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Abstract: The application of the M-polynomial to chemical networks, particularly to chemical compounds, is a
relatively recent development in chemical graph theory. Despite its novelty, this approach has proven to be a powerful
and effective tool for deriving degree-based topological indices. These indices play a crucial role in modeling and
predicting various physicochemical properties as well as biological activities of chemical substances and
nanostructured systems. The M-polynomial offers a unified and systematic framework by establishing mathematical

relationships between molecular structure and chemical behavior. In this work, we focus on computing the general
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form of M-polynomials for Hierarchical Hypercube Networks (HHNSs). The selected HHNs exhibit a high degree of
structural symmetry, which significantly simplifies the analytical computations and enables the exact determination
of the corresponding M-polynomials. By exploiting these symmetries, we derive closed-form expressions that describe
the underlying degree distributions of the considered nanostructures. Furthermore, several important degree-based
topological indices are obtained from the derived M-polynomials. These indices provide valuable insights into the
structural complexity and potential chemical dynamics of the studied Hierarchical Hypercube Networks. Finally, the
M-polynomials are presented graphically to highlight and visualize the structural characteristics of the HHNSs.
Keywords: Hierarchical Hypercube Networks (HHNs); M-polynomials; Topological descriptors; Entropies.
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1. INTRODUCTION

In chemistry, a molecular graph is a mathematical abstraction applied in chemical graph theory to
determine the structure of a chemical compound. Informally, a molecular graph is a simple graph,
that is, it does not have loops (edges of both ends of the edge point to the same vertex) nor does it
have multiple edges (two edges between similar pairs of vertices). This representation has atoms
of a molecule being represented as the vertices, and chemical bonding between atoms represented
as edges.

Topological indices refer to invariants of molecular graphs which are numbers. They are calculated
based on the graph structure of a chemical compound and they are invariant with graph
isomorphisms. Topological indices are useful in quantitative structure-property relationships
(QSPR), quantitative structure-activity relationships (QSAR), in which molecular structure is
associated with physical, chemical, or biological properties due to this invariance.

Another family of topological indices is of great particular interest and is obtained with the degrees
of the vertices in the molecular graph. These indices are referred to as degree-based topological
indices. These indices relate critical structural data of a molecule since they encode the links of
atoms with varying valencies. The most famous ones are the Zagreb indices, hyper-Zagreb indices
and numerous of their variants. degree-based topological indices are highly predictive and
computationally simple and it has been shown that they have wide application and research in
chemical graph theory [1-7].

Intimately connected with degree based topological indices is the M-polynomial concept. M-
polygonal representation of a molecular graph represents shortly the shape of the distribution of

locations given the edge degrees of their end nodes. The key benefit of it is that it can be used to



HIERARCHICAL HYPERCUBE INTERCONNECTION NETWORKS

obtain many degree-based topological indices as direct extensions of the M-polynomial, which is
achieved by using appropriate differential or algebraic operators. As such, the M-polynomial gives
a unified expression of closed-form expressions to a large number of degree-based topological
indices [8-13].

Over the last several years, a body of literature has been dedicated to computing the M-polynomial
and similar topological data sets, of a variety of chemical graph classes, especially the dendrimer
and nanostructure classes of the chemical graph. As an illustration, the authors of [14] examined
two families of nanostar dendrimers, which were infinitely generated (that is, denoted by (NS1[n])
and (NSz[n]) and determined their Zagreb indices and Zagreb polynomials. Some Zagreb
polynomials have been calculated in [15] for a special form of dendrimer nanostar (D3[n]), and a
larger investigation of the Zagreb indices and Zagreb polynomials of the same nanostar dendrimers
was performed in [16].

Other contributions involve the calculation of some fifth multiplicative Zagreb indices of
dendrimers as was reported in [17]. The authors in [18] investigated some reverse degrees-based
descriptors, such as the first and the second reverse Zagreb indices, reverse hyper-Zagreb indices,
as well as their respective polynomials, of porphyrin, propyl ether imine, zinc porphyrin, and
poly(ethylene amido amine) dendrimers. Also, M-polynomial and other topological indices of a
benzene ring embedded in P-type surface network were acquired in [19]. In [12], the M-polynomial,
metric dimension and topological indices of polyhex nanotubes were investigated with reference
to degrees, the application of topological indices, coherence and robustness analysis for a family
of unbalanced networks is discussed and many others computer-based problems are discussed in
[20-25].

In this paper, the Hierarchical Hypercube Networks (HHNs) are considered for developing the
topological indices and entropies on it. The rest of the paper arranges as: In section 2, the
mathematical form of topological indices and entropies are discussed. In section 3, the Hierarchical
Hypercube Networks (HHNs) and their partition function with respect to degrees of the end points
of the edges are considered. In section 4 and 5, the various topological indices for HHN;, HHN,
are computed respectively, further their numerical and graphical comparisons are developed in

these sections. In section 6, two kind of entropies are investigated for for HHN;, HHN,.

2. TOPOLOGICAL INDICES, M-POLYNOMIALS AND ENTROPIES

In this section, we will discuss about some well-known topological indices, then discuss their
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relations with M-polynomials. Further, entropies which are based on the degrees of the end points
of edges are considered. The well-known topological indices with their mathematical expression,
and M-polynomials are developed in [26-40]. The two well-known entropies are developed in [41,
42].

Table 1: Some well-known topological indices with their mathematical expression.

