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Abstract.

This study creates and evaluates a deterministic mathematical model for the indirect spread of Hepatitis C virus

(HCV) among PWID. The model incorporates behavioural variation by categorising PWID into two separate

groups, high-risk and low-risk, with explicit dynamics of contaminated injecting equipment serving as an environ-

mental reservoir. Reinfection, therapy, mobility between behavioural risk categories, and equipment sterilisation

are all completely included in the model framework. Analytical results are presented that use the next-generation
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matrix approach to determine the feasible zone, disease-free equilibrium, endemic equilibrium, and the basic re-

production number R0. The disease-free equilibrium is globally asymptotically stable for R0 < 1. Bifurcation

analyses reveal that the contamination-related transmission rate among high-risk PWID (αwh) and the behavioural

transition rate (κ) strongly influence the emergence and stability of endemic states, while the reinfection rate (ψ)

influences endemic levels without affecting the threshold quantity R0. Furthermore, sensitivity analysis utilising

Partial Rank Correlation Coefficients (PRCC) revealed that recruitment into high-risk behaviour, contamination

rates, and sterilisation of contaminated equipment are important predictors of transmission. The numerical sim-

ulations looks into the effectiveness of therapy, sterilization, and the availability of clean equipment in reversing

infection dynamics. The findings highlight the critical role that environmental contamination and high-risk be-

haviours play in disease transmission, emphasising the need for integrated harm-reduction strategies that include

increased treatment, increased access to sterile equipment, and reduced behavioural risks among PWID. Our find-

ings also show that relapse into high-risk injecting conduct is a critical driver of persistent HCV transmission,

emphasizing the relevance of behavioural-risk reduction strategies.

Keywords: hepatitis C model; effective reproduction number; stability analysis; bifurcation analysis.

2020 AMS Subject Classification: 91A40, 34D23.

1. INTRODUCTION

HCV infection continues to be an important public health problem worldwide [1, 2, 3]. The

World Health Organization projected that 58 million people had chronic HCV infection, with

1.5 million new infections per year [4, 5]. People who inject drugs have a disproportionately

high risk of acquiring and transmitting HCV due to chronic high-risk injecting habits and sys-

temic difficulties in accessing sterile equipment or prompt treatment [6, 7]. HCV transmission

among PWID is primarily blood-borne, occurring through the direct sharing of contaminated

needles and syringes. However, a growing body of experimental evidence has confirmed the

continuous contribution of indirect transmission via contaminated injecting paraphernalia, such

as cookers, filters, and water, and environmental reservoirs to sustain transmission [6, 8]. HCV

can persist on surfaces or in residual blood for hours or days, depending on temperature, hu-

midity, and injection equipment [9, 10]. This suggests that environmental contamination may

still be a latent source of indirect virus transmission, even if direct needle sharing has been

eliminated.
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Over the past two decades, harm-reduction strategies such as needle and syringe programs

and opiate substitution therapy have made significant success in lowering HCV transmission

[11, 12]. These programs reduce high-risk injecting behaviors and HCV incidence, although

their effectiveness varies depending on coverage, frequency of access, and local injecting norms

[13, 14]. Direct-acting antiviral therapies have transformed clinical management of HCV infec-

tion, with cure rates of more than 95% achieved utilizing short, well-tolerated regimens. DAA

therapy, when appropriately scaled among PWID, improves individual health outcomes while

also potentially reducing population-level transmission via a ”treatment-as-prevention” impact.

Despite these developments, meeting the WHO’s HCV elimination targets by 2030 remains a

problem. The challenges include low DAA treatment adoption among PWID, reinfection af-

ter cure, insufficient NSP coverage, and dirty injecting equipment in the community. These

problems underscore the need of mechanistic frameworks that represent both direct and indirect

transmission routes and enable the evaluation of integrated intervention efforts.

Mathematical modeling is an effective technique for studying HCV transmission dynamics

and assessing the potential impact of public health interventions. Earlier compartmental mod-

els focused on the natural history of infection and treatment outcomes, whereas later models

included behavioral variability, injection networks, and risk stratification among PWID. Re-

cent modeling frameworks incorporate treatment scale-up, reinfection risk, and harm-reduction

treatments to evaluate eradication feasibility in various settings [15, 16]. Few models explic-

itly consider indirect transmission through contaminated injecting equipment or environmental

reservoirs, which may account for a significant fraction of infections within some PWID popu-

lations [17].

Few models explicitly consider indirect transmission through contaminated injecting equip-

ment or environmental reservoirs, which may account for a significant fraction of infections

within some PWID populations [17, 18]. Despite previous modeling attempts, there still remain

many key issues to be addressed regarding the process through which environmental contam-

ination and behavioral dynamics jointly contribute to HCV transmission among PWID. Many

previous models have concentrated on direct transmission through needle-sharing behavior but
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have not taken explicit account of environmental contamination through equipment use. Fur-

ther, behavioral relapse to high-risk injecting behavior and reinfection after recovery have been

separately addressed but within a unified framework.

The current study proposes a deterministic model in which high-risk and low-risk PWID pop-

ulations are jointly related to a dynamically changing environmental reservoir of contaminated

equipment. This model provides a unified framework in which to analyze behavioral transi-

tions, reinfection, treatment, and equipment sterilization in relation to indirect routes of HCV

transmission. This framework enables us to examine the relative contributions of environmen-

tal contamination and behavioral dynamics to ongoing HCV transmission and to identify key

intervention strategies to control this process.

