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Abstract: This article presents a new mathematical model of a predator-prey ecosystem that contains biological 

relations such as wind flow, stage structure, and cannibalism. To perform the dynamic analysis of the system, the 

positivity and boundedness of the proposed system were examined, and feasible equilibrium points were found. By 

utilizing the linearization technique and Lyapunov functions, the local and global stability were established, 

respectively. All conditions for persistence were identified. By the bifurcation theory, the impacts of changing the 

parameters were examined. A numerical simulation was used to validate our analytical results by using MATLAB 

code (version R2018b). It is found that the impact of wind flow plays a major role in the dynamics of the system. 

When the wind flow increases, then the predators (mature and immature) become extinct, which means the effect of 

wind flow hinders the reduction and efficiency of predators. On the other hand, the cannibalism coefficient also affects 

the dynamics of the system, whereby the bistable state appears. 
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1. INTRODUCTION  

After the publication of the famous mathematical model by [1,2], many research studies were 

conducted to explore the dynamics of predator-prey systems. Ecological systems are 

fundamentally shaped by predator-prey interactions that influence the structure of communities 

and the dynamics of populations.  

Many factors affect the dynamics of the system, such as hunting cooperation [3,4], the fear effect 

[5-7], and disease [8,9]. To investigate the dynamics of ecosystems, the Holling Type II is widely 

utilized in these systems; see [10,11]. 

Therefore, to understand the dynamics of these systems, a considerable amount of research has 

focused on integrating predator-prey models with a Holling type II functional response; see [12-

14]. Cannibalism is a biological phenomenon that can affect the existence of predator-prey 

relationships in ecosystems. Many studies have been published in this area [15-17]. In reality, 

several species have cannibalistic features, such as fish [18,19], spider [20,21] and carnivore 

mammals [22,23]. 

Cannibalism is a common trait of stage structured population. Many natural species have stage 

structured life cycles, typically with immature and mature phases. In stage structured predator-

prey models, it's reasonable to assume that immature predators can't catch prey and depend on 

their parents. 

The dynamic interactions between species with stage-structuring in ecological systems have 

garnered much interest in recent ecological and biological studies [24, 25]. When combined with 

elements like fear effects [26, 27], competition [28, 29], and infectious disease [30]. The intricate 

dynamics of predator-prey relationships create fascinating problems in comprehending ecosystem 

behaviors. Recently, a cannibalism model with stage structure has been discussed in [31]. Various 

bifurcations and stability analyses are taken into consideration. These studies emphasize the value 

of including complex ecological elements in mathematical models and the necessity of thorough 

stability and bifurcation analyses to clarify the fundamental mechanisms governing system 

dynamics. Researchers can gain crucial insights into the stability and behavior of predator-prey 

systems by carefully examining such complex dynamics, which will affect our understanding of 

ecological processes. 

The dynamic of the predator-prey model with a modified Holling Type II response that includes 

the wind effect has been studied recently [32-35]. [32] proposed a predator-prey model with anti-

predator behavior and wind flow. It was found that the influence of anti-predator behavior and 
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wind flow can contribute to the stability of the system. Also, [33] suggested a food web model 

with prey and two competing predators under fear and wind flow. They found that the increase of 

fear led to a decrease of the predators, and the bi-stable case appeared, while increasing of wind 

flow led to the extinction of the predators. 

A stage structured predator-prey system with cannibalism was presented. The effect of wind is 

incorporated into the Holling Type II functional response. Examining local stability, global 

stability, persistence, and bifurcation are all part of the model analysis process. It is essential to 

comprehend the dynamics of this system to forecast population trends and ecological results. This 

article is structured in these steps. The formulation of the mathematical model has been established 

in section 2. The positivity and boundedness are demonstrated in Section 3. A study on the 

existence of possible equilibria is examined in section 4. The stability analysis, both local and 

global, is discussed in sections 5 and 6, respectively. The persistence conditions are investigated 

in section 7. Bifurcation analysis of equilibria is done in section 8. Numerical analysis for 

parameters is in section 9. Finally, the conclusions of this work are illustrated in section 10. 

 

2. MODEL FORMULATION 

In this article, a stage structured predator-prey system under the wind flow and cannibalism is 

considered. Let ὼὸ and ὖὸ be the densities of the population prey and predator at time ὸ, 

respectively. The predator population ὖὸ is divided into immature ώὸ and mature ᾀὸ. The 

population of prey grows logistically with the intrinsic growth rate; it is highly dependent on the 

carrying capacity. It is assumed that the immature predator can't reproduce or hunt, and its growth 

depends on its parents (the mature predator), while some grow to become mature (adult). The 

mature predator is feeding dependent on the prey, utilizing a modified Holling type II functional 

response under wind flow [36], and it cannibalizes on the immature predator utilizing Lotka-

Volterra functional response when their favorite food becomes rare. Both the predators (mature 

and immature) face natural mortality. The dynamics of the predator-prey system can be described 

by using a set of ordinary differential equations (ODEs) as below: 

ὼὶρ ȟ

‍ώᾀὧώὨώ

ὧώὩ‍ώᾀὨᾀȟ

ȟ, (1) 

where ὼὸ π, ώὸ π, and ᾀὸ π. The positive parameter descriptions are listed in Table 
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1). 

Table 1. Description of Model Parameters 

Symbols  Description  

ὶ Intrinsic growth rate of the prey.  

Ὧ Carrying capacity of the prey. 

‍ The attack rate of a mature predator ÚÔ on the prey ØÔ. 

Wind flow ‫ 

‌ The hindrance rate in prey catching for the mature predator. 

Ὡ The conversion rate of ÚÔ into ØÔ. 

‍ The attack rate of the mature predator ÚÔ on the immature predator ÙÔ. 

ὧ The rate of growth from an immature predator into a mature predator. 

Ὠ The mortality rate of immature predator. 

Ὡ The conversion rate of ÚÔ into ÙÔ. 

Ὠ The mortality rate of mature predator. 

 

3. POSITIVITY AND BOUNDEDNESS 

The positivity and boundedness of system (1) solutions are essential properties of biological 

meaningfulness. The positivity of solutions indicates that the population will continue for a certain 

period, and since resources are limited, the population cannot grow beyond certain limits and is 

bound. This subsection discusses these properties. 

Theorem 1. System (1) solutions ὼὸȟώὸȟᾀὸ  starting from the initial conditions always 

remain non-negative in the domain Ὑ for all ὸ π. 

Proof. 