TI Mathematical Expression
(D(41) +D(42)
M, (G) 81 47€E(G)
M,(G) D(81)D (42)
81 82€E(G)
"M, (G) !
81 $2€E(G) D( AXl) D (%)
Ra(6) (D(81)D (42))°
81 $2€E(G)
RRo(G) !
s ok DA D (32
SSD3(G) D(8)D(82)(D(41) +D (82))
81 82€E(G)
$SD.(G) <®(Agl) . fD(M)
= D(82) D(81)
16) < D(8)D (42) )
o S D(81) +D(482)
H(G) ( 2 )
o &6 D(A1) +D(82)
F(G) (D(8)% +D(8)%)
81 82€E(G)
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The M-polynomial of a graph is defined as [9]

MG 81 8) = ) p@,f) 8, 8"
asp

In Table 2 the relationship with topological indices and M-polynomial, and In Table 3 some well-

known entropies are given.

Table 2: Relationship with topological indices and M-polynomial.

- Mathematical Expression
M, (6) (D5, +D5,(MG, 81, 82))] lsusm-n
M,(G) (D5, 05,(MG, 81, 82))] liss -
"M, (G) :(5415»32(1‘4(6' 31, ,32)))] (50, 8=11)
Ra(G) :(D‘j{‘1 MG, 8, »%z)))] ISHEBECRY
RR,(G) ( $.55, (M@, 8, »%z)))] (51, 80=11)
§SD3(G) :D&D%z ((Dﬁg1 + Dy, (MG, 8, %z)))] (81, 82)=)
SSDs(G) :(shpgl +5S5,D5, (MG, 8, %z)))] (50, 8=11)
1(6) 2550 (MG, 81, 82))] leso=co
H(G) :s&] 5D, ((M(G, A1, A%z)))] (3=
F(G) (052 +0,) (MG, 81 8))] lisnsm-an
Where
Dy = & (aw(g,gi,»xz)))’ Dy, = & (%ﬁ;w) Sy, = [, M(G,t, 8,)/t D,

SA%Z = fOA%2 M(G’ ’%1' t)/tbt' ] = M(G' A%1' ’%2)5 Qa = &aM(G' "9)1r A%Z)ra * O
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Table 3: Some well-known entropies with mathematical expressions.

Entropies Mathematical Expression
ENTgeze, () Bei*3s;
36, T 35 ]| 3638,
log(ReZG,) — ReZC log gl—g#j !
b eufeEGn L 20F
ENTRrezE,(6) . ;& ig;‘j
638 ||36i738;
log(ReZG,) — log [1s, #€E(G2) Ig +§;l j
ENT,
RIEB@ | log(RezGy) —z——log] | | [Ge3s)Gs,
> \bufjeEGs)
(o3 Goi+3s )]
# j)]
Where

§1h+3f
ReZG,(G) =
1(G) = 24, #,€E(G) { b, }

?méf
ReZGy(G) = Yo, 8,eE(6) {30 ey }
j

ReZG3(G) = Yo, 8,eE(6) {(gmgfj)(gm + %fj)}

3. HIERARCHICAL HYPERCUBE NETWORKS

Hierarchical Hypercube Networks (HHNs) are an important class of interconnection networks

studied in graph theory and parallel/distributed computing. They are designed to overcome some

limitations of classical hypercube graphs (such as scalability and wiring complexity) while

preserving desirable properties like symmetry and low diameter. In Figures (a) and (b) depict the

two hierarchical hypercube networks, HHN1 and HHN>, respectively. In HHN}, there are 16n+16

vertices and 24n+20 edges in total, respectively. The total numbers of vertices and edges in HHN>

are 16n + 16 and 32n + 28, respectively, as shown in Figure (b).
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(@ (HHN;)1x1 (b) (HHN,)1x1
Figure 1: Two hierarchical hypercube networks, HHN; and HHN>.

4. MOLECULAR DESCRIPTORS FOR HIERARCHICAL HYPERCUBE

NETWORKS HHN;
In this section, we will consider the hierarchical hypercube network HHN;, and then find
their degree-based M-polynomials. By applying this M-polynomial we will investigate
various kind of topological indices on this proposed structure.
Lemma 4.1: Let (HHN;) be a hierarchical hypercube network then M (HHN;; &4, 8,)
is

M(HHNy; 8, 8,) =16 8:° 8,° + 4 8,° 8,° + 24n 8,° §,°

Proof: Let (HHN;) be a hierarchical hypercube network then the partition mapping of set

of edges with respect to the degree of endpoints of edges is
16, a=2 =3
plap) = {2471 +4,a=3, B=3

By applying the definition of M-polynomial, we have

M(HHNy; 8, 82) = Z p(a,B) 8,° A%zﬁ

aspf
= Z p(2,3) 8,2 8,° + Z p(3.3) 4:° 8;°
2<3 3=3

= (16) §;,> 8> + 24n + 4) 8, 8,°
=168,°8,° +48,° 8,° +24n §,° §,°
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Theorem 4.2: Let (HHN;) be a hierarchical hypercube network, then the topological

indices are

M;(HHN;) = 104+ 144n
M,(HHN;) = 132+ 216n
mMz(HHN1) = @ + 8_"
9 ' 3
Ra(HHNl) = g8n3a+3} 4 olat+sigla+l) 4 (4) gla+1}
RR,(HHN,;) = g8n3{2a-1 4 2B-a3l-a-1 4 49l-a-1}

Proof: Let (HHN,) be a hierarchical hypercube network, the degree-based M-polynomial for
(HHN,) is
f(81, A2) =16 8,7 8,° + 4 8,° 8,° + 24n 8,° 8,°