The rest of this paper is organized as follows. Section 2 describes the model formulation

and assumptions. Section 3 describes the mathematical analysis and threshold results. The

subsequent sections discuss the epidemiological implications of this model and evaluate the

possible effects of a unified intervention strategy to combat HCV transmission among PWID.

2. MODEL FORMULATION

In this section, we present a compartmental model for the indirect transmission of Hepatitis

C Virus (HCV) among people who inject drugs. The model accounts for behavioral hetero-

geneity, reinfection, and dynamic transitions between risk levels. The primary mode of HCV

transmission in this population is the sharing of injecting equipment contaminated by infected

individuals. To account for the indirect transmission mechanism and heterogeneity in injecting

behavior, the PWID population is divided into two subgroups: high-risk and low-risk. High-

risk PWID are more likely to share needles and contribute to the contamination of injecting

equipment, whereas low-risk PWID engage in safer practices, such as using clean equipment or

participating in harm reduction programs.

Each subgroup is further compartmentalized into four epidemiological classes: suscepti-

ble, infected, treated, and recovered. Thus, we define Sh, Ih,Th,Rh for the high-risk group and

Sl, Il,Tl,Rl for the low-risk group. Individuals enter the population at a recruitment rate φh, with

a proportion ρh entering the high-risk susceptible class Sh and the remaining proportion 1−ρh

entering the low-risk susceptible class Sl . All individuals are subject to a natural death rate
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µ , and infected individuals face an additional disease-induced death rate τ due to HCV-related

complications. The model assumes homogeneous natural mortality across compartments, while

the disease-induced mortality only affects the infected classes.

Susceptible individuals in each group may acquire infection through contact with contami-

nated injecting equipment. The probability of infection depends on the force of infection, which

differs between behavioral groups. The force of infection for high-risk PWID is defined as

λh =
αwhEi
Eu+Ei

, while that for low-risk PWID is λl =
αwl Ei
Eu+Ei

, where αwh and αwl represent the effec-

tive transmission rates through contaminated equipment for high-risk and low-risk individuals,

respectively. The denominator Eu +Ei represents the total injecting equipment in circulation,

and the transmission likelihood increases with a higher proportion of contaminated equipment

Ei.

Once infected, individuals may begin treatment at a rate δ , entering the treated class T .

Following successful treatment, individuals recover at rate γ and move to the recovered class R.

However, due to behavioral relapse or continued exposure, recovered individuals may become

reinfected via contact with contaminated equipment. This reinfection occurs at a rate ψ
REi

Eu+Ei
,

where ψ denotes the reinfection rate. It is important to note the distinction between primary

infection (acquisition of infection from the susceptible class) and reinfection (re-entry into the

infected class from the recovered class), both driven by exposure to environmental reservoirs

but representing different stages of disease history.

In addition to disease progression, the model includes behavioral transitions between risk

groups. Individuals in the low-risk group may revert to high-risk behavior through external

influence or behavioral fatigue. In this formulation, we assume a one-way transition from low-

risk to high-risk individuals at a rate κ , representing behavioral relapse.

This shift is applied to the vulnerable and infected classes equally, in reference to the reality

that once infected, individuals can return to risky behavior. The model also incorporates the en-

vironmental reservoir of injecting equipment, dividing into clean (uninfected) equipment Eu(t)

and contaminated (infected) equipment Ei(t). Both of these compartments cover the indirect

pathway of HCV transmission. Clean equipment enters the system at a steady rate θ , which

captures interventions such as needle exchange programs or harm reduction interventions that
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supply clean needles to PWID. Clean equipment can, however, become infected once it is used

by infected individuals. Specifically:

• Equipment becomes contaminated when used by infected high-risk PWID at a rate σh,

weighted by the proportion of clean equipment in circulation:

σhIh ·
Eu

Eu +Ei

• Similarly, equipment becomes contaminated when used by infected low-risk PWID at a

rate σl , also weighted by the proportion of clean equipment:

σlIl ·
Eu

Eu +Ei

These concepts represent the reality that the risk of contamination is determined not only

by the number of affected people, but also by the availability of clean equipment. All injecting

equipment (clean or contaminated) is eventually removed from the system at a rate ω , indicating

disposal, natural decay, or decontamination by sterilization. Thus, changes in the environment

are regulated by the following differential equations:

dEu

dt
= θ −σhIh ·

Eu

Eu +Ei
−σlIl ·

Eu

Eu +Ei
−ωEu,

dEi

dt
= σhIh ·

Eu

Eu +Ei
+σlIl ·

Eu

Eu +Ei
−ωEi.

In this framework:

• The first two terms in dEu
dt represent losses due to contamination by infected PWID,

• The corresponding terms in dEi
dt represent gains in the contaminated pool,

• The final terms −ωEu and −ωEi model the removal of equipment from circulation.

