probability of the
normal component. Incorporation information on outliers detected in Equation (7) into Equation
(3) becomes

p
(11) Yi= Ag+ ) AY, ., + CO,  + E
—1 ~~

] . .
Outlier component Innovations component

Core process component

where E; follows the MNT with C and X, with properties of C as follows

(a) Oy is binary and by definition
(12) E(CO;)=Cx p(0O,=1)
(b) Typically,
(13) |C] <1 (additive, mild shocks),

and may be more than 1 with outlier size.
(c) If k is the number of variables and d is number of outliers detected, then, O, € R?*¥ and

Ce Rdxk

2.1.3 Modified BVAR likelihood function

Now, each Y j, given its history and outliers detected in Equation (6) follow the MNT distri-

bution, and the likelihood function of Equation (3) is affected. If the following equations are

further defined
(14) X, = [YllaleaYl3a e ,Ylp7OtT]T
and

(15) ® = [A},A2,A3,...,A,, C| € RF<kPHE)
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Then, Equation (11) becomes

(16) Y =A)+PX; +E;
where
_YIT_ _EIT_
Y, E;
(17) Y= Y3T and E= ]«]3T
Y7 | E; |

and the updated likelihood of Equation (16) becomes

T
L(Ag,@,2 | Y,X,0) =[] [7 x P(Y,; A0+ 0X,,E) +
=1

(18) (1—7) x ty x(Yi; Ao+ DX, 2)]

where, ¢(-;1,X) is density of Ny, tyx(-;1,X) is density of a k-variate ¢-distribution with v

degrees of freedom.

2.1.4 Prior distributions of parameters

Assuming Bayesian setup, the priors are specified to capture the outlier effect coefficients, C

as follows
)
Ag ~ Ni(mg, Vo)
D ~ MN s (kp+k) (Mo, Vo, E)
(19) Y~ IW (P, V)

v ~ Gamma(ay,by)

L T~ Beta(aﬂ, bn)

where MNq4(M,V,X) is the matrix-normal distribution with dimensions k x d, M is the prior
mean matrix for ®, Vg is column covariance matrix, and X is row covariance matrix. Also,
IW (¥, vp) is the IW distribution, ¥ € R**¥ is a positive-definite scale matrix, and vy >k — 1

is df. Specifically, a diffuse Gaussian prior with substantial variance is used for the intercept
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vector, causing it to be weakly informative and allowing the data to take control of the posterior
[35], while also guaranteeing the proper presence of the posterior [36]. The zero-centered prior
is suitable following the data normalization, as intercepts denote departures from standardized
means. This prevents the imposition of prior beliefs about the nature of economic variables,
which may exhibit non-stationarity [37]. The diffuse prior guarantees robustness against prior
misestimation [38]. The matrix-normal prior with Minnesota-type shrinkage is the accepted
standard for BVAR models, offering automatic regularization for the high-dimensional param-
eter space [39]. The Gaussian assumption for ® yields exponential tail decay, which is suitable
considering that VAR coefficients are constrained in stable systems. This minimizes inflated
coefficient estimates that could contradict stationarity [40]. The IW prior is conjugate to the
Gaussian likelihood, facilitating efficient Gibbs sampling and guaranteeing positive-definiteness
of X [41], making it highly relevant for current BVAR applications due to its computational ef-
ficiency [42]. Primarily, vy is set up in order to ensure a finite prior mean, consequently giving
a weakly informative prior centered around the identity. This indicates unit unconditional devi-
ations following standardization [43]. The identity scale matrix ¥ = [; imposes minimal prior
information on the covariance structure, permitting the data to ascertain correlations across vari-
ables [38]. Furthermore, the gamma prior on v permits data-driven adjustment of tail heaviness,
combining robustness against outliers with efficiency under normal conditions [24]. This is es-
sential for economic data demonstrating extreme events [44]. The gamma distribution features
an exponential right tail, allowing for arbitrarily significant v while assigning minimal prior
probability to extremely heavy tails. This indicates a prior assumption that extreme Cauchy-
like behaviour is rare but feasible [45]. The beta prior on & regulates the balance between the
Gaussian and the Student-t components in the innovation distribution. The symmetry provides
minimal regularization to uniform weighting while remaining weakly informative [46]. This
reduced label switching and stabilized the MCMC sampling, enabling the data to ascertain the
dominant component [46]. Consequently, these priors are weakly informative, enabling the data

to prevail in the posterior while offering regularization for stable estimate.
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2.1.5 Posterior distributions