ὼὸ ὼπὩὼὴ᷿ײὶὼ† ρ Ὠ† πȟ

ώὸ ώπὩὼὴ᷿ײ ‍ώ†ᾀ† ὧώ† Ὠώ† Ὠ† π 

ᾀὸ ᾀπὩὼὴ᷿ײὧώ† Ὡ‍ώ†ᾀ† Ὠᾀ† Ὠ† πȢ

, 

This shows that system (1) solutions are always positive ὸᶅ π. 

Theorem 2. System (1) solutions ὼὸȟώὸȟᾀὸ  starting from the initial conditions are 

uniformly bounded in the domain Ὑ for all ὸ π. 

Proof. The first equation of system (1) can be written as  
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ὶὼρ  . 

The previous differential inequality was solved, and it was obtained that  

ÌÉÍὛόὴὼὸ Ὧ. 

Let Ὸὸ ὼὸ ώὸ ᾀὸ be a solution of system (1), by utilizing the derivative about ὸ. 

ὼὶρ ‍ώᾀὧώὨώ ὧώὩ‍ώᾀὨᾀ

ὼρ ὶ ὼ Ὠώ ὨᾀȢ

, 

So,  Ὧρ ὶ ‒ɡȟ where ‒ άὭὲρȟὨȟὨ  and this lead to  ‒Ὸ Ὧρ ὶȢ 

Therefore, for ὸO ЊȟῸὸ Ȣ 

Then the solutions of system (1) are uniformly bounded. 

 

4. EQUILIBRIUM POINTS OF SYSTEM (1) 

In this section, all biologically feasible equilibrium points of system (1) are investigated. It is clear 

that there are three equilibrium points of system (1), which can be determined as below: 

1. The trivial equilibrium point (T-EP) referred to by Ὁ πȟπȟπ exists.   

2. The Axial equilibrium point (A-EP) referred to by Ὁ Ὧȟπȟπ exists. 

3. The coexistence equilibrium point (COE-EP) referred to by Ὁ ὼᶻȟώᶻȟᾀᶻ , here 

 ώᶻ
Ⱦz ᶻ

Ⱦz ᶻȟᾀ
ᶻ ρ ὼᶻȾὯ ( ρ ‫ ‌ὼᶻ), and ὼᶻ be a 

positive root of the polynomialôs equation of order four 

„ὼ „ὼ „ὼ „ὼ „ π,                   (2) 

 where „ ‍‌ὩὩ‍ Ὠ‌, 

„ ‍ ὩὩ‍ ς‌ ς‌Ὠ ‌ , 

„ ὶὶ‍ ὩὩ‍ ‌ Ὠ ‌ Ὠ‌ὧ Ὠ

Ὡ‍ὧ , 
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„ ὶὩ‍ὧ ὶ‍ ρ ‫ ὩὩ‍ ςὨ ‌ ‍Ὠ ὧ Ὠ ‌ , 

„ Ὠὶρ ‫ ‍ὶρ ‫ ‍ ὧ Ὠ . 

By using Descartesô rule of signs, the COE-EP has a unique positive root if one set of the following 

sets of conditions holds: 

„ πȟ„ πȟ„ π ,                            (3) 

„ πȟ„ πȟ„ π ,                            (4) 

„ πȟ„ πȟ„ π .                            (5) 

Then, the COE-EP exists provided that the above conditions are met. 

 

5. LOCAL STABILITY ANALYSIS 

By using linearization technique, the local stability of all possible equilibrium points of system (1) 

is studied analytically, as shown in Theorem 3. 

Theorem 3. 

i. The T-EP is always unstable. 

ii.  The A-EP is locally asymptotically stable if condition (10) is met.  

iii.  The COE-EP is locally asymptotically stable if conditions (13-16) are met. 

Proof: The Jacobian matrix of system (1) can be written as 

ở

Ở
ờ
ὶρ ὼ π

ὧ Ὠ ‍ᾀ ‍ώ

π ὧ Ὡ‍ᾀ Ὡ‍ώ Ὠ Ợ

ỡ
Ỡ
  (6) 

i. For the T-EP, the ὐὉ  can be written as 

ὐὉ  

ὶ π π
π ὧ Ὠ π
π ὧ Ὠ

                       (7) 

The eigenvalues of ὐὉ  are ‗ ὶ π, ‗ ὧ Ὠ π, and ‗ Ὠ π. 

Hence, Ὁ πȟπȟπ is an unstable (Saddle point). 

ii.  For the A-EP, the ὐὉ  can be written as 

ὐὉ

ὶ π

π ὧ Ὠ

π ὧ Ὠ

                  (8) 
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The characteristic equation is 

ὶ ‗ ‗  ὝὶὥὧὩ‗ ὈὩὸ πȟ                   (9) 

Here, ὝὶὥὧὩ ὧ Ὠ Ὠ πȢ 

ὈὩὸὨ ὧ Ὠ . 

Hence, the A-EP is locally asymptotically stable if the following condition is met. 

ὧ Ὠ Ὠ                             (10) 

iii.  For the COE-EP, the ὐὉ  can be written as 

ὐὉ
‭ π ‭
‭ ‭ ‭
π ‭ ‭

,                           (11) 

Where ‭ ὼᶻ
ᶻ

ᶻ  , ‭
ᶻ

 z, ‭
ᶻ

ᶻ  , ‭ ὧ Ὠ

‍ᾀᶻ, ‭
ᶻ

ᶻ ‍ώᶻ, ‭ ὧ Ὡ‍ᾀᶻ, and ‭ Ὡ‍ώᶻ Ὠ. 

Then, the characteristic equation is 

‗ ὃ‗ ὃ‗ ὃ π ,                       (12) 

Where ὃ ‭ ‭ ‭ . 

ὃ ‭ ‭ ‭ ‭ ‭ ‭ ‭ ‭ . 

ὃ ‭‭ ‭ ‭ ‭ ‭ ‭ ‭ ‭ . 

By apply the Routh-Hawirtiz Criterion [37], the roots of the characteristic equation (12) have 

negative real parts if the following conditions are met, ὃ  π, ὃ  π and Ў ὃὃ ὃ

πȟ where  

Ў ‭ ‭ ‭ ‭ ‭ ‭ ‭ ‭ ‭ ‭ ‭ ‭ ‭ ‭ ὗ.  

Here, ὗ ς‭ ‭ ‭ ‭ ‭ ‭ . 

So, the COE-EP is locally asymptotically stable if the following conditions are met. 

ᶻ

ᶻ  ,                              (13) 

ᶻ

ᶻ ‍ώᶻ ,                             (14) 

Ὡ‍ώᶻ Ὠ ,                                (15) 

ὗ π.                                 (16) 

6. GLOBAL STABILITY ANALYSIS 

In this section, the appropriate Lyapunov functions are used to describe the global stability of 
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system (1), as shown in Theorem 4. 

