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Abstract. This study proposes and analyzes a deterministic SVITR epidemiological model describing the trans-

mission dynamics of COVID-19 incorporating vaccination and treatment strategies. The total population is divided

into susceptible, vaccinated, infected, treated, and recovered compartments. Qualitative analysis of the model is

performed to determine the disease-free and endemic equilibria and the basic reproduction number. Local sta-

bility of equilibria is examined using Jacobian analysis, while global stability is investigated using Lyapunov

techniques. A bifurcation analysis is carried out to examine the qualitative changes in system dynamics near the

critical threshold parameter. Sensitivity analysis is performed to identify the most influential parameters affecting

disease transmission. Furthermore, an optimal control framework incorporating vaccination and treatment controls

is developed using Pontryagin’s Maximum Principle to minimize the number of infected individuals and interven-

tion costs. Numerical simulations illustrate the theoretical findings and demonstrate the effectiveness of combined

vaccination and treatment strategies in controlling the spread of COVID-19. The results highlight the importance

of timely vaccination campaigns and effective treatment policies in mitigating epidemic outbreaks.
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1. INTRODUCTION

The Coronavirus, also known as severe acute respiratory syndrome coronavirus 2 (SARS-

CoV-2), is a virus that mainly impacts the respiratory system. The disease caused by this virus

is referredto as Covid-19 (Coronavirus Disease 2019). According to the ICTV Coronavirus Dis-

ease Study Group, this virus is closely related to severe acute respiratory syndrome. The first

case of Covid-19 was detected in humans in December 2019 in Wuhan City, Hubei Province,

China. The outbreak was officially announced as global health emergency or pandemic by the

World Health Organization (WHO). The Chinese government enforced a quarantine in Wuhan

City on January 23, 2020,aiming to reduce the pandemic’s transmission. This action was noted

by Hou C et. al in 2020. This disease possesses certain characteristics that have contributed

to its extensive spread. It is caused by an RNA virus that can mutate and recombine rapidly as

discussed by Markov et. all (Markov P.V et al. (2023)). It has a long incubation period, which

means that people who are infected but asymptomatic can still spread the virus (Jiang X et al.

(2020)); it is more deadly for certain groups, such as elderly individuals, immunocompromised

persons, and individuals with pre-existing medical conditions as mentioned by Guan W. J. et

al.(Guan W. J. et al. (2020)). It can be spread through droplets from coughing and sneezing, as

well as contact with contaminated objects (Lotfi M. et al.(2020)). Vaccination is an important

public health method in modern medicine, which has been used to reduce the impact of many

infectious diseases demonstrated by Rappuoli R. et al.(Rappuoli R. et al.(2011)) and Moore S.

et al. (Moore S. et al. (2021)). A vaccine refers to any material produced in terms of biology

Which triggers a protective immune mechanism when administered to a susceptible individ-

ual. Vaccines assist the body in preparing to fight illnesses by leveraging the immune system’s

ability to recognize and resist infectious agents, such as viruses, bacteria, or toxins (Elgert

K.D. (2009)). Rising worries exist that herd immunity may not be attained through vaccina-

tion due to the spread of more contagious variants, declining vaccine efficacy, and disparities

in vaccine distribution. Vaccines reduce the likelihood of severe illness and death, therefore,

widespread vaccination/immunization coverage is necessary to protect the healthcare system

from overwhelming increases in infections. Getting vaccinated is a personal decision of social

responsibility. However,the anxiety and negative side effects associated with the vaccine must
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be addressed (Udolig M. etal. (2020)). Mathematical modeling is a useful technique for study-

ing the spread of COVID-19 in several possibilities. It helps to predict the propagation of the

disease over time by observing the population dynamics in different classes such as suscepti-

ble, infectious, recovered, and dead. There are different types of mathematical models, each

with its own pros and cons (Bouchnita A. et al.(2020)). SIR (susceptible-infected-recovered)

models are straightforward and offer rapid predic-tions. However, they may oversimplify the

complexities involved in disease transmission (AlanaziS.A. et al. (2020)). In contrast, SEIR

(susceptible-exposed-infected-recovered) models incorporatean additional exposed stage, mak-

ing them more intricate but capable of providing a more preciserepresentation of disease dy-

namics ( He S. et al. (2020)) and extended model was discussed byGhostine ( Ghostine R.

et al. (2021)). Building upon SEIR, SEIRD (susceptible-exposed-infected- recovered-dead)

models introduce a compartment for individuals who have succumbed to the disease, enabling

these models to capture the full progression of an epidemic, from onset to resolution ( Loli

Piccolomini E. et al. (2020); Fonseca I Casas P. et al. (2020)). This paper is organised as fol-

lows: Section 2 explains the considered model, while analysis of the model is discussed in next

section. In Section 4, the stability analysis is presented and Section 5 emphasize primarily on

numerical simulation. Section 6 illustrate the role of control on the model, section 7 describe

the result and discussion of the whole work followed by conclusion in section 8.

