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1.INTRODUCTION

After the publication of the famous mat hemat.
conducted t o expl ore -ptrheey dsyynsatneintss. oEcopogida
fundamentally $9ohapednberpcedaner tthatc ommudniuteine
and the dynamics of populations.

Many factors affect the dynamics of the syste

[ ], and disease [8,9]. To investigate the dy
utilized in these systems; see [10,11].

Therefore, to understand the dynamics of thes
focused on inpegyamodg!| prewdtahoa Holl ing type
14] . Cannibalism is a biologiscsalenpbepdmegmaen a
relationships in ecosystems. Manyl &Jt.udliresr dalv
sever al species have cannibalistic features,

mammal s [ 22, 23] .

Cannibalism is a common trait of stage struct
structured |ife cycles, typically with-i mmat u
prey model s, it's reasonabl étt acaascsdhume etyh atn di

their parents.

The dynamic interactiomrmstruetweemgspaecieecso!l wigt
garnered much interest in recent ecological a
el ements | i ke fear effects i[®RWbs Ri7Tdeaseo mMpEral]i.t

dynamics -mpfeypyrradlaatoronshi ps create fascinati ng
behavi or s. Recently, a cannibalism model with

bi furcati onsl yasneds saraeb itlakieyn ainnat o consi der ati on

of including complex ecological el ements i n m
stability and bifurcation analyses to clarif
dpmpamics. Researchers can gain crucial-piagight
systems by carefully examining such complex d
ecol ogi cal processes.

The dynamic -pfey hmopeledwittom a modi fied Hollin

the wind effect has35fj@@nhopbuedded epye enbaltedy w[i 3 h
predator behavior and wind f| opn edat owa sb ef hoauvnic
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wind flow can contribute tostbhgestadi &i ftygodfyv
with prey and two competing predators under f
fear |l ed to a decreasetablifetbaeseraepdpearsed, awti
flow |l ed to tphpee@atomsti on of the

A stage structured predatprey system with cannibalism was presented. The effect of wind is
incorporated into the Holling Type Il functional response. Examining local stability, global
stability, persistence, and bifurcation are all part of the modéysasgrocess. It is essential to
comprehend the dynamics of this system to forecast population trends and ecological results. This
article is structured in these steps. The formulation of the mathematical model has been established

in section 2. The positity and boundedness are demonstrated in Section 3. A study on the
existence of possible equilibria is examined in section 4. The stability analysis, both local and
global, is discussed in sections 5 and 6, respectively. The persistence conditionsstigaied

in section 7. Bifurcation analysis of equilibria is done in section 8. Numerical analysis for

parameters is in section 9. Finally, the conclusions of this work are illustrated in section 10

2.MODEEORMULATI ON

I n this article, -preyaggsseéemuaondeedt peedvainadr
consi deb®dndbete the densities of the poopul at |
respectively. Thied ips ediav iod e ¢ oioma nadt i némbaut rukrh e
popul ation of prey grows |l ogistically with th
carrying capacity. It iIis assumed that the i mm
depends on its par entes s(otnltee gmatwu rteo pbreecdoantieo rma
mature predator is feeding dependent on the p
response under wind flow [36], and it -cannib

Vol terra famsd iwmhan trleesipr favorite food becom

and i mmature) face natur al +poretyalsiytsyt.e ml lcea nd yore
by using a set of ordinary differenti al equat
— i p - ——h
— —— 1 ®a do (1)

~

— 00 Qf wa Qah

whewe mwo 1w amwd m The positive paramBdlelre des
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1) .
TablRescription of Model Par ameter
Symb|{Description
i I ntrinsic growth rate of the pr
ko) Carrying capacity of the prey.
I The attack rateUbbnat m@dpreypre
] Wind fl ow
| The hindrance rate i n prey catc
Q The converWiomd@x at e of
I The attack rate WEon hteh enait mmald Gp
w |The rate of growth from an i mma
Q The mort ailmnayp o ead aet oorf.
Q The converBiomU®. ate of
Q The mor t anhaittpyr erdaatteo ro.f

3. POSITIVITY AND BOUNDEDNESS

The positivity

meani ngful ness.

peri od,

bound.

remai-megatni ve

Proof .

wo

Thi s
Theor eSy st.em

W o

a

nd since

and boundedness of system (1)