Theorem 4. 

i. The A-EP is globally asymptotically stable if the following condition is met. 

ὨȢ                               

(17) 

ii.  The COE-EP has a basin of attraction that satisfies the following conditions: 

ᶻ

ᶻ
ὶρ

ᶻ

π,                      (18) 

                                 Ὡ‍ώ Ὠ ,                                (19) 

                                   ὴ ὴ ὴ ,                             (20) 

                                   ὴ ὴ ὴ ,                             (21) 

 ὴ ὴ ὴ Ȣ                              (22) 

Proof: 

i. Define an appropriate function 

ɱ ὼȟώȟᾀ ײ᷿ Ὠό ώ ᾀȢ                   (23) 

The function ɱ is a positive definite. So, ɱ Ὧȟπȟπ π and ɱ ὼȟώȟᾀ π, ᶅὼȟώȟᾀᶰ

ᴙ ύὭὸὬ ὼȟώȟᾀ Ὧȟπȟπ . Now, deriving (23) with respect to ὸ , and through several 

calculations, itôs got: 

ὼ Ὧ ὶρ ‍ώᾀὧώὨώ

ὧώὩ‍ώᾀὨᾀȢ

ὼ Ὧ Ὠώ Ὠ ᾀȢ

 

Under condition (17), the derivative of ɱ ὼȟώȟᾀ will be negative definite. Therefore, ɱ 

is a Lyapunov function, and the A-EP is a globally asymptotically stable. 

ii.  Define an appropriate function 

ɱ ὼȟώȟᾀ
ᶻ ᶻ ᶻ

.                  (24) 

The function ɱ  is a positive definite. So, ɱ ὼᶻȟώᶻȟᾀᶻ π  and ɱ ὼȟώȟᾀ π , 

ᶪὼȟώȟᾀᶰᴙ ύὭὸὬ ὼȟώȟᾀ ὼᶻȟώᶻȟᾀᶻ . Now, deriving (24) with respect to ὸ , and 

through several calculations, itôs got: 

Ὠɱ

Ὠὸ
ὼ ὼᶻ ὶὼρ

ὼ

Ὧ

‍ὼᾀ

ρ ‫ ‌ὼ
ώ ώᶻ

Ὡ‍ὼᾀ

ρ ‫ ‌ὼ
‍ώᾀὧώὨώ

ᾀ ᾀᶻ ὧώὩ‍ώᾀὨᾀ 
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Ὠɱ

Ὠὸ
ὴ ὼ ὼᶻ ὴ ώ ώᶻ ὴ ᾀ ᾀᶻ ὴ ὼ ὼᶻ ώ ώᶻ

ὴ ὼ ὼᶻ ᾀ ᾀᶻ ὴ ώ ώᶻ ᾀ ᾀᶻ  

Where ὴ
ᶻ

ᶻ ὶρ
ᶻ

, ὴ ‍ᾀᶻ ὧ Ὠ, ὴ Ὠ Ὡ‍ώ, 

 ὴ
ᶻ

ᶻ , ὴ , ὴ ‍ώ Ὡ‍ᾀᶻ ὧ. 

With ή ρ ‫ ‌ὼ, ήᶻ ρ ‫ ‌ὼᶻ. 

Therefore, 

ὼ ὼᶻ ώ ώᶻ ὼ ὼᶻ ᾀ ᾀᶻ ώ

ώᶻ ᾀ ᾀᶻ . 

As a result,  is a negatively definite function under conditions (18-22). Hence, all solutions 

approach asymptotically to the COE-EP within the region that satisfies the given conditions. 

 

7. PERSISTENCE OF SYSTEM (1) 

In this part, the persistence of system (1) is studied. Thus, system (1) is persistent when every 

species is present for all ὸ π. In the following theorem, the Freedman and Waltman method that 

depends on the Butler-McGhie lemma is used of the system (1). 

Theorem 5. System (1) is persistent if the following condition is met: 

ὧ Ὠ Ὠ.                        (25) 

Proof. Let ά be a point  ɴὍὲὸȢὙ and ὕά represent the orbit via ά.  

Let ɱά be the omega limit set of ὕά. Then, due to Theorem 1, ɱά is bounded. 

To show Ὁᶱɱά, assume the opposite. 

Since Ὁ is a (saddle point), and by utilizing the Butler-McGhie lemma. There exists at least one 

point ὲ ɴ ‫ Ὁ  and ɱά, where ‫ Ὁ  refers to the stable manifold of Ὁ. 

Therefore, ‫ Ὁ   indicated the Ὑ ώᾀ  space and ὕὲ   is the intact orbit through ὲ 

contained in ɱά. 

If ὲ is lying on the boundary axes of Ὑ ώᾀ, then the positive particular axis is contained in 

ɱά, which implies to contradiction with boundedness. 

Ifὲ ɴ ὍὲὸȢὙ ώᾀ and because non-presence of an equilibrium point in ὍὲὸȢὙ ώᾀ, the orbit 

through ὲ  which contained in ɱά  has to be un-bounded which implies to contradiction. 
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Thus, Ὁ ᶱɱά.  

To show Ὁᶱɱά, assume the opposite as well.  

Since Ὁ  is a (saddle point) if the condition (25) is met, and by utilizing the Butler-McGhie 

lemma, let ὲᶰ‫ Ὁ ᷊ɱά . Moreover, ‫ Ὁ   indicated the Ὑ ὼώ  space (or Ὑ ὼᾀ 

space). 

If ὲ is lying on the boundary axes of Ὑ ὼώ, it implies to contradiction. If ὲᶰὍὲὸȢὙ ὼώ, 

and because the non-presence of an equilibrium point in ὍὲὸȢὙ ὼώ, then ὕὲ Ṓɱά is un-

bounded which implies to contradicting with the bounded of ɱά. Thus, Ὁᶱɱά. 

To assure the persistence of system (1),  ɋ(m) has to be in the ὍὲὸȢὙȢ 

 

8. BIFURCATION ANALYSIS 

A bifurcation occurs when the behavior of a dynamical system changes as a parameter is varied. 

The point at which this change occurs is referred to as the bifurcation parameter. Bifurcation 

analysis effectively measures qualitative changes in models, providing insight into the parameters 

where the model shifts from stable to unstable and vice versa. 

Now, letôs rephrase system (1) as follows: 
╧
╖╧ȟ  where, ╧ ὼȟώȟᾀ  and ╖

ὼὫȟὫȟὫ  , with Ὣ ὶρ  , Ὣ ‍ώᾀὧώὨώ  and Ὣ

ὧώὩ‍ώᾀὨᾀ . Next, a straightforward computation on the Jacobian matrix of the system 

(1) with any non-zero vector  ╥ ὺȟὺȟὺ  yields the second directional derivative as follows: 

Ὀ╖╧ ╥ȟ╥ ὓ  .                          (26) 

Where, ὓ ὺ ὺὺ , ὓ ὺ

ὺὺ ς‍ὺὺ, ὓ ςὩ‍ὺὺ. 