2. MODEL FORMULATION

This model has been inspired by (Athithan, S. et al. (2013); Oshinubi, K. et al. (2023); Ag-

bata, B. C. et al. (2019)) and gave inspiration to develop the mathematical model of COVID-19

with treatment class. In this study, Total population was divided by six compartments: suscep-

tible S(t), vaccinated V (t), exposed E(t), infected I(t), treated T (t), and recovered R(t). The

variables and parameters of the model are described in Table 1 and Table 2 respectively. It is

important to recognize that individuals in the recovery class are neither contagious nor vulner-

able to infection.

It is assumed in the model that the population is uniformly mixed, so each member is equally

likely to come into contact with others. The parameter representing natural death rate is µ and

rate of death related to COVID-19-related is δ .
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After being vaccinated, susceptible individuals transition to the vaccinated compartment at a

rate of α . Even so, the vaccinated population (V ) can move back to the susceptible class with

rate ρ due to vaccination inefficacy.

The COVID-19 virus can infect susceptible individuals at a rate of λ = βSI, where β represents

the transmission rate between susceptible and infected populations.

After being infected, individuals shift to the exposed group (E), and exposed individuals move

to the infected compartment and treatment class at rates ε and η , respectively. The remaining

individuals shift to the recovery group due to strong immunity with rate τ . Infected individuals

shift to the treatment group with rate γ , and treated individuals shift to the recovery group with

rate ω .

We formulate the following system of nonlinear ordinary differential equations.

(1)

dS
dt

= θ +ρV −βSI −αS−µS,

dV
dt

= αS−ρV −µV,

dE
dt

= βSI −ηE − εE − τE −µE,

dI
dt

= εE − γI −µI −δ I

dT
dt

= ηE + γI −ωT − (µ +δ )T

dR
dt

= ωT + τE −µR,

The initial conditions of system (1) are,

(2) S(0)≥ 0, V (0)≥ 0, E(0)≥ 0, I(0)≥ 0, T (0)≥ 0, R(0)≥ 0.

Variables in the model Meaning
S Population which are Susceptible

V Population which are vaccinated

E Population which are exposed

I Population which are infectious

T Population which are Treated

R Population which are recovered
TABLE 1. Notations used to describe different components



BIFURCATION ANALYSIS AND OPTIMAL CONTROL OF AN SVITR COVID MODEL 5

Parameters Meaning of the notations
θ Rate of inclusion of susceptible individuals

β Transmission rate

ρ vaccination rate

ε Progression rate from exposed to active COVID-19

α Vaccine Rate

η rate from exposed to treated class

γ Treatment rate of individuals with active COVID-19

ω Rate of recovery among treated individuals

τ recovery rate of exposed population

µ Natural death rate

δ Disease related death rate
TABLE 2. Defined parameters within the model and their significance.

3. ANALYSIS OF MODEL

This section provides positivity and boundedness for the solution variables described in equa-

tion (1).

3.1. Invariant region. We have obtained a domain where solutions of the system (1) are

bounded uniformly within the region ∆ of R6.

Theorem 3.1. The feasible solution set ∆ = {S,V,E, I,T,R} of the system (1) with initial con-

dition (2) then ∆ = {S,V,E, I,T,R ∈ R6
+ : S+V +E + I +T +R ≤ θ

µ
} is bounded region.

Proof : In our model, we have considered whole population as

N(t) = S(t)+V (t)+E(t)+ I(t)+T (t)+R(t)

dN
dt

= dS
dt +

dV
dt +

dE
dt +

dI
dt +

dT
dt +

dR
dt(3)

dN
dt

= θ −µN −δ I −δT(4)

Without disease-induced death, then (4) becomes

dN
dt

≤ θ −µN

By integrating and for t → ∞, we get the following equation

0 ≤ N ≤ θ

µ
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Therefore, ∆ = {S,V,E, I,T,R ∈ R6
+ : S+V +E + I +T +R ≤ θ

µ
}

is a positive invariant set for the system (1).