The positivity of solutions i

resouroésgaow bemonddcetrhai

subsection discusses these proper
( 1)woklhudt i ©thasr ting from the init
i™Mm ftohr® atd mai n

omQeti & p — ——— Qf ™

wmQan™"

ao

amQan"oda

I otat dad Qot ot m
Qf @tat Qat Qt T8

This shows that system (d)m solutions are al wa

Theor e3ny s2Z.em

uni formly

Prooh e

f

(1)wokwwolhiudt i eharting from the ini

bounW®&efdorionatttlhe domai n

rst equation of system (1) can be wr

C

-
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- ‘l(bp -
The previous differential inequality was solwv
I EYo®o Q
LeD0 w0 w6 a0 be a solution of system (01), by
wip - T O OO Qd GO Q ©d Qa
wp I w Quw Qa8
So— ©Op i -ghwhe+ed QpiQAQ and t hi s—= |I-éa™@p tis

Theref 0? KRHhOSF 0+—8

Then the solutions bébusgsdem (1) are unifor ml

4. EQUILIBRIUM POINTS OF SYSTEM (1)

I n this section, all biologically feasible eq
that there are three equilibrium points of sy
1. The trivial equilibrium point (TEP) referred to byO  mimimt exists.

2. The Axial equilibrium point (AEP) referred to byO Mt exists.

3. The coexistence equilibrium point (CEHP) referred to byo o oy e, here

o 727 - —p &FQ (p 1 &) and 5 be a
positive root of the polynomial s equation o
, 0,0, , o , T, 2
where, —1 | QQ Q| ,
. —1 QA — ¢ Q — :
” ‘l‘lT 'Q'QT | - ’Q| - 'Q| (I) ’Q
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, 1 0 p1 QU ¢ — 1TQdQ — ,
. Qip 1 Tip1l 1 & Q

By uBessgarutbdes i D& Fhas a uniqgue positive root
sets of conditions hol ds:

~ ~

, m, 1 T, ( 3)
, m, m, T, (4)
, 1, ot .

ThenCOHEHe exi sts provided that the above condi

5. LOCAL STABILITY ANALYSIS
By using |inearization technique, the | ocal s
is studied analytically, as shown in Theorem
Theorem 3.

i. TheT-EPis always unstable.

ii.  TheA-EPis locally asymptotically stable if condition (10) is met.

iii.  The COEEP is locally asymptotically stable if conditions {18) are met.
Prodohe Jacobian matrix of system (1) can be w

1p - W - LS .

oy cy

oy — G ta — 1 (6)
& L1 w Q a QA w Q o

i. FortheT-EP, the 'O can be written as

i T T
0O T w Q T (7)
Tt W Q
The eigen@admues iofr_ w0 Q mand Q mn
Hende, minim i s an unstable (Saddle point).

ii. For theA-EP,the 0 'O can be written as

00O Tt éh 0 - (8)
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The characteristic equation is
i _ _ Y1 Go00Qs mh (9)
Her®,00Q ® Q@ Q m

0QOo Qo Q ——.

HenceA-ER el ocal ly

— ® Q

For theCOEEP,the 0 O can be written as

Q

asymptotically stable i f thi

(10)

T T
00 (I N B (11)
T T
Where ¢ - —— 7 — 3 o Q
fa,f — 1 &7 6O wd dndA & Q.
Then, the characteristic equation is
o_ O0_ 0 m,

Wh e roe i T T

5
5
By

y

T T T T T
1 R A B B |

appl y-Htatwe r Roaf B7 Jittheer itromot s of the charact ¢
negative real parts if
mwher e

[ S A N B B | T

Herl, ¢ 7 1 7 17§
COE& s |l ocally asymptotically stable if the

So,

6. G
| n

LOBAL STABILITY ANALYSIS

ot h e 6f ottd rodvidrdg 6condi ti o

T T [ 0.

this section, the appropriate Lyapunov fur
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system (1), as shown in Theorem 4.
Theorem 4.
I.  TheA-EP isglobally asymptotically stable if the following condition is met.

— Q38

17)
i.  The COEEP has a basin of attraction that satisfies the following conditions:

z z

— i p Ty,
QA v Q
NN N,
nn.,
nna (22)
Proof :
i.  Define anappropriatdunction
m o | »—Q06 ® 68 (23)
The fumdtsi anposit imyartdefamnitadedd Sm! auhy N
4 0oty @rim . Now, derivingo(23andwitthhr orugdhp
cal cul ati ons, it 6s
— ® Qip - T 00 OO QO

WO wd Qa3
— —»® Q Qw QO — a8
Under condition (madaghy wt he Hder negatveegofiefin
is a Lyapunov -EBmsctai g ,0oband yt mes yAmpt oti cal ly

ii.  Define anappropriatdunction

m chufo
The fumcitsom positi wipohFef i nmiatnan oo , T ,
I ohoha v s 0 oy Shoh' . Now, deriving 0(,243andwi t
through several <calculations, itds got:
Qm ST (e ... QO wa e
- 0 W 1w z — W W — T 0 0w Qw
Qo P b1 o Pl ol