0.092

0.5
0.0s8

0.048

Fo.092

—osl

o.1&8

o5
o.os8s

05

Lo oss

Fo 1es

—a.s}l -0.5

0. 252

Figure 2: The graphical representation of M-polynomial (hierarchical hypercube network HHNj;)
for n=1,2,3,4.
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First of all we will calculate the required values to develop the desired topological indices

Dy, = %ﬁz) B1=328,"8° +128.° 8, +72n 8, 8,

Dy, = %ﬁz) B1=488," 8" +128,° 8, +72n 8, 8,

Table 4: Numerical comparison among computed topological indices for HHN;.
n M, M, ™M, R, RR,
1 248 348 5.77778 23868 0.112483
2 392 564 8.44444 41364 0.145405
3 536 780 11.1111 58860 0.178326
4 680 996 13.7778 76356 0.211248
5 824 1212 16.4444 93852 0.24417
6 968 1428 19.1111 111348 0.277092
7 1112 1644 21.7778 128844 0.310014
8 1256 1860 24.4444 146340 0.342936
9 1400 2076 27.1111 163836 0.375857
10 1544 2292 29.7778 181332 0.408779
11 1688 2508 32.4444 198828 0.441701
12 1832 2724 35.1111 216324 0.474623
13 1976 2940 37.7778 233820 0.507545
14 2120 3156 40.4444 251316 0.540466
15 2264 3372 43.1111 268812 0.573388
16 2408 3588 45.7778 286308 0.60631
17 2552 3804 48.4444 303804 0.639232
18 2696 4020 51.1111 321300 0.672154
19 2840 4236 53.7778 338796 0.705075
20 2984 4452 56.4444 356292 0.737997

9f (81, 82)
Dy, Dy, = 81 == Dy, = 968" 8, +36 8,7 8,° +216n §,° 8,

¢ D§ = 216n 8,° 8,°91*} +36 8,° 8,°91 + 96 §,% 8,°6!%)

82 (F(81,) _168:° 8%  48,°8° 34 3

- fo ( ) P - +8n8;" 3,

84 88:°482° | 48:°8,° 8 34 3

03,08, = f ( Z)Dt— 13 —+ 19 : +§n/6§1 B2

My(HHNy) = [(Dy, + D, (M(G, 81, 82)) )] Is0 8-
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=80 A%lz @23 + 24 /&13 %23 + 144n %13 As&23|(As;1, 82)=(1,1)
=104 + 144n

M,(HHN,) = [(D»&D%Z(M(GM%L A%z)))] (81, 82)=(11)

=9648,°8,° +36 48, 8,° + 216n §,° AS‘23|(,5;1, 82)=(1,1)

=132 + 216n
m —_
M,(HHN,) = [(Sng%Z(M(G, A1, A%z)))] (81 8=011)
88.°8,° 48°8,° 8 .,
=——5—t+t—5 t378 82 lsus=a)
28 N 8n
9 3

R,(HHN,) = [(Dall)a2 (M(G»A%p A%z)))] I 81, 8)=(1,1)

=216n §,° 8,°9'% + 36 8,° 8,°919 + 96 8,° 8,°6F| 5 51—

= g n 32 a+3) 4 ola+syslett 4 4 gla+1)

RR,(HHN,) = [( i %‘Z(M(G, A1, Ay)z)))] | (81, 82)=1,1)

8 8,78,° 44°8,° 3¢ 3
R + 9 % 9a +3*9an’%1 A2 |(A%1M%2)=(1'1)

=gn3(-2a-1) 4 2B-a}3 7 | g gl-a-1)

4000000
3000000
2000000

1000000

R(a)

R(aa)

El m2 m3 =4 m5 m6 m7 W8 mS m10

Ellm]1?2ml3mlqm]lSmlom]l7m]1gsmIom20

Figure 3: The graphical comparison of numeric values of Table 4
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Theorem 4.3: Let (HHN;) be a hierarchical hypercube network, then the topological

indices are

— 128
SSD<(HHN,) T_l_ 48n
I(HHN,) = 116
15 + 8n
H(HHN,) = 60+ 72n
F(HHN,) = 280+4+432n

Proof: Let (HHN;) be a hierarchical hypercube network, the degree based M-polynomial for
(HHN,) is
f(8 82) =168,°8,° +48,° 8,° +24n 8,° 8,°

First of all we will calculate the required values to develop the desired topological indices

Dg, + Dy, = 808, 8,° +248,° 8,° + 144n 8,° 8,°
Dy, (Dg, + Dyg,) =240 8,%8,° +728,° 8,° +432n 8,° §,°
Dy Dy (Dg, + Dy,) =48048,°8,° +216 8,° 8,° + 1296n §,° §,°
SSDy(HHNy) ) = [D Dy, ((Dg, + D5, )(MG, 81 820))] 05, 800-c0n)

=480 8, 8,° + 216 8,° 8,° + 12961 8> 8,°| (5, 8,)=(1.1)
=696 + 1296n
9 32 8,2 4,° 3, 3

Dy, b5, = Bi5-(05,) = =757+ 44878, + 24m

Similarly;
Ag D
85,05, = [ (22) Dt = 24 8,7 8,% +

48,° 8,° +24n 8,°

104 8,2 8,5
Dy, 85, + 84,D5, = ——+88," 8,° +48n 4,° 8,°
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SSDS(HHN1)) = [(S%1D»%1 + SA%ZD»Xz (M(G; "%1: "%2)))] |(@1‘ 82)=(1,1)
104 8,% 8,°
= :; - +848,°8,° +48n4§,° @23|(%1’%2)=(1’1)
128
= T + 48n

The harmonic index is,

H(HHNy)) = [(255,J(M(G, 81, 82)) )| I8 89-00

32 /«%15 4"%16
=2 + + 8n As316|(A$$1, 82)=(1,1)