3.2. Positivity of Solutions: In order for the verification of system(1) to be epidemiologically

significant and mathematically consistent, we need to demonstrate that every state variable is

positive for every t ≥ 0.

Theorem 3.2. The solution corresponding to system (1) combined with the initial conditions

(2), is positively invariant for all t ≥ 0

Proof :Corresponding to (1), the following can be obtained from susceptible,

dS
dt

= θ +ρV −βSI −αS−µS,

dS
dt

≥−(β I +α +µ)S

implies

dS
S

≥−(β I +α +µ)dt

on integrating

logS ≥−(β I +α +µ)t +C

S ≥ e−(β I+α+µ)teC

using initial conditions i.e.

at t = 0, S = S0 therefore from above equation S0 = eC , where C is a constant, we get

S(t)≥ S0e−(β I+α+µ)t ≥ 0

Similarly we can verify that all the equations are positive for t ≥ 0. Hence, theorem 3.2 is

proved.

3.3. Equilibrium Point. There are two forms of equilibrium points: Disease-Free Equilib-

rium (DFE) Point, characterized by infected population I = 0,. The latter represent scenarios in

which the disease persists in the population, at which I ̸= 0, also referred as endemic equilibrium

points (or outbreak equilibrium points).
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3.4. Disease Free Equilibrium Point (DFE) (X0): DFE (X0) of the system (1) has been

obtained by considering infection as zero. For DFE all classes that have infection will be con-

sidered as having zero infection. Therefore, DFE is.

X0 = (S0,V 0,E0, I0,T 0,R0)

X0 =
(︂

θ(ρ+µ)
µ(α+ρ+µ) ,

θα

µ(α+ρ+µ) , 0, 0, 0, 0
)︂

That describes a state where there is no infection present in the community.

3.5. Basic Reproduction Number. Spreading of the disease can be measured by Basic Re-

production Number(R0), which is a crucial factor in determining whether COVID-19 will con-

tinue to spread within a population or disappear. It characterized the average number of sec-

ondary cases caused from a single infected susceptible individual (Fine, P. et al. (2011))..

One process of determining R0 is by using the next-generation matrix method (Diekmann,O.

et al. (2010)) after calculating by multiplying the F and −V−1 matrices, where F represents

transmission rate of infection between the E and I compartments and the matrix V accounts for

other transfers between compartments.

F =

⎛⎝ 0 βS0

0 0

⎞⎠

V =

⎛⎝ −(η + ε + τ +µ) 0

ε −(γ +δ +µ)

⎞⎠
Therefore

K = F · (−V−1) =

⎛⎝ 0 βS0

0 0

⎞⎠⎛⎝ ( 1
(η+ε+τ+µ) 0

ε

(η+ε+τ+µ)(γ+δ+µ)
1

(γ+δ+µ)

⎞⎠

K =

⎛⎝ εβS0

(η+ε+δ+µ)(γ+δ+µ)
βS0

(γ+δ+µ)

0 0

⎞⎠
The basic reproduction number is defined as the spectral radius of the next-generation matrix

K. Thus, the basic reproduction number is given by:
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R0 =
βεS0

(η + ε + τ +µ)(γ +δ +µ)

R0 =
εβθ(ρ +µ)

µ(η + ε + τ +µ)(γ +δ +µ)(α +ρ +µ)

3.6. Endemic equilibrium point EEP (X*). Let X∗ = (S∗,V ∗,E∗, I∗,T ∗,R∗) be the EE of

the system of (1). we obtained EE by setting all the derivatives of the system (1) to zero, giving

θ +ρV −βSI −αS−µS = 0(5)

αS−ρV −µV = 0(6)

βSI −ηE − εE − τE −µE = 0(7)

εE − γI −µI −δ I = 0(8)

ηE + γI −ωT −µT −δT = 0(9)

ωT + τE −µR = 0(10)

solving these equation we get

S∗ =
θ(ρ +µ)

µ(α +ρ +µ)R0

V ∗ =
θα

µ(α +ρ +µ)R0

I∗ =
µ(R0 −1)(α +ρ +µ)

