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Abstract. This paper presents a fractional-order (FO) spatial-temporal model for the adoption dynamics of Remote

Healthcare Services (RHS) in a two-dimensional domain. The model incorporates memory effects and non-local

temporal interactions through the Caputo nabla fractional derivative (CNFD), providing a realistic framework for

social contagion processes where past states influence current behavior. The spatial domain is discretized using the

Method of Lines (MOL) with periodic boundary conditions, transforming the original partial differential equations

(PDEs) into a system of fractional ordinary differential equations (ODEs). We derive the equilibrium points (EPs)

of the system and establish sufficient conditions for global asymptotic stability (GAS) via a Lyapunov functional

(LF) approach. Numerical simulations validate the theoretical stability results, demonstrating convergence to the

trivial equilibrium under the chosen parameter set. The proposed model offers a robust framework for analyzing

spatial-temporal adoption dynamics with potential applications in public health, technology diffusion, and social

behavior modeling.
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1. INTRODUCTION

Recent studies have demonstrated the growing importance of advanced analytical and frac-

tional modeling techniques in describing complex dynamical phenomena arising in biological,

technological, and social systems. For instance, mathematical frameworks have been success-

fully applied to epidemiological dynamics and biological processes, providing insight into dis-

ease transmission mechanisms and control strategies [1, 2]. In addition, several analytical and

semi-analytical methods, including modified differential transform techniques, have been devel-

oped to obtain approximate solutions of nonlinear differential and integro-differential systems

[3, 4, 5]. More recently, fractional-order and reaction–diffusion models have been widely inves-

tigated due to their ability to capture memory effects and spatial interactions in complex systems

[6, 7]. Furthermore, theoretical studies on solvability and stability properties of functional and

dynamical equations continue to play a crucial role in understanding the behavior of nonlinear

systems and their applications in applied mathematics and engineering [8].

The adoption and diffusion of innovative services, particularly in the healthcare sector, are

complex socio-dynamical processes that evolve across both space and time [9, 10]. Under-

standing how RHS spread through populations is of fundamental importance to policymakers

and healthcare providers, since adoption levels directly influence accessibility, efficiency, and

equity of care [11, 12]. However, human decision-making is not instantaneous: it is shaped

by past experiences, delayed information, and persistent social influence [13, 14]. These

memory-dependent mechanisms challenge the adequacy of classical diffusion and contagion

models based on integer-order derivatives, which assume Markovian and memoryless dynam-

ics [15, 16]. Fractional calculus offers a natural mathematical framework for modeling such

memory-driven processes [17, 18]. Fractional derivatives introduce non-local temporal depen-

dence, allowing past states to influence current dynamics through power-law kernels [19, 20].

This makes them particularly suitable for modeling social and behavioral systems, where his-

torical exposure and cumulative experience play critical roles [21, 22]. Among the various

formulations, Caputo-type fractional derivatives are especially attractive because they permit
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physically meaningful initial conditions [23, 24]. In discrete-time settings, the Caputo nabla

fractional derivative provides a backward-difference analogue that is well suited to sequential

data and digital social processes, where adoption decisions depend on weighted histories of

prior interactions [25, 26].

Despite growing interest in fractional models for epidemics and information diffusion, most

existing studies focus on temporal memory in well-mixed populations or on spatial mod-

els with classical integer-order time derivatives [27, 28]. Spatial–temporal fractional mod-

els—particularly those combining two-dimensional diffusion with Caputo nabla memory op-

erators—remain scarce [29, 30]. This gap is especially significant for modeling RHS adoption,

where both geographic diffusion and persistent social influence are central [32]. To address

this limitation, we develop a spatial–temporal fractional RDs framework for RHS adoption.

Specifically, the population is represented by three interacting state variables defined over a two-

dimensional spatial domain Ω: U(x,y, t) denotes the density of unaware individuals, A(x,y, t)

represents the density of adopters of remote healthcare services, and H(x,y, t) describes the

level of healthcare need at spatial location (x,y) and time t.