Due to the structure of Equation (16), the posterior distribution of the priors in Equation (19)
are not analytically tractable, but holds partially for X, ® and Ay. Hence, the posteriors are

specified up to proportionality for each parameter as follows
(

P(Ag | @,2,v,7,Y,X,0) o< [IL; |7 x ¢(Yi;A0+ DX, 2)+ (1 —7) X

tv k(Y580 +PX,, 2) | X Ni(Ag | mo, Vo)

p(®|Ag,Z,v,m,Y,0) o< [T [ X ¢ (Yi;A0+@X,,2) + (1 —7) X

tv,k(Yt;AO —|—q)X,,Z) X MNkX(kp—i—k) (q) ‘ Mq),ch,E)

P(Z|Ag,®,v,7,Y,X,0) o<[I; |7 x ¢ (Yi;A0+ DX, 2)+ (1 —7) X

(20)

tv,k(Yt;AO_l_q)Xl?Z) X IW(Z ‘ ¥, VO)

p(V|Ag, @2, 7, Y,X,0) «<[I; |7 x ¢ (Yi;Ag+PX;,2)+ (1 —7) X

tvi(Yi; Ao+ DX, X) | x Gamma(V | ay,by)

P Ag,®,2,v,Y,X,0) «<[I; |7 x ¢ (Yi;Ag+ DX, 2)+ (1 —7) X

tV,k(Yt;AO +¢XZ72) X Beta(TL‘ | aﬂ?7bﬂ?>

\

Therefore, the joint posterior distribution is defined as

P(Ag,®,E, v, |Y,X,0) o< L(Y | Ag,D,Z,v,7,X,0) X

Mixture Likelihood Component

P(Ao) X p(®) x p(X) x p(v) x p(r)

-
Vv
Prior Distributions Component

21

and substituting Equations (19) and (20) into Equation (21), and Equation (21) becomes
T
p(®,A0,Z,v, 7| Y, X,0) =[] [nq)k(Yt;Ao +®X,,2) + (1— 1) ty 1 (Yis Ag + CI)X,,Z)]
=1

(22) X MNTk(CI) | M@,V@,Z)Nk(Ao ‘ m(),V())
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x IW(X | W, vp) Gamma(V | ay,by)Beta(w | ar,by)

2.1.6 Extended BVAR-ODC

The adjusted predictions from the Extended BVAR-ODC accounts for C, and defined as

A~ A~ p AN ~
(23) Y, =Ao+ Y AY,_i+CO;
i=1
Equation (23) is to correct distortions introduced by outliers, leading to a realistic residual

structure that yields enhanced robustness for structural inference under contaminated data.

2.2 Modeling Design and Assumptions

The VAR coefficient matrices are computed using Bayesian inference rather than being pre-
determined [47]. Also, X is considered as an unknown quantity that is evaluated concurrently
with the VAR coefficients. To ensure parsimony and computational efficiency, an assumption is
made regarding the time-invariance of X, while recognizing that this may be compromised in the
presence of outliers. The Inverse-Wishart prior on X is conjugate to the Gaussian likelihood, en-
abling closed-form posterior updates. Outliers are directly represented by CO; instead of being
included into time-varying volatility, facilitating clearer understanding. It is also assumed that
outliers are unusual occurrences, as evidenced by the examination of standard economic time
series in which rare events are observed. The framework incorporates additive and innovative
outliers by means of appropriate specification of C. Moreover, outliers provide significant diver-
gence from the predicted values, allowing posterior probabilities P(O; = 1|data) to differentiate
between outlying and non-outlying observations. X is a k X kK symmetric, positive-definite matrix
that represents contemporaneous correlations among the k series. Finally, ¥ remains constant
over time. To provide robustness while retaining conjugacy features, we utilize the MNT distri-

bution for E;, a minor generalization of the Gaussian that allows for regulated heavy-tailedness.

2.3 MCMC Parameter Estimations Procedures

Posterior inference for the Extended BVAR-ODC is obtained by a Gibbs sampling, incorpo-
rating auxiliary phases for non-conjugate parameters. Each iteration of the MCMC occurs as
follows: The coefficient matrix for VAR coefficients is sampled based on the data and current

outlier indicators, applying the Minnesota prior, with the conditional posterior being Gaussian.
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Furthermore, for ¥, it is drawn from its inverse-Wishart posterior distribution. Also, for each ob-
servation at ¢, the binary indicator O, is sampled from a Bernoulli distribution with probability
7. Moreover, given that O; = 1, C is drawn from its Gaussian posterior distribution. Also, the
outlier probability parameter 7 is revised based on its Beta posterior distribution. The tail pa-
rameter v, which regulates the outlier component, is finally updated by a Metropolis—Hastings
step due to a conjugate posterior absence. The algorithm runs for N iterations, ignoring an

initial burn-in phase. Posterior summaries are derived from the retained draws.