3
_16
~ 15 Ton

The inverse sum index is,

I(HHN,) ) = [(SglfDAngAgz (M(G, &4, 'Xz)))] (81, 8)=(1.1)

=488,° 8,° + 12 8,° 8,° +72n 8:° 8,° | (5, 5)-11)
=60+ 72n
Di, = 64 8,°8,° +368;,° 8,° +216n 8,° 8,°
D%, = 144 8,° 8,° +36 8, 8,° + 216n §,° §,°
The forgotten topological index is,

F(HHND)) = [(Dg,* + 03,2 (MG, 81, 82))] lesu -

=208 8," 8,° +728,° 8,° +432n 8,> 8% (5, 5,)=c11)

= 280 +432n

Table 5: Numerical comparison among computed topological indices for HHN;.

n SSD, SSD: H I F
1 1992 90.6667 15.7333 132 712
2 3288 138.667 23.7333 204 1144
3 4584 186.667 31.7333 276 1576
4 5880 234.667 39.7333 348 2008
5 7176 282.667 47.7333 420 2440
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6 8472 330.667 55.7333 492 2872
7 9768 378.667 63.7333 564 3304
8 11064 426.667 71.7333 636 3736
9 12360 474.667 79.7333 708 4168
10 13656 522.667 87.7333 780 4600
11 14952 570.667 95.7333 852 5032
12 16248 618.667 103.733 924 5464
13 17544 666.667 111.733 996 5896
14 18840 714.667 119.733 1068 6328
15 20136 762.667 127.733 1140 6760
16 21432 810.667 135.733 1212 7192
17 22728 858.667 143.733 1284 7624
18 24024 906.667 151.733 1356 8056
19 25320 954.667 159.733 1428 8488
20 26616 1002.67 167.733 1500 8920
300000

250000

200000
150000
100000
50000

Figure 4: The graphical comparison of the numeric values of Table 5.
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5. MOLECULAR DESCRIPTORS FOR HIERARCHICAL HYPERCUBE NETWORKS HHN,
Lemma 5.1: Let (HHN,) be a hierarchical hypercube network then M (HHN,; 8;, 8,) is
M(HHN,; 81, 8,) =248, 8, + 4 8,* 8," +32n 8,* 8,*
Proof: Let (HHN,) be a hierarchical hypercube network then the partition mapping of set of edges

with respect to the degree of endpoints of edges is
24, a=3, =
plap) = {32n +4a=4 f=

By applying the definition of M-polynomial, we have

4
4

M(HHN,; 81, 8) = ) p(@,f) 8, 8"
asp

= Z p(3,4) 8,% 8,* + Z p(4,4) 8,* 8,
3<4 4s4

=(24) 8 8, + (32n+4) 8,* 8,*
=248,° 8" +48,* 8, +32n8," §,*

0.018

0.182
0.135

0.108

0.102
0.081
0.068
0.054

0.024

0027

Figure 5: The graphical representation of M-polynomial (hierarchical hypercube network HHN;)
for n=1,2,3,4.
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Theorem 5.2: Let (HHN,) be a hierarchical hypercube network, then the topological indices are

M,(HHN,) = 200+ 256n
M,(HHN;) = 352+512n
m = 9
MaHHN) =S g,
Ra(HHNz) = n 2{4 a+9} + 2{2 a+5}3{a+2} + 42 a+3}
RRa(HHNZ) = n 2{_4‘ a-3} + 2{—2 a—1}3{—a—1} + 4{—2 a-3}

Proof: Let (HHN;) be a hierarchical hypercube network, the degree based M-polynomial for
(HHN,) is
F(81 82) =248.° 8, +48," 8, +32n 8," 8,"

First of all we will calculate the required values to develop the desired topological indices

af (81, 82)
Dy, = ff—f 81 =728, 8" +168," 8, +128n 4," 8,

97 (81, 82)
= LA g, = 968,78, +16 8," 8, + 1280 4,* 4,

Dy, 28,

0f (81, 82)
Dy, Dy, = &= Dy, = 2888, 8, + 64 8," 8" +512n 8," 8,"

¢ DS = 5120 4, 8,*16(%) + 64 §,* 8,*16!7 + 288 §,° 8,*121
6y, = foA%Z (@) Dt=68" 8"+ 8, 8, +8n 8" 8"
55,05, = 1,7 (22) Dt =28, 8¢ + 275 4 on gt 8,
(HHN,) = [(DA%1 + D@Z(M(GMXP A%z)))] (81, 82)=(1,1)
=16848,° 8, +328," 8," +256n 8:,* 8% (5, 8=
= 200 + 256n
M,(HHN,) = [(D&Dgz (M(G, 84, '%2)))] (81, 8)=1,1)
= 2888,° 8,* + 64 8,* 8,* +512n 8,* 8,*1 (5, 8)-a11)
=352 +512n

"M, (HHN,) = [(541542(1‘4(0' A1, %z)))] (81 82=1,)
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3 4 ’%14’%24 4 9 4
=28 4 +T+2n%1 B2 (81, 8)=(1,1)

—9+2
_4 n

Ra(HHN,) = (DS, 0%, (M(G. 81, 82)))| 05, 800-c11)
=5127n 8, 8,°16%) + 64 8,* 8,*16!% +288 4, 8,*12(9| 5 (1 1.
=n 2{4 a+9} + 2{2 a+5}3{a+2} + 4{2 a+3}

RR, (HHN;) = |(5,5%,(M(G. 81, 82)))| I8, s9-c1)