Sequentially, the third directional derivative is as follows: 

Ὀ╖╧ ╥ȟ╥ȟ╥ ὔ  .                       (27) 

Where, ὔ ὺ ὺὺ , ὔ ὺ ὺὺ , 

ὔ π. 

So, to examine the occurrence of bifurcations at equilibrium points, the conditions of Sotomayorôs 

Theorem [38] must be verified, and according to it, at a bifurcation point, one eigenvalue of the 

Jacobian matrix must be zero.  

Theorem 6. System (1) around the A-EP undergoes a transcritical bifurcation when the parameter 
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Ὠ possesses the value Ὠᶻ  and the following condition is met. 

‏ ‎ ‍‎ Ὡ‍‎ π .                    (28) 

Otherwise, pitchfork bifurcation occurs, where ‎ and ‎ are specified in the proof. 

Proof. From Eq. (8), system (1) at A-EP and Ὠᶻ  can be written as 

ὐὉȟὨᶻ

ở

Ở
ờ
ὶ π

π ὧ Ὠ

π ὧ
Ợ

ỡ
Ỡ
 .              (29) 

So, the A-EP is a non-hyperbolic point and ὐὉȟὨᶻ has a zero eigenvalue in the ᾀ direction 

referred to as ‗. 

Here, let ╥ ‎ὺȟ‎ὺȟὺ  be the eigenvector of  ὐὉȟὨᶻ, where ὺ represents any non-

zero real number, ‎ π , ‎ π  and let ╦ πȟ‏ύȟύ  

be the eigenvector of  ὐὉȟὨᶻ , where ύ represents any non-zero real number, ‏

π. 

Now, 
╖

πȟπȟᾀ.  

╦ Ȣ╖ ὉȟὨᶻ π. Therefore, system (1) has no saddle-node bifurcation at ὨᶻȢ 

Moreover, ╦ Ὀ╖ ὉȟὨᶻ╥ ύὺ π. 

Hence, by utilizing Eq. (26) with ὉȟὨᶻ ὥὲὨ ╥, itôs obtained 

╦ Ὀ╖ὉȟὨᶻ ╥ȟ╥ ςύὺ ‏ ‎ ‍‎ Ὡ‍‎ . 

Then, by Sotomayorôs theorem, system (1) undergoes a transcritical bifurcation around Ὠᶻ when 

the condition (28) holds, but if the condition (28) fails, utilizing Eq. (27) with ὉȟὨᶻ ὥὲὨ ╥, itôs 

obtained 

╦╣Ὀ╖ὉȟὨᶻ ╥ȟ╥ȟ╥ φύὺ ‎‏ π. 

Thus, the proof is completed, and the pitchfork bifurcation occurs. 

Theorem 7. Provided that conditions (14) and (16) are satisfied, system (1) undergoes a saddle-

node bifurcation at the COE-EP with the bifurcation parameter ὶᶻ ᶻ

 zz
ᶻ ɮ, where 

ɮ π and the following condition is met. 
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„”
ᶻ

ᶻ
„

ᶻ
” „

ᶻ

ᶻ
„

ᶻ
‍„

Ὡ‍ „ π.                                                                (30) 

Proof. From Eq. (11), system (1) at COE-EP, and ὶᶻ can be written as 

ὐὉȟὶᶻ
ɮ π ‭
‭ ‭ ‭
π ‭ ‭

 .                        (31) 

Now, from the characteristic equation (12), system (1) has a zero eigenvalue at ὶᶻ if ὃ π, and 

then the COE-EP is a non-hyperbolic point and ὐὉȟὶᶻ has zero eigenvalue in the ὼ direction 

referred by ‗. 

Now, let ╥ „ὺȟ„ὺȟὺ  be the eigenvector of ὐὉȟὶᶻ, where ὺ represents any non-

zero real number and „  , „   . Let ╦ ”ύȟ”ύȟύ   be the 

eigenvector of  ὐὉȟὶᶻ  , where ύ  represents any non-zero real number and ”  , 

” . So, ╦ ╖ Ὁȟὶᶻ ὼᶻρ
ᶻ

”ύ π. Therefore, system (1) has a first condition of 

saddle-node bifurcation at ὶᶻȢ 

Hence, by utilising Eq. (26) with Ὁȟὶᶻ ὥὲὨ ╥, itôs obtained 

╦ Ὀ╖Ὁȟὶᶻ ╥ȟ╥ ςύὺ „”
ᶻ

ᶻ „ ᶻ

” „
ᶻ

ᶻ „ ᶻ ‍„ Ὡ‍ „ .  

Then, by Sotomayorôs theorem, system (1) undergoes a saddle-node bifurcation around the COE-

EP at ὶᶻ when the condition (30) is met. 

 

9. NUMERICAL ANALYSIS  

The numerical analysis displays a frame for simulating complex interactions between the species 

and their environment; it is major to our knowledge of ecological models. Utilizing these analyses, 

investigators can predict results and the behavior of dynamical systems.  

Now, System (1) is numerically resolved utilizing a guess set of biologically feasible parameter 

values, listed below in Table 2, with six different sets of initial values and the assistance of the 

MATLAB program; the results are then offered as time series and phase portraits. 

Table 2. Default parameter values. 

Parameters ὶ Ὧ ‍ Ὡ ‍ ὧ Ὠ Ὡ Ὠ ‌ ‫ 

Values 2 20 0.6 2 0.25 0.6 0.1 0.1 0.1 0.4 0.3 
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Note that the trajectory of system (1) beginning from the different initial points utilizing the 

parameters in Table 2 approaches asymptotically, Ὁ ρρȢωȟυȢχȟψȢρ as illustrated in Figure 1. 

   

Figure 1. The trajectory using the parameter values in Table 2. (a) The phase portrait from 

different initial points. (b) Illustrates the time series of (a). 

The impact of altering the values of the parameter ὶ on the system dynamics (1) is explained in 

Figure 2. As shown in Figure 2., if the parameter ὶ is increasing (decreasing), then the predators 

(mature and immature) will increase (decrease) too. Also, the trajectory is approaching Ὁ in the 

ὭὲὸȢὙȢ 

  

  

Figure 2. The trajectory using the parameter values in Table 2 and different values of ὶ. (a) For 

ὶ πȢυȢ (b) For ὶ ρȢυȢ (c) For ὶ ςȢυȢ (d) For ὶ σȢυ 
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Now, the effect of altering the values of the parameter Ὧ on the system dynamics (1) is illustrated 

in Figure 3. It is clear that the trajectory is approaching Ὁ, Ὁ, and periodic oscillation in the 

ὭὲὸȢὙȢ in the ranges ρ Ὧ ω, ω Ὧ σσ and  σσ Ὧ, respectively.  