¢ & OO wd Qa
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,m L D W 4 . r rZ L D N 4 \ N NZ  r rZ
— N o o n w o n o aq n o 0w 0w W
Qo

n @ & ¢ ¢ N o & a &

Wh e rne

S I B GR B O I I O B O

n ———n —n T o — Q¢

Wi thth p 1 | o p 1 | .
Therefor e,

As a reBss8l b, negatively defini-22) fuHendc¢e®,n alnlde

approach asynpQBEPiwiat hiynttoheé heregi on that sati:

7. PERSISTENCE OF SYSTEM (1)

Il n this part, the persistence of system (1) I

species isopmedentt hfeorf odlllowi ng theorem, the F

depends o-McGheeButehmea i s used of the system (

Theoré&mshem (1) is persistent if the foll owin
— ® Q0.

Probéd be a "pOeéBohanda represent athe orbit via
Lemmya bé he omega Ulai.miTth esne,t doufemd o sT hbeoournedne di.,

To sPoewd, assume the opposite.

SinGes a (saddle point )YMc Ghnide bye nuntai.l iTzhierrge tehxe
poiéent] O anta, wheOer ef etrhse tsot abl é©. mani f ol d of
Ther elf 0O ei,ndi c atredwd stphaec e’ éanids t he intact or bi
contaiméed i n

| £ i s |lying on t h¥ oboutnhdear yt haex epo soift i ve parti c
mé&, which implies to contradiction with bound

& N 08 wdgand bec-pussenoe of an eBwwdt bei ambpoi
t hrotugvthi ch comdaihrmaesd tiemoluenden whi ch i mplies t
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Thu®eéema .

To sPowma, assume the opposite as well

Sinobes a (saddle point) if the condMctGhoine ( 25
|l emmag Nl eQ  ma . Mone®viendi ca¥Y adostplae ¢ @@ r
Space) .

|l € i s |l ying on t hYe wtho uintd airnyp | ai xeess £tdofOs8¥ mwtar adi ct
and becawpge stemecenof an @FPudbdti e udma oii n-tun n
bounded which implies to mont TldeBgd i ng wi t h t
To assure the pergmptleaset @& yish emhé 1) ,

8. BIFURCATION ANALYSIS
A bifurcation occurs when the behavior of a d

The point at which this change occurs is ref

anal ysis effectively measurdesngquanlsiitgahtti vientcoh a

where the model shifts from stable to unstabl

L o o~

Now, | et 6s rephrase —s yskthewh e (£ ) cfubds afngdl | ows :

SQAQRQ  , Wl tihp - —— Q@ —— [ 0d o0 Qwand

0w O ©wd Qa. Next, a straightflarcwdri dot onmfat iy 5 0F

(1) wit-heaayveommty yields the second directio
Oq= yhr O

Wher e D — 0 00 , U — 0

OO ¢ LUL,D ¢Qf vL.

Sequentially, the third directional derivati v
Oq =< iy 0

Wh e r e , 0 Lo L 0 vo |,

0 .

So, to examine the occurrence of bifurcations

Theorem [ 38] mu st be verified, and according

Jacobian matrix must be zero.
Theor &ms6é em (tlhAeE&Irnoduenrdgoes a transcritical bif
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Q possessedy the—vataerd the following condition

= 1T Qr T

Ot herwise, pitchforRkR anidareaspeni 6cedr sn wher
ProBfom Eq. (8 AEPs #htceam (ble) warti tten as

i Tt —

2 p

Q
Q

So, EPRPeiBshwppaohbmol i aOffohast andero ed gemealtio®ni
referred to as
Hereygq Ifedthi O be the ei g0 ewheworer epresents any

zero reall nwmberm| ——— mands | efid

be the ei gieOiid eewwth@w erodpr esenteranyedlonnrumber,
Tt

NowsL rirh &.

T S O R m Therefore, sysbedm plY @Bastnhonsaddl e

Mo r e o5y €0y, OKRY VL T

Hence, bEqu({RBPHIdEth t 6s obtained

F OO yhr OO 9 —— 11 Q7

Then, by Sotomayoroés theorem, syatemh@Whénunde

the condition (28) holds, but wiftOHhe Riotnddsi t i o
obtained

Floqofd ¢hhy @O0 ——r1 m
Thus, the proof is completed, and the pitchfo
Theore@mo¥i ded that conditions (14) and-(16) a

node bif urC@éBFanhathehbifuifca;t—i—e—znzz—pgr,awvé\teere

g —— mand the following condition is met.
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” ” T
” z ” z ” z ” z ”

l§2T ” TL
ProBfom Eq. (1100EBysidman (He¢ wrtitten as

3§ B m I
voh- [
T

Now, from the charactehastaczemnatdd ibpemn\ dh)de s
thehe -EPEi shwpaomol i tOp ol ms =zmeédo ei @ el walcutd oinn
referred by