The dynamics of the model are described by the following system of nonlinear differential

equations below, the model diagram is presented in Figure 1. The model variable and parametre

descriptions are presented in the Table 1 and Table 2 respectively:

dSh

dt
= ρhφh −λhSh −µSh +κSl,(1a)

dIh

dt
= λhSh +ψ

RhEi

Eu +Ei
− (δ +µ + τ)Ih +κIl,(1b)

dTh

dt
= δ Ih − (γ +µ)Th,(1c)
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dRh

dt
= γTh −µRh −ψ

RhEi

Eu +Ei
,(1d)

dSl

dt
= (1−ρh)φh −λlSl −µSl −κSl,(1e)

dIl

dt
= λlSl +ψ

RlEi

Eu +Ei
− (δ +µ + τ)Il −κIl,(1f)

dTl

dt
= δ Il − (γ +µ)Tl,(1g)

dRl

dt
= γTl −µRl −ψ

RlEi

Eu +Ei
,(1h)

dEu

dt
= θ −σhIh

Eu

Eu +Ei
−σlIl

Eu

Eu +Ei
−ωEu,(1i)

dEi

dt
= σhIh

Eu

Eu +Ei
+σlIl

Eu

Eu +Ei
−ωEi.(1j)

FIGURE 1. Schematic diagram of the model
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Model Variables and Parameters.

TABLE 1. Model State Variables

Symbol Description
Sh(t) Susceptible high-risk PWID at time t
Ih(t) Infected high-risk PWID at time t
Th(t) Treated high-risk PWID at time t
Rh(t) Recovered high-risk PWID at time t
Sl(t) Susceptible low-risk PWID at time t
Il(t) Infected low-risk PWID at time t
Tl(t) Treated low-risk PWID at time t
Rl(t) Recovered low-risk PWID at time t
Eu(t) Quantity of clean injecting equipment at time t
Ei(t) Quantity of contaminated injecting equipment at time t

TABLE 2. Model Parameters

Symbol Description

φh Recruitment rate into the PWID population

ρh Proportion of new PWID entering the high-risk group

µ Natural death rate for all human compartments

τ Disease-induced death rate for infected individuals

δ Rate of initiation of antiviral treatment

γ Recovery rate for treated individuals

αwh Transmission rate via contaminated equipment for high-risk PWID

αwl Transmission rate via contaminated equipment for low-risk PWID

κ Behavior change rate from low-risk to high-risk group

ψ Reinfection rate for recovered individuals

θ Rate of clean injecting equipment distribution

σh Contamination rate of equipment by infected high-risk PWID

σl Contamination rate of equipment by infected low-risk PWID

ω Sterilization/removal rate of injecting equipment

N(t) Total PWID population: N = Sh + Ih +Th +Rh +Sl + Il +Tl +Rl
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3. MODEL ANALYSIS

3.1. Feasible Region. To ensure biological and mathematical well-posedness, we identify a

positively invariant region in which all solutions remain non-negative and bounded.

Let the total human population be

(2) N(t) = Sh(t)+ Ih(t)+Th(t)+Rh(t)+Sl(t)+ Il(t)+Tl(t)+Rl(t).

Summing the corresponding human compartments, and ignoring disease transitions, we get:

(3)
dN
dt

= φh −µN(t)− τ(Ih + Il)≤ φh −µN(t).

Solving this differential inequality gives:

(4) N(t)≤ N(0)e−µt +
φh

µ

(︁
1− e−µt)︁ , ⇒ limsup

t→∞

N(t)≤ φh

µ
.

Similarly, for the environmental compartments:

(5) E(t) = Eu(t)+Ei(t),

we obtain:

(6)
dE
dt

= θ −ω(Eu +Ei) = θ −ωE(t),

so that:

(7) limsup
t→∞

E(t)≤ θ

ω
.

Thus, the feasible region is given by:

(8) Ω =

{︃
(Sh, Ih,Th,Rh,Sl, Il,Tl,Rl,Eu,Ei) ∈ R10

+ : N(t)≤ φh

µ
, Eu +Ei ≤

θ

ω

}︃
.

3.2. Disease-Free Equilibrium (DFE). At the DFE, all infection-related compartments are

zero:

(9) I∗h = I∗l = T ∗
h = T ∗

l = R∗
h = R∗

l = E∗
i = 0.

Solving the remaining equations, we obtain:

S∗h =
ρhφh

µ +κ
,(10)
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S∗l =
(1−ρh)φh +κS∗h

µ
,(11)

E∗
u =

θ

ω
.(12)

Thus, the disease-free equilibrium is given by:

(13) E0 = (S∗h,0,0,0,S
∗
l ,0,0,0,E

∗
u ,0) .

3.3. Endemic Equilibrium (EE). This is the equilibrium state E ∗ where infection persist in

the population, here, all time derivatives are zero and infection persists. Let:

E ∗ = (S∗h, I
∗
h ,T

∗
h ,R

∗
h,S

∗
l , I

∗
l ,T

∗
l ,R

∗
l ,E

∗
u ,E

∗
i ).