Their classical (integer-order) spatial–temporal dynamics are governed by the reaction-

diffusion system (RDs)

(1)



∂U(x,y, t)
∂ t

= DU ∆U−βUA−αUH + γA, (x,y, t) ∈Ω×R+,

∂A(x,y, t)
∂ t

= DA∆A+βUA+αUH− γA, (x,y, t) ∈Ω×R+,

∂H(x,y, t)
∂ t

= DH∆H−δAH +θ(H0−H), (x,y, t) ∈Ω×R+,

where ∆ =
∂ 2

∂x2 +
∂ 2

∂y2 denotes the two-dimensional Laplacian. The diffusion coefficients DU ,

DA, and DH describe spatial mobility, while the nonlinear reaction terms represent social con-

tagion, need-driven adoption, relapse, consumption of healthcare need, and its regeneration

toward a baseline H0. The principal novelty of this work lies in replacing the classical time

derivatives in (1) with Caputo nabla fractional derivatives of order ℘∈ (0,1], allowing past

adoption and healthcare-need levels to influence present behavior.The spatial domain is dis-
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cretized via the MOL, yielding a large-scale system of coupled fractional ODEs that combine

spatial diffusion with discrete-time memory.

The main contributions of this paper are summarized as follows:

• We introduce the first two-dimensional fractional RDs model for RHS adoption based on

the Caputo nabla operator, capturing spatial diffusion and long-range temporal memory.

• A hybrid discretization combining MOL and fractional nabla dynamics is developed,

leading to a lattice system of fractional ODEs.

• An LF adapted to the Caputo nabla operator and the discrete Laplacian is constructed,

providing explicit algebraic conditions for GAS.

• Non-trivial homogeneous EPs are characterized and validated through numerical simu-

lations.

The remainder of the paper is organized as follows. Section 2 presents the fractional spatial–

temporal model and its discretization via the MOL. Section 3 develops the EP analysis and the

main GAS theorem. Section 4 provides numerical simulations validating the theoretical results.

Section 5 concludes the paper and outlines directions for future research.

2. MODEL DESCRIPTION

To solve the system of PDEs governing the RHS adoption dynamics, we employ the MOL.

This technique involves discretizing the spatial domain Ω while leaving the time variable t

continuous, thereby transforming the original PDE system into a large system of coupled ODEs.

We consider a two-dimensional rectangular domain Ω = [0,Lx]× [0,Ly], which is discretized

into a uniform grid with Nx points in the x-direction and Ny points in the y-direction. The spatial

step sizes are defined as ∆x = Lx/(Nx−1) and ∆y = Ly/(Ny−1). The grid points are denoted

by (xi,y j), where

xi = (i−1)∆x, y j = ( j−1)∆y, i = 1, . . . ,Nx, j = 1, . . . ,Ny.(2)

The state variables at each grid point are approximated as time-dependent functions:

Ui, j(t)≈U(xi,y j, t), Ai, j(t)≈ A(xi,y j, t), Hi, j(t)≈ H(xi,y j, t).(3)
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The spatial diffusion terms are approximated using a second-order central finite-difference

scheme for the Laplacian operator ∆. For a generic field variable Φ, the discrete Laplacian

Li, j[Φ] at an interior node (i, j) is given by

∆Φ≈Li, j[Φ] =
Φi+1, j−2Φi, j +Φi−1, j

(∆x)2 +
Φi, j+1−2Φi, j +Φi, j−1

(∆y)2

=
∆2

xΦi, j

(∆x)2 +
∆2

yΦi, j

(∆y)2 , Φ ∈ {U,A,H},(4)

where

∆
2
xΦi, j := Φi+1, j−2Φi, j +Φi−1, j, ∆

2
yΦi, j := Φi, j+1−2Φi, j +Φi, j−1.(5)

Substituting the discrete Laplacian into the original model yields the semi-discrete system of

integer-order ODEs at each interior grid point (i, j):

dUi, j(t)
dt

= DULi, j[U ](t)−βUi, j(t)Ai, j(t)−αUi, j(t)Hi, j(t)+ γAi, j(t),

dAi, j(t)
dt

= DALi, j[A](t)+βUi, j(t)Ai, j(t)+αUi, j(t)Hi, j(t)− γAi, j(t),

dHi, j(t)
dt

= DHLi, j[H](t)−δAi, j(t)Hi, j(t)+θ
(
H0−Hi, j(t)

)
.