Now, 7!l etbh 0D be the ei g@h’v,ecwhoer eppfr esen-ts any

zero real ,numbey -anme— . Fet’0OH 0 be the

eigenveodoOlbY wHebDerepresentzeranyeabndnumber and

z
”

" —SoxF q OA* &p —"0 m Therefore, system (1)

sadadbeée bifuB8cation at
Hence, bEqutRbQREWwEERH t s obtained

F OqOR" ¢hy OO ," — ——, ——

"o —n : r. Qo

Then, by Sotomayor 6s td e andoddéefsuyrectractma fHAE unde
EP iAwwhen the condition (30) is met.

9. NUMERICAL ANALYSIS
The numeri cal analysis displays a frame for s
and their environment; it is major to our Kkno\
investigators can predictalresystemand the beh
Now, System (1) 1is numerically resolved wutil:@
val ues, | iTsatbd e woietlhows iixn di fferent sets of ini
MATLAB program; the results are then offered
TabdRefault parameter values.

Paramli|Q[r 1|1 |[Q|f |[olQ|Q|Q
Val u{2{200./2|0. 30./0./0.|0.[0.|0.
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Note that the trajectory of system (1) beginning from the different initial points utilizing the
parameters ifable2 approaches asymptoticallp p @iughyd as illustrated irFigurel.

@ (b)

g Eq(1195781)—>

S

>

Populations

o N & o o

0 100 200 300 400 500 600 700 800 900 1000
Time

Figdarédhe trajectory using the parameter val ue:
di fferent initial points. (b)) Illustrates the
The impact of altering the values of the paraméten the system dynamics (1) is explained in

Figure2. As shown inFigure2., if the parameter is increasing (decreasing), then the predators

(mature and immature) will increase (decrease) too. Also, the trajectory is appro@hmthe

Q&Y 8

@ 0)

E,=(115,53,62)
63

RN

E,=(105,34,21)
/.

E,=(12,6, 10) _ =
NIL8 10 1 E,=(122,6.3,13.7)

O -
¥ y y

Fig@Qredhe trajectory using thei phemneeit e aNadFoed
i m™8(b) iFpd8(c) 1 Fqa8( d) iF od®
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Now, the effect of altering the values of the param&emn the system dynamics (1) is illustrated
in Figure 3. It is clear that the trajectory is approachi@®g O, and periodic oscillatiom the
VY 8intherangep Q w w Q ooand oo Qrespectively.

®)

2

Populations
IS

w

ZK

1

0 . . . . . . . .
0 100 200 300 400 500 600 700 800 900 1000

Time

@

25

—

20

E1659,10.4) —r

o

Populations
>
9

. . . . . . . . .
0 100 200 300 400 500 600 700 800 900 1000
Time

(e S U

Populations

0
X 0 100 200 300 400 500 600 700 800 900 1000
Time

FigBré&he trajectory using the paramet@r (@al ue

FoQ uv8(b) Il lustrates EFEd® c¢8(mel Isestireat o t(ad .t
(c)FoReyB(fl) lustrates the time series of (e).
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In Figure 4, the effect of altering the values of the paramgtepn the system dynamics (1) is
clarified. It is observed that the trajectory is approactihgO, and periodic oscillatiom the
"Q&3% 8in the rangesr@t p | ™, @ | ™) tand T& T T , respectively.

® I !

25

ZOr

o

Populations
>

L

0 ! L ! I ! } L } L
0 100 200 300 400 500 600 700 800 900 1000
Time

@

>

E,=(8.5,58,83) —> 12

Populations

. . \ . \ . . . .
0 100 200 300 400 500 600 700 800 900 1000
Time

(e S U

Populations

15

. . \ . \ . . . .
0 100 200 300 400 500 600 700 800 900 1000
Time

Figdrédhe trajectory using the parameter (Wwm3dl ue
Foflr m8( b) Il lustrates FHolre m&B(mk) sesteates (akp.
of (€pr @B fl) lustrates the time series of (e)
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trajectory
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o

o

(a)
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N .
4 D 1
) |
6
0.l
10 4
20
5 15 2
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5 ol
y 0o X
(c)
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ustrates

100 200 300 400

500 600 700 800 900 1000

F
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te
t he

t he

par ametjer

o3( oh ¢l |suesrtireast eosf

t

me

ser

e s
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(wawal ue
t (hae)
(e)
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Clearly, the effect of altering the values of the parameteon the system dynamics (1) is
illustrated inFigure5 It is observe that the trajectory is approachiegiodic oscillationin the

Q8% 8 O andO inthe rangest P, P ] x and X 1 ,respectively.