β (ρ +µ)

E∗ =
µ(R0 −1)(α +ρ +µ)(γ +µ +δ )

εβ (ρ +µ)

T ∗ =
µ(R0 −1)(α +ρ +µ)[η(γ +µ +δ )+ γε]

εβ (ρ +µ)(ω +µ +δ )

R∗ =
µ(R0 −1)(α +ρ +µ)[(γ +µ +δ ){ωη + τ(ω +µ)}+ωγε]

εβ µ(ρ +µ)(ω +µ +δ )
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4. STABILITY ANALYSIS

4.1. Local Stability for DFE. In order to evaluate the stability of the system represented by

equation (1), the following results have been demonstrated.:

Lemma 1: The model will be locally asymptotically stable around DFE X0, if R0 < 1 and

unstable when R0 > 1.

Proof:Linearizing the system (1) around DFE,

J(X0) =

⎛⎜⎜⎝
−(β I+α+µ) ρ 0 −βS 0 0

α −(ρ+µ) 0 0 0 0
β I 0 −(η+ε+τ+µ) βS 0 0
0 0 ε −(γ+δ+µ) 0 0
0 0 η γ −(ω+µ−δ ) 0
0 0 τ 0 ω −µ

⎞⎟⎟⎠
for X0 system will be converted to

J(X0) =

⎛⎜⎜⎝
−(α+µ) ρ 0 0 0 0

α −(ρ+µ) 0 0 0 0
0 0 −(η+ε+τ+µ) 0 0 0
0 0 ε −(γ+δ+µ) 0 0
0 0 η γ −(ω+µ−δ ) 0
0 0 τ 0 ω −µ

⎞⎟⎟⎠
The characteristics equation is given

J(X0) =

⎛⎜⎜⎝
−(α+µ)−λ ρ 0 0 0 0

α −(ρ+µ)−λ 0 0 0 0
0 0 −(η+ε+τ+µ)−λ 0 0 0
0 0 ε −(γ+δ+µ)−λ 0 0
0 0 η γ −(ω+µ−δ )−λ 0
0 0 τ 0 ω −µ−λ

⎞⎟⎟⎠
the determinants gives

{−(α +µ)−λ}{−(ρ +µ)−λ}{−(η + ε + τ +µ)−λ}{−(γ +δ +µ)−λ}

{−(ω +µ +δ )−λ}{−µ −λ}= 0

hence λ1 =−(α +µ)

λ2 =−(ρ +µ)

λ3 =−(η + ε + τ +µ)

λ4 =−(γ +δ +µ)

λ5 =−(ω +µ +δ )

λ6 =−µ

since λ1,λ2,λ3,λ4,λ5,λ6 < 0, then the model is stable around DFE.
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4.2. Global Stability around DFE. Lemma 2: The disease-free equilibrium point X0 is

globally asymptotically stable if R0 < 1 .

Proof: To prove the global stability of the disease-free equilibrium, the Lyapunav function be-

low is constructed:

L = B1E +B2I

Where

B1 = (γ +µ +δ )

B2 = βS

L = (γ +δ +µ)E +(βS0)I

dL
dt

= (γ +δ +µ)
dE
dt

+(βS0)
dI
dt

dL
dt

= (γ +δ +µ)
[︁
βS0I − (γ + ε + τ +µ)E

]︁
+βS0 [εE − (γ +δ +µ)I]

dL
dt

=
[︁
βεS0 − (γ +δ +µ)(γ + ε + τ +µ)

]︁
E

dL
dt

=

[︃
βεθ(ρ +µ)

µ(α +ρ +µ)
− (γ +δ +µ)(γ + ε + τ +µ)

]︃
E

dL
dt

= (γ +δ +µ)(η + ε + τ +µ)

[︃
βεθ(ρ +µ)

µ(α +ρ +µ)(γ +δ +µ)(η + ε + τ +µ)
−1

]︃
E

dL
dt

= (γ +δ +µ)(η + ε + τ +µ)[R0 −1]E < 0 if R0 < 1

(11)

Hence dL
dt < 0 if R0 < 1

If E = 0 then dL
dt = 0

Therefore, according to Lasalles’ invariance principle, the system exhibits global asymptotic

stability.