 

 

 

Figure 3. The trajectory using the parameter values in Table 2 and different values of Ὧ. (a) 

For Ὧ υȢ (b) Illustrates the time series of (a). (c) For Ὧ ςυȢ (d) Illustrates the time series of 

(c). (e) For Ὧ υπȢ (f) Illustrates the time series of (e). 
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In Figure 4, the effect of altering the values of the parameter ‍ on the system dynamics (1) is 

clarified. It is observed that the trajectory is approaching Ὁ, Ὁ, and periodic oscillation in the 

ὭὲὸȢὙȢ in the ranges πȢπρ ‍ πȢτ, πȢτ ‍ πȢψτ and  πȢψτ ‍, respectively.  

 

 

 

Figure 4. The trajectory using the parameter values in Table 2 and different values of ‍. (a) 

For ‍ πȢςȢ (b) Illustrates the time series of (a). (c) For ‍ πȢχȢ (d) Illustrates the time series 

of (c). (e) For ‍ πȢωȢ (f) Illustrates the time series of (e). 
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Figure 5. The trajectory using the parameter values in Table 2 and different values of (a) .‫ 

For ‫ πȢ (b) Illustrates the time series of (a). (c) For ‫ υȢ (d) Illustrates the time series of 

(c). (e) For ‫ ρυȢ (f) Illustrates the time series of (e). 
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Clearly, the effect of altering the values of the parameter on the system dynamics (1) is ‫ 

illustrated in Figure 5 It is observe that the trajectory is approaching periodic oscillation in the 

ὭὲὸȢὙȢ, Ὁ and Ὁ in the ranges π ‫ ρ, ρ ‫ χ and  χ .respectively ,‫  

 

 

Figure 6. The trajectory using the parameter values in Table 2 and different values of ‌. (a) 

For ‌ πȢȢπυ (b) Illustrates the time series of (a). (c) For ‌ πȢυȢ (d) Illustrates the time series 

of (c). 

 

In Figure 6, the effect of altering the values of the parameter ‌ on the system dynamics (1) is 

clarified. The trajectory is approaching Ὁ and Ὁ in the ranges πȢππρ‌ πȢς and πȢς

‌, respectively. 
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Figure 7. The trajectory using the parameter values in Table 2 and different values of Ὡ. (a) 

For Ὡ πȢρȢ  (b) Illustrates the time series of (a). (c) For Ὡ πȢχυȢ  (d) Illustrates the time 

series of (c). (e) For Ὡ πȢωȢ (f) Illustrates the time series of (e). 

In Figure 7, altering the values of the parameter Ὡ in the ranges πȢπρ Ὡ πȢτ,  πȢτ Ὡ

πȢψφ and πȢψφ Ὡ make the system (1) approach Ὁ , Ὁ  and periodic oscillation in the 

ὭὲὸȢὙȢ for chose values. 
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The effect of altering the values of the parameter ‍ of system (1) is a quantitative effect and the 

trajectory undergoes to Ὁ. 

Clearly, the effect of altering the values of the parameter ὧ on the system dynamics (1) is 

illustrated in Figure 8 It is observe that the trajectory is approaching  Ὁ in the range πȢπρ ὧ

πȢπσ. For πȢπσ ὧ πȢπτ, the trajectory is approaching two different attractors Ὁ ÁÎÄ Ὁ, that 

means appearing of bi-stable state. For πȢπτ ὧ, then the trajectory is approaching Ὁ. 

 

 

 

Figure 8. The trajectory using the parameter values in Table 2 and different values of ὧ. (a) For 

ὧ πȢπςȢ (b) Illustrates the time series of (a). (c) For ὧ πȢπσυȢ (d) Illustrates the time series of 

(c). (e) For ὧ πȢφȢ (f) Illustrates the time series of (e). 
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Now, the effect of altering the values of the parameter Ὠ on the system dynamics (1) is illustrated 

in Figure 9. It is clear that the trajectory is approaching Ὁ ÁÎÄ Ὁ in the ranges πȢπρ Ὠ

πȢς, πȢς Ὠ, respectively.  

 

Figure 9. The trajectory using the parameter values in Table 2 and different values of Ὠ. (a) 

For Ὠ πȢπυȢ  (b) Illustrates the time series of (a). (c) For Ὠ πȢυȢ  (d) Illustrates the time 

series of (c). 

 

In Figure 10, the effect of altering the values of the parameter Ὡ on the system dynamics (1) is 

clarified. It is observed that the trajectory is approaching Ὁ  and periodic oscillation in the 

ὭὲὸȢὙȢ in the ranges πȢπρ Ὡ πȢφρ and  πȢφρ Ὡ, respectively.  
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Figure 10.The trajectory using the parameter values in Table 2 and different values of Ὡ. (a) For 

Ὡ πȢρȢ (b) Illustrates the time series of (a). (c) For Ὡ πȢχȢ (d) Illustrates the time series of 

(c). 

 

Finally, the effect of altering the values of the parameter Ὠ  on the system dynamics (1) is 

illustrated in Figure 11 It is observed that the trajectory is approaching periodic oscillation in the 

ὭὲὸȢὙ , Ὁ ÁÎÄ Ὁ  in the ranges πȢπρ Ὠ πȢς, πȢς Ὠ πȢυ, and πȢυ Ὠ 

respectively.  
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Figure 11.The trajectory using the parameter values in Table 2 and different values of Ὠ. (a) For 

Ὠ πȢρȢ (b) Illustrates the time series of (a). (c) For Ὠ πȢτȢ (d) Illustrates the time series of 

(c). (e) For Ὠ πȢχȢ (f) Illustrates the time series of (e). 
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10.  CONCLUSIONS 

This article has examined a stage structured predatorïprey system that contains cannibalism in the 

predators. The effect of wind on the dynamics of the system is studied. The solution's properties 

of the system are explained, the existence and stability of equilibrium points are studied, and the 

persistence is investigated. Also, the local bifurcation around the possible equilibrium points is 

studied. The suggested system is solved numerically by using different initial points and a set of 

parameters as shown in Table 2. 