2.4 Performance Measures

The performance of the Extended BVAR-ODC is evaluated in relation to the standard BVAR.
The stability and accuracy of the estimations are assessed to compare the estimates between the

two models. For a 2-variable time series, the Extended BVAR-ODC at lag 1 is
(24) Y =Ao+A1Y,_1+CO;+E;, E; ~MNT (0,2, 7, V)
and that for the Standard BVAR is

(25) Y, =Aog+A 1Y, 1+&, &~N(0,X)

where k is number of variables. The true parameters, estimated parameters are presented in

Table 1, together with other important performance metrics.

2.4.1 Posterior Predictive Check

Posterior Predictive Check assesses how well a model reproduces key features of the observed
data [48, 49]. Given the observed data D = {Y,}IT:1 and the posterior samples of parameters,

0, the posterior predictive distribution is
26) p(Y** D) = [ p(¥*? | 0)p(6 | D)do

In Equation (11), the posterior predictive samples Y;" are drawn by simulating from Equation

(26) using the posterior draws of the parameters, (A;, C,X;;) of the Extended BVAR-ODC.
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2.4.2 Probabilistic Evaluation Metrics

Two probabilistic evaluation metrics, namely, Probability Integral Transform (PIT) and Con-

tinuous Ranked Probability Score (CRPS) are applied, as presented in the ensuing sections:

(a) PIT verifies consistency of predictive distribution with observed data [50], as
27 PIT, = F(Y¢)

where F;(-) denotes cumulative distribution function of posterior predictive distribution
of the new model at ¢, on U(0,1). For the PIT technique, deviations from uniformity
indicate systematic biases in predictions of the Extended BVAR-ODC [49].

(b) CRPS provides a scalar summary of predictive accuracy by comparing entire predictive

distribution to observed outcome. CRPS for a predictive CDF F and Y is

oo

(28) CRPS(F,Y) = / [F(Z2)-I{y < Z})*dZ,

—o0

where I{-} is an indicator function. Smaller CRPS values indicate better predictive

sharpness and calibration [48].
2.4.3 Goodness-of-Fit Metrics

The predictive performances are assessed using Mean Absolute Error (MAE), Root Mean
Square Error (RMSE), Mean Square Error (MSE), Mean Absolute Deviations (MAD) and

Coefficient of Determination (R?) as presented as follow

MSE = ﬁ ZZT:1 ZkK:1 (Ytk - Yzk)2

RMSE = /& 57 XX (Yo — Vie?

MAE = ﬁerzl Zszl Yo — ‘?zk\

29) _
MAD = 7 ¥ Y5 [V — Yy

where where T represents the number of observations and K is the number of variables. Hence,

lower values of the metrics imply better model fit and vice versa.
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2.4.4 Data Generation Process

A bivariate time series of 7 = 1,000 daily observations, representing exchange rate and infla-
tion over approximately 3 years (January 2023 — December 2025), is simulated to evaluate the
Extended BVAR-ODC. The sample size is sufficient for stable posterior estimation and mean-
ingful evaluation under controlled simulation conditions. Parameters follow recommendations
of [53], [52], and [51], with the DGP constructed to mirror the dual-robustness mechanism of

the Extended BVAR-ODC. The multivariate time series {Y,}IT:1 is generated as
(30) Y, =Ao+A1Y,_1 +CO; +E;

where structural outliers are introduced by randomly selecting |0.10 x 7| time indices from
{p+1,...,T}, setting the corresponding elements of O, € {0,1}* to 1 for randomly activated
variables at each selected outlier time and O; = 0;, otherwise, inducing additive level shifts rep-
resenting structural breaks. C is defined as diagonal so that simulated outlier shocks affect each
variable independently, isolating the outlier signal per variable and providing a clean controlled
environment for evaluating the DNN-DBSCAN detection step and the Extended BVAR-ODC
recovery performance. The 10% outlier proportion used exceeds the conventional 5% accept-
able threshold, to rigorously stress-test both models. To mirror the dual-robustness mechanism

of the Extended BVAR-ODC, E; follows the Mixture Normal-Student- (MNT) distribution
(31) E; ~ MNT (0,2, m,v), ii.d.overt

with mixture density

(32) FE) =7 u(Ep; 0, Z) + (1 — 1) -ty 1 (Ey; O, X)

where ¢ (-; O, X) is the k-variate Normal density with mean zero and covariance X, t,, x(-; 0, X)
is the k-variate Student-z density with v degrees of freedom and scale matrix X, and 7 € (0,1)
is the mixing weight on the Normal component, providing continuous heavy-tail robustness to
capture innovation outliers distinct from persistent structural breaks. The vector and matrix

specifications are: Y, € R2*!, Ag € R, A e R?*%2, C e R>*2, 0, € {0,1}>*1,and X € R2%2,
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3. Main Results