4.3. Sensitivity Analysis of the model for DFE.

4.4. Sensitivity Analysis of the Basic Reproduction Number. Sensitivity analysis helps to

determine the relative importance of different parameters in influencing the basic reproduction

number R0. It identifies which parameters have the greatest impact on disease transmission and

can therefore guide effective control strategies.

The normalized forward sensitivity index of R0 with respect to a parameter p is defined as
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ϒ
R0
p = ∂R0

∂ p × p
R0
.

Using the above definition, the normalized sensitivity indices for each parameter are calcu-

lated as follows.

ϒ
R0
β

= 1

ϒ
R0
ε = η+τ+µ

η+ε+τ+µ

ϒ
R0
θ

= 1

ϒ
R0
ρ = ρ

ρ+µ
− ρ

α+ρ+µ

ϒ
R0
α =− α

α+ρ+µ

ϒ
R0
η =− η

η+ε+τ+µ

ϒ
R0
τ =− τ

η+ε+τ+µ

ϒ
R0
γ =− γ

γ+µ+δ

ϒ
R0
δ

=− δ

γ+µ+δ

A positive sensitivity index indicates that an increase in the parameter value will increase the

basic reproduction number R0, thereby enhancing disease transmission. Conversely, a negative

sensitivity index implies that increasing the parameter value will reduce R0 and help in control-

ling the spread of the disease. We can see the impact of parameter on the Basic reproduction

number as per the Sensitivity Index Table.

Parameter Value Sensitivity Index

β 0.45 1

θ 10 1

ε 0.30 0.72

ρ 0.20 0.08

α 0.25 -0.21

η 0.15 -0.11

τ 0.10 -0.07

γ 0.35 -0.26

δ 0.05 -0.03

µ 0.02 -0.18

TABLE 3. Sensitivity Index Table
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4.5. Bifurcation Analysis around DFE. To investigate the qualitative behavior of the model

near the disease-free equilibrium (DFE), we analyze the system using bifurcation theory. In

particular, we determine whether the system exhibits a forward or backward bifurcation when

the basic reproduction number R0 crosses the critical threshold value R0 = 1.

Let β be the bifurcation parameter associated with the transmission of infection. The disease-

free equilibrium of the system is given by

E0 = (S∗,V ∗,0,0,0,0)

where

S∗ = θ(ρ+µ)
µ(α+ρ+µ)

V ∗ = αS∗
ρ+µ

In this section, we investigate the qualitative behavior of the system near the disease–free equi-

librium (DFE). The center manifold theory developed by Castillo-Chavez and Song is used to

determine the direction of bifurcation that occurs when the basic reproduction number crosses

unity. Using the next generation matrix method, the basic reproduction number is obtained as

R0 =
βS0

γ+µ+τ

The critical threshold occurs when R0 = 1, which implies

β = βc =
γ +µ + τ

S0
.(12)

Let w = (w1,w2,w3,w4,w5)
T be the right eigenvector satisfying J(E0)w = 0.

Solving the above system yields

w =
(︂
−βS0

µ
,0,1, τ

µ+δ
, γ(µ+δ )+τδ

µ(µ+δ )

)︂T
.

Let v = (v1,v2,v3,v4,v5) be the left eigenvector satisfying vJ(E0) = 0.

The normalized left eigenvector is obtained as v = (0,0,1,0,0)

with normalization condition v ·w = 1.

Following the center manifold theory, the bifurcation coefficients are defined as

a = ∑
k,i, j

vkwiw j
∂ 2 fk

∂xi∂x j
(E0)(13)

and
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b = ∑
k,i

vkwi
∂ 2 fk

∂xi∂β
(E0).(14)

After computation of the second-order derivatives, we obtain a =−2βS0
N and b = S0

Since

a < 0, b > 0,

the system undergoes a forward bifurcation at R0 = 1

5. NUMERICAL SIMULATION

FIGURE 1. Sensitivity index for DFE

FIGURE 2. Time series analysis for the model for DFE for stability (R0 < 1)
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FIGURE 3. Infected behavior for the model for DFE for stability based on (R0)

FIGURE 4. Bifurcation diagram for DFE

FIGURE 5. Nature of R0 with respect to different parameters
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S(0) = 8900000, I(0) = 2,E(0) = 0,T (0) = 0,R(0) = 0,V (0) = 0

Parameters Parametric values

θ 4796.36

β 858×10−10

α 0.000035

η 0.001

ω 0.001

ε
1
6

µ 178×10−7

γ 0.000161

ρ 0.05

δ
1

15

τ 0.015

TABLE 4. Parametric values used in numerical simulation

We consider a small portion of time in whole COV ID− 19 epidemic so small changes ob-

served in exposed compartments. 3 gives only the significant result to susceptible population.