_ ‘%13 '%24 '814 %24 4 4
T 6% 12¢ + 64 x 169 + 8 x 16an A1 82 I(*’hﬂ%z):(l'l)

= n 2{-%a-3} ; p{-2a-1}3{-a-1} 4 y{-2a-3}

Table 6: Numerical comparison among computed topological indices for HHN.,.

n| M | M, |™M, R, RR,

1 | 456 | 864 | 425 | 188928 | 0.00170672
2 [ 712 | 1376 | 625 | 320000 | 0.00219501
3 [ 968 | 1888 |8.25 |451072 | 0.00268329
4 | 1224 | 2400 | 10.25 | 582144 | 0.00317157
5 | 1480 | 2912 | 12.25 | 713216 | 0.00365985
6 | 1736 | 3424 | 1425 | 844288 | 0.00414813
7 11992 | 3936 | 16.25 | 975360 | 0.00463641
8 | 2248 | 4448 | 18.25 | 1106432 | 0.00512469
9 | 2504 | 4960 | 20.25 | 1237504 | 0.00561297
10 | 2760 | 5472 | 22.25 | 1368576 | 0.00610126
11 | 3016 | 5984 | 24.25 | 1499648 | 0.00658954
12 | 3272 | 6496 | 26.25 | 1630720 | 0.00707782
13 | 3528 | 7008 | 28.25 | 1761792 | 0.0075661
14 | 3784 | 7520 | 30.25 | 1892864 | 0.00805438
15 | 4040 | 8032 | 32.25 | 2023936 | 0.00854266
16 | 4296 | 8544 | 34.25 | 2155008 | 0.00903094
17 | 4552 | 9056 | 36.25 | 2286080 | 0.00951922
18 | 4808 | 9568 | 38.25 | 2417152 | 0.0100075
19 | 5064 | 10080 | 40.25 | 2548224 | 0.0104958
20 | 5320 | 10592 | 42.25 | 2679296 | 0.0109841
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30000000
25000000
20000000
15000000
10000000
5000000
0

R(a)
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Figure 6: The graphical comparison of the numeric values of Table 6.

Theorem 5.3: Let (HHN,) be a hierarchical hypercube network, then the topological indices are

SSD;(HHN,) = 2528+ 4096n
SSD<(HHN,) = 58+ 64n
_ 55
I(HHN,) 55 . an
7
H(HHN,) = 112 +128n
F(HHN,) = 728+ 1024n

Proof: Let (HHN,) be a hierarchical hypercube network, the degree based M-polynomial for
(HHN,) is

(81, 8) =16 8,7 8> +48,° 8,° +24n 8, §,°

First of all we will calculate the required values to develop the desired topological indices

Dg, + Dy, = 1684,° §," +32.8,* 8,* +256n 8,* 8,*
Dy, (Dg, + Dy,) = 6728:% 8" + 128 8,* §,* + 1024n §,* 8,*
Dy Dy (Dg, + Dg,) =2016 8> 8,* + 512 8,* 8,* + 4096n 8, 8,*
SSDy(HHN,) ) = [Dy D, ((Dg, + D, )(MG. 81 82)))] 165, 800-c0n

=480 8, 8,° +216 8, 8,° + 1296n 8> 8,°| (5, 8,)=(1.1)
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= 2528 + 4096n
D585, = 817 (05,) =328, 82" +4.8,° 8" +32n.8," 8"
Similarly;
85,05, = o (22) Dt = 18 8,% 8, + 48, 8, +32n 8,* 8,*
By the addition

Dy 65, + 65Dy =508, 8, +88,"8,* +64n §,* 8,"
SSDs(HHN2) ) = (55,05, + $5,045,(M(G, 81, 82)))] I(s,,s00-a.0

=5048,°8," +84," 8, +64n 8" %24|(@1,@2)=(1,1)
=58+ 64n
The harmonic index is,
H(HHN,)) = [(255,J(M (G, 81, 82)))] lcsu 8-

488,
7

+ 8:° +8n8:°l (4, 8=

The inverse sum index is,

I(HHN,)) = [(Sgl]Dnggz (M(G: 1, '&2)))] (81, 82)=(1,1)

=968,° 8, +16 8, 8% + 128n 8,* 8,1 (5, 5,)=(11)
=112 + 128n
D% =2168,° 8, + 64 8," 8,* + 512n §,* §,*
D%, = 3848,° 8,* +648,* 8,* +512n 4,* §,*
The forgotten topological index is,

F(HHN,)) = [(D%l2 +Dg,%) ((M(G,A%p A%z)))] (80 82)=(1.1)

=600 8,° 8,* + 128 8,* 8," + 1024n 8,* 8, | (5, 5=

=728 + 1024n
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Table 7: Numerical comparison among computed topological indices for HHN,.

n | SSD; | SSDs | H I F
1| 6624 | 122 |15.8571 | 240 | 1752
2 (10720 | 186 |23.8571 | 368 | 2776
3 | 14816 | 250 | 31.8571 | 496 | 3800
4 | 18912 | 314 |39.8571 | 624 | 4824
5 | 23008 | 378 | 47.8571 | 752 | 5848
6 | 27104 | 442 | 558571 | 880 | 6872
7 31200 | 506 | 63.8571 | 1008 | 7896
8 | 35296 | 570 | 71.8571 | 1136 | 8920
9 39392 | 634 | 79.8571 | 1264 | 9944
10 | 43488 | 698 | 87.8571 | 1392 | 10968
11 | 47584 | 762 | 95.8571 | 1520 | 11992
12 | 51680 | 826 | 103.857 | 1648 | 13016
13 | 55776 | 890 | 111.857 | 1776 | 14040
14 | 59872 | 954 | 119.857 | 1904 | 15064
15 | 63968 | 1018 | 127.857 | 2032 | 16088
16 | 68064 | 1082 | 135.857 | 2160 | 17112
17 | 72160 | 1146 | 143.857 | 2288 | 18136
18 | 76256 | 1210 | 151.857 | 2416 | 19160
19 | 80352 | 1274 | 159.857 | 2544 | 20184
20 | 84448 | 1338 | 167.857 | 2672 | 21208