3.1 Extended BVAR-ODC Parameters Estimation

The Extended BVAR-ODC builds on the standard BVAR by incorporating outliers detected
through hybrid DNN-DBSCAN [20], as exogenous binary indicators into the model. Standard
BVAR models are effective for multivariate forecasting but produce biased estimates when out-
liers are present and unaccounted for. By explicitly flagging outliers, the Extended BVAR-ODC
separates systematic variation from exceptional deviations, preventing distortion of coefficient
estimates. This two-stage approach combines unsupervised machine learning for precise outlier

identification with Bayesian econometric methods for stable, accurate parameter estimation.

3.1.1 Intercept terms: Bias and recovery of the intercepts

From Table 1, Ag; for BVAR exhibits severe overestimation bias, showing 122% positive
bias, suggesting that the unmodeled outliers artificially inflate the constant terms [9]. In con-
trast, the Extended BVAR-ODC recovers with a 42% smaller standard errors, demonstrating
superior precision. This shows outliers inflate correlation estimates and distort dependence
structure [27]. The inflated estimate of BVAR reflects contamination bias in high-dimensional
data streams [10]. Again, for Ay, BVAR fails to identify this parameter effectively, showing
93% attenuation to zero. This represents the classic suppression effects where outliers obscure
true negative relationships [30]. The Extended BVAR-ODC recovers the true value, confirming

that robust modeling through the heavy-tailed distribution restores parameter identifiability [5].

3.1.2 Lagged coefficients: Robustness and efficiency gains

From Table 1, concerning A, both models perform adequately, but the Extended BVAR-
ODC exhibit superior efficiency: 44% smaller standard error and 85% higher t-statistics. The
tighter credible interval of the Extended BVAR-ODC reflect effective outlier down-weighting,
which is consistent with the robust M-estimation principles [3]. The accuracy improvement
confirms that the heavy-tailed error distributions reduce the bias in the dominant autoregres-
sive parameters [6]. For A, the Standard BVAR shows minimal bias but 73% larger stan-

dard error. The Extended BVAR-ODC exhibits slight underestimation (14% negative bias) but
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maintains stronger statistical evidence. This trade-off suggests that the robust model conser-
vatively shrinks the weak cross-variable effects to prevent outlier-driven spurious relationships
[1]. Also, on Ajy, the Standard BVAR underestimates by 17%, while the Extended BVAR-ODC
achieves 3% accuracy with 36% smaller standard error. The t-statistic of the Extended model
nearly doubles, providing substantially stronger evidence for this cross-lag effect [4]. Finally,
for As;, although both models show moderate accuracy, the Extended BVAR-ODC reduces bias
by about 63% and improves precision by about 33%. The t-statistic also increases by 45%,

indicating a more reliable inference for this second-equation autoregressive effect [2].

TABLE 1. Estimated Parameters: Standard vs Extended BVAR-ODC

Parameter True value STD BVAR (£SD) t-value p-value Extended BVAR-ODC (£SD) t-value p-value

Aor 0.500 1.111 £0.113 9.832  0.000 0.510 £ 0.066 7.727  0.000
A -0.500 -0.036 £0.099  -0.364 0.716 -0.500 % 0.066 -7.576  0.000
Aqy 0.700 0.678 £ 0.032 21.188 0.000 0.705 £ 0.018 39.167 0.000
A 0.200 0.202 £ 0.045 4.489  0.000 0.172 £ 0.026 6.615 0.000
Agp 0.100 0.083 + 0.028 2.964  0.000 0.103 +0.018 5.722  0.000
A 0.600 0.588 £ 0.039 15.077 0.000 0.568 £ 0.026 21.846 0.000
X1 1.000 3.539£0.163 21.712  0.000 1.027 £ 0.023 20.040  0.000
X1 0.300 2.243 £ 0.121 18.537 0.000 0.302 £ 0.015 8.343  0.000
Y1 0.300 243 +0.121 18.537 0.000 0.302 £ 0.015 8.343  0.000
X2 1.000 2.618 £0.113 23.168 0.000 1.018 +0.022 20.245 0.000
Cn 2.000 - - - 1.257 £ 0.066 19.046 0.000
Cx» 1.500 - - - 1.380 + 0.067 20.597 0.000
v 3.000 - - - 3924 +1.176 3.338  0.000