(6)

To capture the non-local temporal dynamics inherent in social contagion—where past in-

fluences affect current behavior—we generalize the above system to the fractional-order (FO)

setting. The transition from the classical integer-order model to the FO model proceeds as

follows:

(1) Discretization of the time domain: The continuous time variable is replaced by the

discrete time scale N0 = {0,1,2, . . .}, which is suitable for nabla difference calculus.

(2) Definition of the difference operator: The instantaneous rate of change is replaced by

the backward difference operator ∇, defined in [33] by ∇ f (t) = f (t)− f (t−1).

(3) Generalization to FO: We introduce the CNFD C∇℘ of order 0 <℘≤ 1, defined in

[33] via a convolution sum with a power-law memory kernel:

C
∇

℘ f (t) =
1

Γ(1−℘)

t

∑
k=1

(t−ρ(k))−℘
∇ f (k),(7)

where ρ(k) = k−1 and Γ(·) denotes the Gamma function.
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(4) System replacement: Replacing the integer-order time derivatives in (6) with the

CNFD incorporates memory effects directly into the dynamics.

Applying these steps yields the following system of FO-ODEs:

C∇℘Ui, j(t) = DULi, j[U ](t)−βUi, j(t)Ai, j(t)−αUi, j(t)Hi, j(t)+ γAi, j(t),

C∇℘Ai, j(t) = DALi, j[A](t)+βUi, j(t)Ai, j(t)+αUi, j(t)Hi, j(t)− γAi, j(t),

C∇℘Hi, j(t) = DHLi, j[H](t)−δAi, j(t)Hi, j(t)+θ
(
H0−Hi, j(t)

)
.

(8)

To close the system and ensure mass conservation within the computational domain, periodic

boundary conditions are imposed. These conditions connect opposite boundaries of the domain

and are implemented via ghost points:

Φ0, j(t) = ΦNx, j(t), ΦNx+1, j(t) = Φ1, j(t),(9)

with analogous conditions in the y-direction:

Φi,0(t) = Φi,Ny(t), Φi,Ny+1(t) = Φi,1(t).(10)

Finally, the system is fully specified by the initial conditions at t = 0 over the entire domain

Ω:

Ui, j(0) =U0(xi,y j), Ai, j(0) = A0(xi,y j), Hi, j(0) = H0(xi,y j).(11)

3. STABILITY ANALYSIS

In this section, we analyze the stability of the discrete FO system described by Eq. (8). We

begin by determining the EPs of the system by setting the CNFDs to zero. This leads to the

algebraic system given by Eq. (14). From this system, we derive the non-trivial equilibrium

points as expressed in Eq. (18). To investigate the GS of these equilibria, we employ a LF

approach tailored to the CNFD and the discrete Laplacian. We construct a candidate LF and

use it to derive sufficient conditions for GS.

Setting the time derivatives to zero yields the algebraic system:

0 =−βU∗A∗−αU∗H∗+ γA∗,(12)
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0 = βU∗A∗+αU∗H∗− γA∗,(13)

0 =−δA∗H∗+θ(H0−H∗).(14)

From (13) we obtain, assuming A∗ 6= 0,

U∗ =
γ

β +α · H∗
A∗

.(15)

From (14),

A∗ =
θ(H0−H∗)

δH∗
.(16)

Substituting H∗
A∗ =

δ (H∗)2

θ(H0−H∗) gives

U∗ =
γθ(H0−H∗)

βθ(H0−H∗)+αδ (H∗)2 .(17)

Thus the family of non-trivial equilibria is

(U∗,A∗,H∗) =
(

γθ(H0−H∗)
βθ(H0−H∗)+αδ (H∗)2 ,

θ(H0−H∗)
δH∗

, H∗
)
, 0 < H∗ < H0.(18)

In the special case H0 = 0, the equilibrium set reduces to

(U∗,A∗,H∗) =
{
(0,0,0),

(
α

β
,

θ

δ
, 0
)}

.(19)

Theorem 3.1 ([34]). Suppose there exists a positive definite and decrescent scalar function V (t)

such that C∇℘V (t)≤ 0. Then, the EP of the system is GAS.