@ I )

E,=(65,56,7.4) —>

Populations

I . . . )
5 60 70 80 90 100
Time

@

25

20 -

Populations

.

0 ! I I I | | I
0 100 200 300 400 500 600 700 800 900 1000
Time

Fig6rédhe trajectory wusing the parametier (@aal ue
For mBtu(b) I 1 lustrates Fohre M3(mdel Isestireat @ tlag .
of (c).

In Figure 6, the effect of altering the values of the paramgetan the system dynamics (1) is
clarified. The trajectory is approachif@ andO in the rangesr3t 1t p | @ and &
| , respectively.
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25 (l‘))

T

X
—
z

=

Populations
3

L

0 100 200 300 400 500 600 700 800 900 1000
Time

Ej=6,6.10) >\

Populations

Populations

0 100 200 300 400 500 600 700 800 900 1000
Time

Fi gudrée&he trajectory using the paramet®er (wgl ue
FofQQ m8( b) 'l lustrates tFoe2 tixnd¢ diylelru setsr aadfe s( a)h
series PdQ (MB(.fl)  eustrates the time series of

In Figure7, altering the values of the parame@r intheranges@ip Q M@, M@ Q
T gand T @ Q make the system (1) approadh, O and periodic oscillationn the

Q&89 8for chose values.
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The effect of altering the values of the paraméterof system (1) is a quantitative effect and the
trajectory undergoes t® .

Clearly, the effect of altering the values of the paraméten the system dynamics (1) is
illustrated inFigure8 It is observe that the trajectory is approachii@ in the rangem8t p @

m8t oFor T8t 0 G T8 T the trajectory is approachingo different attractorsO AT ‘@, that
means appearing of-btable state. For@t 1 ) thenthe trajectory is approachin@ .

@ R -

20

=

Populations
3

8 E|=EZU. 0,0) 5
6 ~ 20
) / &
“” \
2 5 0 \
¥ 0 0 x 0 100 200 300 400 500 600 700 800 900 1000

Time

(c) I ) N

=~

N o< x

EZ=(15 3,6.5,5.3)

T

20

=

Populations
3

E,=(20,0,0) —> 5
6 ' — 2
¢ // 15
) 10 O

¥ 00 v 0 100 200 300 400 500 600 700 800 900 1000
Time

0

y 0 o x 0 20 40 60 80 100 120 140 160 180 200
Time

Fig8ré&dhe trajectory using the paramedefaYaFoe s
w ™t8(b) Il lustrates Rove Mtodied)lsleus tesabés (ahe {
(c)Foden®d( fl)) l ustrates the time series of (e).
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Now, the effect of altering the values of the param&epn the system dynamics (1) is illustrated

in Figure9. It is clear that the trajectory is approachi@gA I ® in the rangesBtp Q
], & Q, respectively.

a b
( ) g 20 (‘)
— T
— S X
T~ 18 R
- ~ . z
10— S 16
-
5. E,=(1085887)— 7 14
g 12
6 2
L} =
<10
N
4 &
-
2.l ~
B \\\\ \\,, -~
aﬁ\ o
15
~_ — 10
S 5 0 . L . . I . . . .
y 2 9 ¥ 0 20 40 60 80 100 120 140 160 180 200
Time
c d
© 2 @
—
™~ X
™~ y
S~ z
8 ~_ 20k
6
£15
Q
w4 §
<
3
2 S 10
0.
| 5&
0 20 40 60 80 100 120 140 160 180 200
Time
Fi gOrédhe trajectory using the parametQer

ustrates

(gl ue

Fo m@ta(b) I
(c).

series of

In Figure 10, the effect of altering the values of the

tFhoe tT@&(edl)s kubsesabés (ah

param@&eon the system dynamics (1) is

clarified. It is observed that the trajectory is approachihgand periodic oscillationn the
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Figafibe trajectory using the paramefQer(aplhbers
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respectively.
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10. CONCLUSIONS

This article has examined a stage structured préqaty system that contains cannibalism in the
predators. The effect of wind on the dynamics of the system is studied. The solution's properties
of the system are explained, the existence and stabilggwifibrium points are studied, and the
persistence is investigated. Also, the local bifurcation around the possible equilibrium points is
studied. The suggested system is solved numerically by using different initial points and a set of
parameters as stwo in Table2.