Then the equilibrium values satisfy:

S∗h =
ρhφh

λh +µ +κ
,(14)

I∗h =
λhS∗h

δ +µ + τ
,(15)

T ∗
h =

δ I∗h
γ +µ

, R∗
h =

γT ∗
h

µ +ψλh
,(16)

S∗l =
(1−ρh)φh +κS∗h

λl +µ
,(17)

I∗l =
λlS∗l

δ +µ + τ
,(18)

T ∗
l =

δ I∗l
γ +µ

, R∗
l =

γT ∗
l

µ +ψλl
.(19)

For the environment:

E∗
u =

θ(E∗
u +E∗

i )

ω(E∗
u +E∗

i )+(σhI∗h +σlI∗l )
,(20)

E∗
i =

(σhI∗h +σlI∗l )E
∗
u

ω(E∗
u +E∗

i )
.(21)

The endemic equilibrium can be obtained by solving the above system numerically, ensuring

consistency with the infection pressure:

λh =
αwhE∗

i
E∗

u +E∗
i
, λl =

αwlE∗
i

E∗
u +E∗

i
.
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3.4. Basic Reproduction Number R0. The basic reproduction number is the expected num-

ber of secondary infections arising from the presence of a single infected individual introduced

into a completely susceptible population. It serves as the key threshold parameter in the disease

model, which determines whether a disease would invade and persist in a population.

To compute R0, we use the next-generation matrix approach [19, 20, 21]. We consider

the infected compartments Ih and Il , representing high-risk and low-risk infected individuals,

respectively.

The new infection terms are:

(22) F =

⎡⎣ αwhEi
Eu+Ei

Sh

αwlEi
Eu+Ei

Sl

⎤⎦ ,

while the transition terms (outflow due to treatment, natural death, and disease-induced death)

are:

(23) V =

⎡⎣(δ +µ + τ)Ih

(δ +µ + τ)Il

⎤⎦ .

At the disease-free equilibrium (DFE), we have:

Ih = Il = Th = Tl = Rh = Rl = Ei = 0,

and the DFE values for the remaining compartments are:

S∗h =
ρhφh

µ +κ
,(24)

S∗l =
(1−ρh)φh +κS∗h

µ
=

φh [(1−ρh)(µ +κ)+κρh]

µ(µ +κ)
,(25)

E∗
u =

θ

ω
, E∗

i = 0.(26)

Using the next generation matrix method, the basic reproduction number is given by the

spectral radius of FV−1, where:

(27) R0 = Rh +Rl,

with:

Rh =
S∗h ·αwh ·σh

(δ +µ + τ)ω
=

ρhφh

µ +κ
· αwhσh

(δ +µ + τ)ω
,(28)
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Rl =
S∗l ·αwl ·σl

(δ +µ + τ)ω
=

[︃
φh [(1−ρh)(µ +κ)+κρh]

µ(µ +κ)

]︃
· αwlσl

(δ +µ + τ)ω
.(29)

Thus, the final expression for the basic reproduction number is:

(30) R0 =
ρhφh

µ +κ
· αwhσh

(δ +µ + τ)ω⏞ ⏟⏟ ⏞
High-risk contribution

+

[︃
φh [(1−ρh)(µ +κ)+κρh]

µ(µ +κ)

]︃
· αwlσl

(δ +µ + τ)ω⏞ ⏟⏟ ⏞
Low-risk contribution

.

Interpretation. The value of R0 captures the contributions from both high-risk and low-risk

groups. If R0 < 1, the disease will die out in the long term. If R0 > 1, the infection can

spread and become endemic. Control measures such as increased treatment rate δ , behavioral

transition κ , reduced contamination rates σh,σl , or enhanced equipment sterilization ω can

effectively reduce R0 below unity.

4. GLOBAL STABILITY OF THE DISEASE-FREE EQUILIBRIUM

In this section, we analyze the global stability of the Disease-Free Equilibrium (DFE) of the

model using the approach proposed by Castillo-Chavez et al. [22]. To apply this method, we

rewrite the model system by separating the compartments into uninfected and infected groups.

Let the vector of uninfected compartments be

X = [Sh,Sl,Rh,Rl,Eu] ,

and the vector of infected compartments be

Z = [Ih, Il,Th,Tl,Ei] .

The model system can then be expressed in the following general form:

dX
dt

= f (X,Z),(31)

dZ
dt

= g(X,Z), with g(X,0) = 0.(32)

According to the geometric approach by Castillo-Chavez et al. [22], the Disease-Free Equi-

librium is globally asymptotically stable in the feasible region Ω if the following two conditions

are satisfied:

(H1) The subsystem (31) given by dX
dt = f (X,0) has a globally asymptotically stable equilib-

rium X0.
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(H2) The subsystem (32) given by dZ
dt = g(X,Z) satisfies:

(a) g(X,0) = 0 for all X ∈ Ω,

(b) The Jacobian matrix DZg(X,Z) is a Metzler matrix (i.e., all its off-diagonal ele-

ments are non-negative),

(c) The basic reproduction number R0 < 1.

Verification of the Conditions. Condition (H1): When Z = 0, the uninfected subsystem be-

comes:

dSh

dt
= ρhφh − (µ +κ)Sh,(33)

dSl

dt
= (1−ρh)φh +κSh −µSl,(34)

dRh

dt
=−µRh,(35)

dRl

dt
=−µRl,(36)

dEu

dt
= θ −ωEu.(37)

This system is linear with constant coefficients and has a unique equilibrium given by:

S0
h =

ρhφh

µ +κ
, S0

l =
(1−ρh)φh +κS0

h
µ

, R0
h = R0

l = 0, E0
u =

θ

ω
.

Since the system is linear and all eigenvalues of the Jacobian matrix have negative real parts,

the DFE of the uninfected subsystem is globally asymptotically stable.

Condition (H2):

• The infection subsystem g(X,Z) vanishes when Z = 0, i.e., g(X,0) = 0 for all X ∈ Ω.