1000000

800000

600000

400000

200000
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Ellml2ml3ml4mlSnloml7 m18m19m 20

Figure 7: The graphical comparison of the numeric values of Table 7.
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6. MOLECULAR DEGREES-BASED ENTROPIES FOR HIERARCHICAL HYPERCUBE
NETWORKS

Lemma 6.1: Let (HHN;) be a hierarchical hypercube network, then we have

RZE,(HHN,) = 16+ 16n

Proof: Let (HHN-1) be a hierarchical hypercube network then the partition mapping of set

of edges with respect to the degree of endpoints of edges is
16, a=2, =3
plap) = {2471 +4a=3 f=3

@ai‘l' tDﬁj_ E é_
= (16)2 + (24n + 4)5 = 16 + 16n

RZE,(HHN,) = Z —_—
L (HHN,) o -

Do, g

RZE,(HHN,) = Z

ai,B]-e E

—(16)2+ (24 +4)9—126+36
. 5 e T s n

Proposition 6.2. Let (HHN,) be a hierarchical hypercube network, then we have
ENTgzg, (HHN,)
= Log[16 (1 + n)]
e S+16
Log[1220703125 3716 (1+M 53655363 (1+1)(1 4 6 n)3 “]
16 (1 + n)

Log[5] + 5 Log[19073486328125]

ENTgzg,(HHN,) = 18 (7 + 10 n)

126
—5Log|375 T30Ma17+6 (146 1)6+36 |1 18 (7410 n)Log[%+36 n]

18 (7410 n)

Proposition 6.3. Let (HHN,) be a hierarchical hypercube network, then we have

RZE;(HHN;) = 16+16n
RZE,(HHN,) = 3%
7

Proof: Let (HHN,) be a hierarchical hypercube network then the partition mapping of set

of edges with respect to the degree of endpoints of edges is
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(24, a=3, =4
p(“'ﬁ)‘{32n+4,a=4, B =4
RZEl(HHNZ) = Z W=(24)E+(32n+4)1—6=16+16n
ai,b’jEE R '8]
RZE.,(HHN,) Z ey (24)12+(32 +4) 16 344+64
2 2) = ~ . o~ - - n o - 7 n
Do, + Dp, 7 8 7

aiﬁjE E
Proposition 6.4. Let (HHN,) be a hierarchical hypercube network, then we have
ENTgzg, (HHN )

Log[678223072849 6553617 (1 + 8 n)2*+167]
16 (1 +n)

= Log[16 (1 + n)] —
ENTgzg,(HHN;)

344
= Log [7 + 64 n]

1608 2
7 Log [1330279464729113309844748891857449678409 277 t192137(1 4 8 n)Bt6t n]
1
44567640326363195900190045974568007 77

| |
\ 8 (43 + 56 1) /

7. CONCLUSION

The M-polynomial framework has been applied to the study of Hierarchical Hypercube Networks
(HHNSs) in this paper and it has proved to be a reliable tool in the analysis and study of complex
network structures as a coherent and unified approach. Using the natural symmetry of HHNs and
their recursive properties, we obtained closed form expressions of their M-polynomials that
provide very accurate degree distributions of such networks. The resulting general forms are used
to greatly simplify the calculation of a large number of degree-based topological indices. Certain
significant degree-based topological indices were estimated with the use of these M-polynomials,
which gave quantitative value of the structural complexity of HHNs. These indices can provide
useful information on the possible physicochemical attributes and functional attributes of such
networks and hence the applicability of the chemical graph theory tools in the study of hierarchies
and symmetries structures. The visual representations of the M-polynomials also helped to
improve the comprehension of the structural behavior of HHNs by providing the clear visual
representation of the degree correlations in the networks. In general, the findings validate that M-

polynomial method is an efficient and strong means of analyzing the Hierarchical Hypercube



22
QUMMER, SAQIB, MUDA, ALI, HUSIN

Networks and other nanostructured systems based on it. This technique can be applied to other
classes of interconnection networks and molecular graphs to open up the future research on
structural characterization and prediction of properties of complex chemical and computational

networks.

ACKNOWLEDGMENT

We thank Universiti Malaysia Terengganu for providing funding support for this project
(UMT/MG1+2/2025/53616). The authors also would like to express their sincere gratitude to
Universitas Islam Negeri Sultan Syarif Kasim Riau for the continuous support and encouragement

provided to lectures in conducting research and publishing in reputable international journals

CONFLICT OF INTERESTS
The authors declare that there is no conflict of interest.

REFERENCES

[1] S.C.Basak, Use of Graph Invariants in Quantitative Structure-Activity Relationship Studies, Croat. Chem. Acta
89 (2016), 419-429. https://doi.org/10.5562/cca3029.

[2] A.T. Balaban, Can Topological Indices Transmit Information on Properties but Not on Structures?, J. Comput.
Mol. Des. 19 (2005), 651-660. https://doi.org/10.1007/s10822-005-9010-6.

[3] A.T.Balaban, Chemical Graph Theory and the Sherlock Holmes Principle, HYLE-Int. J. Philos. Chem. 19 (2013),
107-134.