T 0.900 - - - 0.880 + 0.069 12.754  0.000
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3.1.3 Covariance parameters: Bias control and true uncertainty

From Table 1, X for BVAR shows overestimation by 254%, the most severe bias. However, the
Extended BVAR-ODC achieves high recovery (3% deviation) with 86% smaller standard error,
demonstrating that the mixture distributions correctly separate the outlier-induced variance from
inherent volatility [30]. For the off-diagonal elements, the Standard BVAR overestimates the
covariance by about 647-710%, creating spurious cross-variable dependencies. The Extended
BVAR-ODC on the other hand recovers the true covariance with about 1% accuracy and 87%
smaller standard error. This demonstrates that robust modeling prevents outliers from inflating
correlation structures [5]. Lastly, the Standard BVAR overestimates Y, by 162%, while the
Extended BVAR-ODC achieves 2% accuracy with 81% smaller standard error [3].

3.1.4 OQutlier effect coefficients: Novelty in structural parameters

From Table 1, both C; and Cp; exhibit moderate negative bias: Cp; is underestimated by
37%, while Cy; shows substantially better recovery with only 8% underestimation. The moder-
ate underestimation of Cy; reflects the conservative approach of the model to outlier attribution.
This negative bias is characteristic of robust estimation procedures, which deliberately set a high
threshold for labeling observations as outliers to avoid false positives [9]. The substantially bet-
ter recovery of Cy; is noteworthy. This may arise from several factors. The interaction between

hybrid DNN-DBSCAN and Bayesian procedure may favour certain configurations [34].

3.1.5 Mixture distribution parameters: Modelling of tail behaviour

Furthermore, the mixture distribution parameters characterize heavy-tailed error structure.
The degrees of freedom is overestimated at 31%. This confirms substantial tail heaviness, im-
plying the Student-t distribution has approximately about 3 —4 times heavier tails than Gaussian
distribution [1]. This validates the necessity of flexible error distributions for robust estimations
[2]. Finally, 7 is underestimated at about 2%. Approximately 88% of the data are treated as
“clean” while 12% receive outlier-robust treatment. The tight confidence interval suggests that
the model confidently distinguishes contaminated data from clean data [9], which is consistent

with contamination-aware density estimation [54]. This suggests the model is identifying and
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classifying outliers, with benefit of robust parameter estimation, protection against misspecifi-
cation, and better tail risk modeling. This is because slightly over-conservative outlier detection

improves overall model performance in high-dimensional data streams [10].

3.2 Extended BYAR-ODC Performance

The performance of the Extended BVAR-ODC is evaluated in relation to one of its main

variant, the Standard BVAR, as presented in the following sections.

3.2.1 Trace plots and posterior densities

In Figure 1, whereas the Standard BVAR exhibits biased and more dispersed posteriors, the
Extended BVAR-ODC recovers the intercept tightly about values near the data generating pro-
cess. This indicates that outliers inflate intercept estimates when they are not explicitly mod-
eled. The mixture-based likelihoods and outlier-aware preprocessing have reduced the intercept

bias and produced better calibrated baseline levels [55]. In Figure 2, both specifications re-
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FIGURE 1. Trace and Posterior Density Plots of Intercepts

cover the signs and dynamic propagation, but the Extended BVAR-ODC appears to yield no-
ticeably narrower posteriors and slightly closer point estimates to the known data generation

process for several of the entries. The narrower credible interval indicates improved estimator
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FIGURE 2. Trace and Posterior Density Plots of Lagged Coefficients

efficiency and reduced influence of aberrant observations. Recent advances in BVAR priors
and robust likelihoods demonstrate similar gains in coefficient recovery and forecasting perfor-
mance [53, 56].

Figure 3 highlights pronounced difference. The Standard BVAR produces inflated marginal
variances and covariances while the Extended BVAR-ODC recovers values close to the data
generation process. This illustrates a well documented phenomenon that, unmodeled out-
liers can severely bias sample and posterior covariance estimates and create spurious Cross-
correlations [55, 57]. This means using robust covariance estimation through the Normal-
Student-r mixtures distribution reduces the inflation and yields more defensible structural in-
ferences like comovement, shock transmission, among others. The Extended BVAR-ODC in-
dicates meaningful departures from Gaussianity and quantify relative prevalence of atypical
observations. The outlier effects matrix, C isolates outlier impacts and explains much variance
inflation as observed under the Standard BVAR model. Literature emphasizes that reporting

these parameters is very essential [58, 59].
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FIGURE 3. Trace and Posterior Density Plots of Sigma Coefficients