• The infection terms involve linear or bilinear functions of infected states (e.g., trans-

mission, treatment), so the Jacobian matrix DZg(X,Z) has non-negative off-diagonal

entries, hence it is a Metzler matrix.

• From the next-generation matrix approach, the basic reproduction number R0 has been

computed. When R0 < 1, the spectral radius of the next-generation matrix is less than

one.

Thus, all the required conditions of the theorem are satisfied.
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Conclusion.

Theorem 1. The Disease-Free Equilibrium (DFE) of the Hepatitis C virus transmission model

is globally asymptotically stable in the feasible region Ω whenever the basic reproduction num-

ber satisfies R0 < 1.

This result implies that, regardless of the initial levels of infection, the disease will eventually

be eliminated from the population if the reproduction number is brought below unity.

5. BIFURCATION DIAGRAM

In this section, we conduct numerical experiments to examine how αwh and κ affect the size

of the endemic equilibrium using bifurcation diagram analysis. The bifurcation diagrams are

generated with Matcont, a MATLAB-based toolbox for continuation. Other continuation tools

commonly used in the literature include COCO, AUTO (via MATLAB interfaces), and DDE-

Biftool for delay systems.

To perform this simulation, we use the following parameter values, unless stated otherwise:

φh = 0.129,ρh = 0.23,µ = 0.09,τ = 0.035,δ = 0.04,γ = 0.02,αwh = 0.85,αwl = 0.05,

κ = 0.00274,ψ = 0.000047,θ = 0.27,σh = 0.59,σl = 0.1,ω = 0.143.

To produce the bifurcation diagram, we first calculate the existing equilibrium points using

the above parameter values. By direct calculation, we obtain R0 = 2.05, which yields a stable

endemic equilibrium given by:

Sh = 0.107, Ih = 0.13,Th = 0.05,Rh = 0.01,Sl = 0.945, Il = 0.069,Tl = 0.025,Rl = 0.005,

Eu = 1.42,Ei = 0.465.

In the same time, the disease-free equilibrium

Sh = 0.362, Ih = 0,Th = 0,Rh = 0,Sl = 1.07, Il = 0,Tl = 0,Rl = 0,Eu = 1.88,Ei = 0,

is unstable. This results are in line with our previous analytical results, that the endemic equi-

librium is always stable if R0 > 1. At the same time, the disease-free equilibrium is unstable.
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FIGURE 2. Bifurcation diagram of our model with αwh as the bifurcation pa-

rameter with respect to the equilibrium level of Ih, Il, and Ei. The red and blue

curve represent the unstable and stable equilibrium point.

We use αwh and κ as our bifurcation parameters, and the continuation results are depicted in

Figure 2 and 3. In Figure 2, we can see the impact of αwh on the size of the endemic equilibrium

of the system, which is represented by the variables Ih, Il , and Ei. It can be seen clearly that for

all αwh < BP, there is no endemic equilibrium point, and the disease-free equilibrium remains

stable. Here, BP is the value of αwh such that R0 = 1. This stability is maintained until the

system reaches the branching point BP. After passing this point, the disease-free equilibrium

loses its stability, and at the same time the endemic equilibrium begins to emerge. This stability

behaviour for both equilibrium points is preserved for all larger values of αwh. Furthermore, it

can be seen that all infected compartments Ih, Il , and Ei increase in the endemic equilibrium as

αwh increases, indicating that a more intense infection rate leads to a higher number of infected

individuals at equilibrium.
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(A) κ − Ih (B) κ − Il (C) κ −Ei

FIGURE 3. Bifurcation diagram of our model with κ as the bifurcation parame-

ter with respect to the equilibrium level of Ih, Il, and Ei. The red and blue curve

represent the unstable and stable equilibrium point.

The next bifurcation diagram is given in Figure 3, where we use κ as the bifurcation pa-

rameter. It can be seen that, with the same parameter values, there is no value of κ such that

R0 = 1. Therefore, we have no branching point BP in the figure. This implies that for all κ > 0,

we have R0 always larger than one. Consequently, a stable endemic equilibrium always exists,

and the disease-free equilibrium remains unstable. Among the infected compartments, only Il

exhibits a non-monotonic response to κ: it increases over a small initial range of κ and then

declines as κ becomes larger. In contrast, both Ih and Ei increase monotonically with κ in the

endemic equilibrium. This behaviour is reasonable since κ represents the transition rate from

the low-risk group to the high-risk group.

To understand the impact of the combination between αwh and κ on the size of R0 and the

stability of each equilibrium point, we produce a codimension-2 bifurcation diagram as shown

in Figure 4. The black curve represents a combination between αwh and κ which gives R0 = 1.

The blue region represents the region where we always have R0 < 1 for any combination of

αwh and κ . We choose a combination of αwh and κ as shown in P1, and use it to solve

our system. We have demonstrated that the trajectories of system (1) tend to the disease-free

equilibrium for various initial conditions (see Figure 4b, 4c, and 4d). On the other hand, the

red region represents combinations of κ and αwh that give R0 > 1. Therefore, a stable endemic

equilibrium always exists for any parameter values chosen within this region. For example,
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when we choose a combination of κ and αwh as in point P2, the dynamics of system (1) tend to

the endemic equilibrium for all different initial conditions (see Figure 4e, 4f, and 4g).