It is noted that the system contains different types of dynamics, and the results are summarized as
follows:

Depending on the initial values and using the parameter valdebia2, it was being noted that

the trajectory of system (1) was approachdgE O E@é% . Due to the increasing (decreasing)

of intrinsic growth rate values, the number of predators (mature and immature) increased
(decreased). On the other hand, the carrying cap#zitye attack raté  and the conversion rate

‘Q have the same effect on the dynamic of system (1). It is clear that, the trajectory is approaching
0, O and periodic oscillatiorE O E@A&% . While the effect of wind flowy  and the mortality

rate of mature predatd? have the same action on the dynamic of system (1). It is noted that, the
trajectory is approaching periodic oscillatidh O E@&8% , ‘O and ‘O, which indicate the
opposite effect to® A T ‘@. Also, the effect of wind floww and the mortality rate of mature
predatorQ have the same action on the dynamic of system (1). Moreover, the impact of the
hindrance rate¢ and the mortality rate of immature predat@r have the same effect on the
dynamic of system (1). The trajectory is approachidgand O . Increasing (decreasing) the
values of the attack rate of mature predaftor below (above) the particular value leads to the
trajectory approachind , that means quantitative effects of the system. Finally, the trajectory is
sensitive to change in the rate of growth from an immature predator into a mature pcedéuer
trajectory is approachin® and then converting to a-btable state@ & ‘O) and then toO

E O E@&Y% . As aresult, System (1) is sensitive to alterations in the biological parameter's values.
In this article, the future direction will be shown as follows: For the proposed model, which
contains the stage structure, wind flow and cannibalism, it is possible to develop it by using

different types of functional responses and biological factors.
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    d  Ω 2  d t = −   p 11    ( x −   x ∗ ) 2 −   p 22    ( y −   y ∗ ) 2 −   p 33    ( z −   z ∗ ) 2 +   p 12  ( x −   x ∗ )  ( y −   y ∗ ) −   p 13  ( x −   x ∗ )  ( z −   z ∗ ) −   p 23  ( y −   y ∗ )  ( z −   z ∗ )


    p 11 =     𝛽 1 ( 1 + 𝜔 )   z ∗  q   q ∗ − r  ( 1 −   x +   x ∗  k )


    p 22 =   𝛽 2   z ∗ + c +   d 1


    p 33 =   d 2 −   e 2   𝛽 2 y


    p 12 =     e 1   𝛽 1 ( 1 + 𝜔 )   z ∗  q   q ∗


    p 13 =     𝛽 1 x  q


    p 23 =   𝛽 2 y −     e 1   𝛽 1 x  q −   e 2   𝛽 2   z ∗ − c


  q = 1 + 𝜔 + 𝛼 x


    q ∗ = 1 + 𝜔 + 𝛼   x ∗


    d  Ω 2  d t ≤ −    [      p 11 2  ( x −   x ∗ ) −      p 22 2  ( y −   y ∗ ) ] 2 −    [      p 11 2  ( x −   x ∗ ) +      p 33 2  ( z −   z ∗ ) ] 2 −    [      p 22 2  ( y −   y ∗ ) +      p 33 2  ( z −   z ∗ ) ] 2


    d  Ω 2  d t


  t > 0


    c k   e 1   𝛽 1  1 + 𝜔 + 𝛼 k >  ( c +   d 1 )   d 2


  m


  ∈


  I n t .     R + 3


  O ( m )


  m


  Ω ( m )


  O ( m )


  Ω ( m )


    E 0 ∉ Ω ( m )


    E 0


    n 0


  ∈


    𝜔  s  (   E 0 )


  Ω ( m )


    𝜔  s  (   E 0 )


    E 0


    𝜔  s  (   E 0 )


    R + 2 ( y z )


  O (   n 0 )


    n 0


  Ω ( m )


    n 0


    R + 2 ( y z )


  Ω ( m )


    n 0   ∈   I n t .     R + 2 ( y z )


  I n t .     R + 2 ( y z )


    n 0


  Ω ( m )


    E 0 ∉ Ω ( m )


    E 1 ∉ Ω ( m )


    E 1


    n 1 ∈   𝜔  s (   E 1 ) ∩ Ω ( m )


    𝜔  s (   E 1 )


    R + 2 ( x y )


    R + 2 ( x z )


    n 1


    R + 2 ( x y )


    n 1 ∈ I n t .   R + 2 ( x y )


  I n t .     R + 2 ( x y )


  O  (   n 1 ) ⊂ Ω ( m )


  Ω ( m )


    E 1 ∉ Ω ( m )


  I n t .     R + 3 .


    d 𝑿  d t = 𝑮 ( 𝑿 ) ,


  𝑿 = ( x , y , z  )  T


  𝑮 = ( x   g 1 ,   g 2 ,   g 3  )  T


    g 1 = r  ( 1 −   x  k ) −     𝛽 1 z  1 + 𝜔 + 𝛼 x


    g 2 =     e 1   𝛽 1 x z  1 + 𝜔 + 𝛼 x −   𝛽 2 y z − c y −   d 1 y


    g 3 = c y +   e 2   𝛽 2 y z −   d 2 z


  𝑽 = (   v 1 ,   v 2 ,   v 3 )