[4] O. Ivanciuc, Chemical Graphs, Molecular Matrices and Topological Indices in Chemoinformatics and
Quantitative Structure-Activity Relationships, Curr. Comput. Aided-Drug Des. 9 (2013), 153-163.
https://doi.org/10.2174/1573409911309020002.

[5] M.N. Husin, R. Hasni, N.E. Arif, Zagreb Polynomials of Some Nanostar Dendrimers, J. Comput. Theor. Nanosci.
12 (2015), 4297-4300. https://doi.org/10.1166/jctn.2015.4354.

[6] K.J. Gowtham, M.N. Husin, A Study of Families of Bistar and Corona Product of Graph: Reverse Topological
Indices, Malays. J. Math. Sci. 17 (2023), 575-586. https://doi.org/10.47836/mjms.17.4.04.

[71 K.J. Gowtham, M.N. Husin, M.K. Siddiqui, Some New Bounds on the Modified Symmetric Division Deg Index,
Malays. J. Math. Sci. 18 (2024), 39-50. https://doi.org/10.47836/mjms.18.1.03.

[8] E. Deutsch, S. Klavzar, M-Polynomial Revisited: Bethe Cacti and an Extension of Gutman’s Approach, J. Appl.
Math. Comput. 60 (2018), 253-264. https://doi.org/10.1007/s12190-018-1212-x.

[9] S. Klavzar, E. Deutsch, M-Polynomial and Degree-Based Topological Indices, Iran. J. Math. Chem. 6 (2015),



[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

(18]

[19]

[20]

[21]

[22]

[23]

[24]

23
HIERARCHICAL HYPERCUBE INTERCONNECTION NETWORKS

93-102. https://doi.org/10.22052/ijmc.2015.10106.

M. Munir, W. Nazeer, S. Rafique, S. Kang, M-Polynomial and Related Topological Indices of Nanostar
Dendrimers, Symmetry 8 (2016), 97. https://doi.org/10.3390/sym8090097.

H. Saleem, M.N. Husin, S. Ali, M.S. Hameed, Z. Ahmad, Topology of Edge Contracted Mobius Ladder: Indices
and Dimension, Malays. J. Fundam. Appl. Sci. 20 (2024), 739-758. https://doi.org/10.11113/mjfas.v20n4.3386.
M. Munir, W. Nazeer, S. Rafique, S. Kang, M-Polynomial and Degree-Based Topological Indices of Polyhex
Nanotubes, Symmetry 8 (2016), 149. https://doi.org/10.3390/sym8120149.

A. Fathi, J.S. Vijay, M.N. Husin, T. Augustine, Valency-Based Molecular Descriptor on Structural Property
Relationship of ni Tetrathiafulvalene Tetrathionate, Malays. J. Fundam. Appl. Sci. 20 (2024), 1398-1409.
https://doi.org/10.11113/mjfas.v20n6.3831.

M.K. Siddiqui, M. Imran, A. Ahmad, On Zagreb Indices, Zagreb Polynomials of Some Nanostar Dendrimers,
Appl. Math. Comput. 280 (2016), 132-139. https://doi.org/10.1016/j.amc.2016.01.041.

V.R.Kulli, General Fifth M-Zagreb Indices and Fifth M-Zagreb Polynomials of PAMAM Dendrimers, Int. J.
Fuzzy Math. Arch. 13 (2017), 99-103. https://doi.org/10.22457/ijfma.v13n1al0.

D.X. Li, J.B. Liu, M.R. Farahani, M. Rezaei, Zagreb Indices and Zagreb Polynomials of an Infinite Class of
Dendrimer Nanostars, J. Comput. Theor. Nanosci. 13 (2016), 9136-9139. https://doi.org/10.1166/jctn.2016.6293.
V. Kulli, Certain Topological Indices and Their Polynomials of Dendrimer Nanostars, Ann. Pure Appl. Math. 14
(2017), 263-268. https://doi.org/10.22457/apam.v14n2a9.

W. Gao, M. Younas, A. Farooq, A.U.R. Virk, W. Nazeer, Some Reverse Degree-Based Topological Indices and
Polynomials of Dendrimers, Mathematics 6 (2018), 214. https://doi.org/10.3390/math6100214.

H. Yang, A.Q. Baig, W. Khalid, M.R. Farahani, et al. M-Polynomial and Topological Indices of Benzene Ring
Embedded in P-Type Surface Network, J. Chem. 2019 (2019), 7297253. https://doi.org/10.1155/2019/7297253.
M.N. Husin, N.H.A. Mohd Saudi, Investigation of Zagreb Indices and Zagreb Coindices of Line Graphs
Implementing Subdivision Process, AIP Conf. Proc. 3023 (2024), 030002. https://doi.org/10.1063/5.0172141.
W. Ali, M.N. Husin, M.F. Nadeem, M. Jabin, Lower Bound for the Second Hyper-Zagreb Index of Trees with A
Given Roman Domination Number, Math. Stat. 13 (2025), 12-16. https://doi.org/10.13189/ms.2025.130102.
M.M. Rafiullah, D.E. Jabeen, M.N. Husin, Some Mathematical Properties of Sombor Indices for Regular Graphs,
Malays. J. Fundam. Appl. Sci. 20 (2024), 1392-1397. https://doi.org/10.11113/mjfas.v20n6.3839.

L.S. Mhagama, M.F. Nadeem, M.N. Husin, On the Edge Metric Dimension of Some Classes of Cacti, AIMS
Math. 9 (2024), 16422-16435. https://doi.org/10.3934/math.2024795.