(A) Codimension-2 diagram of system (1) for κ and

αwh as the bifurcation parameter.

(B) Dynamic of Ih(t) using point

P1

(C) Dynamic of Il(t) using point

P1

(D) Dynamic of Ei(t) using point

P1

(E) Dynamic of Ih(t) using point

P2

(F) Dynamic of Il(t) using point

P2

(G) Dynamic of Ei(t) using point

P2

FIGURE 4. Codimension-2 diagram of system (1) with dynamic of solutions

using sample point in P1 which gives R0 = 0.639 and P2 which gives R0 =

1.649.
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For the last bifurcation diagram, we choose ψ as the bifurcation parameter. This choice is

important since ψ does not appear in R0. Therefore, understanding the behaviour of system (1)

solely through the expression of R0 is not possible. As mentioned earlier, with the same pa-

rameter values, we have R0 = 2.05, which always gives a stable endemic equilibrium point.

Consequently, in Figure 5 we always observe a stable endemic equilibrium. Furthermore, we

can see that the sizes of Ih, Il , and Ei in the endemic equilibrium increase as ψ increases. There-

fore, we may conclude that as reinfection of HCV becomes more frequent, although it does not

change the value of R0, it does alter the size of the endemic equilibrium of the system.
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(C) ψ −Ei

FIGURE 5. Bifurcation diagram of our model with ψ as the bifurcation param-

eter with respect to the equilibrium level of Ih, Il, and Ei.

In conclusion, from our continuation results using bifurcation diagrams, our analysis demon-

strates that the parameters αwh, κ , and ψ play distinct and important roles in shaping the long-

term behaviour of system (1). We observe that αwh and κ directly influence the size of R0, and

therefore determine the stability type of each equilibrium as these parameters change. As the

values of these parameters increase, R0 also increases, leading to a higher chance of obtaining

a stable endemic equilibrium point. On the other hand, although ψ does not change the value

of R0, it plays a strong role in determining the sizes of Ih, Il , and Ei at the endemic equilib-

rium. Increasing ψ leads to higher levels of persistent infection in the population. These results

collectively highlight that while R0 provides the global dynamics of the system, additional

parameters not expressed in R0 can substantially modify the disease burden at equilibrium.
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6. PARTIAL RANK CORRELATION COEFFICIENT (PRCC) BASED SENSITIVITY ANAL-

YSIS

To determine the relative influence of model parameters on the transmission potential of

HCV among PWID, we performed a global sensitivity analysis using the PRCC. The PRCC is

a measure that quantifies the strength and direction of monotonic relationships between each

parameter and the basic reproduction number, R0, conditional upon the remaining parameters.

Unlike local measures of sensitivity, which are concerned with small perturbations around a

fixed point, PRCC is a robust global measure that detects nonlinear and non-additive effects

across a broad range of parameters.

Latin Hypercube Sampling was used to generate a large ensemble of parameter sets, each

independently drawn from biologically plausible intervals around their baseline values. The as-

sociated reproduction number R0 was then calculated for each sampled set using the analytical

expression obtained in Section 3.4. The resulting PRCC values are displayed in Figure 6.

Among the parameters analyzed, the recruitment rate of new PWID and the recruitment rate

into the high-risk group had very strong positive associations with R0 with the values +0.8424

and +0.8309, respectively, which points to increased inflow into the injecting population as

being of primary importance in substantially raising the transmission potential. The effective

transmission rate through contaminated equipment among high-risk PWID, αwh, and the corre-

sponding contamination rate σ , were also strongly positively associated with R0 with PRCC of

0.8397 and 0.8576, respectively. These suggest that the processes underlying equipment con-

tamination and injecting behavior in the high-risk group provide the dominant contribution to

sustained transmission.

By contrast, the natural mortality rate, µ , had the strongest negative correlation with R0

(PRCC = −0.8987), which occurred because it decreases the size of the infectious pool.

The sterilization or removal rate of injecting equipment, ω , also had a strong negative effect

(PRCC = −0.7834), as one would expect from a mechanism that eliminates infectious equip-

ment from circulation. Disease-induced mortality τ and treatment initiation rate δ both have

smaller, but still negative, correlations (PRCC = −0.1717 and −0.1170, respectively) that are

still consistent with a belief that they may reduce transmission, although to a lesser extent than
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the other parameters. In general, the PRCC results provide evidence that the most influential de-

terminants of HCV transmission in the model are those involving the recruitment and behavior

of high-risk PWID, the contamination of injecting equipment, and effectiveness of equipment

sterilization. These findings reinforce the importance of interventions such as reducing high-risk

initiation, limiting equipment sharing, and expanding access to clean or sterilized equipment as

key strategies for reducing R0 and controlling HCV transmission among PWID.
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FIGURE 6. Sensitivity analysis of Re

TABLE 3. Model Parameters, Values, and Sources

Parameter Value (per week) Source
φh 0.129 [17]
ρh 0.23 Estimated
µ 0.09 [23]
τ 0.035 [23]
δ 0.04 [23]
γ 0.02 [23]
αwh 0.00085 Estimated
αwl 0.00005 Estimated
κ 0.00274 Estimated
ψ 0.000047 Estimated
θ 0.27 Estimated
σh 0.59 Estimated
σl 0.10 Estimated
ω 0.143 [17]
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PARAMETER ESTIMATION