Lemma 3.2 ([35]). The following inequality holds:

C
∇

℘U2(t)≤U(t)C∇
℘U(t), t ∈ N1.(20)

Theorem 3.3. The EP (U∗,A∗,H∗) of the discrete FO system (8) is GAS if there exist positive

constants K1,K2,K3 such that

min
{

DU λ1 +K1, DAλ1 +K2, DHλ1 +K3
}
> 0,(21)

where λ1 > 0 is the first non-zero eigenvalue of the discrete Laplacian operator under periodic

boundary conditions.
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Proof. Consider the LF candidate

V (t) = ∑
i, j

Vi, j(t) =
1
2 ∑

i, j

(
u2

i, j(t)+a2
i, j(t)+h2

i, j(t)
)
.(22)

Applying the CNFD to V (t) and using the inequality for the fractional derivative of a square

(Lemma 3.2), we obtain

C
∇

℘V (t)≤∑
i, j

(
ui, j

C
∇

℘ui, j +ai, j
C

∇
℘ai, j +hi, j

C
∇

℘hi, j
)
.(23)

Substituting the system (8) for the fractional derivatives of the deviations gives

C
∇

℘V (t)≤∑
i, j

[
ui, j
(
DULi, j[u]+FU(ui, j,ai, j,hi, j)

)
+ai, j

(
DALi, j[a]+FA(ui, j,ai, j,hi, j)

)
+hi, j

(
DHLi, j[h]+FH(ui, j,ai, j,hi, j)

)]
,(24)

where the nonlinearities FU ,FA,FH are

FU(u,a,h) =−β (U∗a+uA∗+ua)−α(U∗h+uH∗+uh)+ γa,

FA(u,a,h) = β (U∗a+uA∗+ua)+α(U∗h+uH∗+uh)− γa,

FH(u,a,h) =−δ (A∗h+aH∗+ah)−θh.

For the diffusion terms we invoke the discrete summation-by-parts identity together with peri-

odic boundary conditions:

∑
i, j

Φi, jLi, j[Φ] =−∑
i, j
|∇dΦi, j|2 ≤−λ1 ∑

i, j
Φ

2
i, j, Φ ∈ {u,a,h}.(25)

Hence

∑
i, j

(
DU ui, jLi, j[u]+DAai, jLi, j[a]+DHhi, jLi, j[h]

)
≤−∑

i, j

(
DU λ1u2

i, j +DAλ1a2
i, j +DHλ1h2

i, j
)
.

(26)

For the reaction terms we follow the expansion and bounds derived in the continuous case.

After linearising around the EP and applying Young’s inequality to the cubic and cross terms,
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we obtain, for each grid point (i, j),

S =−(βA∗+αH∗)u2 +(βU∗− γ)a2− (δA∗+θ)h2

+(−βU∗+ γ +βA∗+αH∗)ua−αU∗uh+(αU∗−δH∗)ah

+(−βu2a−αu2h+βua2 +αuah−δah2).

(27)

For any r > 0, if |u|, |a|, |h| ≤ r in a neighborhood of the EP, we have:

|−βu2a| ≤ β

2
u4 +

β

2
a2 ≤ β

2
r2u2 +

β

2
a2,

|−αu2h| ≤ α

2
u4 +

α

2
h2 ≤ α

2
r2u2 +

α

2
h2,

|βua2| ≤ β

2
a4 +

β

2
u2 ≤ β

2
r2a2 +

β

2
u2,

|αuah| ≤ α

2
u2a2 +

α

2
h2 ≤ α

2
r2(u2 +a2)+

α

2
h2,

|−δah2| ≤ δ

2
h4 +

δ

2
a2 ≤ δ

2
r2h2 +

δ

2
a2.