On a whole, the trace plots (Figures 1-3) demonstrate good stationarity and mixing for the
Extended BVAR-ODC parameters, such as the absence of visible drift, R=~1and adequate Ef-
fective Sample Size, which implies reliable posterior summaries. Although the standard BVAR
traces are stable, the posterior uncertainty is inflated for the scale parameters, consistent with
available identifiability and efficiency losses when no outlier control (model misspecification) is
present [53, 60]. The Extended BVAR-ODC achieves tighter variance estimation and improved
outlier control, indicating successful outlier adjustment and enhanced credibility. It is clear that
the Extended BVAR-ODC outperforms in all. Its posteriors are tighter, better centered, and
more stable, a strong evidence of improved calibration, efficiency, and robustness to outliers.
Additionally, in Figure 4, the posterior densities of Figure 4(a) displays a well-formed, con-
centrated modes and show stable mixing across all chains. The statistically significant, non-zero
posterior mass for C indicate that feature-identified outlier effects materially shift the condi-
tional mean. These coefficients act as explicit correction terms absorbing transient shocks which
would otherwise bias the BVAR intercepts and inflate the error covariance. Recent works that
combine outlier detection with Bayesian estimation produce interpretable adjustment coeffi-
cients and improve parameter recovery and forecast calibration [59, 55]. The 7 directly informs

the degree of heavy-tail behaviour and models effective complexity [58, 57]. For Figure 4(b),
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FIGURE 4. Trace and Posterior Density Plots of C and Mixture Parameters

the posterior density and trace concentrate near high values (close to 1), indicating that most
of the observations are generated normally while a smaller percentage is handled by the out-
lier component. This quantifies the prevalence of atypical observations and is important for
assessing robustness and model fit. That is, a high posterior 7 with non-zero C terms implying
impactful outliers.

Finally, in Figure 4(c), the posterior for v shows mass concentrated around low integer val-
ues, with evidence of stationarity. The posterior Vv signals pronounced heavy-tails and supports
the use of mixture likelihoods instead of Gaussian. Learning v from data improves predictive
calibration and reduces variance inflation that otherwise occurs under Gaussian misspecification

[57, 55]. The estimated outlier percentage (12%) is consistent with typical contamination rates
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in time series data and analysis [10], validating that contamination is common in real-world
applications. Also, the tight posterior suggests the Extended BVAR-ODC effectively discrimi-
nates between clean data and outliers, improving robustness. The degrees of freedom provides a
strong evidence of leptokurtic behaviour in the data, which justifies the use of the mixture distri-
bution over purely Gaussian. For this reason, according to [61], BVAR models with t-distributed
errors substantially outperform Gaussian models when v < 10. Similarly, [34] shows that by
adding heavy-tailed distributions in time series models improves outlier detection and control

by down-weighting outlying observations appropriately.

3.2.2 Posterior predictive checks

Another important diagnostic tool is PPC, Equation (26). In Figure 5, the orange-dashed lines
align closely with the observed central peak in the Extended BVAR-ODC, indicating accurate
recovery of the conditional mean. Contrastingly, the Standard BVAR predictive mean tracks the
centre but with less concentration of mass at the mode. This shows that the outlier adjustment
and heavy-tailed component sharpened mean estimation and reduced bias from extreme obser-
vations, consistent with current studies that the Student—t or mixture likelihoods improve point

and interval forecasts in heavy-tailed time series [57, 53]. In Figure 5(a), the Extended BVAR-
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FIGURE 5. Comparison of PPC Plots of Extended BVAR-ODC and BVAR

ODC predictive bands appear noticeably sharper at the mode and better match the observed tail
decay. Standard BVAR however shows a wider predictive spread and heavier right-hand tails,
which indicates the variance of the Standard BVAR model is inflated by extreme events not

modeled explicitly, producing over-dispersed forecasts. Robust likelihoods and explicit outlier
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components reduce this inflation and yield more realistic tail coverage, improving probabilistic

calibrations (PIT and CRPS) and policy-relevant risk assessment [55, 58].