6. OPTIMAL CONTROL STRATEGY

In order to reduce the spread of the infection and minimize the associated implementation

costs, we introduce two time–dependent control variables into the model. The control u1(t)

represents the vaccination effort applied to susceptible individuals, while u2(t) represents the

treatment and testing effort applied to infected individuals.

With the inclusion of these control variables, the controlled epidemic model becomes

dS
dt

= θ +ρV −βSI − (1+u1(t))αS−µS,

dV
dt

= (1+u1(t))αS−ρV −µV,

dE
dt

= βSI −ηE − εE − τE −µE,

dI
dt

= εE − (γ +u2(t))I −µI −δ I,
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dT
dt

= ηE +(γ +u2(t))I −ωT − (µ +δ )T,

dR
dt

= ωT + τE −µR.

The goal is to determine optimal control functions u1(t) and u2(t) that minimize the number

of infected individuals while keeping the cost of control implementation as low as possible.

The objective functional is defined as

J(u1,u2) =
∫︂ Tf

0

[︃
AI(t)+

1
2
(︁
B1u2

1(t)+B2u2
2(t)

)︁]︃
dt,(15)

where A represents the weight associated with the infected population and B1 and B2 represent

the cost coefficients associated with vaccination and treatment strategies respectively.

The optimal control problem consists of finding control functions (u∗1,u
∗
2) such that

J(u∗1,u
∗
2) = min

(u1,u2)∈Γ

J(u1,u2)(16)

subject to the controlled system and the admissible control set

Γ = {(u1,u2) : 0 ≤ u1(t)≤ 1, 0 ≤ u2(t)≤ 1, t ∈ [0,Tf ]}.(17)

The necessary conditions for optimality are obtained using Pontryagin’s Maximum Principle.

Accordingly, there exist adjoint variables λi(t) (i = 1, . . . ,6) such that the Hamiltonian function

is given by

H = AI +
1
2
(B1u2

1 +B2u2
2)

+λ1 (θ +ρV −βSI − (1+u1)αS−µS)

+λ2 ((1+u1)αS−ρV −µV )

+λ3 (βSI −ηE − εE − τE −µE)

+λ4 (εE − (γ +u2)I −µI −δ I)

+λ5 (ηE +(γ +u2)I −ωT − (µ +δ )T )

+λ6 (ωT + τE −µR) .
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The optimal control functions are characterized by

u∗1 = min
{︃

1,max
(︃

0,
(λ1 −λ2)αS

B1

)︃}︃
,

u∗2 = min
{︃

1,max
(︃

0,
(λ4 −λ5)I

B2

)︃}︃
.

These expressions determine the optimal vaccination and treatment strategies required to

minimize the infection burden while maintaining cost efficiency.

FIGURE 6. Nature of I(t) with and without control

FIGURE 7. Nature of I(t) for different values of control variables
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7. RESULT AND DISCUSSION

The sensitivity indices of the basic reproduction number R0 with respect to the model param-

eters are illustrated in FIGURE1. Sensitivity analysis provides insight into how variations in

parameters influence the transmission dynamics of the disease.

From the figure, the transmission rate β and the recruitment rate θ exhibit the highest positive

sensitivity indices, both equal to +1. This indicates that R0 is highly sensitive to these param-

eters, implying that a proportional increase in either β or θ results in a proportional increase

in the value of R0. The progression rate from exposed to infectious individuals ε also shows a

significant positive sensitivity index of 0.72, suggesting that faster progression to the infectious

class enhances disease transmission.

On the other hand, several parameters show negative sensitivity indices, indicating their role

in reducing disease spread. In particular, the recovery rate γ has the highest negative sensitivity

index (−0.26), followed by the vaccination rate α (−0.21) and the natural death rate µ (−0.18).

Additionally, the treatment-related parameters η and τ contribute negatively to R0, although

their impact is comparatively smaller.