It is noted that the system contains different types of dynamics, and the results are summarized as 

follows: 

Depending on the initial values and using the parameter values in Table 2, it was being noted that 

the trajectory of system (1) was approaching Ὁ ÉÎ ÔÈÅ ὭὲὸȢὙ . Due to the increasing (decreasing) 

of intrinsic growth rate values, the number of predators (mature and immature) increased 

(decreased). On the other hand, the carrying capacity Ὧ, the attack rate ‍ and the conversion rate 

Ὡ have the same effect on the dynamic of system (1). It is clear that, the trajectory is approaching 

Ὁ, Ὁ and periodic oscillation ÉÎ ÔÈÅ ὭὲὸȢὙ . While the effect of wind flow and the mortality ‫ 

rate of mature predator Ὠ have the same action on the dynamic of system (1). It is noted that, the 

trajectory is approaching periodic oscillation ÉÎ ÔÈÅ ὭὲὸȢὙ , Ὁ  and Ὁ , which indicate the 

opposite effect to Ὧȟ‍ ÁÎÄ Ὡ. Also, the effect of wind flow and the mortality rate of mature ‫ 

predator Ὠ have the same action on the dynamic of system (1). Moreover, the impact of the 

hindrance rate ‌ and the mortality rate of immature predator Ὠ have the same effect on the 

dynamic of system (1). The trajectory is approaching Ὁ and Ὁ. Increasing (decreasing) the 

values of the attack rate of mature predator  ‍ below (above) the particular value leads to the 

trajectory approaching Ὁ, that means quantitative effects of the system. Finally, the trajectory is 

sensitive to change in the rate of growth from an immature predator into a mature predator ὧ. The 

trajectory is approaching Ὁ and then converting to a bi-stable state (Ὁ & Ὁ) and then to Ὁ 

ÉÎ ÔÈÅ ὭὲὸȢὙ . As a result, System (1) is sensitive to alterations in the biological parameter's values.  

In this article, the future direction will be shown as follows: For the proposed model, which 

contains the stage structure, wind flow and cannibalism, it is possible to develop it by using 

different types of functional responses and biological factors. 
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   ( − r − 𝜆 )  (   𝜆 2 −     T r a c e 1 𝜆 +   D e t 1 ) = 0 ,


    T r a c e 1 = −  ( c +   d 1 +   d 2 ) < 0 .


    D e t 1 =   d 2  ( c +   d 1 ) −   c k   e 1   𝛽 1  1 + 𝜔 + 𝛼 k


    c k   e 1   𝛽 1  1 + 𝜔 + 𝛼 k < ( c +   d 1 )   d 2


  J (   E 2 )


  J (   E 2 ) =  (      𝜖 11  0    𝜖 13     𝜖 21    𝜖 22    𝜖 23   0    𝜖 32    𝜖 33 )


    𝜖 11 =   x ∗  ( −   r  k +   𝛼   𝛽 1   z ∗    ( 1 + 𝜔 + 𝛼   x ∗ ) 2 )


    𝜖 13 = −     𝛽 1   x ∗  1 + 𝜔 + 𝛼   x ∗


    𝜖 21 =    ( 1 + 𝜔 )   e 1   𝛽 1   z ∗    ( 1 + 𝜔 + 𝛼   x ∗ ) 2


    𝜖 22 = − ( c +   d 1 +   𝛽 2   z ∗ )


    𝜖 23 =     e 1   𝛽 1   x ∗  1 + 𝜔 + 𝛼   x ∗ −   𝛽 2   y ∗


    𝜖 32 = c +   e 2   𝛽 2   z ∗


    𝜖 33 =   e 2   𝛽 2   y ∗ −   d 2


    𝜆 3 +   A 1   𝜆 2 +   A 2 𝜆 +   A 3 = 0


    A 1 = −  (   𝜖 11 +   𝜖 22 +   𝜖 33 )


    A 2 = −  (   𝜖 23   𝜖 32 −   𝜖 11   𝜖 22 −   𝜖 11   𝜖 33 −     𝜖 22 𝜖 33 )


    A 3 = − (   𝜖 11   𝜖 22   𝜖 33 +   𝜖 13   𝜖 21   𝜖 32 −   𝜖 11   𝜖 23   𝜖 32 )


    A 1 >   0


    A 3 >   0  


  ∆ =   A 1   A 2 −   A 3 > 0 ,  


  ∆ = −   𝜖 11   𝜖 22  (   𝜖 11 +   𝜖 22 ) −   𝜖 11   𝜖 33  (   𝜖 11 +   𝜖 33 ) −  (   𝜖 22 +   𝜖 33 )  (   𝜖 22   𝜖 33 −   𝜖 23   𝜖 32 ) + Q


  Q = − 2   𝜖 11   𝜖 22   𝜖 33 +   𝜖 13   𝜖 21   𝜖 32


    𝛼   𝛽 1   z ∗    ( 1 + 𝜔 + 𝛼   x ∗ ) 2 <   r  k


      e 1   𝛽 1   x ∗  1 + 𝜔 + 𝛼   x ∗ <   𝛽 2   y ∗


    e 2   𝛽 2   y ∗ <   d 2


  Q > 0


      𝛽 1 k  1 + 𝜔 <   d 2 .


      𝛽 1 ( 1 + 𝜔 )   z ∗  q   q ∗ − r  ( 1 −   x +   x ∗  k ) > 0


      e 2   𝛽 2 y < d 2


    p 12 2 <   p 11   p 22


    p 13 2 <   p 11   p 33


    p 23 2 <   p 22   p 33 .


   Ω 1  ( x , y , z ) =   ∫  k  x     u − k  u d u + y + z .


   Ω 1


   Ω 1 ( k , 0 , 0 ) = 0


   Ω 1 ( x , y , z ) > 0


  ∀ ( x , y , z ) ∈  ℝ + 3   w i t h   ( x , y , z ) ≠ ( k , 0 , 0 )


  t


        d  Ω 1  d t =  ( x − k )  ( r  ( 1 −   x  k ) −     𝛽 1 z  1 + 𝜔 + 𝛼 x ) +  (     e 1   𝛽 1 x z  1 + 𝜔 + 𝛼 x −   𝛽 2 y z − c y −   d 1 y ) +   ( c y +   e 2   𝛽 2 y z −   d 2 z ) .      d  Ω 1  d t ≤   − r  k    ( x − k ) 2 −   d 1 y −  (   d 2 −     𝛽 1 k  1 + 𝜔 ) z .