3.2.3 Probabilistic evaluation

Focusing on model fit, outlier robustness, and predictive reliability, the Extended BVAR-
ODC provides a tighter and more accurate posterior predictive fit than the Standard BVAR. On
outlier robustness, the inclusion of the outlier suppression term CO; and mixture likelihood im-
prove robustness against heavy-tailed outliers. Concerning predictive reliability, the narrower

Probability Integral Transform (PIT) by Variable Probability Integral Transform (PIT) - Standard BVAR
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FIGURE 6. PIT Plots of Extended BVAR-ODC and Standard BVAR

predictive bands, the Extended BVAR-ODC indicates lower posterior uncertainty and improved
calibration. It clearly outperforms the Standard BVAR in terms of fit accuracy, stability, and ro-
bustness to outliers, confirming the benefit of outlier control. Hence, the Extended BVAR-ODC
effectively captures both central and extreme behaviour, confirming its robustness against out-
liers. The close overlay of posterior predictive draws with observed curve in the Extended
BVAR-ODC panel suggests good probabilistic calibration. The model generates predictive dis-
tributions that resemble the empirical distribution across most quantiles. The predictive draws
of the Standard BVAR systematically under-represents concentration near the mode and over-
represents mass in the tails. This implies miscalibration that may degrade scoring rules and

decision performance. In furtherance to this, modern diagnostics tools like PIT and CRPS that
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TABLE 2. Forecast Performance: Standard BVAR vs Extended BVAR-ODC

Model Performance Measures " Y> Mean / Overall Coverage Target

CRPS; lower is better
Standard BVAR 2.0540 1.7852 1.9196 -
Extended BVAR-ODC 1.1676 1.1647 1.1662 -

Coverage Rate (%; target = 95%)
Standard BVAR 91.89% 92.29% 92.09% 95%
Extended BVAR-ODC 95.30% 95.40% 95.35% 95%

quantify these differences [57, 60], are in Figure 6 and Table 2. It is seen that the Extended
BVAR-ODC achieves substantially lower CRPS across variables, indicating sharper and more
accurate predictive distributions. On calibration, the Standard BVAR undercovers 92%, mean-
ing its predictive intervals are narrow. However, the Extended BVAR-ODC achieves coverage
at the 95% target, indicating well-calibrated uncertainty estimates.

Overall, the Extended BVAR-ODC outperforms the BVAR in accuracy and calibration. This
suggests the extensions provided a meaningful gains in posterior predictive reliability. The
improvement in the Extended BVAR-ODC reflects the combined effect of the two modeling
choices. The mixture model permitted heavy-tail and outlier-effect term preprocessing the
hybrid technique to detect outliers. Hybrid approaches combining machine learning oriented
outlier detection with Bayesian inference produce similar gains in predictive sharpness and
interpretability [59, 55]. Applicably, the Extended BVAR-ODC delivers narrower predictive
intervals and improved tail coverage, which translates to better calibrated risk measures. This
means a BVAR in the presence of even a few outliers can lead to over-conservative forecasts

and misleading assessments of cross-variable comovement [55, 56], supported by Table 2.

3.3 Model Diagnostics

Under model diagnostics, the analysis of the residuals focused mainly on residual plots, nor-
mality of the residuals, and autocorrelation of residuals. Also, goodness-of-fits metrics were

examined.
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3.3.1 Residual analyses

In Figure 7, the ACF panels for both residuals show very low autocorrelation across lags, im-

plying that the dynamic specification absorbs serial dependence in both cases. But the Extended
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FIGURE 7. Residual Analysis of Extended and Standard BVAR Models

BVAR-ODC residuals show a bit of tighter clustering around zero and fewer extreme spikes,
signaling better temporal whitening under the outlier-induced modeling. This is because robust
likelihoods and shrinkage schemes reduce autocorrelation of residuals and improve model ade-
quacy. [53, 56]. In the Extended BVAR-ODC model, the Q—Q plots fit a Student-7 reference line
quite closely across both variables, whereas the Q—Q plots of the Standard BVAR model deviate
significantly in the tails under a normal-reference line. This means that unmodeled heavy tails

inflate residual dispersion and degrade normal-based inference. Bayesian mixture models have
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produce superior residual calibration and tail coverage in multivariate time series [57, 55]. Since
residuals from the Standard BVAR are more dispersed and heavy-tailed, uncertainty measures
like predictive intervals, error covariance estimates tends to be inflated, consistent with inflated
variance estimates. Modeling heavy-tails and including outlier adjustments in the Extended
BVAR-ODC yields residuals whose distribution is much closer to the model assumptions, en-
abling sharper and credible inference. This is consistent with the view of robust modeling in
conditions of non-Gaussian shocks [58, 60]. The statistical tests in Table 3 supports the residual

analyses of the two models. The poor residual behaviour in the Standard BVAR implies that

TABLE 3. Diagnostic Tests: Standard BVAR vs Extended BVAR-ODC

Standard BVAR Model Extended BVAR-ODC Model

Variable of Interest p-value Decision p-value Decision

Ljung-Box Test (Lag=10)