L.S. Mhagama, M.N. Husin, M.F. Nadeem, W. Ali, Computing the Edge Metric Dimension of the Line Graph of

the Molecular Graphs of Some Classes of Antiviral Drugs, with Focus on Mpox Treatments, Contemp. Math.



24

[25]

[26]

[27]

(28]

[29]

(30]

[31]

[32]

(33]

[34]

[35]

[36]

QUMMER, SAQIB, MUDA, ALI, HUSIN

(2025), 1784-1802. https://doi.org/10.37256/cm.6220255898.

H. Saleem, M.N. Husin, S. Ali, M.S. Hameed, On Examining Metric Dimension Through Edge Contraction in
Certain Families of Graphs, Malays. J. Math. Sci. 19 (2025), 613-635. https://doi.org/10.47836/mjms.19.2.13.
M. Khalifeh, H. Yousefi-Azari, A. Ashrafi, The First and Second Zagreb Indices of Some Graph Operations,
Discret. Appl. Math. 157 (2009), 804-811. https://doi.org/10.1016/j.dam.2008.06.015.

A. Fathi, T. Augustine, M.N. Husin, J.S. Vijay, J.M. Thomas, et al., Graph Theoretical Approach to Topological
Features of Zeolitic Tetrahedral Imidazolate Framework-3, Malays. J. Fundam. Appl. Sci. 21 (2025), 1823-1831.
https://doi.org/10.11113/mjfas.v21n2.4127.

S.M. Sankarraman, A Computational Approach on Acetaminophen Drug Using Degree-Based Topological
Indices and M-Polynomials, Biointerface Res. Appl. Chem. 12 (2021), 7249-7266.
https://doi.org/10.33263/briac126.72497266.

P.N.A.D. Renai, S. Roy, M.N. Husin, On Shannon's Strategy of Computing Degree Based Entropy Measures for
Melamine Cyanuric Acid Molecular Structure, Malays. J. Math. Sci. 19 (2025), 241-267.
https://doi.org/10.47836/mjms.19.1.13.

J.S. Vijay, R. Santiago, M. Azeem, T. Augustine, M.N. Husin, Quantitative Structure-Property Relationship
(QSPR) Modeling of Central Nervous System (CNS) Drug Activity Using Molecular Descriptors, Curr. Org.
Synth. 22 (2025), 799-810. https://doi.org/10.2174/0115701794349717241024100059.

S. Hayat, M. Imran, On Degree Based Topological Indices of Certain Nanotubes, J. Comput. Theor. Nanosci. 12
(2015), 1599-1605. https://doi.org/10.1166/jctn.2015.3935.

S.V. Jeyaraj, R. Santiago, C.S. Ponnusamy, J.M. Thomas, M.N. Husin, et al., Efficient Generation of Specific
Counting Polynomials and Their Subsequent Indices of Complex Boric Acid Structure, Curr. Org. Synth. 22
(2025), 821-828. https://doi.org/10.2174/0115701794366590250414051549.

S. Ali, M.N. Husin, T. Akram, M.S. Hameed, On Topological Characterizations and Entropies for Algebraic
Structure Graphs Over Dihedral Groups, Discret. Math. Algorithms Appl. (2025), 2550155.
https://doi.org/10.1142/31793830925501551.

B. Furtula, I. Gutman, A Forgotten Topological Index, J. Math. Chem. 53 (2015), 1184-1190.
https://doi.org/10.1007/s10910-015-0480-z.

G. Mustafa, M. Shoaib, S. Ali, M.N. Husin, On Characterizations of Molecular Descriptors and Entropies for
Oxytocin and Cholic Acid Chemical Networks, Malays. J. Fundam. Appl. Sci. 21 (2025), 2697-2714.
https://doi.org/10.11113/mjfas.v21n5.4423.

A.R. Ashrafi, M. Mirzargar, PI, Szeged and Edge Szeged of an Infinite Family of Nanostardendrimers, Indian J.
Chem. 47A (2008), 538-541.



[37]

(38]

[39]

[40]

[41]

[42]

25
HIERARCHICAL HYPERCUBE INTERCONNECTION NETWORKS

Z. Chen, M. Dehmer, F. Emmert-Streib, Y. Shi, Entropy Bounds for Dendrimers, Appl. Math. Comput. 242
(2014), 462-472. https://doi.org/10.1016/j.amc.2014.05.105.

M.V. Diudea, A.E. Vizitiu, M. Mirzagar, A.R. Ashrafi, Sadhana Polynomial in Nano-Dendrimers, Carpathian J.
Math. 26 (2010), 59-66. https://www.jstor.org/stable/43999432.

J.H.H. Bayati, E.A. Al-Taai, M.N. Husin, T. Shahid, M. Wagqas, et al., A Study of Novel Molecular Descriptors
with QSPR Analysis of Lung Cancer Drugs, Commun. Math. Biol. Neurosci. 2025 (2025), 148.
https://doi.org/10.28919/cmbn/9437.

M. Ahmad, S. Hussain, U. Parveen, 1. Zahid, M. Sultan, et al., On Degree-Based Topological Indices of Petersen
Subdivision Graph, Eur. J. Math. Anal. 3 (2023), 20. https://doi.org/10.28924/ada/ma.3.20.

P.S. Ranjini, V. Lokesha, A. Usha, Relation Between Phenylene and Hexagonal Squeeze Using Harmonic Index,
Int. J. Graph Theory 1 (2013), 116-121.

Z. Chen, M. Dehmer, Y. Shi, A Note on Distance-Based Graph Entropies, Entropy 16 (2014), 5416-5427.

https://doi.org/10.3390/e16105416.