Overall, the results suggest that reducing the transmission rate β and increasing recovery,

treatment, and vaccination-related parameters can significantly reduce the basic reproduction

number. Therefore, effective control strategies should focus on limiting disease transmission

while enhancing recovery and intervention measures. Numerical simulations are performed to

illustrate theoretical results and investigate the impact of different intervention strategies. The

simulations demonstrate that combined vaccination and treatment strategies significantly reduce

infection levels compared to individual control measures.

In Figure2, The first subplot represents the dynamics of the susceptible population S(t). Ini-

tially, the susceptible population starts at a high level and decreases rapidly during the early

stage of the epidemic due to infection transmission and vaccination. After a certain period, the

susceptible population stabilizes, indicating that the epidemic approaches a steady state.

The second subplot shows the behavior of the vaccinated population V (t). At the beginning,

the vaccinated population increases due to the vaccination of susceptible individuals. However,
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after reaching a peak, the vaccinated population gradually decreases and stabilizes as individuals

either lose immunity or transition to other compartments.

The third subplot illustrates the dynamics of the exposed population E(t). The exposed

individuals represent those who have been infected but are not yet infectious. The graph shows

that the exposed population increases rapidly during the early phase of the epidemic due to high

transmission. After reaching a maximum value, it gradually declines as individuals progress to

the infected class or recover through treatment.

The fourth subplot depicts the infected population I(t). The infected population rises sig-

nificantly during the early phase of disease transmission, reaching a peak around the initial

outbreak period. Afterward, the infected population decreases due to treatment, recovery, and

control measures incorporated in the model.

The fifth subplot presents the treated population T (t). The treated population increases as

infected individuals receive medical treatment. After reaching a maximum value, it decreases

gradually as individuals recover and move into the recovered compartment.

The final subplot represents the recovered population R(t). The recovered population steadily

increases as infected and treated individuals recover from the disease. Eventually, the recovered

population reaches a stable level, indicating the development of immunity within the population.

Overall, the simulation results demonstrate the progression of the epidemic from an initial

outbreak to a stabilized state. The graphs clearly highlight the important roles of vaccination

and treatment in reducing infection levels and increasing recovery in the population. Figure3

shows a direct correlation between R0 and infected population size. As R0 increases from

0.20 to 1.45, infections rise from 1.0 to 3.2. A critical threshold exists at R0 = 1.0, below

it, vaccination and exposure dynamics suppress spread, while above it, infections accelerate

rapidly, indicating insufficient control measures for higher pathogen transmissibility, which is

also visible in Figure4. This sensitivity analysis identifies parameters most influencing R0,

which is described by Figure5. β (transmission rate) shows the strongest positive impact on R0,

while γ (recovery) and ρ (vaccination) exhibit strong negative correlations. ε,α , and η have

moderate effects. This highlights that reducing transmission and increasing vaccination are

most effective for disease control. Combined control strategies significantly reduce the infected



20 CHOUHAN, GHOSH, BHARDWAJ, KUNDU

population over time compared to no intervention, as shown by lower curves as described in

Figure6. As noticed in Figure7, higher rate of control u1 and u2, drastically reduced the infected

population. This demonstrates that increasing both control measures simultaneously provides

the most effective epidemic mitigation strategy.

8. CONCLUSION

This study developed and analyzed a deterministic SVITR compartmental model to under-

stand the transmission dynamics of COVID-19 and evaluate the impact of vaccination and treat-

ment strategies. The model, which incorporates susceptible, vaccinated, infected, treated, and

recovered classes, provides a robust framework for assessing intervention measures.

The analysis yielded several key findings. The basic reproduction number (R0) was derived

and shown to be a critical threshold; the disease-free equilibrium is both locally and globally

asymptotically stable when R0 < 1. Sensitivity analysis identified the transmission rate (β ) as

the most influential positive driver of R0, while the treatment rate (γ) and vaccination-related

parameters exhibited strong negative correlations, highlighting their importance for disease con-

trol. A bifurcation analysis confirmed that the system undergoes a forward bifurcation at R0 = 1.

Crucially, the optimal control analysis demonstrated that implementing combined time de-

pendent vaccination (u1) and treatment (u2) strategies is far more effective in reducing the in-

fected population than single interventions. Numerical simulations confirmed that higher inten-

sities of both controls drastically lower the peak of infections and accelerate epidemic suppres-

sion. These results underscore the necessity of integrated public health policies that pair timely

vaccination campaigns with effective treatment protocols to mitigate the burden of pandemics

like COVID-19.
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