Y 0.289 No autocorrelation  0.077 No autocorrelation

Y 0.938 No autocorrelation 0.364 No autocorrelation

D’Agostino Normality Test

Y 0.000 Not normal 0.076 Normal
Y 0.000 Not normal 0.368 Normal

Note: Ljung-Box Test Hy: No autocorrelation left after lag 10; D’Agostino Test Hy: Data is normally distributed

forecasts, impulse responses, and scenario simulations may inherit inflated uncertainty in shock
estimation. The superior residual behaviour of the Extended BVAR-ODC indicates higher re-
liability in downstream inference [59, 55]. Therefore, the Extended BVAR-ODC with outlier
adjustment provides more reliable inference, robust estimation, and better-calibrated predictive

distributions, particularly in the presence of outliers.

3.3.2 Goodness-of-fit metrics

The goodness-of-fit are compared in Table 4. Across all metrics, the Extended BVAR-ODC

performs consistently better, indicating improved fit and predictive accuracy. Consequently, the
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Extended BVAR-ODC is superior across nearly all performance metrics. This indicates better
fit, higher predictive accuracy, and stronger robustness against data irregularities than the Stan-
dard BVAR. The higher R? implies improved model fit. The lower MSE and MAE means more
accurate and efficient model. This evidences align with the posterior predictive and residual
analysis, which showed the Extended BVAR-ODC achieves improved predictive calibration,
lower variance inflation, and better posterior stability. Hence, the Extended BVAR-ODC is
statistically preferred, confirming its efficiency and robustness in capturing the underlying data-

generating process.

TABLE 4. Goodness-of-Fit Measures and Information Criteria

Performance Measures Standard BVAR Model Extended BVAR-ODC Model

MSE 3.084 1.156
RMSE 1.756 1.075
MAE 1.225 0.815
MAD 0.851 0.678
R? 0.691 0.884

In general, in the presence of outlier contamination, the standard BVAR posterior means for
coefficients converge to skewed estimates, since the likelihood incorrectly assigns outlier ef-
fects to systematic dynamics [62], a finding corroborated by the simulation results in this study.
The improved BVAR framework mitigates bias by explicitly modeling outliers, hence enhanc-
ing alignment with the theoretical prediction of asymptotically unbiased estimate when outliers
are accurately recognized [63]. Theory suggests that unmodeled outliers inflate posterior uncer-
tainty for VAR coefficients, as the model seeks to reconcile extreme observations with presumed
Gaussian dynamics [64]. Empirical observations indicate that the 95% credible interval widths

for the VAR coefficients are broader under the standard BVAR than the Extended BVAR-ODC.
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The decrease in posterior uncertainty within the Extended BVAR-ODC indicates the effective

differentiation of outlier influences from systematic dynamics, aligning with theoretical analysis

[65].

4. Conclusions

The study has demonstrated that the Extended BVAR-ODC with outlier control through the
hybrid DNN-DBSCAN technique provides a markedly superior fit compared to the Standard
BVAR. Across all diagnostic levels, including parameter recovery, posterior trace convergence,
and predictive calibration, the Extended BVAR-ODC consistently outperforms its variant. Par-
ticularly, posterior estimates of the intercepts, lagged coefficients, and covariance matrices ex-
hibit higher stability and smaller posterior dispersion, while the p-values and t-values confirm
stronger statistical significance and parameter credibility. The trace and posterior predictive
plots reveal faster convergence and reduced sampling variability, indicating improved MCMC
mixing. Moreover, predictive distribution diagnostics (mixture density, PIT, and CRPS) show
the Extended BVAR-ODC achieves better alignment between observed and simulated data, en-
suring both reliability and robustness. Finally, the residual analyses and goodness-of-fit confirm
the Extended BVAR-ODC effectively mitigates the distortions induced by outliers, producing
nearly white, homoscedastic residuals with heavier-tail adjustment through the Student-f com-
ponent. Recommendations are made for the adoption of the Extended BVAR-ODC in modeling
macroeconomic or financial systems subject to structural breaks, volatility shifts, or extreme
events. Its outlier-induced specification ensures a more robust inference under contaminated
data distributions. Also, the Standard BVAR implementations should always be complemented
with posterior predictive and residual diagnostics before final inference to avoid biased conclu-
sions due to the unmodeled tail behaviour. Lastly, the inclusion of model comparison metrics
such as CRPS should become standard practice, ensuring transparent and reproducible model
selection. Future work could provide comparative studies to assess the Extended BVAR-ODC
against modern probabilistic deep learning models like Bayesian LSTMs or Temporal VAEs to

evaluate trade-offs in interpretability, scalability, and uncertainty quantification.
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