    D 2 𝑮  ( 𝑿 )  ( 𝑽 , 𝑽 ) = (     M  i 1 )  3 × 1


    M 11 = (   − 2 r  k +   2 ( 1 + 𝜔 ) 𝛼   𝛽 1 z  ( 1 + 𝜔 + 𝛼 x  ) 3 )   v 1 2 −   2 ( 1 + 𝜔 )   𝛽 1  ( 1 + 𝜔 + 𝛼 x  ) 2   v 1   v 3


    M 21 =   − 2  ( 1 + 𝜔 )   e 1 𝛼   𝛽 1 z  ( 1 + 𝜔 + 𝛼 x  ) 3   v 1 2 +   2  ( 1 + 𝜔 )   e 1   𝛽 1  ( 1 + 𝜔 + 𝛼 x  ) 2   v 1   v 3 − 2   𝛽 2   v 2   v 3


    M 31 = 2   e 2   𝛽 2   v 2   v 3


    D 3 𝑮  ( 𝑿 )  ( 𝑽 , 𝑽 , 𝑽 ) = (     N  i 1 )  3 × 1


    N 11 =   − 6  ( 1 + 𝜔 )   𝛼 2   𝛽 1 z  ( 1 + 𝜔 + 𝛼 x  ) 4   v 1 3 +   6  ( 1 + 𝜔 ) 𝛼   𝛽 1  ( 1 + 𝜔 + 𝛼 x  ) 3   v 1 2   v 3


    N 21 =   6  ( 1 + 𝜔 )   e 1   𝛼 2   𝛽 1 z  ( 1 + 𝜔 + 𝛼 x  ) 4   v 1 3 −   6  ( 1 + 𝜔 )   e 1 𝛼   𝛽 1  ( 1 + 𝜔 + 𝛼 x  ) 3   v 1 2   v 3


    N 31 = 0


    d 2


    d 2 ∗ =   c   e 1   𝛽 1 k   ( c +   d 1 )  ( 1 + 𝜔 + 𝛼 k )


  𝛿  (    ( 1 + 𝜔 )   e 1   𝛽 1  ( 1 + 𝜔 + 𝛼 k  ) 2   𝛾 1 −   𝛽 2   𝛾 2 ) +   e 2   𝛽 2   𝛾 2 ≠ 0


    𝛾 1


    𝛾 2


    d 2 ∗


  J (   E 1 ,   d 2 ∗ ) =  (    − r  0  −   k   𝛽 1  1 + 𝜔 + 𝛼 k   0  − ( c +   d 1 )    k   e 1   𝛽 1  1 + 𝜔 + 𝛼 k   0  c  −   c   e 1   𝛽 1 k   ( c +   d 1 )  ( 1 + 𝜔 + 𝛼 k ) )


  J (   E 1 ,   d 2 ∗ )


  z −


    𝜆  z


  𝑽 =  (   𝛾 1   v 3 ,   𝛾 2   v 3 ,     v 3 )


  J (   E 1 ,   d 2 ∗ )


    v 3


    𝛾 1 = −   k   𝛽 1  r ( 1 + 𝜔 + 𝛼 k ) < 0


    𝛾 2 =   k   e 1   𝛽 1  ( c +   d 1 ) ( 1 + 𝜔 + 𝛼 k ) > 0  


  𝑾 = ( 0 , 𝛿   w 3 ,   w 3  )  T


  J   (   E 1 ,   d 2 ∗ )  T


    w 3


  𝛿 =   c  c +   d 1 > 0


    𝜕 𝑮  𝜕   d 2 =  ( 0 , 0 , − z )


    𝑾  T .   𝑮    d 2  (   E 1 ,   d 2 ∗ ) = 0


    d 2 ∗ .


    𝑾  T [ D   𝑮    d 2  (   E 1 ,   d 2 ∗ ) 𝑽 ] =   − w 3   v 3 ≠ 0


    E 1 ,   d 2 ∗   a n d   𝑽


    𝑾  T  [   D 2 𝑮  (   E 1 ,   d 2 ∗ )  ( 𝑽 , 𝑽 ) ] = 2   w 3   v 3 2  ( 𝛿  (    ( 1 + 𝜔 )   e 1   𝛽 1  ( 1 + 𝜔 + 𝛼 k  ) 2   𝛾 1 −   𝛽 2   𝛾 2 ) +   e 2   𝛽 2   𝛾 2 )


    d 2 ∗


    E 1 ,   d 2 ∗   a n d   𝑽


    𝑾  𝑻  [   D 3 𝑮  (   E 1 ,   d 2 ∗ )  ( 𝑽 , 𝑽 , 𝑽 ) ] = − 6   w 3   v 3 3  (    ( 1 + 𝜔 )   e 1 𝛼   𝛽 1  ( 1 + 𝜔 + 𝛼 k  ) 3   𝛾 1 2 𝛿 ) ≠ 0


    r ∗


  =   k    x ∗  (   𝛼   𝛽 1     x ∗   z ∗  ( 1 + 𝜔 + 𝛼   x ∗  ) 2 − Φ )