   Ω 1 ( x , y , z )


   Ω 1


   Ω 2  ( x , y , z ) =      ( x −   x ∗ ) 2 2 +      ( y −   y ∗ ) 2 2 +      ( z −   z ∗ ) 2 2


   Ω 2


   Ω 2 (   x ∗ ,   y ∗ ,   z ∗ ) = 0


   Ω 2 ( x , y , z ) > 0


  ∀ ( x , y , z ) ∈  ℝ + 3   w i t h   ( x , y , z ) ≠ (   x ∗ ,   y ∗ ,   z ∗ )


  t


        d  Ω 2  d t =  ( x −   x ∗ )  ( r x  ( 1 −   x  k ) −     𝛽 1 x z  1 + 𝜔 + 𝛼 x ) +  ( y −   y ∗ )  (     e 1   𝛽 1 x z  1 + 𝜔 + 𝛼 x −   𝛽 2 y z − c y −   d 1 y )    +  ( z −   z ∗ )  ( c y +   e 2   𝛽 2 y z −   d 2 z )


    d  Ω 2  d t = −   p 11    ( x −   x ∗ ) 2 −   p 22    ( y −   y ∗ ) 2 −   p 33    ( z −   z ∗ ) 2 +   p 12  ( x −   x ∗ )  ( y −   y ∗ ) −   p 13  ( x −   x ∗ )  ( z −   z ∗ ) −   p 23  ( y −   y ∗ )  ( z −   z ∗ )


    p 11 =     𝛽 1 ( 1 + 𝜔 )   z ∗  q   q ∗ − r  ( 1 −   x +   x ∗  k )


    p 22 =   𝛽 2   z ∗ + c +   d 1


    p 33 =   d 2 −   e 2   𝛽 2 y


    p 12 =     e 1   𝛽 1 ( 1 + 𝜔 )   z ∗  q   q ∗


    p 13 =     𝛽 1 x  q


    p 23 =   𝛽 2 y −     e 1   𝛽 1 x  q −   e 2   𝛽 2   z ∗ − c


  q = 1 + 𝜔 + 𝛼 x


    q ∗ = 1 + 𝜔 + 𝛼   x ∗


    d  Ω 2  d t ≤ −    [      p 11 2  ( x −   x ∗ ) −      p 22 2  ( y −   y ∗ ) ] 2 −    [      p 11 2  ( x −   x ∗ ) +      p 33 2  ( z −   z ∗ ) ] 2 −    [      p 22 2  ( y −   y ∗ ) +      p 33 2  ( z −   z ∗ ) ] 2


    d  Ω 2  d t


  t > 0


    c k   e 1   𝛽 1  1 + 𝜔 + 𝛼 k >  ( c +   d 1 )   d 2


  m


  ∈


  I n t .     R + 3


  O ( m )


  m


  Ω ( m )


  O ( m )


  Ω ( m )


    E 0 ∉ Ω ( m )


    E 0


    n 0


  ∈


    𝜔  s  (   E 0 )


  Ω ( m )


    𝜔  s  (   E 0 )


    E 0


    𝜔  s  (   E 0 )


    R + 2 ( y z )


  O (   n 0 )


    n 0


  Ω ( m )


    n 0


    R + 2 ( y z )


  Ω ( m )


    n 0   ∈   I n t .     R + 2 ( y z )


  I n t .     R + 2 ( y z )


    n 0


  Ω ( m )


    E 0 ∉ Ω ( m )


    E 1 ∉ Ω ( m )


    E 1


    n 1 ∈   𝜔  s (   E 1 ) ∩ Ω ( m )


    𝜔  s (   E 1 )


    R + 2 ( x y )


    R + 2 ( x z )


    n 1


    R + 2 ( x y )


    n 1 ∈ I n t .   R + 2 ( x y )


  I n t .     R + 2 ( x y )


  O  (   n 1 ) ⊂ Ω ( m )


  Ω ( m )


    E 1 ∉ Ω ( m )


  I n t .     R + 3 .


    d 𝑿  d t = 𝑮 ( 𝑿 ) ,


  𝑿 = ( x , y , z  )  T


  𝑮 = ( x   g 1 ,   g 2 ,   g 3  )  T


    g 1 = r  ( 1 −   x  k ) −     𝛽 1 z  1 + 𝜔 + 𝛼 x


    g 2 =     e 1   𝛽 1 x z  1 + 𝜔 + 𝛼 x −   𝛽 2 y z − c y −   d 1 y


    g 3 = c y +   e 2   𝛽 2 y z −   d 2 z


  𝑽 = (   v 1 ,   v 2 ,   v 3 )


    D 2 𝑮  ( 𝑿 )  ( 𝑽 , 𝑽 ) = (     M  i 1 )  3 × 1


    M 11 = (   − 2 r  k +   2 ( 1 + 𝜔 ) 𝛼   𝛽 1 z  ( 1 + 𝜔 + 𝛼 x  ) 3 )   v 1 2 −   2 ( 1 + 𝜔 )   𝛽 1  ( 1 + 𝜔 + 𝛼 x  ) 2   v 1   v 3


    M 21 =   − 2  ( 1 + 𝜔 )   e 1 𝛼   𝛽 1 z  ( 1 + 𝜔 + 𝛼 x  ) 3   v 1 2 +   2  ( 1 + 𝜔 )   e 1   𝛽 1  ( 1 + 𝜔 + 𝛼 x  ) 2   v 1   v 3 − 2   𝛽 2   v 2   v 3


    M 31 = 2   e 2   𝛽 2   v 2   v 3


    D 3 𝑮  ( 𝑿 )  ( 𝑽 , 𝑽 , 𝑽 ) = (     N  i 1 )  3 × 1


    N 11 =   − 6  ( 1 + 𝜔 )   𝛼 2   𝛽 1 z  ( 1 + 𝜔 + 𝛼 x  ) 4   v 1 3 +   6  ( 1 + 𝜔 ) 𝛼   𝛽 1  ( 1 + 𝜔 + 𝛼 x  ) 3   v 1 2   v 3


    N 21 =   6  ( 1 + 𝜔 )   e 1   𝛼 2   𝛽 1 z  ( 1 + 𝜔 + 𝛼 x  ) 4   v 1 3 −   6  ( 1 + 𝜔 )   e 1 𝛼   𝛽 1  ( 1 + 𝜔 + 𝛼 x  ) 3   v 1 2   v 3


    N 31 = 0


    d 2


    d 2 ∗ =   c   e 1   𝛽 1 k   ( c +   d 1 )  ( 1 + 𝜔 + 𝛼 k )


  𝛿  (    ( 1 + 𝜔 )   e 1   𝛽 1  ( 1 + 𝜔 + 𝛼 k  ) 2   𝛾 1 −   𝛽 2   𝛾 2 ) +   e 2   𝛽 2   𝛾 2 ≠ 0


    𝛾 1


    𝛾 2


    d 2 ∗


  J (   E 1 ,   d 2 ∗ ) =  (    − r  0  −   k   𝛽 1  1 + 𝜔 + 𝛼 k   0  − ( c +   d 1 )    k   e 1   𝛽 1  1 + 𝜔 + 𝛼 k   0  c  −   c   e 1   𝛽 1 k   ( c +   d 1 )  ( 1 + 𝜔 + 𝛼 k ) )