(28)

Define constants:

M1 =

(
β

2
+

α

2

)
r2, M2 =

β

2
r2, M3 =

δ

2
r2, M4 =

α

4
r2.

Then the cubic terms satisfy:

−βu2a−αu2h+βua2 +αuah−δah2 ≤
(

β

2
+M1 +M4

)
u2

+

(
β

2
+

δ

2
+M2 +M4

)
a2

+(α +M3)h2.

(29)

Substituting the bounds into S yields:

S≤
(
−βA∗−αH∗+

β

2
+M1 +M4

)
u2

+

(
βU∗− γ +

β

2
+

δ

2
+M2 +M4

)
a2

+(−δA∗−θ +α +M3)h2

+(−βU∗+ γ +βA∗+αH∗)ua−αU∗uh+(αU∗−δH∗)ah.

(30)
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Using the inequalities:

|(−βU∗+ γ +βA∗+αH∗)ua| ≤ |−βU∗+ γ +βA∗+αH∗|
2

(u2 +a2),

|−αU∗uh| ≤ αU∗

2
(u2 +h2),

|(αU∗−δH∗)ah| ≤ |αU∗−δH∗|
2

(a2 +h2),

(31)

and collecting all terms, we obtain:

S≤−
[

βA∗+αH∗− β

2
−M1−M4−

|−βU∗+ γ +βA∗+αH∗|
2

− αU∗

2

]
u2

−
[
−βU∗+ γ− β

2
− δ

2
−M2−M4−

|−βU∗+ γ +βA∗+αH∗|
2

− |αU∗−δH∗|
2

]
a2

−
[

δA∗+θ −α−M3−
αU∗

2
− |αU∗−δH∗|

2

]
h2.

(32)

Define the constants:

K1 = βA∗+αH∗− β

2
−M1−M4−

|−βU∗+ γ +βA∗+αH∗|
2

− αU∗

2
,

K2 =−βU∗+ γ− β

2
− δ

2
−M2−M4−

|−βU∗+ γ +βA∗+αH∗|
2

− |αU∗−δH∗|
2

,

K3 = δA∗+θ −α−M3−
αU∗

2
− |αU∗−δH∗|

2
.

Then we have:

uFU +aFA +hFH ≤−K1u2−K2a2−K3h2.(33)

Summation over all grid points yields

∑
i, j
(ui, jFU +ai, jFA +hi, jFH)≤−∑

i, j
(K1u2

i, j +K2a2
i, j +K3h2

i, j).(34)

Combining the diffusion and reaction estimates,

C
∇

℘V (t)≤−∑
i, j

[
(DU λ1 +K1)u2

i, j +(DAλ1 +K2)a2
i, j +(DHλ1 +K3)h2

i, j

]
.(35)

Since V (t) = 1
2 ∑i, j(u2

i, j +a2
i, j +h2

i, j), we have

C
∇

℘V (t)≤−2min
{

DU λ1 +K1, DAλ1 +K2, DHλ1 +K3
}

V (t).(36)
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If condition (21) holds, the coefficient is positive, and by the fractional Lyapunov stability

theorem 3.1 the EP (U∗,A∗,H∗) is GAS. �

4. NUMERICAL SIMULATION

To validate the theoretical GS analysis established in Theorem 3.3, we conducted compre-

hensive numerical simulations of the FO system. The computational implementation employed

the same MOL spatial discretization together with the CNFD time-stepping scheme. The spa-

tial domain Ω = [0,20]× [0,20] was discretized using Nx = Ny = 100 grid points. The temporal

evolution was computed with a time step ∆t = 0.3 up to the final time T = 30. The parameter

values, carefully calibrated to satisfy the GS conditions of Theorem 3.3, are summarized in

Table 1.