The transmission probability via contaminated injecting equipment for low-risk PWID, αwl ,

is estimated at 0.0057 per event and scaled by average injecting frequency (e.g., 2 times per

week), yielding a daily rate of αwl = 0.00005. For high-risk PWID, assuming twice the expo-

sure, αwh is set to 0.00085 per week [24]. The contamination rates of injecting equipment by

infected users are assumed to be 0.1 per week for low-risk PWID (σl), and based on behavioral

studies showing 5.9-fold higher sharing risk, σh is estimated as 0.59 per week [25]. The rein-

fection rate ψ is derived from follow-up studies reporting 1.7 reinfections per 100 person-years

among treated PWID, which converts to approximately 0.000047 per week [26]. The rate of

behavioral transition from low-risk to high-risk PWID, κ , is assumed as 1.0 per year (typical

relapse time), equivalent to 0.00274 per week [27]. The distribution rate of clean injecting

equipment, θ , is taken as 0.27 syringes per person per week based on WHO guidelines for nee-

dle and syringe programs [28]. Lastly, the proportion ρh of new PWID entering the high-risk

group is estimated at 0.23 from modeling studies [29].

7. NUMERICAL SIMULATION

In this section, we present numerical simulations to investigate the dynamics of the infected

compartments (Ih(t), Il(t), and Ei(t)) under various control strategies, namely sterilization (ω),

equipment cleanliness (θ), treatment (δ ), and relapse prevention (κ). The simulations are

performed in MATLAB using the ODE45 solver for ordinary differential equations. Unless

stated otherwise, all parameter values are adopted from Table 3. The system is initialized with

[700,10,0,0,900,8,0,0,200,2], and the simulation is run over a period of 500 days.

7.1. Effect of Sterilization Control. Figure 7a illustrates how varying sterilization rates (ω)

affect the dynamics of high-risk infected individuals Ih(t). As sterilization rates rise, the number

of infected high-risk persons fluctuates due to shifts in the relative balance of infection and ster-

ilizing processes. Over time, however, all pathways converge on the same endemic equilibrium

point. The higher the sterilizing rate, the smaller the early infection peaks due to less exposure
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to contaminated injection equipment. Sterilization removes both infected and uninfected equip-

ment, therefore the overall exposure ratio Ei
Eu+Ei

remains roughly the same, explaining why all

infection curves eventually converge.

Figure 7b illustrates the dynamics of infected low-risk people (Il(t). Figure 7a shows a qual-

itatively similar trend, albeit with a lower overall infection size. This is due to the group’s

reduced risk behaviors and lower transmission rate (αwl . Smaller, smoother infection peaks at

higher sterilizing rates result in speedier convergence to equilibrium. These findings suggest

that sterilization has a slight but significant protective effect on the infected low-risk PWID

group; sterilization reduces infection burden while maintaining the long-term endemic level.

Figure 7c illustrates how sterilization impacts the quantity of contaminated equipment (Ei(t)).

In this scenario, there is a clear inverse relationship with the rate of sterilization. As ω increases,

Ei(t) decays faster and reaches extremely low levels with increasing sterilization rates. Envi-

ronmental sterilizing appears to significantly reduce the availability of previously contaminated

reused equipment. As sterilization rates increase, the equilibrium value of Ei decreases sig-

nificantly, indicating a strong positive association where sterilization efforts directly diminish

environmental sources of infection.
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Figure (a): Effect of Sterilization on High-Risk Infected Individuals (Ih)
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Figure (b): Effect of Sterilization on Low-Risk Infected Individuals (Il)
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low-risk infected individuals
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Figure (c): Effect of Sterilization on Contaminated Equipment (Ei)
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equipment (Ei)

FIGURE 7. Effect of sterilization control (ω) on HCV transmission dynamics

among PWID. Increasing sterilization rate reduces the quantity of contaminated

equipment and slightly alters infection trajectories, leading all variables to con-

verge toward the same endemic equilibrium.

7.2. Effect of Clean Equipment. The dynamics of Hepatitis C virus among PWID are

strongly influenced by the production rate of clean injecting equipment, θ . Figures 8a–c illus-

trate these effects for three values of θ (0.01, 0.27, 0.54). A smaller θ means fewer clean needles
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are available, which leads to more sharing and reuse of contaminated equipment. Consequently,

the infection prevalence rises among both high-risk (Ih) and low-risk (Il) PWID. Moreover, the

absolute number of contaminated items (Ei) also increases due to the greater reuse of exist-

ing equipment. As θ increases, the supply of clean equipment is sufficient to reduce exposure

to contaminated items, leading to lower infection levels in both human subpopulations and a

decrease in environmental contamination. In Figure 8a, high-risk infected individuals, Ih(t),

experience higher infection peaks when θ is low, while increasing θ reduces both the peak and

equilibrium levels. Similarly, Figure 8b shows that low-risk infected individuals, Il(t), display

smaller infection magnitudes, but low θ still causes significant growth. Finally, Figure 8c shows

that contaminated equipment, Ei(t), rises most for the smallest θ , reflecting the scarcity of clean

equipment. Higher values of θ reduce Ei and allow faster environmental renewal. Overall, these

results demonstrate that enhancing clean-equipment production is an effective intervention to

reduce human infections and environmental contamination.