  Φ =     𝜖 13   𝜖 21   𝜖 32    𝜖 23   𝜖 32 −   𝜖 22   𝜖 33 > 0


    𝜎 1   𝜌 1  [ (   − r  k +   ( 1 + 𝜔 ) 𝛼   𝛽 1   z ∗     ( 1 + 𝜔 + 𝛼   x ∗ ) 3 )   𝜎 1 −   ( 1 + 𝜔 )   𝛽 1  ( 1 + 𝜔 + 𝛼   x ∗  ) 2 ] +   𝜌 2  [   𝜎 1  (   −  ( 1 + 𝜔 )   e 1 𝛼   𝛽 1   z ∗     ( 1 + 𝜔 + 𝛼   x ∗ ) 3   𝜎 1 +    ( 1 + 𝜔 )   e 1   𝛽 1  ( 1 + 𝜔 + 𝛼   x ∗  ) 2 ) −   𝛽 2   𝜎 2 ] +   e 2   𝛽 2     𝜎 2 ≠ 0


    r ∗


  J  (   E 2 ,   r ∗ ) =  (    Φ  0    𝜖 13     𝜖 21    𝜖 22    𝜖 23   0    𝜖 32    𝜖 33 )


    r ∗


    A 3 = 0


  J  (   E 2 ,   r ∗ )


  x −


    𝜆  x


  𝑽 = (   𝜎 1   v 3 ,     𝜎 2 v 3 ,   v 3  )  T


  J  (   E 2 ,   r ∗ )


    v 3


    𝜎 1 = −     𝜖 13 Φ


      𝜎 2 =     𝜖 13   𝜖 21 − Φ   𝜖 23  Φ   𝜖 22  


  𝑾 = (   𝜌 1   w 3 ,   𝜌 2   w 3 ,   w 3  )  T


  J    (   E 2 ,   r ∗ )  T


    w 3


      𝜌 1 =     𝜖 21   𝜖 32  Φ   𝜖 22


    𝜌 2 =     𝜖 32    𝜖 22


    𝑾  T   𝑮  r  (   E 2 ,   r ∗ ) =   x ∗ ( 1 −     x ∗  k )   𝜌 1   w 3 ≠ 0


    r ∗ .


    E 2 ,   r ∗   a n d   𝑽


    r ∗


  r


  k


    𝛽 1


  𝜔


  𝛼


    e 1


    𝛽 2


  c


    d 1


    e 2


    d 2


    E 2 =  ( 11 . 9 , 5 . 7 , 8 . 1 )


  r


  r


    E 2


  i n t .     R + 3 .


  r


  r = 0 . 5 .


  r = 1 . 5 .


  r = 2 . 5 .


  r = 3 . 5


  k


    E 1


    E 2


  i n t .     R + 3 .


  1 ≤ k < 9


  9 ≤ k < 33


  33 ≤ k


  k


  k = 5 .


  k = 25 .


  k = 50 .


    𝛽 1


    E 1


    E 2


  i n t .     R + 3 .


  0 . 01 ≤   𝛽 1 < 0 . 4


  0 . 4 ≤   𝛽 1 < 0 . 84


  0 . 84 ≤   𝛽 1


    𝛽 1


    𝛽 1 = 0 . 2 .


    𝛽 1 = 0 . 7 .


    𝛽 1 = 0 . 9 .


  𝜔


  𝜔 = 0 .


  𝜔 = 5 .


  𝜔 = 15 .


  𝜔


  i n t .     R + 3 .


    E 2


    E 1


  0 ≤ 𝜔 < 1


  1 ≤ 𝜔 < 7


  7 ≤ 𝜔


  𝛼


  𝛼 = 0 . . 05


  𝛼 = 0 . 5 .


  𝛼


    E 2


    E 1


  0 . 001 ≤ 𝛼 < 0 . 2


  0 . 2 ≤ 𝛼


    e 1


    e 1 = 0 . 1 .


    e 1 = 0 . 75 .


    e 1 = 0 . 9 .


    e 1


  0 . 01 ≤   e 1 < 0 . 4


  0 . 4 ≤   e 1 < 0 . 86


  0 . 86 ≤   e 1


    E 1


    E 2


  i n t .     R + 3 .


    𝛽 2


    E 2