  J (   E 1 ,   d 2 ∗ )


  z −


    𝜆  z


  𝑽 =  (   𝛾 1   v 3 ,   𝛾 2   v 3 ,     v 3 )


  J (   E 1 ,   d 2 ∗ )


    v 3


    𝛾 1 = −   k   𝛽 1  r ( 1 + 𝜔 + 𝛼 k ) < 0


    𝛾 2 =   k   e 1   𝛽 1  ( c +   d 1 ) ( 1 + 𝜔 + 𝛼 k ) > 0  


  𝑾 = ( 0 , 𝛿   w 3 ,   w 3  )  T


  J   (   E 1 ,   d 2 ∗ )  T


    w 3


  𝛿 =   c  c +   d 1 > 0


    𝜕 𝑮  𝜕   d 2 =  ( 0 , 0 , − z )


    𝑾  T .   𝑮    d 2  (   E 1 ,   d 2 ∗ ) = 0


    d 2 ∗ .


    𝑾  T [ D   𝑮    d 2  (   E 1 ,   d 2 ∗ ) 𝑽 ] =   − w 3   v 3 ≠ 0


    E 1 ,   d 2 ∗   a n d   𝑽


    𝑾  T  [   D 2 𝑮  (   E 1 ,   d 2 ∗ )  ( 𝑽 , 𝑽 ) ] = 2   w 3   v 3 2  ( 𝛿  (    ( 1 + 𝜔 )   e 1   𝛽 1  ( 1 + 𝜔 + 𝛼 k  ) 2   𝛾 1 −   𝛽 2   𝛾 2 ) +   e 2   𝛽 2   𝛾 2 )


    d 2 ∗


    E 1 ,   d 2 ∗   a n d   𝑽


    𝑾  𝑻  [   D 3 𝑮  (   E 1 ,   d 2 ∗ )  ( 𝑽 , 𝑽 , 𝑽 ) ] = − 6   w 3   v 3 3  (    ( 1 + 𝜔 )   e 1 𝛼   𝛽 1  ( 1 + 𝜔 + 𝛼 k  ) 3   𝛾 1 2 𝛿 ) ≠ 0


    r ∗


  =   k    x ∗  (   𝛼   𝛽 1     x ∗   z ∗  ( 1 + 𝜔 + 𝛼   x ∗  ) 2 − Φ )


  Φ =     𝜖 13   𝜖 21   𝜖 32    𝜖 23   𝜖 32 −   𝜖 22   𝜖 33 > 0


    𝜎 1   𝜌 1  [ (   − r  k +   ( 1 + 𝜔 ) 𝛼   𝛽 1   z ∗     ( 1 + 𝜔 + 𝛼   x ∗ ) 3 )   𝜎 1 −   ( 1 + 𝜔 )   𝛽 1  ( 1 + 𝜔 + 𝛼   x ∗  ) 2 ] +   𝜌 2  [   𝜎 1  (   −  ( 1 + 𝜔 )   e 1 𝛼   𝛽 1   z ∗     ( 1 + 𝜔 + 𝛼   x ∗ ) 3   𝜎 1 +    ( 1 + 𝜔 )   e 1   𝛽 1  ( 1 + 𝜔 + 𝛼   x ∗  ) 2 ) −   𝛽 2   𝜎 2 ] +   e 2   𝛽 2     𝜎 2 ≠ 0


    r ∗


  J  (   E 2 ,   r ∗ ) =  (    Φ  0    𝜖 13     𝜖 21    𝜖 22    𝜖 23   0    𝜖 32    𝜖 33 )


    r ∗


    A 3 = 0


  J  (   E 2 ,   r ∗ )


  x −


    𝜆  x


  𝑽 = (   𝜎 1   v 3 ,     𝜎 2 v 3 ,   v 3  )  T


  J  (   E 2 ,   r ∗ )


    v 3


    𝜎 1 = −     𝜖 13 Φ


      𝜎 2 =     𝜖 13   𝜖 21 − Φ   𝜖 23  Φ   𝜖 22  


  𝑾 = (   𝜌 1   w 3 ,   𝜌 2   w 3 ,   w 3  )  T


  J    (   E 2 ,   r ∗ )  T


    w 3


      𝜌 1 =     𝜖 21   𝜖 32  Φ   𝜖 22


    𝜌 2 =     𝜖 32    𝜖 22


    𝑾  T   𝑮  r  (   E 2 ,   r ∗ ) =   x ∗ ( 1 −     x ∗  k )   𝜌 1   w 3 ≠ 0


    r ∗ .


    E 2 ,   r ∗   a n d   𝑽


    r ∗


  r


  k


    𝛽 1


  𝜔


  𝛼


    e 1


    𝛽 2


  c


    d 1


    e 2


    d 2


    E 2 =  ( 11 . 9 , 5 . 7 , 8 . 1 )


  r


  r


    E 2


  i n t .     R + 3 .


  r


  r = 0 . 5 .


  r = 1 . 5 .


  r = 2 . 5 .


  r = 3 . 5


  k


    E 1


    E 2


  i n t .     R + 3 .


  1 ≤ k < 9


  9 ≤ k < 33


  33 ≤ k


  k


  k = 5 .


  k = 25 .


  k = 50 .


    𝛽 1


    E 1


    E 2


  i n t .     R + 3 .


  0 . 01 ≤   𝛽 1 < 0 . 4


  0 . 4 ≤   𝛽 1 < 0 . 84


  0 . 84 ≤   𝛽 1


    𝛽 1


    𝛽 1 = 0 . 2 .


    𝛽 1 = 0 . 7 .


    𝛽 1 = 0 . 9 .


  𝜔


  𝜔 = 0 .


  𝜔 = 5 .


  𝜔 = 15 .


  𝜔


  i n t .     R + 3 .


    E 2


    E 1


  0 ≤ 𝜔 < 1


  1 ≤ 𝜔 < 7


  7 ≤ 𝜔


  𝛼


  𝛼 = 0 . . 05


  𝛼 = 0 . 5 .


  𝛼


    E 2


    E 1


  0 . 001 ≤ 𝛼 < 0 . 2


  0 . 2 ≤ 𝛼


    e 1


    e 1 = 0 . 1 .


    e 1 = 0 . 75 .


    e 1 = 0 . 9 .


    e 1


  0 . 01 ≤   e 1 < 0 . 4


  0 . 4 ≤   e 1 < 0 . 86


  0 . 86 ≤   e 1


    E 1


    E 2


  i n t .     R + 3 .


    𝛽 2


    E 2