7.3. Effect of Treatment. Treatment of infected individuals, represented by the rate δ , is an

integral part of controlling Hepatitis C dynamics among PWID. Figures 9a–c depict the effects

of different treatment rates (δ = 0.01,0.04,0.08 per day) on high-risk and low-risk infected

populations and contaminated equipment.

With the increase in treatment rate δ , infected individuals recover faster and are taken out

of the infectious class. Hence, Ih(t) decreases more rapidly for higher δ , as can be viewed in

Figure 9a. Similarly, Il(t) also decreases more rapidly with increased treatment rates as de-

picted in Figure 9b. Thus, both subpopulations’ infection prevalence is diminished by improved

treatment coverage.

This effect of treatment also spills over into the environmental reservoir. Contaminated

equipment, Ei(t), declines more sharply for a high value of δ (Figure 9c), as fewer infected

individuals are present to contaminate equipment. If δ is low, however, infections can persist

longer, sustaining environmental contamination. Taken together, these results suggest that

increased treatment rates can thus reduce not only human infections but also contaminated

equipment, a major goal of treatment programs in disease control strategies.
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7.4. Effect of relapse. The relapse or behavioural transition rate, κ , is crucially significant

in partitioning individuals into low-risk and high-risk injecting groups. Figures 10a–c depict

three relapse rates (κ = 0.0007,0.0014,0.0027 per week) that affect the dynamics of infected

compartments and contaminated equipment.

As κ grows, more people move from low-risk to high-risk categories. As shown in Fig-

ure 10a, higher values of κ result in an increase in the number of high-risk infected individuals,

Ih(t). Individuals who move into the high-risk category are more likely to be exposed to contam-

inated equipment and engage in unsafe injection behaviour. In contrast, the low-risk infected,

Il(t), falls slightly for larger values of κ , as seen in Figure 10b, since fewer individuals remain

in the low-risk class to sustain infections there.

The contamination level of injecting equipment, Ei(t), was very marginally responsive to

fluctuations in κ (Figure 10c). While a high relapse rate increases Ih(t) and hence the potential

for contamination, this effect is somewhat offset by a drop in Il(t), yielding only a little net

effect on environmental contamination. This study shows that changes in human behavioural

transitions influence infection persistence primarily through their impact on the composition of

the PWID community, rather than major modifications in environmental transmission dynamics.

Taken together, these findings suggest that preventing relapse into high-risk behaviour may

be one effective approach to lowering HCV transmission since it removes the individual from

the high-risk setting where infection is most likely. Intervention programs based on behavioural

risk reduction may thus complement other harm reduction techniques in order to reduce the

illness burden overall.
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Figure (a): Effect of Clean Equipment Production on High-Risk Infected (Ih)
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(a) High-risk infected individ-

uals, Ih(t).
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Figure (b): Effect of Clean Equipment Production on Low-Risk Infected (Il)
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(b) Low-risk infected individ-

uals, Il(t).
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Figure (c): Effect of Clean Equipment Production on Contaminated Equipment (Ei)
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(c) Contaminated equipment, Ei(t).

FIGURE 8. Effect of clean-equipment production rate, θ , on HCV dynamics

among PWID. Three values of θ are shown: 0.01, 0.27, and 0.54. Lower θ

corresponds to fewer clean needles, leading to more sharing and reuse of con-

taminated equipment, higher human infections (Ih, Il), and more contaminated

equipment (Ei). Higher θ reduces these risks.
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FIGURE 9. Effect of treatment rate δ on high-risk and low-risk infected pop-

ulations and contaminated equipment. Higher treatment rates reduce infection

prevalence and environmental contamination.
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FIGURE 10. The effect of relapse rate κ on infected persons at high and low

risk, including contaminated injecting equipment
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CONCLUSION

This study provides a comprehensive mathematical model that takes into account behaviour

heterogeneity, equipment contamination, reinfection, and treatment dynamics in order to inves-

tigate the indirect transmission of HCV among PWID. Our analysis shows that disease dynam-

ics are summarised by the basic reproduction number R0. When R0 < 1, the disease-free equi-

librium is globally stable, whereas when R0 > 1, a distinct endemic equilibrium occurs. Bifur-

cation analyses indicate that the transmission rate of contaminated equipment among high-risk

PWID (αwh) and the behavioral shift from low- to high-risk (κ) are major drivers of disease-free

and endemic states. The reinfection rate ψ does not alter R0, but it greatly increases endemic

infection levels and environmental pollution.

Sensitivity analysis reveals that recruitment to the PWID population, particularly into the

high-risk category, and contamination-related factors are the primary contributors to increasing

R0, while mortality and equipment sterilisation play significant suppressive roles. Numerical

simulations show that improved sterilisation, greater availability of clean equipment, and bet-

ter treatment rates significantly lower both the infectious load and the levels of contaminated

equipment.

Overall, our results highlight the critical role of environmental contamination and unsafe in-

jecting practices in sustaining HCV transmission. Controls will thus be effective only through a

combination of methods, including improved availability to sterile injection equipment, as well

as greater sterilisation or disposal programs; higher coverage of antiviral therapy; and efforts

to limit risk transitions. These findings offer evidence-based guidelines for the development of

integrated public-health interventions aimed at lowering HCV transmission in PWID commu-

nities.
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