TABLE 1. Parameter values for numerical simulation of FO–RHS adoption dynamics

Parameter Symbol Value

Diffusion coefficient (unaware) DU 0.00015

Diffusion coefficient (adopters) DA 0.00015

Diffusion coefficient (healthcare need) DH 0.00015

Social contagion rate β 0.25

External influence coefficient α 0.5

Relapse rate γ 0.5

Need consumption rate δ 0.5

Need regeneration rate θ 0.5

Baseline healthcare need H0 0

Fractional order ℘ 0.998

Initial conditions were defined as spatially varying distributions:

U(x,y,0) = 5×1012 exp
(
−2π(x+ y)

Lx

)
,

A(x,y,0) = 8×1014 exp
(
−π(x+ y)

Lx

)
,

H(x,y,0) = 12×1018 exp
(
−3π(x+ y)

Lx

)
.

(37)
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The GS conditions from Theorem 3.3 were numerically verified using the computed EP

(U∗,A∗,H∗) = (0,0,0) obtained from the simulations. With the first non-zero eigenvalue of

the discrete Laplacian λ1 ≈ 1000 under periodic boundary conditions and neighborhood radius

r = 0.01, the stability constants were computed as

K1 = 0.1249375, K2 =−0.125025, K3 =−1.25×10−5,

min{DU λ1 +K1, DAλ1 +K2, DHλ1 +K3}= 0.024975 > 0,
(38)

where M1 = 3.75× 10−5, M2 = 2.5× 10−5, M3 = 2.5× 10−5, and M4 = 2.5× 10−5. Since

the minimum value is strictly positive, the conditions of Theorem 3.3 are satisfied, confirming

the GS of the EP (U∗,A∗,H∗). The spatial and temporal evolution of the system variables is

illustrated in Figures 1–3.
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FIGURE 1. Spatial distribution of the unaware population U(x,y, t) at t = 0 (left)

and t = 30 (right).

FIGURE 2. Spatial distribution of the adopter population A(x,y, t) at t = 0 (left)

and t = 30 (right).
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FIGURE 3. Spatial distribution of the healthcare need H(x,y, t) at t = 0 (left)

and t = 30 (right).

The simulations confirm the theoretical prediction that the system converges globally and

asymptotically to the trivial EP (0,0,0) under the chosen parameters, thereby validating the

stability criteria derived in Section 3.

5. CONCLUSION

In this paper, we have developed and analyzed a fractional-order spatial–temporal model for

the adoption dynamics of RHS in a two-dimensional domain. The model incorporates memory

effects and non-local interactions via the CNFD, providing a more realistic representation of

social contagion processes in which past states influence present behavior. By discretizing the

spatial domain using the MOL and applying periodic boundary conditions, we transformed the

original PDEs into a system of fractional ordinary differential equations. We derived the EPs of

the system and conducted a thorough stability analysis. Using an LF approach, we established

sufficient conditions for the GAS of the EP. These conditions depend explicitly on the model
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parameters and the spectral properties of the discrete Laplacian operator. Numerical simula-

tions were performed to validate the theoretical stability results. The simulations confirmed

that, under the chosen parameter set, the system converges globally and asymptotically to the

trivial EP (0,0,0). The stability constants computed from the numerical experiments satisfied

the conditions of Theorem 3.3, thereby corroborating the theoretical analysis. The spatial and

temporal evolution of the system variables illustrated the convergence dynamics and highlighted

the effects of diffusion and fractional-order memory. Future research may explore the inclusion

of time-varying parameters, heterogeneous diffusion coefficients, or more complex boundary

conditions. Extending the model to incorporate stochastic perturbations or network-structured

interactions could also provide deeper insights into real-world adoption processes. Additionally,

empirical validation with real-world data would be valuable for calibrating the model param-

eters and assessing its predictive power. In summary, the proposed FO model offers a robust

framework for studying the spatial–temporal dynamics of social contagion and adoption pro-

cesses, with potential applications in public health, technology diffusion, and social behavior

modeling.
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